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Abstract

We prove the existence of a weak solution to Navier—Stokes equations describing the isentropic flow of a gas in a convex and
bounded region, 2 C R2, with nonhomogeneous Dirichlet boundary conditions on d£2. These results are also extended to flow
domain surrounding an obstacle.
© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Mathematical model

In the case of the isentropic flow of a gas in an open set £2 C R?, Navier—Stokes equations can be written in the
form:

0y p + div(pu) =0, (1.1)
or(pu) +div(pu®u) — uAu— (A 4+ p)Vdiva+ Vp = pf, (1.2)

where the density p = p(z, X), the velocity u = u(t, x) = (u' (¢, x), u?(,x)) and the pressure p = p(t, X) are functions
of the time ¢ € (0, T') and the spatial coordinate x € 2 (T € R ). Moreover, the pressure only depends on the density
according to the relation:

p=ap’ (a>0), (1.3)

where the adiabatic constant y satisfies the condition: y > 1.
The viscosity coefficients y and X are such that © > 0 and A + & > 0.
Finally, f € L°°(£2 x (0, T)) corresponds to external force density acting on the fluid.
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The initial conditions for the density and the velocity are

p(0,x) = po(x) in £2,
{u(o, X) =up(x) in 2, (1.4)

with
po € LY (£2), po=0 ae.on$2,
uw eL?(2),  poup € LA(2). (1.5)
The system is completed by the following boundary conditions
p.X) = poo(t.x) on | J (1} x I,

1€(0,T) (1.6)
u(t,X) =a(t,x) on(0,7) x 082,

where
I} :={x€d2: ax(r,x) -n(x) <0}, (1.7)
n(x) is the unit outward normal vector at X € 952, with
20 € C'([0, T1x R?) and puo € L°°( U ) x F’) (1.8)
1€(0,T)
1.2. Context

The first general proof giving the existence of a solution (p, u) to the system (1.1), (1.2), (1.4), (1.6) was obtained
by P.-L. Lions [6,7] (in three-dimensional space) for homogeneous boundary conditions: ax,(¢,x) =0 on (0, T') x 952
(and so Fj = {§). This approach was improved by E. Feireisl (see [2-4]) who released the constraint concerning the
adiabatic exponent y in Lions’ work.

The case of nonhomogeneous boundary conditions was studied by S. Novo [8] in the particular case of an open set
2 c R? defined by £2 = B(xo, Ro) \ S, where B(Xq, Rp) is the open ball of center xy and radius Ry > 0, and where
S is a compact set included in B(X, %) satisfying the cone property. Novo considers the case of constant boundary
conditions on 9 B(Xo, Ro): 2so € R?\ {0}, poo > 0 (I} is then independent of time and corresponds to a half-sphere
included in 0 B(xg, Rop)).

1.3. Our purpose

The goal of this article is to prove the existence of a solution (p, u) to the system (1.1), (1.2), (1.4), (1.6) under the
following hypotheses:

(H1) Description of £2.
The problem is studied in an open convex and bounded set §2, included in R?, of type
2=g""(]—00.1[),

where g:R?> — R is convex and C' on R%. We also suppose that 0 € £2.

(H2) Description of the incoming border area.
I'! is independent of 7 and is the intersection of 3£2 with a cone of vertex 0. In the sequel, we simply write I,
rather than I'}.

Notations. More precisely, I, is defined by
I,=082NCy 0, (1.9)
where 6}, 6, are real numbers such that 0 < 81 < 6, < 27, and where

Co, .0, := {(r cos(0), rsin(®)), (r,0) € R% x 101, 62[}. (1.10)
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At any point x of 962, let n(x) be the unit outward normal vector to £2 and 7(x) be the unit tangent vector (image
of n(x) under rotation of angle +7). Let x| and X, be the points of 32 belonging to the boundary of Cy, 4,. These
points are of type:

X| = (|X1|cos(91), X1 sin(61)) and xp = (|X2| cos(62), [xz| sin(@z)). (1.11)

Then, for x € {x1, X2} and ¢t € [0, T'], the vector ax (¢, X) is colinear to t(x). In addition, we suppose that:

(H3) Sufficient condition for no reflux.
(See Fig. 1.) Forallt € [0, T],

800 (1,X1) = —|aco (1, XD)|T(X1)  and  Ax(f,X2) = +|acs (t, X2) T (X2).

Remark 1.1. The boundary condition on density is a data of our problem: the flow in §2 depends on this data but the
opposite is false. From this point of view, we can understand assumption (H3) as a way to express the “independence”
of I', from the flow in £2 (intuitively, (H3) forbids fluid’s particles which leave £2 to follow its boundary until I, and
next to go back in £2). In our work, hypothesis (H3) appears in the proof of Lemma 2.5. This lemma gives the essential
argument which enables us to construct an interesting extension of the initial density in order to recover p = poo On
(0,T) x I', (see Lemma 2.7 and Section 4.1).

In accordance with the terminology of [9, p. 413], we call a bounded energy renormalized weak solution of system
(1.1), (1.2), (1.4), (1.6), any pair (p, u) such that:

(i) Regularity and initial conditions.

peL®(0,T;LY(22)) and p>0 ae.onf2 x(0,7),

2 . 1,2 : —
uel (0, T; W (.Q)) with u(f, X) = a(f,x) on 052 x (0, 7)), (1.12)

eC(0.TELY(®) and pueC(0.TELL (@) with{p(o):po’
’ S g I (pw)(0) = poup.

(i) Equations’ interpretation. The continuity equation (1.1) and the momentum equation (1.2) hold in
D'(£2 x (0,T)).
(iii) Boundary conditions for density. For any function n € D(R? x (0, T)) such that n =0on Q;, where

Q= U {x€32: ax(1,%) -n(x) >0} x {1}, (1.13)
1€(0,T)

we have
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T T
//(pa,n—l—,owVn)dxdt://,oooaoo-nndet.
0 2 0 I,

e

Moreover, for any function b € C(R;) N C! (R%) such that

|b/(s)| < es™ ifse]0, 1],
|b’(s)| <esM ifs e[l, o0,

with
14
c>0, ro € 1—1, 400l Me}—oo,z—l],

we have

T T T
/ / b(0)0un + b(p)u - Vn) f f ot () — b(p)) divuy = / / b(poo)ace - .
0 2 0 0

2 Ie

(iv) Energy inequality. For almost every t € (0, T),

‘ ‘
E(t)+M//[V(u—uoo)]2dxds+(A+u)//[div(u—uoo)]2dxds
0 2 0 2

(1.14)

(1.15)

(1.16)

(1.17)

t t t
<E0+f/pf-(u—uoo)dxds—//,oatuoo-(u—uoo)dxds—/L//Vuoo:V(u—uoo)dxds
0 £ 0 £ 0 2

t t
— A+ w / f divue div(u — us) dxds — / f(,ou) (@ —us) - V)us ]| dxds

0
—a//pydlvuoodxds—//—poouoo ndSds,
2 0 I,
with
1 2 a
E(1) 5=§ pM)(u—u)(#) dx+ ﬁp(l)de,

1
.—5/,00 uo—uoo(O) dx+/—,00 dx,
Q

(1.18)

where un, is a vector field defined on [0, T] x R? that is equal to ax, on [0, T] x 9£2 (it will be introduced in

Section 2.3).

We are ready to state the main result of this paper:

Theorem 1.1. For initial conditions py and ug which fulfil (1.5), for boundary conditions a, and psc which fulfil (1.8)
and under hypotheses (H1), (H2), (H3), there exists a bounded energy renormalized weak solution to the problem

(1.1), (1.2), (1.4), (1.6).
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1.4. Sketch of the proof

For proving Theorem 1.1, we follow a method similar to the one used by S. Novo in [8]. The strategy consists
in extending the domain of study (we work on an open set D which contains §2) and, consequently, in extending
the data (initial conditions, density f) in order to come back to a problem with Dirichlet homogeneous condition for
the velocity (on the boundary of D). Then the problem is solved by the method of Lions and Feireisl. It consists in
working with a “perturbed version” of Egs. (1.1) and (1.2) on which Novo added a penalization’s term. More precisely,
the system is:

0 p +div(pu) =eAp,
d(pu) +div(pu ®@u) — pAu— (A + p)Vdiva+ V(ap” +80P) +eVp - Vu+mygu —u) = pf.
(1.19)

Here, ¢ > 0,5 > 0, m > 0 and 8 > max{6, y}. xg is the characteristic function of the set E := D \ §2. The equations
are studied on D x (0, T') and we consider the following boundary conditions:

u(z,x) =0 and 9o, x)=0 ondD x (0,T). (1.20)
The system is completed by suitable initial conditions:
p(0.%) =Poes(x) and u(0,x)=pes(x) inD, (1.21)

where pp and Uy are extensions of pg and wy (Up ¢ s, P05 denote some “regularized versions” of Uy and pp). We
extend simply ugp by u..(0) outside £2. The extension of pg is more complex and depends on p, in order to take the
boundary conditions on density (1.6) into account (see Section 4.1). Let us present the main points of the proof of
Theorem 1.1.

— Step A: Construction of approximate solutions.

By a Faedo—Galerkin method, we prove that, for any n € N*, there exists an approximate solution (p,, u,) to the
problem (1.19)—(1.21). The integer n is relative to the dimension of the vector space which belongs the vector field
u, (¢, ) for t € [0, T]. By adding the diffusive term ¢ Ap to the continuity equation, we obtain a parabolic equation
which “regularizes” the density. Among other things, this regularization allows calculations which provide an energy
estimate for the approximate solutions. Indeed, for ¢ € [0, T'], we have

t t t
E[pn,un]m+s//aﬁp£—2|m|2+uffWunF+<x+m//|divun|2
0 D 0 D 0 D

t t
<E[pn,un](O)+//pnf-u—mff<un—uoo>~un, (122)
0 D 0 E

where Elpy, u,)(1) =} [, pu02() + [, (5510 () + 5210 ().

— Step B: Passage to the limit n — +o0.

Choosing a suitable subsequence (still indexed by n), we prove that {(p,,u,)} converges to a pair (o, u,;,,) which
is an “exact solution” of (1.19)—(1.21). Actually, the “perturbed continuity equation” is satisfied in the strong sense
on D x (0, T), whereas the momentum equation holds in D'(D x (0, T)). At last, replacing p, by o, u, by u,, and

E[pn,u,1(0) by %fD ﬁo’g,gﬁ&&a + fb(%ﬁ({g,a + %5(;3,5,5)’ the energy inequality (1.22) holds a.e. on (0, T).

Step C: Passage to the limit m — +00.

This step consists in getting rid of the penalization term m g (1 — Us) in order to “force” the velocity to take
boundary conditions into account (recall that us, coincides with a5, on 92). More precisely, we want to prove that
an extracted sequence of {(o,, u,,)} converges to a pair (g, ug) such that u, =uy, on E x (0, T'). The first difficulty
comes from the energy inequality (1.22) satisfied by p,, and u,,: it does not permit to obtain estimates independent
of m because of the term —m fot f (W — Uso) - Uy Tt is solved by working with a new estimate deduced from (1.22)
and from two new integral relations established by using some suitable test functions (depending on us.) in Egs. (1.19).
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— Step D: Passage to the limit ¢ — 0.

Here, we prove that {(p., u:)} converges to a couple of functions (ps, us). In this step, the difficulty comes from
the lack of suitable estimates on the sequence {p.}: whereas the strong convergence of the density was deduced
from results of parabolic regularity in steps B and C, it comes here from properties of the effective viscous flux
ap! + 8,05 — (A 4 ) divu, discovered by Lions. Remark that the passage to the limit in the energy inequality is also
a problem in view of the lack of information about {p}. In our case, this matter will be solved thanks to the specific
construction of the vector field uy, (see Section 3.5).

At the end of step C, we have u; =uy, on E x (0, T), so we can deduce that us = us, on E x (0, T). This last
result is used in order to “recover” the boundary condition for the density.

— Step E: Passage to the limit 6 — O.

The purpose of this final step is to show that the sequence {(ps, us)} converges to a couple (p, u) which is a bounded
energy renormalized weak solution of system (1.1), (1.2), (1.4), (1.6). This part uses ideas developed by E. Feireisl,
mainly the essential result about the oscillations amplitude of the density, that is

iu%’(hm S(l)lp” Tk(pﬁ) - Tk(p) ||LV+1(QX(0,T))> g C7 (123)
> 6—

where C > 0 is a constant (independent of § and k) and Ty (k € N*) a “cut-off” function defined by

~ . .
Tis) = kT(i), where { T € C®(R), T isincreasing and concave on R, (1.24)

T(s)=s fors<1, T(s)=2 fors>3.

This result enables us to end the proof of Theorem 1.1.
1.5. Outline of this paper

In Section 2, we specify the “extended domain™ D, the extensions of the data as well as the vector field u,. We do
not detail the steps A, B and C because they can be found in [8] or in [9]. Sections 3 and 4 are respectively dedicated
to steps D and E. Finally, Section 5 deals with other particular configurations as the presence of an internal obstacle
or the case of a rectangular domain. In these cases, we indicate the modifications in the proof to obtain the existence
of a weak solution.

2. Departure model
2.1. Extension of domain

According to hypothesis (H1), there exists Ry > 0 such that
2 C B(0, Ry), (2.1)
where B(0, Ry) denotes the open disk of center 0 and radius Ry. We define

D := B(0, Ry + 3). (2.2)
2.2. Extension of data

We extend f by 0 outside £2 (and we still note f this extension) so that: f € L°°(D x (0, T)).
The regularity of the initial conditions plays an important role in the proof. For clarity, we will specify in the
beginning of each step with what type of initial conditions we work.

— So, in the statement of Theorem 3.1, ug and pg denote the initial conditions for the “extended model” (they are
defined on D).

— In Section 3.3, where we start the description of the step D, initial conditions are still defined on D.

— Finally, in Section 4, up and pg will designate the initial conditions defined by (1.5). Then we specify the suitable
extensions on D that permit to prove Theorem 1.1.
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2.3. Vector field us

The vector field uy,, which appears in the energy inequality (1.18), plays an essential role in our proof: it is
constructed in order to coincide with as, on (0, T) x 952 and to obtain Lemmas 2.2 and 2.5. Indeed:

— Lemma 2.2 will be used in order to permit the passage to the limit in energy inequality at steps D and E (see
Proposition 3.1),

— Lemma 2.5 conducts to Lemma 2.6 which enables to define an interesting extension of the initial density pp.
Thanks to this extension, we will be able to take the integral formulas (1.14) and (1.17) into account (see Sec-
tion 4.1).

2.3.1. An auxiliary function

Lemma 2.1. Under hypothesis (H1):

(i) Set 2¢ =R>\ 2. Then, for everyx € 2¢, Vg(x) - x> 1—g(0) > 0.
(ii) There exists a mapping k:R? \ {0} — R* of class C! on R?\ {0} such that, for any x € R*\ {0}, g(k(x)x) = 1.
(iii) The mapping k is (—1)-homogeneous.

Proof. (i) Let x € £2¢ and ¢ : Ry — R be the function defined by ¢ (¢) := g(¢x). The function ¢y is C I and convex
on Ry, thus: ¢} (1) > ¢x(1) — ¢x(0), that is, Vg(x) - x > g(x) — g(0). Since x € £2¢, 0 € £2, we have g(x) > 1 and
g(0) < 1. Therefore Vg(x) -x > 1 — g(0) > 0 and the proof of (i) is complete.

(i) Let x € R? \ {0} and let us prove that the equation (): ¢x(f) = 1 admits a unique solution in R.

Existence. On the one hand, since £2 is bounded, there exists #y > 0 such that #px ¢ £2, hence px(¢p) > 1. On the
other hand, due to (H1), we have ¢x(0) < 1. Thus, by continuity of ¢y, there exists #x > 0 such that ¢x(#x) = 1.

Uniqueness. Assume the existence of two solutions of (&), #x and sy such that 0 < sy < #x. Thus, there exists
A € (0, 1) such that sx = Atx. But, due to the convexity of ¢y,

Px(sx) < Apx(tx) + (1 = Mex(0) =2 + (1 - 1)g(0) < 1,

which gives a contradiction.

Conclusion. For all x € R? \ {0}, there exists a unique real k(x) > O such that g(k(x)x) = 1.

Regularity of mapping k. Consider the C!-function G : R} x R? — R defined by G (¢, x) = g(rx) — 1. Let (f9, Xo) €
R% x (R%\ {0}) such that G(fo, X0) = O (thus 79 = k(Xo)). We can write 3, G (to, Xg) = %Vg(toxo) - tpX¢ and, since
10X € £2¢, due to (i), we have 9, G (fo, Xo) > 0. According to the Implicit Mapping Theorem, k is C! on a neighborhood
of xg.

(iii) Let x € R? \ {0} and A > 0. Since @;x(t) = px(At) for all t € R, we deduce that Ak(Ax) is a solution of (&).
Due to the uniqueness of the solution, we have Ak(Ax) = k(x). Consequently, k is (—1)-homogeneous. O

Remark 2.1.

— For x € R?\ {0}, k(x) is the ratio (strictly positive) of the homothety of center 0 that transforms X into some point

of §2 and Wlx) is the gauge of the convex £2 at x.

— Setting k(0) = 400, we have 2 = {x € RZ: k(x) > 1} and 982 = {x € R%: k(x) = 1}.

2.3.2. Definition of s
Letkp, € ]1, %[ and choose rg > 0 such that

B(0,70) C 2\ 2, where £2,:={x e R*: | <k(x) <kp}. (2.3)

For (t,x) € [0, T] x R2, we set

1
U (7, X) = (aw(t,k(x)x) +cw(@ - 1)x>woo(x), (2.4)
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where Co, is a strictly positive real constant and ¥ is a C*°-function on R? such that

1 ifrg<|x| < Ry+2,

O < ‘(/fOO(X) g 1 and 1/fo()(x) = {O lf |X| < r() or |X| RO + 3 (25)

Due to the regularity of as, (see (1.8)) and k, we can claim that u is Clon[0,7] x R? and has a compact support
in D. We complete these properties.

Lemma 2.2. We can choose C such that:

(i) For (t,x) € [0, T] x Q€ satisfying |x| < Ro + 2, divusg(t,x) >0
(i) For (t,x) € [0, T] x 2p, divus(t,x) > 0.
(iii) For (t,x) € [0, T] x §2€ such that Ry + 1 < x| < Ry +2, U (£, %) - X > 0

Proof. According to Lemma 2.1(iii), we know that Vk(x) - x = —k(x). Consequently, for (¢, x) € [0, T'] x R? satis-
fying ro < |X| < Ro + 2, we have

. . Vk(x) - x 2
divue(?,X) =divA(?,X) + Coo| ———5—

3
kor ik ﬂ A Aeett XHC‘X’[k() 2]’
where A (¢, X) := ano (1, k(X)X).

If x € £2° U £25, then k(x) € ]0, kp[. Thus we have divus (7, X) > divA (¢, X) + Coo(% —2).SetCy:={x € R%:
ro < |X| < Rog + 2}. Choosing C such that

1div Ao Il 200 (0, T)xCp) » (2.6)

Coo 2

32k

then we get (i) and (ii).
On the other hand, for (7, x) € [0, T'] x R? such that ro < |x| < Ro + 2,

_ : LI T LN N
Uoo (1, X) - X = Ao (7, X) X+C°°(k(x) l>|x| >Coo<k(x) 1>|x| |Aco (2, %)|IX].

> [x]
k(x) R_o' Hence

oo (f,X) - X > |x|(coo(% - 1>|x| - |Aoo(t,x)|>.

Moreover, if we have Ry + 1 < |X| < Ro + 2, then: Uso (7, X) - X 2> [X|(Coo — |Aso (£, X)]).
Therefore, if in addition to condition (2.6), we choose C, so that

But k(x)x € £2 C B(0, Ry) and, consequently,

o0 2 [ 1Al L®((0,T)xCo)’ 2.7

we obtain (iii). O

2.4. Invariance

Since uy is C! with compact support in [0, T'] x R, it is globally Lipschitz on [0, T'] x R2. Thus, for any (z9, Xo) €
[0, T] x R2, the Cauchy problem:

%(s) =Uoo(s.¥(s)) and y(t0) =0,
admits a unique solution Y(:; 9, Xo) on [0, T']. Furthermore, the mapping

Y:[0,T]1x[0,T] x R> > R?,  (s,1,%) = Y(s:1,X), (2.8)
is Clon [0, T] x [0, T] x R%.
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2.4.1. Generalities
The results of this section are inspired from [1, pp. 211-220] but we repeat them under a form adapted to our
purpose.

Definition 2.1. A subset M of R? is called negatively invariant with respect to'Y if, and only if, for every x € M, for
everyt €[0,T], Y(s; t,x) € M as soon as s € [0, 7].

Here is a sufficient condition so that an open region is negatively invariant.

Lemma 2.3. Let m € N* and let fi,..., fn :R? = R be C'-functions on R*. Consider the open set O =
jz']" fj_l (]—o00, O]) and suppose that, for every x € 30,

U (t,Xx) =0 forallt €[0,T], or
there exists j € {1, ..., m} such that X € fj_l({O}) and V fj(X) - ueo(t,X) > 0 forall t € [0, T].

Then O is negatively invariant.
The following result will permit us to prove that the mapping G, introduced in Lemma 2.7 is a diffeomorphism.

Lemma 2.4. Let m € N* and let fi,..., fu:R* = R be C'-functions on R>. Assume the closed set F =
ﬂ;”:] f ]fl(]—oo, 0]) is negatively invariant. If we set

r=|{xedF:3je(l,....om}| f;(x) =0and (Yt € [0, T], Vfj(X) - uso(t,x) > 0)},
then, for allx € I' and for s,t € [0, T] such that s > t, Y(s;t,x) ¢ F.
2.4.2. A negatively invariant region
Lemma 2.5. We define the open set D, by
D, :={x€Cy 9N D: g(x)>1}. (2.9)

Then D, is negatively invariant with respect to Y.

Proof. Step 1. We prove that M = Cg, g, N $2€ is negatively invariant with respect to Y.
First of all, we define an open set O by

0= £ (1—00,00) N f5 ' (1=00,00) N £ ' (1—00, 0[), (2.10)
where the functions fi, f> and f3 are defined on R? by
fi®=—xx", H®=xx. HE=1-gX. (2.11)

(v is the image of v under the rotation of angle +7% and x1, X7 are still given by (1.11).)
For & > 0, let u, be the vector field defined on [0, T'] x R? by

e 2 Xé_ Xf_ 2.12
u (1, X) =ux(t,Xx) —ex+¢ <|X2| |X1|). (2.12)
This vector field is C! on [0, T] x R? and globally Lipschitz on [0, T] x R2. Thus, the associated flow Y?: [0, T'] x
[0, T] x RZ — R2, (s,1,%x) = Yé(s; 1,x), is also cl.

Forx € 0 N f;'({0}) and 7 € [0, T], we have

2
I
V(X)W (1, X) = —Xi - 800 (1, X1) Yoo (X) — — X1 - X2 + £2[X1],

%2
= —X{ - 800 (t, X1) Voo (X) + £2[x1[(1 — cos(62 — 61)). (2.13)
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But, in view of (H3), 2 (t, X1) = —|a0o(t, X1)|7(X1) = —|aco (#, X1)[n(x1) L, thus
laco (2, X1)|
—X{ - Ao (1, X1) = |ce (1, X)X - n(x1) L = |ase(t, x1) [x1 - (X)) = —————x; - Vg (x)).
[Vg(x1)|

According to Lemma 2.1(i), X1 - Vg(x1) > 0, therefore —xlL -a00(2, X1) = 0. Furthermore, since ¥/, > 0and 6, — 0, €
10, 27 [, we deduce from (2.13):

V fi(x) -ui (¢, x) > 0. (2.14)
An analogous calculation shows that, for x € 90 N fz_l ({0}) andt €0, T],

V f2(x) - ui (¢, %) > 0. (2.15)
Now, for every x € 930 N f3_1({0}) and r € [0, T],

XJ‘ XJ‘
V £3(%) -0, (1, %) = —Vg(X) - a0 (7, X) + eVg(X) - X — £7Vg(x) - (—2 - —1)
xo|  [xq]

> —Vg(x) - ax(t,X) +eVg(x) - x — 267 |Vg(x)|.

But Vg(x) - axc(f,x) < 0 (indeed x € T,) and Vg(x) - x > 1 — g(0) (according to Lemma 2.1(i)), thus:
VX)) -ui (1,x) > e(l —g(0)) — 282” IVglllL=(5). Consequently, for & > 0 small enough,

V f3(x) - ue (¢, X) > 0. (2.16)

Due to (2.14)—(2.16) and Lemma 2.3, O is negatively invariant with respect to Y® (for & > O small enough).

Thus, for all x € O and for every s,t € [0, T'] such that s <7, Y®(s;¢,x) € O. Since uf, uniformly converges

t0 oo on [0, T] x R, according to theorems dealing with differential equations with parameters, we can claim that
e—0

Yé(s;1,x) — Y(s; t,x). We deduce that, for all x € O,
Y(s;6,x) €O (0<s<t<T). (2.17)

Since M = O and due to the continuity of Y, the above result is still valid for x € M. This proves M is negatively
invariant with respect to Y.

Step 2. We show that D, is negatively invariant with respect to Y.
Since u is equal to zero on dD x [0, T], it is obvious that D is negatively invariant with respect to Y. Conse-
quently, D, = M N D is negatively invariant (as intersection of two negatively invariant sets). O

2.4.3. A diffeomorphism
Let us start with some classical properties of the flow Y associated with u.

Lemma 2.6.

(i) The mapping Y :[0, T]1x [0, T]x R?> = R?, (s,1,x) — Y(s; t,X) is C! and the following partial derivatives exist
and are continuous on [0, T] x [0, T] x R2:
%Y  3%Y %Y %Y
= and, fori=1,2, = .
dsdt  0tds d0sdx;  0x;0s
(ii) The mapping X:[0,T] x R* - R2, (t,x) — X(1,x) :== Y(¢;0,x) is C' on [0, T] x R? and, for all t € [0, T],
X(t, ) is a C'-diffeomorphism on R? onto itself whose inverse mapping is X(t, )~ :R?> - R%, x — Y(0; ¢, X).
Moreover, for all X € R?,

t

det(VxX (7, X)) =exp</divuoo(s,X(s,x)) ds).

0
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Now, we are able to prove the following result:

Lemma 2.7. The mapping G, :(0,T) x I's — R?, (t,x) — Y(0; t,X) is a C'-diffeomorphism from (0, T) x T, onto
an open set G, included in D,.

Remark 2.2. G, is the set of all the initial positions of fluid’s particles which, under the action of the flow generated
by U, cross I, at one time.

Proof of Lemma 2.7. Remark that I, admits a C! parametrization:

®,: 101,620 - R?, 60> ®.(0) = k(m(6))m(®), (2.18)

where m(0) := (cos(6), sin(9)).
@, is injective and regular on 161, 61[ (for all 6 € 101, 62[, @, (0) # 0). Indeed, a quick calculation yields for every
0 €161, 620, PL(0) = —(Vk(m(®)))+. Now, consider the mapping

G.:(0,T) x (01,60) = R%, (1,6) > G (1, D(6)).

Step 1. We prove that G is a C! local diffeomorphism from (0, T) x (01, 62) onto an open set G, C D,.
The C! regularity of G results immediately from Lemma 2.6(i) and from the regularity of @,. Furthermore, for
all (#,0) € (0, T) x (61, 62),

JacG.(t,0) = det(%(O; 1, @.(0)), VxY(0; 1, qse(e))qb;(e)).

But, observing that for every (¢, &) € [0, T] x R2, we have Y (0; ¢, X(¢,£)) = & and differentiating this relation with
respect to ¢, one obtains

%(O, t, X(t, %')) + VXY((); t, X(t, é:))atx(t7 £)=0.

Since 9,X(1,&) = uoo(r,X(t,£)), we have 9X(0;¢,X(1,£)) = —VxY(0; £, X(t, £))uco(t, X(t, £)). When & de-
scribes R2, x := X(¢, &) describes also RZ. Thus, for all (r,x) € [0, T] x RZ,

oY
5(0; t,x) = —VxY(0; 1, X)us (7, X).
Consequently, thanks to Lemma 2.6(ii), for (¢,60) € (0, T) x (61, 62), we get
JacG,(t,0) = det[ Vx Y (0; 7, . (6))] x det[@,(6), uso (2, De(6))]
_ det[@,(0), uno (1, P.(0))]
exp(f; divuso (s, X(s, @, (6))) ds)
But det[@,(0), s (7, P.(0))] = <1§£,(9)L “Uoo(f, @ (0)) so, for all (¢,0) € (0, T) x (61, 62),
det[@,(0), uco (1, D (0))] = —| P, (0)|n(Pe(0)) - oo (2, P () > 0,

and therefore Jac Ge(t 0) #0.
Due to the Inverse Mapping Theorem, GL is a C! local diffeomorphism from (0,7) x (61,6;) onto G, :=
e((O T) x (61, 6,)). Since I, is included in D, which is negatively invariant relatively to Y, we can claim than
G, is an open set included in D,, hence G, C D,.

Step 2. We prove that G, is a (global) diffeomorphism from (0, T) x I, onto G,.

At this point, it is sufficient to show that G, is injective.

Let (z,x) and (¢/,x") € (0, T) x I}, such that G.(t,x) = G.(t',x') = yo. Therefore, the functions Y(-; ¢, x) and
Y(-; ¢, X’) coincide with the solution y of the following Cauchy problem:

d
d—f(s) —un(5.¥()) on[0.T],  y(0)=yo



2036 V. Girinon / Ann. I. H. Poincaré — AN 26 (2009) 2025-2053

Suppose that 7 t' and, for example, let us deal with the case 1 < t’. Since y(t) = x € I,, according to Lemma 2.4
applied to D, forall s € ]¢, T, y(s) ¢ D,. Thus, in particular, y(¢') ¢ I',, thatis X’ ¢ I', which is absurd. Consequently,

wehave r =, and thus x=y(r) =y(')=x'. O
3. Step D: Passage to the limit on &

3.1. Conclusion of step C

The details about steps A, B and C, can be found in [8] or [9, pp. 415-418]. The following theorem sums up the

results of step C.

Theorem 3.1. For any ¢ > 0, § > 0 and for every couple (pq, ug) such that
up € L2(D),
po € W (DYNW22(D) with infp po >0 and dnpo(x)=0 ondD,

there exists a pair of functions (p,w) such that

peL®(0,T;LP(D)) and p>0 ae onDx(0,T),

ue LX(0,T; Wy*(D)) withu=ux on E x (0,T),
28
LB L . 1 P(0) = po,
p€C(0,T1; LP(D)) and pueC([0,T];Ly" (2)) with {(pu)(o) — sou.

These functions satisfy in the strong sense

op+div(ipu) =eAp inD x (0,T),
onp(t,x)=0 ondoD x (0,T),
p(0,x) = po(x) in D,

and in the sense of distributions in 2 x (0, T):

or(pu) +div(pu®u) — uAu— (A + p)Vdiva + V(ap” + 8,0‘3) +¢e(Vp-Viu=pf.

Moreover, setting

)
Yy _ -~ B
1,0 +ﬂ—1 ,

1
E(@t) = / (Epm(u(r) —uo()) + Py (po))) dx,
D

a
Ps(p) =
Y —

2

1 2
Ey:= / <—p0(U() — lloo(o)) + P(S(PO)) dx,
D

we have for almost every t € (0, T),

t
E@)+ / /(M[V(ll—uoo)]2 + +/L)[diV(ll— uoo)]z) dxds
0 D

t t
+e//3ﬁpﬂ*2|vp|2dxds+//(apV +8p”) divuee dx
0 D 0 D
t

t
<EO—I—//pf-(u—uoo)dxds—//patuoo'(u—uoo)dxds
0 D 0 D

3.1)
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t
—,u//V :V(u—uoo)dxds—(A+u)/fdivuwdiv(u—uoo)dxds
D

D

+s// (Vo -V)(u—uy)]- uoodxds—//,ou (W —us) - V)ue | dxds. (3.2)
D

3.2. Aim of step D
The purpose of this section is to establish the following result:

Theorem 3.2. For any § > 0 and for every couple (pg, wg) such that

ug € L2(D)  withug =1us(0) on E, .

o€ LP(D) withpy>00onD and po|[7€ e C(D,), 3.3)
Jpoug € L2(D),

there exists a pair (p,w) such that

pE L°°(O T; Lﬂ(D)) and p>0 aeonD x (0,T),

uEL2(0 T; W0 (D)) and u=uy a.e.onE x(0,T), (3.4)

28
. Ly B .. ] p(0) = po,
peC(0,TI; Lw(D)) and pueC([0,T]; Ly (2)) with { (ou)(0) = pouo.

Moreover, the pair (p, 0) satisfies the continuity equation in the sense of distributions in D x (0, T) and the momentum
equation is satisfied in the sense of distributions in §2 x (0, T):

orp + div(pu) =0,
3 (pu) +div(pu®u) — uAu— (A + ) Vdivu+ V(ap? +8p°) = pf. (3.5)
These functions also have the following properties

peC(0.TLLP (D)) (I<p<pf), pelfT(0T;LL (),

loc

pue L*(0,T;L™(D)) (1<m <§p), plu* € L*(0,T; L™ (D)) (1 <r< %) (3.6)

Moreover, for any function n € DR? x (0, T)) such that nlg, = 0 (where Qy is defined by (1.13)), and for any
function b e C(Ry) N C! (R?) satisfying (1.15) with

c>0, Apel-1,+oo, Ale}—oo,g—l], (3.7)

we have

T T
/f[b(p)atn +b(p)u- Vn] dxdt —//[pb/(p) —b(,o)] divundxdt
ko) 0

2

0
// (PO(?E? LX ))> (1, X)uxo (2, X) - n(x) dS(x) dt, -8

where J(t,X) is defined by

t

J(,%) =exp</divuoo(s,Y(s;t,x)) ds). (3.9)

0
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Finally, we obtain two energy inequalities.

— On the one hand, setting

1
E(t):= f <§p(t)(u(t) — ()’ + Py (p(t))> dx
D

1 2
Ey:= /(5,00(u0 —us(0))” + Ps(po)) dx
D

we have for almost everyt € (0, T),

t
E(t)+//(M[V(u—uoo)]2+(k+u)[div(u—uoo)]2)dxds
t t
gE0+//,of~(u—uoo)dxds—'//,oatuoo-(u—uoo)dxds
0 D 0 D
t t
—;L//Vuoo:V(u—uoo)dxds—()»+M)//divuoodiv(u—uoo)dxds
D

t t
- / / pu-[((w—ux) - V)us]dxds — / /(a,oy ~|—8,0ﬁ) divug, dxds.
0 D 0D
— On the other hand, setting

1
E? (1) = / <§p(r)(u<r) — s ()’ + Ps(p (r))) dx,
2

1
EY = / (5,00 (0 — U (0))* + Pa(Po)) dx
2

we have for almost everyt € (0, T),

t
EC (1) + / f(u[V(u —us)]* + (4 w[diviu — ux)]’) dxds

(3.10)

t t t
<E(§2+//pf~(u—uoo)dxds—//p8,uoo-(u—uoo)dxds—M//Vuoo:V(u—uoo)dxds
0 2 0 2 0

t t
—(A—{—,u)//divuoodiv(u—uoo)dxds—//pw [((w—ux) - V)us|dxds

/f apV —|—8p dlvuoodxds—// ('OO(Y(O 5 X))) Uy - ndSds.
J(s,X)

3.3. Choice of initial conditions

@3.11)

Here, we consider initial conditions (g, ug) satisfying (3.3). For every ¢ > 0, (p;, u;) denotes a couple of functions

deduced from Theorem 3.1 for some initial conditions (0o ¢, U ¢) defined as follows:
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e Definition of pp .. We set

P0,e :=Se(poxp,) + &, (3.12)

where D, := {x € D | d(x,0D) > 2¢} and where S; is the standard mollifier operator over space variable
(see [9, pp. 37-38]). Then, one checks that:

00,6 € COO(RZ), Vpoe=0 ondD,
& < po,e(X) <suppp,e <oo forallxe D, (3.13)
D

po.e £=% po in LA(D).

e Definition of u .. Since [D(D)]? is dense in L*(D), there exists v, € [D(D)]* such that ||./pouo — Ve lp2(py < .
Then we set
Ve

U = m. (3.14)
e Consequences. We have
JPocboe S0 /oouo  inLA(D), (3.1)
poeto: 2% poug in L7 (D), (3.16)
and
1 2 £>0 1 2
/(500,8(110,3 —us0(0))” + Pa(po,a)) dx — /(5/)0(110 —ueo(0))” + Pa(PO)) dx. (3.17)
D D

3.4. The first results of the passage to the limit

Here, the method used coincides with the one developed by Novo (see [8] or [9, pp. 418—420]) and the only
differences with these references come from Sobolev’s injection theorems (we work in dimension 2 whereas the
author works in R). We only mention the essential results.

There exists a suitable subsequence of {(ps, us)} (not relabeled) and a couple (p, u) satisfying (3.4)—(3.6) such

that:
u. —~u inL2(0, T; Wy(D)), (3.18)
,05_*‘)0 in LOO(O,T§LI3(D))7 |

pe—p ILP(Dx(0.T)) (1<p=<p)
pe—p inLP(0,T;L) (2)) (I<p<B+1),

loc

(3.19)

Pelly — pu in L*(0, T;L™(D)) (1<m <p),

*

2B
Oelly — pu in L°(0, T; LF+1(D)), (3.20)

. o 2
pelud — pu'u’ in L*(0,T; L (D)) <l<r<ﬁ—fl, i,je{l,Z}).

One can also prove that
eVpe — 0 in L*(0, T; L*(D)),
e(Vps-V)u, — 0 in L'(0, T; L' (D)). (3.21)

At last, (p,u) is a renormalized solution of the continuity equation (see [9, p. 304]). It means that, for any function
beCRy)NC! (R%) satisfying (1.15), (3.7), we have, extending p and u by 0 outside D,

db(p) + div(b(p)u) + (pb'(p) — b(p))divu=0 inD'(R* x (0, 7)). (3.22)
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3.5. Passage to the limit in the energy inequality

Proposition 3.1. (p, u) satisfies energy inequality (3.10).

Proof. Let i be in D(0, T') such that, for all ¢ € [0, T], ¥ (¢) > 0. We multiply (3.2) (which is satisfied by p. and u,)
by v, take the integral over (0, 7') and pass to the inferior limit in this inequality in order to prove that the inequal-
ity (3.10) holds in D’(0, T). Since each member of this relation is, at least, in L' (0, T'), this inequality holds almost

everywhere in (0, T'), which gives the desired conclusion. Actually, thanks to the results of Section 3.4, the only
difficulty is to prove that

t
llmmf] /w(t)/—p(z)ﬂdxdz+/w(t)//apﬂdivuoodxdsdt,
0 D

where

T t
A ;:/w(t)</ﬂ%pf(t)dx+//8pa dlvuoodxds—}—s.//éﬂpg [V el dxds)d
0 D 0

To achieve this goal, we write I, = IF + I, with E = D \ £2 and

T t
d =/w<t)(/%p£<t>+ef/6ﬂp Vol + ffapf‘dwuoo)dt
0 E 'B_ 0 E
T t
=/¢(z)</ilp£(t)+s//55p§2|Vp8|2+//5p£divuoo> dt.
0 2 13_ 0 2 0 2

Step 1. We prove that liminf,_.o IF > fOT U ([ %pﬂ @)+ fé [ 80P divu) dt.
In the sequel, n € D(R?) denotes a function such that 7(x) = w(|x|), where w € C*®(R) satisfies 0 < w(s) < 1 for
all s € R and:

w(s) =0 forse€]—oo, Ry + 1], w'(s) >0 forse[Ry+ 1, Ro+2],
w(s)=1 forse[Ryg+2, Ryp+ 3], w(s)=0 fors > Ry+4.

(3.23)

1.1. An integral formula for p.

Consider the function by defined by b (s) = %Tk (s)B, where k is a nonnegative integer and 7y is the cut-off
function given by (1.24). As by fulfils conditions (1.15), (3.7), we can use the relation (3.22) with b = by. Since
b (0) =0 and p and u are zero outside D, we obtain (in D’(0, T)):

d
o (/ br(p)n dx) =— /(pb,’c(p) — bi(p)) divundx + / bi(p)u - Vndx. (3.24)
E E E

Thanks to the regularity of p, we can integrate (3.24) between 0 and ¢ € [0, T']. In view of u=uy, on E x (0, T), we
obtain

t t
[ oo+ [ [Toi(p) - bilp)]divusn = [ becom+ [ [ be(po)us- .
0 E E 0 E

E

Since p € L*®(0, T; LA(D)), the Dominated Convergence Theorem enables the passage to the limit & — oo and
yields, for any ¢ € [0, T'],

/—p(r)ﬂwf/s/)ﬁdwuoon—/ pon+f/—p U - V. (3.25)
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1.2. An integral formula for pe.

First, we multiply the equation 9;p, 4+ div(psus) = € Ap, (satisfied in the strong sense) by the function b,’{ (pe)n
and then, we take the integral over E x (0, 7). Since u; = uy, on E x (0, ¢), after some integrations by parts, one
arrives at

t t
[ oetoopmaxt [ [Tobion - bitooldivusndxds e [ [ 5o Pnaxds
0 FE 0 E

E

t t
=/bk<po,5>ndx+ ffbk(pauoo - Vndxds + s//bkmgmndxds.
0 E 0 E

E

Thanks to the Dominated Convergence Theorem, we can pass to the limit as k — oo. That yields

/,3—'0 (t)ndx—i—//Sp dlvuoondxds+e//8ﬂp |V,0€|2ndxds

fﬁ—pognd +//ﬁ—psum Vndxds—i—s//ﬂ—p Andxds. (3.26)

1.3. Passage to the limit on ¢.
We write I in the form IF = 15(77) + Iélfn) where

t
10 —/W(t)</—pe(t)ﬂn+//5pg dlvuoon+//aaﬁp IVpsler)dt
g :=fw<r)(f%ps(r>ﬁ<1—n)+//apg dwuoo(l—n>+ff88ﬁp£ 2V pel® <1—n>>
0 E 0

1.3.1. First, we study liminf,_,q I."
— According to (3.13), ,og_g converges to ,063 in L(D), thus

/I/I(t)dtf pggﬂ e /W(t)dtf pon (3.27)

—For x € E such that Ry + 1 < |x] < Rp + 2, we have Vn(x) = w’(|x|)% and Uy (¢, X) - X > 0 (see Lemma 2.2(iii)
and (3.23)), thus uy (¢, X) - Vn(x) > 0. For X € E such that |x| < Ry + 1 or |X| > Ry + 2, we have V5 (x) = 0 and thus
we also get u (7, X) - Vn(x) > 0.

To sum up, us(#,X) - Vn(x) > 0 on E x (0,T). Since p, converges to p a.e. on D x (0,T), we deduce from
Fatou’s Lemma

limint / wm( / / s Vn) / wm( / / P w) (3.28)

— Finally, since {p.} is bounded in L*°(0, T’; Lﬂ(D)),

T t
/I/I(I)(S//%pfAndxds> dr =% 0. (3.29)
0 0 E
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Consequently, we deduce from (3.26)—(3.29):

T T t
liminf 7™ >/¢(z)d¢/Lp§n+/w(z) //Lpﬂuoo.vn dr.
6—0 B—1 B—1
0 E 0 0 E

Next, thanks to (3.25), the above inequality gives

t
hmlnfl(”) >/1p(t)/—p(t)ﬂn—l—/W(t)(//Bpﬁ divuoor;). (3.30)
0 E

1.3.2. Now, we study liminf,_, ¢ 18(1_’7).

— On the one hand, thanks to Fatou’s Lemma, one obtains

T T
limi(glf/w(t)/%pg(t)ﬁ(l—n)dxdt}fl//(t)/%p(t)ﬂ(l — n)dxdt. (3.31)
0 E 0 E

— On the other hand, obviously, we have

T t
1imi(1)1f/w(z)//saﬁp£*2|vpg|2(1 —n)dxdsdt > 0. (3.32)
£—>
0

—Observe that 1 —n(x) > 0forxe 2N B0, Ry +2),and 1 —n(x) =0forx e E \ (£2°N B(0, Ry + 2)). Since
Uy, has a positive divergence on £2¢ N B(0, Ry + 2) (see Lemma 2.2(i)), thanks to Fatou’s Lemma, we have

llmlnf/Iﬁ(t)//Sp divus (1 — ) > /W(r)//&oﬁ divus (1 — 7). (3.33)

Due to (3.31)—(3.33), we obtain

T T t
1imi(1)1f1;1*”> 2/1&([)/%/}(1‘)’3(1 —n)+/w(t)//5pﬂ divus (1 — 7). (3.34)
’ 0 E 0 0 E

Thus we can conclude by combining (3.30) and (3.34).

Step 2. We prove that liminf,_.o I£ > [] v () [,, FrpP (1) + JEw @) i [ 80" divuce.
Of course, we have

T

t
limi(1)1f / 0) / / e8BpP 2|V pe|? dxds > 0. (3.35)
£—
0 0 2
Thanks to Fatou and (3.19), one obtains

llmlnf/w(t)/—pg(t)ﬂ dxdsdt > /Iﬂ(t)/—p(t)ﬂ dxdt, (3.36)

and, since divuy, > 0 on [0, T'] x £2p (see Lemma 2.2(ii)), we also have

hmmf / 20) / / 8pP divus dxds dt > / V(1) / / 8pP divu, dxds dt. (3.37)

O.Qb O-Qb
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Finally, according to (3.19), p. strongly converges to p in, say, LA, T; LP (2 \ £23)), thus

llmmf/w(t)/ / 6,0 divu dxdsdt = /w(t)/ / Spﬂdlvuoodxdsdt (3.38)

0 2\ 0 2\2

The combination of (3.35)—(3.38) finishes step 2.
Thanks to the conclusions of steps 1 and 2, the proof is complete. O

3.6. Boundary conditions for density

Until now, we did not need the continuity of pyp on D,. In the sequel, this hypothesis will be used in order to
prove (3.8).

3.6.1. Transport of particles .
The following result is a direct consequence of Lemma 2.5 (D, is negatively invariant).

po(Y(0:1.x))

Lemma 3.1. For everyt € [0, T], p(t,X) = Tx

a.e.in D,.

Proof. Let 7 bein [0, T'], x be in D, and choose r > 0 such that B = B(x,r) C D,. Then, for s € [0, ¢], we set
B(s):={Y(s;1,2), ze B} =X(s,) o X(t, ) (B).
For any s € [0, T'], the mappings X(s, -) are C 1—diffeomorphisms from R? onto itself. Thus B(s) in an open set and,
according to Lemma 2.5, it is included in D,, thus in D,.
Due to (3.22), the pair (p, u), extended by 0 outside D, satisfies 9;0 + div(pu) =0 in D' (R? x (0, T)). Let S,

(o > 0) be a mollifier operator over space variable. Then, using the Friedrichs’ Lemma [9, Lemma 6.7, p. 305], we
can claim that the function Sy (p) defined by S, (p)(z, x) = fRZ wy (X —y)p(t,y)dy, satisfies

3 Su(p) +div(Se(p)u) =ry ae.inR* x (0,7),

28
with ry = div(Sy (p)u) — div Sy (pu) and ry 920, 0 jn LFP o, T, Llﬂgf (R2)). In view of the regularity of Sy (p), we
can write:

t
/Sa(p)(t,y)dyz / Sa(p)(OvY)dY+//[3tSa(p)(S»Y)+diV(Sa(p)“oo)(SvY)]dde-
B(t) B(0) 0 B(s)

Since B(s) is included in D, (thus in E) and u =uy, on E x (0, T), one arrives at

t
/Sa(p)(t,y)dyz / Sa(p)(O,y)dva//[3tSa(p)(s,y)+div(Sa(p)u)(s,y)]dyds

B(t) B(0) 0 B(s)

= [ scwoway+ [ [ re.payas.
B(0) 0 B(s)
Letting o — 07, one obtains: f B(1) p(t,y)dy = f B(0) po(y) dy. In the integral where appears pp, we make the change
of variable y := Y (0; ¢, z) = X(z, )~ Yz), withz € B = B(1). According to Lemma 2.6(ii), we have
1
exp( [y divuso(s, X(s, Y(0; 7,2))) ds)
Observing that X(s, Y(0; ¢,z)) = Y(s; ¢, z) and using J (defined by (3.9)), one finally obtains

_ [ Po(Y(0;1,2))
/p(t,y)dy—/im’z) dz
B B

Jac[X(t, )] (@) =
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The function W is continuous on D, because pg is continuous on D, and the mapping z € D, — Y(0; ¢, z) is

continuous with values in D, (see Lemma 2.5). Therefore

i 1 / po(Y(O;7,2)) . po(Y(0;17,X))
im— dz =
J(t,z) J(,x)

5 forallx € D,.

B(x,r)

r—>07mr

However, thanks to the Lebesgue’s points theorem, for almost every x € D,, we have
. 1
lim p—) / p(t,y)dy = p(t, %),
B(x,r)

which finishes the proof. O

3.6.2. Integral form for the continuity equation
We present a collection of open sets (25 )s¢[0,1] that will appears in the proofs of Lemmas 3.4 and 3.5.

e Description of an open sets family. For any o € [0, 1], we set

1
Q0 :=2U(Cp9,NVs) withV, := {x eR?: k(x) > 3 } (3.39)
' 1+

The open sets §2,, o € [0, 1], are bounded with Lipschitz boundary and included in D. Moreover, we have the
following property:

X2, converges (almost everywhere on R?) to xo as o — 0. (3.40)

e Description of the boundary of 2. Consider the mapping
3
H:[01,6,] x[0,1]1—R?  (0,0) > H(,0) = (1 + R—")@(@),
0

where @, is defined by (2.18). Then H is Clon[6;,6,] x [0, 1].
For every o € [0, 1], H(:, o) is a regular (and injective) parametrization. We set

Iy :=H(,0)(161,61), x{ :=H@®,0) and xj:=H(%,0). (3.41)
So the boundary of £2, can be written in the form
02, =T, UTT U U@\ Ty, (3.42)

with I'7 = [x1,x{] (segment of extremities x; and x{), Iy = [x2,x5] (segment of extremities X, and xJ) and
02\ T, :={x€082: uy(t,x) -n(x) >0forallr €[0, T]}.

Lemma 3.2. For any function n € D(R? x (0, T)) such that nlg, =0 (where Q; is defined by (1.13)), and for any
functionb e C(Ry) N C! (R%) satisfying (1.15), (3.7), (3.8) holds.

Remark 3.1. Equality (3.8), related with the integral formulas (1.14) and (1.17) which take the boundary condition
on density into account, enables to guess that will be done in step E: identify poo(#, -) with W on [%.

Proof of Lemma 3.2. Since (p, u) is a renormalized solution of the continuity equation, we have in D’ (R x (0,7)):
0rbr (p) +div(by (p)u) 4+ Bi(p) divu = 0 where by (s) := b(Ty(s)), Bx(s) := sb,’((s) — by (s), and where Ty still denotes
the function defined by (1.24). As in the proof of Lemma 3.1, regularizing by convolution in space, we obtain

3 (Sau[bk()]) + div(Sa[bk (p) Ju) + Su[ Be(p) divu] =rq  inD'(R* x (0, 7)),
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with rq = div(Sy [br (p)]u) — div Sy [br (p)u] and ry 220, 0 jn L! O, T; LlOC(Rz)). In view of the regularity of each
term, this equation holds almost everywhere in (0, 7') x R?. Thus we can multiply by 7 and then take the integral over
0,T) x £2, (with o > 0). We obtain

f/ 0r Sy bk(p)]+d1V(Sa[bk(p)] )+Sa[Bk(,0)dlvu ndxdt = f/randxdt
0 £2

0 2, o
We write the boundary I (defined by (3.41)) in the form:

rf=r,,ureury,, (3.43)
where

rey={H@,0), 0€161,6+aol}, T7:={H©,0), 06 +0,60 -0},

e,

rp,:={H@.0), 0 €16 — 0.6} (3.44)

(This decomposition is valid as soon as o < 92;9‘ . It is sufficient for our goal since o will tend to 0.)
After some integrations by parts, denoting n, the outer unit normal vector to £2, and taking n|o, = 0 into account,

we obtain:

//Sa [br(0)]u- ngndet+//Sa Bi(p) divu]ndxdt

0 ra
// (Sa[bx(P)]0im + Sa[br(p)]u- Vi) dxdt — //randxdt
0 2, 0 24
T
/ / Sa[br(p)|u-nsndSad:. (3.45)
0 ryurgurg,ury

Thanks to the convergence’s properties of S, and r,, we have

(Sa[bk (0] + Sa[br(p) Ju- Vi) dxdr 2% //(bk(p)31n+b(p)u~vn) dxdt,
0 2

o o

Q

Sa Bk(p)dwu ndxdta—%>//3k(p)d1vundxdt (3.46)
24

randxdt 2=% 0.

St O O —

S

For a € ]O,d(ﬁf, DI, x e Ff and z € R? such that |z| < 1, we have x — az € D, and so (Lemma 3.1),

Y(0;2,x—
ot,x —az) = 7/00(](5,;}”?1))

for all (¢,x) € (0, T) x Ff,

. Hence, thanks to the continuity of py (on D,) and b; (on RT), we can claim that,

St = [ wo@be(p.x - an) dz <" bk(
lz|<1

po(Y(0; 1, X)))
J(t,X) '

Then, another use of the Dominated Convergence Theorem yields
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T
// [br(p)|u-ngndSdt <= a=0, // ('OO(‘J{E? L X))> (t, X)uxo (¢, X) - N, dSdt. (3.47)
0 [io

0 ra
Observing that the length of each curve I'7, I'Y}, I'), and Iy is estimated from above by co (for some constant
¢ > 0), one obtains for all « > 0:

Sa[br(p)]u-nondSdt

T
‘— < Cyo, (3.48)

0 I{urg,urg,ury

where Cy := 4cT(supR+ [bk]) x [[aso|nll Lo (0,T)x D,) (recall that u =u on (0, T) x E). Consequently, combining
(3.46)—(3.48) and passing to the limit as « — 0, we get

[ T—

()1“0

- / /[bk(p)am + br(p)u - Vi — Bi(p) divun]dxdt| < Cyo. (3.49)
0 24

Now, we want to pass to the limit o — 07 in the above relation. First, thanks to (3.40),

[ [ teoran -+ bion- v - BiGo divun] ax
0 2,

o0, //[bk(p)atn + b(p)u -V — Br(p) divun]dxdt. (3.50)

Moreover, each x € 1:;" can be written in the form x = H(#, o) for some 0 € [0 + 0,6, — o], so that dS(x) =

|0gH(O, 0)|df and n, (x) = —( gzggg’g;l ) (vt still denotes the image of v under the rotation of angle 4+ /2). There-
fore we have

/fbk<p°(Y(0 L X”) (1. X)Uao (7. %) - N (X) dS(X) dt

J(t
0 ra
P (Y01 HE, o) o\
_ po(Y(0; 1, H@®, o (9H
_ //bk( TERG o )n(r,H(G,a))uoo(t,H(G,a)) <ae(9’0)> dodr.
0 0140

All the functions that appear in the above integral are continuous on [61, 62] x [0, T]. Thus, thanks to the Dominated
Convergence Theorem, one arrives at

// (pO(Y(O t, X)))n(z,x)uoo(t,X)'na(x)ds(x)dt

T
0 1“0
Y(0: 1, H, 0 A\
Y // (pO(JEt ;1(9(0)) )))>n(t,H(@,O))uoo(t,H(e,o)).<¥(9,0)) dodr. 351
0 6 ’

The above integral corresponds to fOT f r bu%)n(n X)Uoo (7, X) - n(X) dS(x) dt. In conclusion, by combin-

ing (3.50) and (3.51), the passage to the limit o — 0 yields
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T

Y (0;
// (Po(JEI “‘))) e -naSdi = [ [[oeo)an + by Vo~ B(o) divun).
0 2

At last, the Dominated Convergence Theorem enables us to pass to the limit as k — oo and the proof is complete. O

In the same way, we can establish an integral relation which connects the boundary conditions to the energy
estimate:

Lemma 3.3. Forall t € [0, T],

/P5 ,o(t) // ap? +8p )lelloo ng(po)+// ('OO(Y(O > X))> 0o - NdSds.
J(s,X)

E

Proof. Consider the function by € C!(R,) defined by by (s) = Ps(Tj(s)), with Ps(s) := —yl + SL—;;I' As (p,u) is
a renormalized solution of the continuity equation, by regularizing in space, one obtains

3 Sa[bk(p)] + div(Sa[br (p) Ju) + Sa[ (05} (p) — bi(p)) divu] =ro ae.inR* x (0,T),

where Sq[b (p)] € L>(0, T; C®(R?)), So[(pb), (p) —bi(p)) divu] € L?(0, T; C*°(R?)) and, according to Friedrichs’
Lemma [9, Lemma 6.7, p. 304], r, —>01n say, L0, T; Lloc(R2))

We deduce that 8, Sy [bx (0)] € L'(0, T'; Lloc(Rz)) and thus Sy [br(p)] € C([0, T, Lloc(R2))'
Consequently, we can integrate the above equality over E, x (0, t) where

E; =D\ 2, (foro >0). (3.52)

One obtains

[ o[Be(o)] ) + / / div(Sa[bx (0)|u) + / / Sa[(PDi(0) = bik(p)) divu]
0 E

EU o

:fSa[bk(p)](0)+//ra- (3.53)
E, 0 E,

Sinceu=0o0ndD x (0, T), we have

//dw So bk(p) //Sa bk(,o) u-ndSds=— /f So bk(p) u-n,dSds,

0 0E, 0 0824

where n, is the outer normal vector to £2,. We know that u - n, > 0 on 952 \ I, hence, using the decomposition
of 0£2, in the form: 982, =(8[2\F8)UF;’U(F"UF" UF"ZUF") we get

// [bk(0)Ju-ny > // [bc(0)]u- ng+/ J I ) T

0 392, 07 0 Ifurs,ure,ury
As in the proof of Lemma 3.2, we can prove there exists Cy > 0 such that, for all @ > 0,

t

Se[br(p)Ju - n, dSds| < Cyo.

0 IPure,urs,ury

So, we can deduce from (3.53):
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[ sulbeoo + / [ 5ulebi0) ~ beto) diva]

Eqs 0 Eq

/ [br(00)] // [br(0)]u- nadeer//ra—Cko
0 [o

E, 0 Eq

Then, the successive passages to the limit: « — 07, 0 — 07 and k — oo give the desired inequality. O

Remark 3.2. Since up = u(0) on £ and u = uy on E x (0, T), we deduce the second energy inequality (3.11)
from Lemma 3.3 and from the energy inequality (3.10) (which has been obtained in Proposition 3.1). Then the proof
of Theorem 3.2 is complete.

4. Step E: Passage to the limit on §
In this section, we prove Theorem 1.1 thanks to Theorem 3.2.
4.1. Choice of initial conditions

Let (pg, up) be a pair satisfying (1.5) and pso be in L*°((0, T) x I,).
For § > 0, we note (ps,us) a couple of functions deduced from Theorem 3.2 with some initial conditions
(po.s, 1, 5) defined as follows:

o Definition of pp s. We define pg 5 : D — R by

po(X)xa;(x) ifxe 2,

Pe,5 (X) ifxeE, “4.1)

£0,5(X) = {

—1
where As :={x € 2 | po(x) < 8PF1} and p, 5 := S5(p.), Ss denoting a mollifier operator over space variable. The
function p, : R* — R is given by

{ P (G (X)) J(G, (%) ifx€eG,,
0

(X)) =
pe(X) otherwise,

where G, is the diffeomorphism of Lemma 2.7. Then p, is a nonnegative function, has a compact support (G, is an
open set included in D,) and, in addition, |p(X)| < Moo a.e. in R?, with My, 1= | oo lLoe (0, 7y x ) 1 | Loo (R2 x [0, T7) -
This implies

Pe.s € CP(R?) NL®(R?)  with || pe,s |l o (r2) < Moo, Pes =% p. in LP(R?) (1< p < 00).

Choosing a suitable subsequence, we can suppose that p, s converge a.e. to p, on R2. Since G, have non-zero measure,

for almost every y € G, pe.5(¥) =0, ,ooo(G;] (y))J(G;1 (y)). Since G, is a cl- -diffeomorphism from (0, T') x I,

onto G,, we can claim that, for almost every (¢,x) € (0, T) X Iy, pe 5(Ge(t, X)) 320, Poo(t, X)J (t,x). Finally, we

have

po,s € L= (D), po.51p; € C(De),
550 ) e 4.2)
po.s —> po in LY (£2),
and
00.5(Y(0;1,%) 22% pos (1, %) (1,%) ae.on (0,T) x I, “43)
|,00,5(Y(0, t, x))| <My ae.on (0,7) x I. '

o Definition of ug 5. We set

] up(x) ifx e $2,
Uoa(®) = { Un(0,%) ifxeE. 44
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e Consequences. We deduce from (4.1), (4.2) and (4.4) that

JPosuos 2% /poup  in L2(£2), (4.5)
2
05805 =% poug  in LVTV'(Q). (4.6)

1
Forxe £2,0< ‘3:"55(") < 8P+, thus 8,00 5 520, 0in L! (£2). The previous results enable us to justify that

1 1
/ (5,00,3(110,5 — U (0))” + Ps(po, 5)) 20, / (Epo(llo — U (0))” + %pg ) 4.7)
2 2

At last, since pp s =0, pe in LP(E) (1 < p < 00), the sequence

1 2 a v 1) .
Eos:= 3 00,5 (10,5 — oo (0))” dx + ﬁpo,s + 5 1,oo s | dx ¢ is bounded. (4.8)
D D

4.2. The results of the passage to the limit

The departure’s point of this step is a series of upper bounds (for the sequence {(ps, us)}) deduced from the energy
inequality (3.10) (and (4.8)). Then, we follow the method described in [8] or [9, pp. 422—424]. As in Section 3.4, we
only give the main results.

e Convergence. There exists a suitable subsequence of {(ps, us)} (not relabeled) and a pair (p, u) satisfying (1.12)
such that

us—u in L2(0, T; Wy * (D)) with u = uss on E x (0, T),
ps—p inL®(0,T; LY (D)) with p>0on D x (0, T),
ostls — pu in L(0, T; L’”(D)) (1<m<y),

(4.9)

*

psls — pu in L>(0, T; LW(D)), (4.10)
T i,j€{1,2}>,

o o 2
psusuy — pu'u’ in LZ(O, T;L"(D)) (1 <r< Y
y +
and
ps—p inLP(2x(0.7) (1<p<y)

y—1
ps—p inLP(0,T; LY (2)) (1<p<y+T>, (4.11)

8,08 S0 inL'tw i (0,T; L o (£2)).

loc

¢ Equations. The momentum equation (1.2) holds in D'(£2 x (0, T)). Moreover, (p, u) satisfies the continuity
equation (1.1) in the sense of distributions in R? x (0,7) (provided p and u are extended by O outside D) and,
with the same conventions of prolongation, (p, u) also satisfies (3.22) for any function b € C(Ry) N c! (R ) verify-
ing (1.15), (1.16).

e Boundary conditions. The integral formulations of the boundary condition for density (1.14), (1.17) are directly
deduced from (3.8) (see Theorem 3.2), from the convergence’s results and from (4.3).

e Energy inequality. As we have proved the strong convergence of ps to p in §2 and not in D, we are only able
to pass to the limit in the energy inequality (3.11). The passage to the limit is similar to the one used in step D: we
multiply the inequality by a nonnegative function ¢ € D(0, T) and, after integration we pass to the inferior limit.
The treatment of each term is classical except for liminfs_, o fo v (t) (fo f_Q (a,o(S + 8,0 )divus dxds)dt. Indeed, in
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this case, we adapt the proof of Proposition 3.1 (step 2). First of all, using (4.11), Lemma 2.2(ii) and Fatou’s Lemma,
one obtains

hmmf/w(t)// a,o(S —i—(S,o(3 d1vuoo /w(t)//a,o” divuee.

0 .Qb 0 -Qh
Next, due to (4.11), we have

llm/W(t)/ / ap5 -{-8,08 dlvuoo—/W(t)/ / ap? divue.

0 2\ 0 2\$2
Therefore
T r T t
ligigf/w(t)//(apg ~|—8,o§5) divue >/Iﬂ(t)//ap7’ divuee. 4.12)
0 0 2 0 0 2

Then, one arrives at the expected inequality (1.18) (which first holds in D’ (0, T) then, in view of the regularity of each
term, a.e. on (0, T)).
The proof of Theorem 1.1 is complete.

5. Possible extensions

This section, based on the ideas previously developed, deals with some particular situations which result from mod-
ifications of assumptions (H1), (H2) and (H3). Then we detail the adaptations to bring into the proof of Theorem 1.1
in order to establish the existence of a bounded energy renormalized weak solution.

5.1. Presence of an internal obstacle
e Hypotheses. We modify hypothesis (H1) in the following way:

(H1) The problem is studied in an open and bounded set £2, included in R?, of type
2=g""'(1-c0 1)\ S
where g:R? — R is a convex and C'-function on R? and where S is a Lipschitz compact set included in £2’ :=

g‘l(]—oo, 1[). We also suppose that 0 € £2.

Assumption (H2) consists in defining the incoming border area by I, := 92’ N Cy, g, and assumption (H3) remains
identical.
The set S is interpreted as a physical obstacle to the flow. Thus, the boundary conditions (1.6) take the form:

p(t,X) = poo(t,x) on (0,7T) x I,
u(t,X) =an(t,X) on(0,7T) x 982/,
u(t,x) =0 on(0,T) x d8S.

o Definition of u.. (See Fig. 2.) First, we choose real numbers kg and k;, € ]1, %[ so that
SC2¢:={xeR* k(x) > ks} and ks> kp.
It ensures the existence of a function ¢g of class C* on R? such that

1 for x € R? such that k(x) <kp,

0< <1 d =
Ps(x) and - ¢s (%) { 0 for x € R? such that k(x) > k.

Then, we define uy, by
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QO ={xeR?:g(x)=1}

ER:bx) = k)| 09 = (xR : k() = k)|

Uso (7, X) = (aoo(f k(x)x) +Coo<k(1) )X)lﬁoo(X)d)s(X),

where Cr and Y are defined as in Section 2.3.2. Thus, we observe that uy, is zero on (0, 7) x .Qg (so on a
neighborhood of S).

o Adaptation of the proof.
— About the proof of Proposition 3.1 (step 1), we write 1F in the form IF = IF 4 I3, with E' = D \ £’ and

/I/f(t)(fﬂ—p (t)~|—£//8,3,0 2|V pe| —i—//é,o lelloo)
0 E
:/W(ﬂ(/%pf(t)—}—s/t/&ﬂp 21V pg| +/f8p lelloo>
0 s 0 s

The proof of liminf,_,¢ IE/ fOT 1//([)(fE, ﬁa i P () + fot fE, 8pP divue) dt is identical to the one already detailed

whereas liminf,_o I3 > fo v (s i 1,oﬂ(t) + fo [ 80P divus) dt is a consequence of Fatou’s Lemma and the
fact that divuse =0on § x (0, T).
— In the proof of Lemmas 3.2 and 3.3, the open sets §2, and E, are given by

R :=2U(Cp0,NVoNS) and E,:=E\ £.

Making the same calculations, the integrations by parts yield curvilinear integrals over 02, which, in the present
case, contains 9S. Since Uy, =0 o0n 95 x (0, T), these integrals only carry over I U FI‘T U F2‘7 U (882’ \ I,), which
takes us back to the situation already treated.

—In step E, for the passage to the limit in the energy inequality, in order to obtain (4.12), it is sufficient to write that

fl//(t)f/ a,o(S +8,0(S dlvuoo—/lp(t)[ / a,03 +6,05)d1vuoo

0 2,U(25\5)

/W(f)/ / (ap} +8p5)d1vuoo

0 2\(2,U2%)

In the first integral, the passage to the inferior limit results from Fatou’s Lemma (divus, > 0 on (0, T) x £25 and
Us =0 on (0, T) x £2¢) whereas, in the second one, we can apply the Dominated Convergence Theorem thanks to
the strong convergence on the compact £2 \ (£2, U .Qg) (see (4.11)).
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5.2. Case of an open convex set with a C' piecewise boundary

In the case of an open convex set £2 which has a C! piecewise boundary, we can take up again the construction of
the vector field u, in Section 2.3.2. Indeed, the function k of Lemma 2.1 is then piecewise-defined on each angular
sector (with origin 0) whose sides intercept the corners of d2: the function obtained is then continuous (and even
locally Lipschitz) and C! on each angular sector. We give an example inspired by [5].

e Hypotheses. Consider a rectangular domain
(H1) =1-1,1[x]-h,h[ (h>D0).

Thus, we have 2 C B(0, Rp) with, say, Rp:= 1+ h. We can also claim that

i=4

2:=( g ' (1—o0, 10),

i=1
where g1, g2, g3 and g4 are linear functions (thus convex) defined, for x = (x1, x2) € RZ, by

X X
g1(x) :==x1, g2(x) := %2, g3(x):=—x; and g4(x):= —%2,

We assume the incoming border area is given by
(H2) I, :={—1} x ]—h, +hl[.

Setting e; := (1, 0) and e, := (0, 1), it means that the vector field ay, is such that
ax(t,x)-e; >0 for(r,x)e[0,T] x I,.
Since as, - n >0 a.e. on 982 \ [, it also implies that:

ax(t,x)-e; >0 forx e 082 such that x; =+1 and xp € |—Ah, k[,
Forallt € [0, T], [ ax(t,x)-ep >0 forxe df2 suchthat x; € ]—1,+1[ and xp = A,
ax(t,x)-ep <0 forxe df2 suchthat x; € |—1,+1[ and xp = —h.

According to the notations of Section 1.3, setting X1 := (—1, &) and x; := (—1, —h), we deduce from the continuity
of ay that

aOO(t5X]) .el 205 aOO(t5X2) 'el 205
Forall7 € [0, T1, {aoo(r,xl)-e2>o, nd {aoo(r,xZ)-ezso.

In these conditions, we do not need any supplementary hypothesis to establish Theorem 1.1.
o Definition of u.,. We divide R? in four sectors
Sii={xeR% x| <hxi},  Sri={xeR% x> hlxi|},
S3:={x e R% |x2] < —hx1}, S4:={x e R* xy < —hlxi|}.

Then, for x = (x1, x2) € R\ {0},
1 h
k(x) = — ifxe S, k(x) = — ifxe S,
X1 X2

k(x):—i if x € 3, k(x):—ﬁ if x € S4.
X1 X2
We define us, by (2.4) and thus, us, is globally Lipschitz on [0, T] x R? and C! on [0, T] x S; (1 <i < 4). This
regularity is sufficient to apply the method described in steps A, B and C. In particular, we can use Uy, as a test
function in the momentum equation (1.19) and |uso|? as test function in the continuity equation (1.19) in order to
recover the new energy inequality which allows us to start the step C.
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o Adaptation of the proof.

— To recover the results of Lemma 2.2, it is sufficient to make the calculations over each sector S; (1 <i <4) in
order to choose suitably the constant Cxo.

— In the statement of Lemma 2.5, the region D, becomes

D, :={x=(x1,x2) € D: |xz| < —hxj and x; < —1},

and, in the proof, the function f3 is given by f3(x) =1 — g3(x).

— In order to prove Lemma 2.7, it is easy to build a vector field ug) which is C! (with compact support) on

[0, T] x R? and coincides with us, on [0, T] x S3. Denoting Y@ the flow associated to ug), since ug)) = Ugo ON

[0, T] x 83, it is clear that

(i) D, is negatively invariant with respect to Y, o
(i) Y=Y® on the closed set {(s, 7,x) € [0, T] x [0, T] x De: s <t}.

However, thanks to the regularity of ug)), Y® is C! and thus, we can obtain the results of Lemmas 2.6 and 2.7

“for Y®”, In particular, the mapping [0, 7] x I, — R2, (t,X) Y(S)(O; t,x) is a Cl-diffeomorphism from
(0, T) x I, onto an open set G, included in D, . Hence, thanks to (ii), Lemma 2.7 is still valid.
— Likewise, the fact that un is C! on [0, T] x S3 is sufficient to obtain Lemma 3.1.
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