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Abstract

Existence and bifurcation of positive solutions to a Kirchhoff type equation

—<a+b/|Vu|2>Au=vf(x,u), in 2,
2

u=0, on 052

are considered by using topological degree argument and variational method. Here f is a continuous function which is asymptot-
ically linear at zero and is asymptotically 3-linear at infinity. The new results fill in a gap of recent research about the Kirchhoff
type equation in bounded domain, and in our results the nonlinearity may be resonant near zero or infinity.
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1. Introduction

Let £2 be a bounded domain in RV, N = 1, 2, 3, with a smooth boundary d£2. We consider the following Kirchhoff
type nonlocal problem with Dirichlet boundary condition

—<a+bf|Vu|2)Au=vf(x,u), in 2,
2 (1.1)

u=0, on a2,

where a > 0, b > 0 are real constants, a + b > 0 and v is a positive parameter.
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Problem (1.1) is the stationary case of a nonlinear wave equation
ut,—(a+b/|Vu|2)Au=vf(x,u), (1.2)
2

which was first proposed by Kirchhoff in 1883 to describe the transversal oscillations of a stretched string, where
u denotes the displacement, f is the external force, b represents the initial tension, and a is related to the intrinsic
properties of the string. The solvability of Kirchhoff type equation (1.2) has been well studied in general dimension
by many authors, see [6,7] and the references therein. More recently, there have been many papers studying the
elliptic version Kirchhoff type equations (1.1) with v = 1 by using variational method, see for example, [1,3-5,10,11,
15-17,20,21,23]. To state the conditions and conclusions in this paper, we recall some results about the following two
eigenvalue problems:

—Au=2Au, inS2,

1.3
u=0, on 952, (1.3)
and
—(f|vu|2)Au=,m3, in 2,
2 (1.4)
u=0, on d052.

Let 11 > 0 be the principal eigenvalue of the problem (1.3) and let ¢; > 0 be its associated eigenfunction. It is known
that A1 can be characterized by

Alzinf{ /|Vu|2: ue Hy(£2), /|u|2=1}, (1.5)
2 2

where HO1 (£2) is the usual Sobolev space defined as the completion of C;°(£2) with respect to the norm |u| =
([ IVu[*)!/2. On the other hand define

i :inf{ lull*: u € H} (£2), /|u|4= 1}. (1.6)
2

As shown in [17], there exists ;1 > 0 which is the principal eigenvalue of (1.4) and there is a corresponding eigen-
function ¢1 > 0 in £2. It is well known that A is a simple eigenvalue and any eigenfunction corresponding to other
eigenvalue must be sign-changing. In Lemma 5.3, we show that if £2 is a ball in RY, then 1; must be a simple eigen-
value of (1.4) and any eigenfunction corresponding to another eigenvalue must be sign-changing. This appears to be
the first such result for the eigenvalue problem (1.4).

We impose on f the following global conditions.

(f1) feC(.(_Z x R, R), f(x,t) > 0 for any x €2,t>0and f(x,t):OforanyxefZ,téO;
(f2) For foy, foo < 00, the limits

Sx,0) . fx, 0
— = fo, lim ———
1—0+ aiit + but3 t—>00 ghit + but3

= foo
exist uniformly for x € 2.

Recall that f is called asymptotically linear at zero and asymptotically 3-linear at infinity if (f2) holds and a > 0,
b > 0. In addition, (f;) and (f;) guarantee that f satisfies the subcritical growth condition for 1 < N < 3, that is,

(fo) there exist C > 0 and p € [2, 2*) such that
|[fan|<c(i+1e1P7h), () e xR,
where 2* = oo for N = 1,2 and 2* = 6 for N = 3.
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The goal of this paper is to obtain sufficient conditions on the constants fjy, foo for problem (1.1) to have positive
solutions by using topological degree method and critical point theory.

In [20], the authors assumed that f is asymptotically linear near zero and is 3-superlinear at infinity which means
that

. fx,t)

im =00

r—>oo  f3

In [16], it was assumed that f was superlinear at zero and is 3-superlinear at infinity. In [17], the situation that
a>0,b>0and f satisfies (fy) is considered, and under the additional conditions that fgpA; and fooit] are not
an eigenvalue of (1.3) and (1.4) respectively, the existence of a nontrivial solution to problem (1.1) with v =1 was
proved. Motivated by [17], in the present paper we are concerned with problem (1.1) under the assumptions (f;) and
(f2). Our main results are as follows. Note that in our results the constants fyA; or foou1 could be an eigenvalue to
(1.3) or (1.4) respectively.

Theorem 1.1. Assume that N =1,2,3,a > 0, b > 0 and f satisfies (f1) and (f;) with fy > 1 and foo < 1. Then (1.1)
with v = 1 has a positive solution. In addition, if a > 0, b =0, then (1.1) has a positive solution with v = 1 for all
N2>1.

Theorem 1.2. Assume that N =1,2,3,a >0, b > 0, and f satisfies (f1) and (f2) with fo <1 and foo > 1. Then one
of the following alternatives holds:

(1) (1, 00) is a bifurcation point of (1.1) where a bifurcation from infinity occurs, that is, there exists a sequence of
positive solutions (v, uy) to (1.1) such that lim,_, s v, = 1 and lim,,_, » ||u, || = 00; or
(1) (1.1) has a positive solution with v = 1.

In addition, if a > 0, b =0, then (1.1) has a positive solution withv =1 forall N > 1.

Remark 1.3. The results above complete the study made in the recent papers in the following sense. The methods
used in [17] cannot be applied to the case that fyA; or fooi1 is an eigenvalue. In addition, there have been no
previous studies considering the bifurcation phenomena in Kirchhoff type equations to the best of our knowledge. In
Theorem 5.2, we will show that if £2 is a ball, then the alternative (ii) in Theorem 1.2 must hold, thus the bifurcation
from infinity does not occur in this case.

Remark 1.4. For the Kirchhoff equation (1.1), the usual assumption is thata > 0, b > 0 and a + b > 0 as in this paper,
see [5]. When a > 0 and b = 0, we can reduce (1.1) to

{ —Au=g(x,u), in$2,
u=0, on d52,

where g(x,t) = (v/a) f (x, t). Eq. (1.7) has been extensively studied for bounded domain §2 C RY with N > 1. Under
the assumption:

(1.7)

g(x,n)
t

g(x,1)

(g) For go, g0 < 00, the limits lim, o+ = go and lim;_, » = g exist uniformly for x € £2,

the following results have been proved in [13]:

1. If go > A1 and goo < A1, then (1.7) has a positive solution;
2. If go < A1 and g > A1, then (1.7) has a positive solution.

In this context, our results in this paper can be seen as the generalization of the results above to the Kirchhoff type
equation (1.1).

Remark 1.5. In this paper, we prove Theorems 1.1 and 1.2 only for the case of N = 1,2, 3 and b > 0. This is because
that our proofs depend fundamentally on the subcritical growth condition (fp), which is essential in the definition of
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L in Section 2 and the compact embedding from HOl (£2) to L*(£2) in Section 4. We conjecture that Theorems 1.1
and 1.2 still hold for dimension N > 4. In Theorem 1.1, we provide a positive answer to the existence of solutions
to (1.1) for the cases a > 0, b > 0 and a > 0, b = 0, except the situation that a = 0 and b > 0, which is an open
problem.

Throughout this paper, we denote by X the Sobolev space H(} (£2) with the inner product (u, v) = |, o Vu-Vvand
norm |ju||? = fQ |[Vu|?, by X* the duality space of X, by — the weak convergence in X, and by (-,-) the duality
pairing between X* and X. The symbols Cy, C3, Cq, ... denote various positive constants whose exact values are not
essential to the analysis of the problem.

This paper is organized as follows. In Section 2, we recall some preliminaries and prove some lemmas. In Section 3,
using topological degree argument, we give the proof of Theorem 1.1. Section 4 is dedicated to prove Theorem 1.2 by
using critical point theory. Furthermore, we will give some applications of Theorem 1.2 in Section 5.

2. Preliminaries

Let P={ue€ X: u(x) >0, ae. x € 2} be the positive cone in X and let P* ={h € X*: (h,u) >0, u € P} beits
dual cone. Define nonlinear operators A, L, K : X — X* by

(Au,v)=(a+b||u||2)/Vu~Vv, (Lu,v):/f(x,u)v, (Ku,v):/uv, u,veX.
2 Q Q

We first show the following property of the operator A.
Lemma 2.1. Assume that a > 0. Then the operator A is a homeomorphism from X to X* and A~'(P*) C P.

Proof. For any u, v € X, we have
(Au — Av, u — v)
= (Au,u) — (Av,u) — (Au, v) + (Av, v)
=(a+b||u||2)||u||2—(a+b||v||2)/Vu-Vv—(a—l—bllullz)/Vu-Vv+(a+b||v||2)||v||2

2 2

=anW—2/Rm.VwHwW)+bhuW+nw4—qu+nw3/\m.vq
2 2

1 2
>mm—vW+bhmﬁ+nw4—EWMF+nw%]

> allu—v||%.

Hence, A is a strongly monotone operator. It is easy to see that A is continuous from X to X*. By the strong monotone
operator theorem [22, Theorem 26.A, p. 557], A is a homeomorphism.

To show the second part of the lemma, we assume that 7 € P*. By the first part of the lemma, there exists u € X
such that

(a+b||u||2)/Vu-Vv=(h,v), veX. (2.1)
2
Taking v = u~ = min{x, 0} in (2.1), we have that (a + b|lu||*)|lu~||*> < 0. Hence u(x) > 0 almost everywhere for

x € §2, thatis, u € P. The proof is completed. O

Since the assumptions (f;) and (f2) hold, then f satisfies (fp). By [18, Proposition B.10, p. 90], we know that
L : X — X* is compact. Furthermore, we can easily see that L maps P into P* by (f;). Similarly, K : X — X* is
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also compact and K maps P into P*. Because we are concerned with the existence of positive solutions of (1.1) with
v =1 in Theorem 1.1, we may consider the following operator equation in P

Au = Lu. 2.2)

Denote by P, for r > 0 the bounded open subset {u € P: ||u|| <r} of P.If (2.2) has no solution on d P,, that is, the
completely continuous operator A™'L : P, € P — P has no fixed point on 9 P,, then by [2] the index of fixed point
i(A_lL, P,, P) is well defined. Hence, we can use the fixed point index theory to complete the proof of Theorem 1.1.
To this end, we recall some necessary results about the fixed point index in the sequel.

Theorem 2.2. (See [2].) Let E be a real Banach space, V C E a cone, and U C 'V a bounded open subset of V. If the
completely continuous operator B : U — V has no fixed point on dU, then there exists an integer i (B, U, V), which
is regarded as the fixed point index, and the following statements hold:

() If B: U — U is a constant mapping, then i(B,U, V) = 1; B
(ii) Assume that Uy and U, are disjoint open subsets of U and B has no fixed point in U \ (U U U,). Then

i(B,U,V)=i(B,U,V)+i(B,Up V),
where i(B,U;, V) =i(B|j,, Ui, V), i =1,2;
@iii) If H : [0, 1] x U—Visa completely continuous homotopy and H (t,u) # u for any (t,u) € [0, 1] x dU, then

i(H(t,-),U, V) isindependent of t € [0, 1];
@Gv) Ifi(B,U, V) #0, then B has a fixed point in U.

Before concluding this section, we recall another theorem from [14], which will be used to prove our second
theorem in this paper. The “monotonicity trick” at the core of the recalled theorem was first formulated by Struwe [19].

Theorem 2.3. Let (E, || - ||) be a Banach space and I C Ry an interval. Consider the family of C' functionals on E,
Jy(w)=Sw)—vl(u), vel,

with J,(0) =0, v € I, T nonnegative and either S(u) — oo or T (u) — o0 as ||\u|| - oo. For any v € I, we set
Iy ={y €C([0,11,E): y(0)=0, J,(y(1)) <0}.

If for every v € I the set I, is nonempty and

= inf max J 1)) >0,
T eh a0 W(r )

then for almost every v € I there exists a sequence {u,} C E such that

(1) {u,} is bounded,
(ii) Jy(u)) = cy as n — oo;
(iil) J,(u)) — 0 in the dual E* as n — oo.

3. Proof of Theorem 1.1
To prove Theorem 1.1, we first prove two lemmas.

Lemma 3.1. Assume that a > 0, b > 0, (f|) and (f;) hold. Then
L/+(0) =afor K (3.
and

Lu — bfoo/uKu3

llul|—o0,ueP lJue|®

-0, (3.2)

where L' (0) is the right derivative of L at 0, see [8, p. 225].
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Proof. The proof of the lemma is similar to that in [12,13]. For the sake of completeness, we give a proof here. Since
(f1) and (f2) hold, then for any ¢ > 0, there exists C; > 0 such that

|fx, 1) —afort]| <et+Cot®, xe€82,1>0.

For any u € P \ {0}, set w = u/||u|. Then we have by Holder’s inequality and Sobolev’s inequality that

Lu —afor Ku | f(x,u) —aforiu]
——— V)| < sup [v]
vl <1

Q

sup

S flull [luel|

< sup /[ew|v|+cg||u||2w3|v|]
lvl<1 o

<eC1+ CoCe|lul,
where C1, C, > 0 are constants independent of ¢. Therefore,
Lu —afor Ku
im —

llull—0, ueP flell

and (3.1) holds.
Since (f1) and (f;) hold, for any ¢ > 0, there exists C > 0 such that

=0,

| £, 0) = bfoopit®| S Ce+6t’, x€2,120.

For any u € P \ {0}, set w = u/||lu||. Then we have by Holder’s inequality and Sobolev’s inequality that

Lu — bfoop Ku? | f (. u) = bfooprns’|
— 3 V)| < sup 3
fleell” i<t J flull

v]

i<t

< sup /[Ce||M||73|v|+ew3|U|]
i<t )

< C3Celull > + £Ca,

where C3 > 0 is a constant. Therefore, (3.2) holds. The proof is completed. O

Lemma 3.2. Assume that a > 0, b > 0 and fo > 1. Then for r € (0,r1) where r1 = v/a(fo — 1)/b,
i(A~YaforK), P, P) =0.

Proof. Given 0 <h € C;°(£2) with i # 0, define a completely continuous homotopy H : [0, 1] x X — X* by
H(t,u)=afor Ku+tKh, (t,u)el0,1]x P.

We first claim that the operator equation
Au=H(t,u)

has no solutions on [0, 1] x d P, for r € (0, r1). Suppose this is not true. Then there exist #; € [0, 1] and u; € P with
0 < ||ut]| < r1 such that

Aup = H(t,uy).
Thus for any v € X, we have

(a+b||u1||2)/Vu1~Vv=afoA1/u1v+t1/hv.

2 2 2

That is, u; is a weak solution of the following problem
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—(a—i—b/|Vu|2)Au=af0Mu+t1h, in £2,
2

u=0, on d052.

By the elliptic regularity theory and the strong maximum principle, we know that u; € C?(£2) N C(l) (£2) and u; >0
in £2. Hence, u satisfies the following equation

afori 1
- . .. A u + 7h1
a+blul? 0 a+bllu|?

Since ||u1|| =r < r1, we have

A t
(le —)»1)141 + 712}1 >0, inf.
a+blu a+blull

This is impossible since (3.3) has no positive solution. Notice that this fact holds for the problem
{ —(a +bllul*)Au=aforiu+h, in 2,
u=0, on 052.
Indeed, the above problem has no solutions in P, for r € (0, r1). Consequently, Theorem 2.2 (iii) and (i) imply that

_AM=MM+< (33)

i(A~YaforK), P, P)=i(A"'H(0, ), P., P) =i(A"'H(1,), P,, P) =0, re(0,r),

which completes the proof. O
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. In order to prove Theorem 1.1 with a > 0, b > 0, we only need to show that the fixed point
indices i (A~!L, P,, P) take different values for small r and for large r by Theorem 2.2 (ii) and (iv).
Firstly, we prove that

i(A*]L, P, P)=1 forlarger.
To this end, we define a completely continuous homotopy function H : [0, 1] x X — X* by
H(t,u)=tLu, (t,u)el0,1]x P.
We claim that there exists Ry > O such that the operator equation
Au=H(t,u) 34

has no solutions on [0, 1] x dP. for r > Ryp. We prove by contradiction. Suppose that there exists a sequence
{(t2, un)} C [0, 1] x P such that

th—> 1 €[0,1], lunl — oo,
and (t,, u,,) satisfies (3.4), that is,
(a+b||un||2)/wn.vU=zn/f(x,u)u, veX.
2

Q
Let w, =u,/||lun| for any n. Then we have, for any v € X,

b 2 , —b 3
M[vwn.w:t,,bfoomfwﬁvﬂ,,/ f & un) = bfooprity | (3.5)
2

llun 12 llunl®
2

Since {w,} is bounded in P, we may assume, by passing to a subsequence if necessary, that w, — wo € P. Taking
v = wy in (3.5) and letting n — 00, we have from Lemma 3.1 that

1 =10 foolt1 fwf‘).

2
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Hence,

lgfoo,ul/wggfoov

2

which contradicts to foo < 1. Taking » > Ry, we have
i(A”'L, P, P)=i(A""H(,"), P,, P)=i(A"'H(0,), P,, P) = L.
Secondly, we complete the proof of Theorem 1.1 by showing that
i(A_lL, P, P) =0 for small r.
Define now another completely continuous homotopy function
H(t,u)= (1 —t)Lu +tafori Ku, (t,u) €[0,1] x P.
We show that there exists r¢ > 0 such that the operator equation
Au=H(t,u) (3.6)

has no solutions on [0, 1] x d P, for r € (0, rp). Again we prove it by contradiction argument. Suppose that there exists
a sequence {(t,, u,)} C [0, 1] x P such that

th = 10, llunll — 0,
and (t,, u,) satisfies (3.6). Let w, = u,/||u,| for any n. Then we have, for any v € X,

1—1 N 1, A
/an-sz n z/f(x uil)v+ nafor 2/wnv
J a+ blluyl J llan a+ bllun|

2

1—1, / [, un) —aforiuy afor / v
2

= v (3.7)
a+blua|? llaen a+bllunll2g

Since {w,} is bounded in P, passing to a subsequence if necessary, we may assume that w, — wo € P. Letting
n — oo in (3.7), by Lemma 3.1, we obtain

/Vw0~Vv=foK]fwov.

2 2

Taking v = wy, in (3.7) and letting again n — oo,

1=fo?»1/w5,

Q
which implies that wg # 0 and wy is a nontrivial eigenfunction of (1.3). But the assumption fo > 1 implies that w
must be sign-changing, which contradicts with wg € P. Hence, it follows from Theorem 2.2 (iii) and Lemma 3.2 that
i(A7'L, P, P)=i(ATH(0,), P, P)=i(AT'H(,), P, P) =i(A" " (afor1K), P, P) =0

for r € (0, min{rg, r1}).
When a > 0, b = 0, the results in Theorem 1.1 is a direct conclusion of [13, Theorem 1]. For the detail, the reader
can also see Remark 1.4. The proof is completed. O
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4. Proof of Theorem 1.2

In this section, we always assume that b > 0 unless specified otherwise and (f1) and (f>) hold with fy < 1 and
foo > 1. Hence, there exist 1 > 0 and Cg; > 0 such that

1
F(x,r>>1(bm+e1)r4—cgl, xeR,1>0, (4.1)

1 1 _
Fx,0) < sa(l = s)ME + b - et +Ce 1%, xe R, 1eR, (4.2)

t
where F(x,1) = [, f(x,s)ds.
In the following, we utilize Theorem 2.3 to complete the proof of Theorem 1.2. In the setting of Theorem 2.3 we

have E = X, I = [§, 1] with b;zﬂ%:a <8<1,and

1 1
S(u) = 5a||u||2+ anun“, T(u) = f F(x,u),
2

1 1
Jv(u)z§a|lu||2+Zb||u||4—v/F(x,u), ueX, vel.
2

It is easy to verify that

(Ju’(u),v)z(a+b||u||2)/w-W—u/f(x,u)v, uveX, vel.
2 2

In the following, we show that J, satisfies the conditions of Theorem 2.3 by proving several lemmas.
Lemma 4.1. I, # 0 forany v € I.

Proof. Let ¢ > 0 be a pu1-eigenfunction mentioned in Section 1. For ¢ > 0, we have by (4.1) and (1.6) that

1 1
Jo(ter) = Eat2||¢1||2+ Zb#nqsln“ —v / F(x,t¢1)

2

1 1 1
< Earznasl I+ wa“ / o1 - 7 i+ e1)8t* / o1+ Ci
2 2
= L - 102#/4»1‘ +Ci,
2 4
2

where Cy = (buy + €1)8 — b1 . Noting that C; > 0, we can choose 7y > 0 large enough so that J, (fo¢1) < 0, where
to is independent of v € 1. The proof is completed. O

Lemma 4.2. There exists a constant ¢ > 0 such that ¢, > c forany v € I.

Proof. For any u € X, it follows from (4.2), (1.5) and (1.6) that

1 1 1 1
Ju(u)>—a||u||2+—b||u||4——a(l—snmfmﬁ——bm(l—el>/|u|“—cgl/|u|6
2 4 2 4
2 2 2

1 1
> sl + gberul = Coy [ 1l
2
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By Sobolev’s embedding theorem, we conclude that there exist p > 0 and ¢ > 0 such that J,,(#) > O for ||u|| € (0, p]
and

Jo() Zc, |ull=p.

Fix v € I and y € I,. By the definition of I',, we have that ||y (1)|| > p. Hence, there exists 1, € (0, 1) such that
Iy (@)l = p. So,
= inf max J t)) > inf J L)) =>c.
VT Jeh o o(r®) yerl, w(rp)ze

The proof is completed. O
Lemma 4.3. For any v € I, if {u,,} is bounded and J),(un) — 0 in X*, then {u,} admits a convergent subsequence.

Proof. Given v € I, assume that {u,} is bounded, J, (1,) — 0 in X*. By extracting a subsequence, we may suppose
that there exists # € X such that

U, —u, inkX,
u, —u, inL*(), s¢e [1,2*),
up(x) —> u(x), ae.xes.
It follows from (f}) and (f;) that there exist Cy, C> > 0 such that
f D) <Ciltl+Coltf’, xef,1eR. (4.3)

Hence, by Holder’s inequality and Sobolev’s embedding theorem, we have

’/f(x,un)(un —u)
2

3
<C1/|un||un—u|+02/|un| e — 1)
2 2

1/2 1/4
<c3</|un—u|2> +C4<f|un—u|4) — 0.
2 2

(a+b||un||2)/wn~wun ) = (@ + bl l1?) [t ) — e 10)].
2

Noting that

we know that

o(1) = (J) (up), up — u)+ vff(x,un)(un —u) = (a +bllun*)[n, un) — (un,w)]-
2

Hence, (u,, u,) — (u, u). This together with u,, — u shows that #,, — u in X. The proof is completed. O

Lemma 4.4. There exist a sequence {v,} C I with v, — 1~ as n — oo and {u,,} C X such that

Jv,,(uv,,) = Cy,, Jl/;n (uu,,) =0.

Proof. We only need to show that for almost every v € I there exists u” € X such that J,,(u") = ¢, and J,(u") = 0.
By Theorem 2.3, for almost each v € I, there exists a bounded sequence {u},} C X such that

Jo(uy) = cv, J)(uy) — 0.

v

By Lemma 4.3, we may assume that u), — u" in X. Then the continuity of J, and J;, imply that J, (u"”) = ¢, and
J)(u¥) = 0. The proof is completed. O
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In the sequel, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. First we consider the case of a > 0, b > 0. By Lemma 4.4, there exists a sequence {v,} C I
with v, — 17 and {u,,} C X such that

Jv,, (uv,,) =Cy,, J;” (uvn) =0. 4.4)

Since ¢,, 2 ¢ > 0 by Lemma 4.2, by standard regularity theory, we know that u,, is a positive solution to (1.1) with
v = v,,. To prove the theorem, we assume the first alternative does not hold. Then the sequence {u,, } above is bounded
in X. Since v, — 17, we can show that

Ji(u,,) >0, in X*
In fact, for any v € X, it follows form (4.3), Holder’s inequality and Sobolev’s embedding theorem that

‘/f(x,uun)v
2

Furthermore, (4.4) implies that

3
<C1/|Munllv|+C2f|uv,l| vl < Cflvll.
2 2

<J{(uun),v)+(1—v,,)/f(x,uvn)v=<Jljn(u,,n),v)=0, v e X.
2

Hence, J{(uy,) — 0 in X*. By Lemma 4.3, {u,,} has a convergent subsequence. Without loss of generality, we may
assume that u,, — u. According to Lemma 4.2, (4.4) and noting that

‘/ F(x,uy,)
2

we have

< Cy,

Jiw) = lim Jy(u,,) = lim J,, (u,,) 2 c>0,
n—oQ n— 0o
and
Ji(w) = lim J{(u,,) =0.
n—o0

The standard process shows that u is a positive solution to (1.1) with v = 1, and the second alternative holds.
For the case of a > 0, b =0, by Remark 1.4, we know easily that (1.1) has a positive solution with v =1 for all
N > 1. The proof is completed. O

5. Applications of Theorem 1.2

In this section, we show that Theorem 1.2 is a useful result in some applications. Here, we assume thata > 0,5 > 0
and N =1,2,3.

Theorem 5.1. Assume that f satisfies (f1) and (f2) with fo <1 and foo > 1. If in addition fsot1 is not an eigenvalue
of (1.4), then problem (1.1) has a positive solution with v = 1.

The result in this theorem holds by the mountain pass theorem and [23, Lemma 2.2]. Here we give an alternative
proof of Theorem 5.1 by using Theorem 1.2.

Proof of Theorem 5.1. From Theorem 1.2, we only need to exclude that the bifurcation from infinity occurs. Suppose
by contradiction that there exists a sequence of positive solutions {(v,, u,)} to (1.1) such that lim,_, ., v, = 1 and
limy,—, o0 ||uy || = 00. Let w, = uy,, /||uy||. Similar to (3.5), we have

F e un) = bfsopru)
THE

a+ blluy|?

v, veEX. (5.1)
[l |12

/an-szvnbfoom/wf,v+vn
Q
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Since {w;} is bounded in X, we may assume that w, — wg € P C X. Passing to limit n — oo in (5.1), we obtain that

/Vw0~Vv=foou1/w8v, veX, (5.2)
Q Q

and wo # 0. Hence, foou is an eigenvalue of (1.4), which contradicts with the assumption. The proof is com-
pleted. O

Finally we prove that the bifurcation from infinity in Theorem 1.2 cannot occur if the domain §2 is a ball.

Theorem 5.2. Assume that $2 is a ball in RN and f satisfies (f1) and (f2) with foy < 1 and fso > 1. Then problem (1.1)
has a positive solution with v = 1.

Proof. Similar to the proof of Theorem 5.1, we have (5.2) and ||wg| = 1. Hence, wy is a positive solution to (1.4)
with u = foop1. By Lemma 5.3 below, fo = 1, which is a contradiction to fo, > 1. The proof is completed. O

The following result on the simplicity of principal eigenvalue of (1.4) is of independent interest.

Lemma 5.3. Assume that $2 is a ball in RN . Then the principal eigenvalue 1 of (1.4) is simple and every eigenfunc-
tion corresponding to an eigenvalue > (11 of (1.4) must be sign-changing.

Proof. Assume that £2 is a ball. Then the following equation

—Au:u3, in £2,

u >0, in £2, (5.3)

u=0, on 452

has a unique solution, see [9].
Without loss of generality, suppose that # > 0 and v > 0 are both eigenfunctions corresponding to w1. Then i 5”1 u
and ‘/—’Tllv are both solutions to (5.3). Hence u = lully | which shows that w1 is simple. To prove the second part of the

vl L Il .
lemma, we assume by contradiction that v > 0 is an eigenfunction to © > 1. Then

VI, _ Vi
ol lleull

where ¢; > 0 is a u1-eigenfunction mentioned in Section 1. Therefore, u = w1, which is a contradiction. The proof
is completed. O
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