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Abstract

We analyze an equation that is gradient flow of a functional related to Hardy—Littlewood—Sobolev inequality in whole Euclidean
space RY, d > 3. Under the hypothesis of integrable initial data with finite second moment and energy, we show local-in-time
existence for any mass of “free-energy solutions”, namely weak solutions with some free energy estimates. We exhibit that the
qualitative behavior of solutions is decided by a critical value. Actually, there is a critical value of a parameter in the equation
below which there is a global-in-time energy solution and above which there exist blowing-up energy solutions.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

There has been recent interest in introducing a higher-dimensional analog of Patlak—Keller—Segel (PKS) system;
see [3,10,19,22,23] and the references therein. The original model is a simplified version of the model that describes
the collective motion of cells that are attracted by a self-emitted chemical substance. There are many proposed mathe-
matical models for chemotaxis. As far as we know, the first mathematical model was introduced by Patlak in [21] and
later by Keller and Segel in [15]. Further simplification has been proposed later, in which case the equations take the
following form which we call the PKS system:

L) =Af(t,x) = (V- (f(t,0)Ve(t,x), t>0,x R,
—Ac(t,x)= f(t,x), t>0,xeR2 (1.1)
F0,x) = fo(x) = 0.

Here, (¢, x) — f(t, x) is the cell density, and (¢, x) — c(¢, x) is the concentration of chemoattractant. The first equa-

tion in (1.1) takes into account that the motion of cells is driven by the steepest increase in the concentration of
chemoattractant while following a Brownian motion due to external interactions. The second equation in (1.1) takes
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into account that the cells are producing the chemoattractant themselves and while this is diffusing into the environ-
ment.

x > 0 is the sensitivity of the bacteria to the chemoattractant, assumed to be a constant; which measures the
nonlinearity of the system.

The existence of solutions, critical mass phenomena, blow-up of solutions, qualitative behavior of solutions for
equation (1.1) and similar equations have been attracting many researchers recently. See [4,5,11] and some of the
references cited therein. In fact in [3] and [10] a higher-dimensional analog of (1.1) was proposed and analyzed.

The sharp form of Hardy-Littlewood—Sobolev (HLS) inequality is due to Lieb [16]. It states that for a nonnegative
measurable function f on R4 andall 0 < A < d,

f]Rd f]Rd LTI 4 dy fRd fRd hORD) 1 dy
<

[x—y* [x—y*
< : (1.2)
2 2
VAl A5
where
2d—\
h )-—( L) (1.3)
x) = T , .

and p = 555 d - Moreover, there is equality in (1.2) if and only if for some xo € R¢ and s € R, f is a nonzero multiple
of h(% — xo) The A =d — 2 cases of the sharp HLS inequality (1.2) are particularly interesting since they express the
L? smoothing properties of (—A)~! on R?. For d > 3, one has

/f(x) &7 fwde=¢ f/|f(x)f|f,y)2 xdy. (1.4)

R4 R4
We note that the integrals on the right hand side of (1.2) can be computed explicitly in terms of I"-functions and after

some calculation with constants one sees that for A =d — 2, (1.2) can be rewritten F[f] > Oforall f € L2d/(@d+2) (Rd),
where

FUY = CuslifIPy, - [ fo [ ] e (1.5)
d

We refer to this functional F on L>/(@+2(R4) as the HLS functional. Throughout the paper, we shall use || f|| p to
denote the usual L” norms with respect to the Lebesgue measure:

1/p

11l = /Ifl”dx . for 1= p<oo.

1.1. The proposed model

Gradient flow approach of certain functionals results in interesting equations. This idea started with the seminal
work [14] which analyzes the Fokker—Planck equation as a gradient flow with respect to the Wasserstein distance
using the Boltzmann entropy. Later on Otto used this approach for the porous medium equation in [20] and this led
to the very nice books [1] and [26], which can be referred to for further details of the optimal mass transportation
theory. We mention here also the very interesting paper [12] which introduces the gradient flow equation of the Fisher
information and this gives the quantum drift-diffusion equation. Thin-film equation can also be viewed as a gradient
flow with respect to the Wasserstein distance and [6] and [17] use this approach to analyze the equation. On the other
hand, the PKS system (1.1) can also be written as a gradient flow with respect to the Wasserstein distance using the
log-HLS functional

Frxslf / F ) log f ) dx + / / £ log(lx — ¥ £ () dxdy. (1.6)

Rz xR2
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Motivated by some of these works and observing that in the 2-dimensional case the steady state solutions of PKS
model (1.1) have infinite support, in this paper we propose to consider the formal gradient flow of the following
energy functional:

ELA =111y, — ¢ [ o0 [a) ] wodx, (1.7)
d

where «k = ﬁ with Cyp s being the optimal constant in the d — 2 case of the HLS inequality (1.2).

Definition 1.1. The parameter « appearing in (1.7) will be a critical parameter in analyzing the global existence versus
blow up of solutions for our proposed model.

Writing down the formal gradient flow for E, that is plugging E into the following equation

af SE
= (e (57)). &

where % is the first variation of the energy with respect to the L2-metric, we obtain

of  (d— A YA
= —< )IIfIId;[ (f#2) —div(vo |, (1.9)
where Vc is given by
d
Ve=— v ([(—A)—lf](x)). (1.10)
(d - 2)||f| d+2

The equation (1.9) is complemented by the initial data

S =0,x)= folx), (1.11)

where

0< for), (1+1xP’) fo) € L'(RY),  ELfo] < oo (1.12)
Definition 1.2 (Weak and free energy solutions). Let fy be an initial condition satisfying (1.12) and T € (0, oo].

(D.1) A weak solution to (1.9) on [0, T') with initial condition f; is a non-negative function f € C([0, T); L' (R%))
such that f € L®((0, 1) x RY), f24/W+2) ¢ 1.2(0, t; H' (R?)) for each r € [0, T') and

/fo(x)lﬂ(o ) dx = — //f(: Dot x) d di

0 R (1.13)

//f(t )C)V<2||f||””2fd+2 —2K[( A)” f])'Vw(t,X)dxdt,

0 R4

for any test function ¢ € D([0, T') x ]Rd).
(D.2) A free energy solution to (1.9) on [0, T') with initial condition fj is a weak solution f to (1.9) on [0, T') with
initial condition fjy satisfying additionally

ELf (0] + / / fit.x)

0 R4
forallt € (0,T).

2
dxdt < E[ fol, (1.14)

2171 53— 2 [-a)7'f]

d+2
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Note that both (1.13) and (1.14) are well-defined. In addition, it follows from (1.9) that

A1 =/f(t,X)dx=/fo(x)dx=||f0||1 =:M forrel0,T). (1.15)
R RY

Indeed, to see (1.15) take a sequence of functions g in D([0, T) x ]Rd) such that g — 1o ;] almost everywhere and
0 <, < 1. Writing (1.13) with ¢ = g, the integrability properties of f, V f and V¢ allow us to pass to the limit as
R — o0 and deduce (1.15).

Recently, there have been various studies on problems involving functionals of the form

HIf]:= f U () dx + / Vo) f () dx

R4 Rd

+ / / W — ) f () f () dx dy,
R4 xR

with the basic assumption U : R, — R is a density of internal energy, V : R? — R is a convex smooth confinement
potential and W : RY > Risa symmetric convex smooth interaction potential [1,3,8,9,18]. The internal energy U
should satisfy the following condition, due to McCann [18]

A 20079, is convex non-increasing on Ry.

The local part of the free energy functional E is not exactly in this form. Nevertheless, we consider a formal gradient
flow of the energy functional E. The free energy functional E plays a central role for the equation (1.9) since it can
be formally considered as a gradient flow of the energy functional E with respect to the Wasserstein distance like for
the porous medium equation [20]. See also [1] and [26].

Although we introduce the formal gradient flow for the non-displacement convex functional E, we analyze the
resulting equation using purely PDE techniques in this introductory paper. Use of the optimal gradient flow techniques
to analyze the equation for further properties, and the critical case o = 1, will require the use of some functionals that
are displacement convex and some new ideas and this will be done in a follow-up paper [7], see [2] for such a study
for the PKS system (1.1).

In this paper we recover the critical value to be o = 1 for the blow-up scenarios unlike the usual PKS model (1.1)
where the mass is the critical value for such a phenomena. The reason for this is that in the log—HLS inequality the
mass appears as a parameter but in the HLS inequality it does not.

Similar arguments as in this paper have been used in the literature before. In particular, proofs of existence via virial
identity for a different equation have been provided in [13] and [24]. The technique for obtaining the rate of blow up
has been considered in [25]. Our contribution in this paper is to provide a model for higher dimensional analog of two
dimensional Patlak—Keller—Segel model. It is still an active field of research to provide alternative models that share
the same and similar properties as the two dimensional Patlak—Keller—Segel model. Our paper can be regarded as one
of these efforts.

2. Existence criterion

Following the ideas of previous papers, in order to show the existence of free-energy solutions we regularize (1.9)
and consider

d—2 4/d+2) .
S0 = Ot div VW o fo) = fiVe ). 1> 0.x e R,
=C 2.1
cg(t,x):—CL]lC*fs, t>0,xeRY,
fe(0,x) = fE(x) >0, xeR?
where ¥, : [0, 00) — R is given by ¥, (s) 1= (s + £)24/(d+2) _ ¢2d/(d+2) Here f§ is the convolution of fy with a

sequence of mollifiers and || f(;’" [I1 = || foll = M. As the solution of the Poisson equation —Ac, = CLI fe 1s given up to
a harmonic function, we choose the one given by c. (¢, x) = —CLIIC * fe with
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1 1
KXx)=csg—— d =
x)=cqg a2 and ¢y d— Doy

where o4 := 272 /y(d/2) is the surface area of the sphere S?~! in R?.

Such regularized problems have been considered in the literature. See [3,23] and some of the references therein.
Following these references we can safely deduce that the regularized problem (2.1) has global in time smooth solutions
and this approximation is convergent.

Precisely, as in Section 4 of [23], see also the remarks in [3], if

sup || fellLe <K, (2.2)
O<t<T

where K is independent of ¢, then there is a subsequence ¢, — 0 such that
fe, = [ stronglyin C([0,T]; L loc
V(DY Ly (f2/EEDY weakly-*  in L0, T; L2(RY)),

) and almost everywhere in (0, T) x RY,

(2.3)
¢g, — c(t) strongly in LerC(Rd) and almost everywhere in (0, T'),
Veg, — Ve(t)  strongly in LIOC(Rd) and almost everywhere in (0, T'),
for any p € (1,00) and r € (1, 00], and f is a weak solution of (1.9) on [0, T) with ¢ = ——IC * f; free-energy,

similarly to Proposition 6.1 in [3], satisfies E[ f(¢)] < E[ fo] for almost every ¢ > 0. In fact, f i 1s a free energy solution
of (1.9).

Theorem 2.1. Under the assumption (1.12) on initial data and (2.2) on the approximating sequence, there exists a
free energy solution of (1.9) on [0, T).

Theorem 2.1 can be proved by following [22] and the proof of Proposition 2.1 in [3].

Lemma 2.2. For any n > 0 there exists a T, > 0 depending only on d, M and n such that if

sup || fe (1 M 2
£e(0,1)

for some t* € [0, 00), then

o the family (fe)e is bounded in L (t*, t* + 1,; L2/ (@2 (R4Y).
e Moreover, if (f¢(t*)), is also bounded in LP(Rd)forsome pE (d+2’ 00, then (f¢)e is bounded in L™ (t*, t* 4-1,);
LP(RY)).

2d
Proof. Step 1: La+2-estimate: An easy calculation yields that

2d/d+2 _ _2d pEe -
el V.- (feVee) d
||fe|| 2 @+ fé (feVee) dx
(d 4/d+2 / —4/d+2 2d (d—2)/(d+2) 2
- —_— \Y d
(d+2)2llfe|| fe (d+2)(fs+5) [V fel”dx o4
16d(d —2)? 4/d+2 2D .
=~ Graoa o el . e
d+2)(3d +2)
d=2 / Wy
Je x,
(d +2)
where Ac, = —k f. and recall that « = o/ Cpys. Hence, we obtain
2
2d/d+2 d(d — ) 4/d+2f (3d—2)/2(d+2) 2
— <-16——m —— \Y d
SR < FEs el v )| dx .

d (3d+2)/(d+2)
T« <d +2) el Ga+2)p@+2)-
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We have the following Gagliardo—Nirenberg inequality:

0 1-6 2d
ullp < KoptlIVuell3 el 1<Q<p<ﬁ (2.6)
where
_ 2d(p—q)
p2d —q(d —2))

We apply the Gagliardo—Nirenberg inequality (2.6) with

B 2(3d +2) 4d
— £(Bd=2)/2(d+2) = 7 d = —
u=f,  PETRg Ty M AT Ty

and then the Young inequality to deduce

€ (0, 1). 2.7)

3d+2)/(d+2 4/d+2 — 4d? /(d—2)(d+2
fellGa i s = SIfI A IV GESTDREDNE 4+ Coll fellg iy (2.8)
with § > 0 is small.
Plugging this back into (2.5) we obtain
2d/d+2 _ dd—2)? 4/d+2
—IIstI (12 (2= 2)5 16— LU D" ||fe||/+
d+2 (d+2)(3d+2)
2
X/ [VisEeRIe [ ax 2.9)
R4
A2
C d 4.
+ 5/<(d+2)||fall

We now choose § so that the expression in the bracket in (2.9) is non-positive, and let us denote this non-positive
number by —C(8). Thus, we have that

2
2d/(d+2 4/(d+2 _
—Ilfsll [+ )+C(8)||f8|| [+ >/‘V(f£<3d 2/ gy

Rd (2.10)
d— 4d2/(d—2)(d+2
< (G5 STAl 5,
From this we obtain for any 7, > #; > 0,
2d/(d+2) _ ~2d/(d—2) ()
||fe(t2)|| [llfs(f M 2 C(tz—tl)] . (2.11)
Taking #; =¢* in (2.11), we deduce that
-4
EOIP D < [ — e —m] @.12)

fort € [t*,r* + 27y) with 7, = %n_(z"/(d_z)). Consequently,
2d/(d+2 —(4=2
IO [ < (C,) "' 2.13)

fort e [t*,t* + r,,] and the proof of the first assertion is complete. We further deduce, by integration, that

t +Tn

2d/(d+2 —
f P8 DN (272 ) e < . 2.14)



S. Ulusoy / Ann. I. H. Poincaré — AN 34 (2017) 961-971

Step 2: LP-estimates, p € (dz—-;(-lz’ oo) For ¢t € [¢*, t* + 7], K > 1and p > %, we infer from (2.1) that

d
Ell(fs—K)+||,'§

d
<—p(p—1 )(d_%z)nfuﬁ“*”{/cﬂ K)p2+d”|VfH2dx

d+2

+p@—nfﬁﬁ—Kﬂ”+Km—K>
d

r- ]v_fg Vé. dx.

967

2.15)

We denote the second term on the right hand side of (2.15) by B. First, by an integration by parts, we rewrite it as

follows:

_ p _ p—1
sz@_”f/rﬁ KL =KL ]ﬁw’
J ) P-1

from which a simple observation f; < (f; — K)+
-1
B <«pK?|I(fe = K)+II)
+x@2p = DKII(fe — K)4l15
1
+r(p = DI = K)4I10

+ K implies

From Gagliardo—Nirenberg—Sobolev inequality we get

2dp

1 +M 2 2dp
”w”ZLSC(p)IIV (w(p <d+2)/ )HS 2| |w

Using the Holder’s inequality we get
kpK||(fe — K)+lI0” 1 <k(p—DK||(fe —

+kK|{x: folt,x)
We recall that

d
Ell(fs—K)HIﬁ:

(d 2) 4p(p — ||f”4/(d+2)
d+2" p+(d— 2)/(d+2) ¢

=: -Coeff

By Step 1, we may choose K = K large enough so that ||( f
and ¢ € (0, 1). Here we also use the inequality in (2.17) with w = (f;

inequality to deduce that

pHAD/@ED)
B < (Coeff)||V <(fs -Kop ) I3

+C(p, ", [1+11(fe = KlI7]-

Thus, we conclude that

d
prill e K)llp < Cp, ) [+ [1(fe —

and from this we deduce that

I(fe = K)4llp < C(p,t*,m), fortelr

(p+1)(d—=2)-2dp
| | : d-2

K)+11p
> K}I.

pHd=2)/d+2)
/WP&—Ku 7

R4

K)llp]

1 +1yland € € (0, 1).

(2.16)

(2.17)

(2.18)

(2.19)

— K) ¢ |l1 is sufficiently small for all # € [t*, t* + 1;)]
— K)4, the inequality in (2.18) and the Young’s

(2.20)

2.21)

(2.22)
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Now, since p > dz—fz we have

Hﬁ%iC@{Mﬁ—mM%+KfMM”mﬁ@g“ﬂ-
Y

This and the previous inequality, combined with Step 1, imply that
I fell, <C(p,t*,m), forte[t*,t*+r,]and ¢ € (0, 1). (2.23)
Step 3: L*-estimate: As a direct consequence of Step 2 with p =d + 1 and Morrey’s embedding theorem (Vcg),

is bounded in L((*, t* + 1,,) x RY; RY). This in turn implies that (f.) is bounded in L°((t*, t* + 1,,) x RY). See
[3] and the references therein for a similar argument. One can refer to [22] and [23] for alternative arguments. O

As a consequence of the previous lemma, we can construct a free energy solution defined on a maximal existence
time.

Theorem 2.3. Under the assumption (1.12) on the initial data there are T,y € (0,00] and a free energy solution
f(t,x) to (1.9) on [0, Tyax) with the following alternative: either Tpa = 00 or Tygy < 00 and ||f(t)||% — 00 as
+

t = Tyax. Furthermore, there exists a positive constant Cqy depending only on d such that f satisfies

d=2
—(4=2)
] , (2.24)

Hﬂmmwwmspummzwd”—@m—n>

2d 2d
d+2 d+2

fOV e [Oa Tmax) and he (t17 Tmax)-

Proof. Put &, (1) :=sup.. g1y || = ()]l € (0, 00] for t > 0 and p € [ 74, 00] and
T1:={T >0:£24 €L>®0,T))}.
d+2

Clearly, by the definition of the sequence (f;;). and (1.12) &,(0) is finite for all p € [d2_+d2’ oo]. By Lemma 2.2, there
exists 11 > 0 such that &, is bounded on [0, #;] for all p € [%, o0]. Then, (2.2) is fulfilled for T = #; and there exists
a free energy solution to (1.9) on [0, t;) by Theorem 2.1 and (2.14). This ensures in particular that 77 > #; > 0. We
now claim that

£00 €L°°(0,T), forany T €[0, Ty). (2.25)
To prove (2.25), consider T :=sup{T € (0, T) : oo € L*°(0, T)} and assume on the contrary that 7™° < 7. Then,
édz_d € L*°(0, T7*) and we put n = ||‘§f—d||L°°(0,T1°C) and t* =T — (%"), where 7, is defined in Lemma 2.2. As
+2 +2
é% (t*) < n and &5 (t*) is finite we may apply Lemma 2.2 to deduce both é% and &, belong to L*°(t*, t* + 1,),
+ +
and the latter property contradicts the definition of 7 as t* + 1, = T1° + (%’7). By (2.25), (2.2) is fulfilled for any

T € [0, T1) and the existence of the free energy solution f of (1.9) on [0, 77) follows from Theorem 2.1 and (2.14).
Moreover, either T; = oo or T1 < oo and || f(¢)]] 2 — oo as t — T1, and the proof of Theorem 2.3 is complete with
+

Tipax = T1. Or T1 < oo and liminf,_ 7, || f(#)|| 24. < oo. For this case, there are n > 0 and an increasing sequence
a2
of real numbers (s;) ;> such that s; — Ty as j — oo and || f(s;)|| 2« < n. Fix jo > 1 such that s;, > T} — ()
= R

with 7, defined as in Lemma 2.2 and put f = f(s},). According to Definition 1.2 and (2.2) fo fulfills (1.12) and we
may proceed as above to obtain a free energy solution f to (1.9) on [0, T3) for some T, > 7. Setting f )= f@)
for t € [0, sj,] and f(t) = f(t —sj,) for t € [sj,, s, + T2), we first note that f is a free energy solution to (1.9) on
[0, sj, + T2) and a true extension of f as s;, + T > T — (%”) +1,=T1+ T—z" ‘We note that this construction can be
iterated as long as the alternative stated in Theorem 2.3 is not fulfilled to complete the proof. (2.24) follows as in the
proof of Lemma 2.2 by the regularity of weak solutions. 0O

Corollary 2.4 (Lower bound on the blow-up rate). Let f be a free energy solution to (1.9) on [0, Tyax) constructed in
Theorem 2.3 with the initial condition satisfying (1.12). If Tyax is finite, then



S. Ulusoy / Ann. I. H. Poincaré — AN 34 (2017) 961-971

2d/(d+2 _d=2
IF I (@D S [ Co(Tnax — )] (T2
where Cy is deﬁned in Theorem 2.3.

Proof. Lett € (0, Tjuax) and 12 € (¢, Tyax). By (2.24)

- (5
IIf(tz)II = > DI 2" > — Co(ta — 11).
Letting t, — Tmax we deduce that

-

0=l 2,

This implies (2.26). O

— Co(rn — 11).

969

(2.26)

Remark 2.5. No uniqueness result for (1.9) seems to be available. We thus note that, from now on, all the results refer

to the solutions constructed in Theorem 2.3.

Lemma 2.6 (Virial Identity). Let 0 < fo € L' (R%; (1 + |x|?)dx) N L®(R?) with E[ fy] < oo. Let f = f(t,x) be a
free energy solution of (1.9) on [0, T) with initial condition fo for some T in(0, ool, constructed in Theorem 2.3.

Then,

%/|x|2f(t,x)dx:2(d—2)E[f(t)], tel0,T).
d

(2.27)

Proof. Here we show only the formal calculations; the passing to the limit from the approximated problem (2.1) can
be done by adapting the arguments in Lemma 6.2 of [22] or Lemma 2.1 of [5] without any further complication. We

have by integration by parts and symmetry that

—/|x| fa, x)dx—/m2 ft,x)dx

f| ? ( )||f||“/(‘”2>{A(f“/‘d“))—V-<fVc>}dx

=2(d - 2)I|f||4/(d+2)/fd2_fz dx

R4

/'x' < )Ilfll“/(d*z)V-(fVc) dx

=2(d — 2)||f||4/(d+2)/fd+2 dx

—2(a'—2>x6f (x =) - VK(x = y) f(t.x) f (¢, y)dydx

R4 x R4
=2(d -2)E[f®)]. O

Remark 2.7. We note that, in our case, the second moment is always concave in time since its second time derivative

is given by the dissipation of the free energy functional,

d B SE Zd “0
a1 [f(f)]—/f(hx)[ﬁ] x =0.
R4
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We also emphasize that the evolution of the second moment in our case is more complicated than the classical PKS
system (1.1) corresponding to d = 2 case. Note that in that case the time derivative of the second moment is a constant.

Remark 2.8. The following result indicates that « is the critical value instead of mass in our case. The reason is that
in our functional unlike the log—HLS functional the mass is not a parameter. Depending on the value of the « there
are different situations regarding the global existence and blow-up of solutions.

Proposition 2.9 (Blowing-up solutions). If @ > 1, then there are initial data satisfying the (1.12) with a negative free
energy E[ fol. Moreover, if fo is such an initial condition and f denotes a free energy solution to (1.9) on [0, Tyayx)
with initial condition fo, constructed in Theorem 2.3 then Tyax < 00 and the L*/ @+ _norm of f blows up in finite
time.

Proof. The proof follows the ideas of Weinstein [27]. Take f to be a minimizer of the functional F. This means

F[f]1=0. Now,
f(X)f(y)
E F yd
n=nf+ e ff S Bwa
R‘IXR‘I
1—Ot)~/f f(x)f(y) vd
= X.
Curs lx — y|4= 74

Rd x R4

d+2
We recall that the minimizers are of the form 4 (*=*2) for all s > 0 and xo € R4 with h(x) = (ﬁ) °, and they

are positive.

Let us now consider an initial data fj to be a cut-off of the minimizer f ata sufficiently large radius so that fj has
a finite second moment and satisfies E[ fo] < 0 with & > 1. Denote by f the corresponding free energy solution to
(1.9) on [0, T). (Note that we have the existence result for such an initial data in Theorem 2.3.) We deduce from the
time monotonicity of E and Lemma 2.6 that

%fIXIZf(t, x)dx =2(d =2)E[f(1)] =2(d — 2)E[ fo] <O.
d

This implies that the second moment of f (¢, x) will become negative after some time and this contradicts the non-
negativity of f. Therefore, T}, is finite and || f|| 2« blows-up in finite time. O
a+2

Proposition 2.10. For o < 1 under the assumption (1.12), there exists a free energy solution to (1.9) on [0, 00) with
initial condition fy.

Proof. By Theorem 2.3 there exists a number T, and a free energy solution to (1.9) in [0, T},4,) With initial condi-
tion fy. We have

1 —
(—C “) IF O < ELF(O] < ELfo] < 00
HLS d+2

Since o < 1 we deduce from this inequality that

£ lies in L0, min{T, Tyax}; L4942 (R?)) for every T > 0,

which implies that T}, = oo by Theorem 2.3. O
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