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Abstract

We consider the inverse problem of determining a time-dependent potential ¢, appearing in the wave equation Btzu — Axu +
gt,x)u=0in Q=(0,T) x 2withT >0and 2 a C? bounded domain of R", n > 2, from partial observations of the solutions
on dQ. More precisely, we look for observations on dQ that allows to recover uniquely a general time-dependent potential ¢
without involving an important set of data. We prove global unique determination of g € L°°(Q) from partial observations on 9 Q.
Besides being nonlinear, this problem is related to the inverse problem of determining a semilinear term appearing in a nonlinear
hyperbolic equation from boundary measurements.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Statement of the problem

We fix  a C2 bounded domain of R”, n > 2, and we set T = (0, T) x 952, 0=0,T) x Qwith0<T <o00. We
consider the wave equation

32u— Avu+qt, x)u=0, (1,x)€Q, (1.1)

where g € L*°(Q) is real valued. We study the inverse problem of determining ¢ from observations of solutions of
(1.H)ondQ =X U ({0} x QU ({T} x Q).
It is well known that for 7 > Diam(£2) the data

Ag={(uz. dyuz) : u € L*(Q), Ou+qu =0, uy—o = du;= =0} (1.2)
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determines uniquely a time-independent potential g (e.g. [27]). Here v denotes the outward unit normal vector to 92,
dy = v -V, the normal derivative and from now on O denotes the differential operator 8t2 — A,. It has been even proved
that partial knowledge of A, determines a time-independent potential g (e.g. [9]). In contrast to time-independent
potentials, we can not recover the restriction of a general time-dependent potential ¢ to the set

D={(t,x)e Q: 0<t<Diam(2)/2, dist(x, 92) > ¢}

from the data A,. Indeed, assume that Q@ = {x e R" : |x| < R}, T > R > 0. Now let u solve
Ou=0, uix=f, up=0=0u;=0=0

with f € H'(Z) satisfying fir=0 = 0. Since u|;—p = d;u ;=0 = 0, the finite speed of propagation implies that u|p = 0.
Therefore, for any g € Cgo(D), we have qu = 0 and u solves

Ou +qu =0, Uz =f, M\t:0=atu|t:020~

This last result implies that for any g € C;°(D) we have A; = Ao where Ay stands for A; when g = 0.
Facing this obstruction to uniqueness, it appears that four different approaches have been considered so far to solve
this problem:

1) Considering the equation (1.1) for any time # € R instead of 0 < ¢ < T (e.g. [28,29]).
2) Recovering the restriction on a subset of Q of a time-dependent potential ¢ from the data A, (e.g. [26]).
3) Recovering a time-dependent potential g from the extended data C, (e.g. [13]) given by

Cy = {(uyz, Ujr=0, =0, dyit|x, =7, up=1) : u € L*(Q), (8} — Ay +q)u =0}. (1.3)

4) Recovering time-dependent coefficients that are analytic with respect to the ¢ variable (e.g. [10]).

Therefore, it seems that the only results of unique global determination of a time-dependent potential g proved
so far (at finite time) involve strong smoothness assumptions such as analyticity with respect to the ¢ variable or the
important set of data Cy;. In the present paper we investigate some conditions that guaranty unique determination of
general time-dependent potentials without involving an important set of data. More precisely, our goal is to prove
unique global determination of a general time-dependent potential g from partial knowledge of the set of data Cy,.

1.2. Physical and mathematical interest

Physically speaking, our inverse problem can be stated as the determination of physical properties such as the
time evolving density of an inhomogeneous medium by probing it with disturbances generated on some parts of the
boundary and at initial time. The data is the response of the medium to these disturbances, measured on some parts
of the boundary and at the end of the experiment, and the purpose is to recover the function g which measures the
property of the medium. Note also that the determination of time-dependent potentials can be associated with models
where it is necessary to take into account the evolution in time of the perturbation.

We also precise that the determination of time-dependent potentials can be an important tool for the more difficult
problem of determining a non-linear term appearing in a nonlinear wave equation from observations of the solutions
on d Q. Indeed, in [15] Isakov applied such results for the determination of a semilinear term appearing in a semilinear
parabolic equation from observations of the solutions on 9 Q.

1.3. Existing papers

In recent years the determination of coefficients for hyperbolic equations from boundary measurements has been
growing in interest. Many authors have considered this problem with observations given by the set A, defined by
(1.2). In [27], Rakesh and Symes proved that A, determines uniquely a time-independent potential ¢ and [14] proved
unique determination of a potential and a damping coefficient. The uniqueness by partial boundary observations has
been considered in [9]. For sake of completeness we also mention that the stability issue related to this problem has
been treated in [2,16,19,24,31,32]. Note that [ 19] extended the results of [27] to time-independent coefficients of order
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zero in an unbounded cylindrical domain. It has been proved that measurements on a bounded subset determine some
classes of coefficients including periodic coefficients and compactly supported coefficients.

All the above mentioned results are concerned with time-independent coefficients. Several authors considered
the problem of determining time-dependent coefficients for hyperbolic equations. In [30], Stefanov proved unique
determination of a time-dependent potential for the wave equation from the knowledge of scattering data which is
equivalent to the problem with boundary measurements. In [28], Ramm and Sj6strand considered the determination of
a time-dependent potential ¢ from the data (ur x50, dvU|Rxag) Of forward solutions of (1.1) on the infinite time—space
cylindrical domain R; x €2 instead of Q (¢ € R instead of 0 < ¢ < T < o0). Rakesh and Ramm [26] considered this
problem at finite time on Q, with 7 > Diam(2), and they determined uniquely ¢ restricted to some subset of O
from A, . Isakov established in [13, Theorem 4.2] unique determination of general time-dependent potentials on the
whole domain Q from the extended data C, given by (1.3). Applying a result of unique continuation borrowed from
[33], Eskin [10] proved that the data A, determines time-dependent coefficients analytic with respect to the time
variable ¢. Salazar [29] extended the result of [28] to more general coefficients. Finally, [34] stated stability in the
recovery of X-ray transforms of time-dependent potentials on a manifold and [3] proved log-type stability in the
determination of time-dependent potentials from the data considered by [26] and [13].

We also mention that [5-7,11] examined the determination of time-dependent coefficients for parabolic and
Schrédinger equations and proved stability estimate for these problems.

1.4. Main result

In order to state our main result, we first introduce some intermediate tools and notations. For all € S"~! = {ye
R"™: |y| = 1} we introduce the w-shadowed and w-illuminated faces

02 p={xe€dQ:v(x)- w20}, 0Q_,={xecd: v(x) o <0}
of 3Q2. Here, for all k € N*, - denotes the scalar product in R defined by

Xoy=xiyi 4 Ak, x=01,..., 00 €RE y=(y1,..., m) e RE.

We consider also the parts of the lateral boundary X given by
Yio={t,x)eX:v(x)-0>0}, X_,={tx)eX: v(x) o<0}

From now on we fix wg € S"~! and we consider F = [0, T'] x F’ (resp. G = (0, T) x G’) with F’ (resp. G’) an open
neighborhood of 02 ,, (resp. 9Q2_ ) in 0Q2.

The main purpose of this paper is to prove the unique global determination of a time-dependent and real valued
potential g € L°°(Q) from the data

Cy = Uz, duj=0, |G, Up=1) : U € L*(Q), Du+qu=0, uy—o =0, suppujs C F}.

See also Section 2 for a rigorous definition of this set. Our main result can be stated as follows.

Theorem 1.1. Let g1, g2 € L°°(Q). Assume that
C;“l :C;‘z. (1.4)
Then q1 = q>.

Note that our uniqueness result is stated for bounded potentials with, roughly speaking, half of the data (1.3)
considered in [ 13, Theorem 4.2] which seems to be, with [3], the only result of unique global determination of general
time-dependent coefficients for the wave equation, at finite time, in the mathematical literature. More precisely, we
consider u € L%(Q) solutions of (8,2 — A+ q)u=0,in Q, with initial condition u;—o = 0 and Dirichlet boundary
condition u|x supported on F* (which, roughly speaking, corresponds to half of the boundary). Moreover, we exclude
the data d;u;—7 and we consider the Neumann data 0,,u only on G (which, roughly speaking, corresponds to the other
half of the boundary). We also mention that in contrast to [10], we do not use results of unique continuation where
the analyticity of the coefficients with respect to ¢ is required. To our best knowledge condition (1.4) is the weakest
condition that guaranties global uniqueness of general time-dependent potentials.
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Let us also mention that, according to the obstruction to uniqueness given by domain of dependence arguments
(see Subsection 1.1), there is no hope to remove all the information on {t = 0} and {r = T'} for the global recovery of
general time-dependent coefficients. Thus, for our problem the data d;u;—o and u|;—7, of solutions u of (1.1), can not
be removed.

The main tools in our analysis are geometric optics (GO in short) solutions and Carleman estimates. Following an
approach used for elliptic equations (e.g. [4.8,18,25]) and for determination of time-independent potentials by [2], we
construct two kind of GO solutions: GO solutions lying in H'(Q) without condition on 3 Q (see Section 3) and GO
solutions associated with (1.1) that vanish on parts of dQ (see Section 5). With these solutions and some Carleman
estimates with linear weight (see Section 4), we prove Theorem 1.1.

Let us observe that in the present paper we consider the recovery of a time-dependent potential ¢ in the flat case
for operators whose principal part is characterized by constant coefficients. This allows us to conclude through an
argument using the Fourier transform of the potential g. The same problem stated on a manifold with boundaries
should be carry out differently. In some recent work [20] studied this problem on simple Riemannian manifolds, but
the recovery of a time-dependent potential ¢ on more general Riemannian manifolds, that may not be simple, is still
an open problem.

1.5. Outline

This paper is organized as follows. In Section 2 we give a suitable definition of the set of data C; and we define
the associated boundary operator. In Section 3, using some results of [5] and [12], we build suitable GO solutions
associated with (1.1) without conditions on d Q. In Section 4, we establish a Carleman estimate for the wave equation
with linear weight. In Section 5, we use the Carleman estimate introduced in Section 4 to build GO solutions associated
with (1.1) that vanish on parts of d Q. More precisely, we build GO u which are solutions of (1.1) with u,—o = 0 and
suppu|x C F. In Section 6 we combine all the results of the previous sections in order to prove Theorem 1.1. We
prove also some auxiliary results in the appendix.

2. Preliminary results

The goal of this section is to give a suitable definition to the set of data C;]" and to introduce some properties of the
solutions of (1.1) for any ¢ € L*°(Q). We first introduce the space

J={uelL*Q): (82— Ay)u=0}
and topologize it as a closed subset of L?(Q). We work with the space

Ho(Q) ={ue L*(Q): Ou=(3? — Ayu e L*(0)},

with the norm

2
2 _ 2 2 _
el o) = Nullz2 ) + H(a, A")”‘ 120)°

Repeating some arguments of [22, Chapter 2, Theorem 6.4] we prove in the appendix (see Theorem A.1) that H;(Q)
is embedded continuously into the closure of C°°(Q) in the space

Ko(Q)={ue H'(0.T; L*(Q)): Ou= (3] — Ayu e L*(Q)}

topologized by the norm

2 2 2
lly0) = 111 7120y + | OF = Ao e

Then, following [22, Chapter 2, Theorem 6.5], we prove in the appendix that the maps

Tow = (W|x, Wj=0, I Wyi=0), TIW = (Byw|x, W=7, {wy=7), w€C>(Q),
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can be extended continuously to 1o : Ho(Q) — H3(0,T; H™2(0Q) x H2(Q) x H4Q), 71 : H5(Q) —
H™30,T: H™3(3Q)) x H™2(Q) x H4(Q) (see Proposition A.1). Here for all w € C*®(Q) we set
Tow = (To,1W, T0,2W, T0,3W), TIW = (T1,1W, T| 2W, T| 3W),

where

T0,1W = W|x, T02W = W|t=0, T0,3W = 0;W|t=0, T1,1W = HW|x, T[2W = W=7, T1,3W = W}=T.

Therefore, we can introduce

HBQ) = {tou: ue Ho(Q)} C H30,T: H-2(3Q)) x H™2(Q) x H4(%).
Following [4] and [25], in order to define an appropriate topology on H (3 Q) we consider the restriction of 7¢ to the
space J.

Proposition 2.1. The restriction of Ty to J, that maps J onto H(dQ), is one to one and onto.

Proof. Let vy, vy € J with tov; = tovo2. Then, in light of the theory introduced in [22, Chapter 3, Section 8], there
exists F € Hy(Q) such that, for j = 1,2, we have v; = F + w; with w; € C'([0, T1; L?(2)) N C([0, TT; H} ()
solving

Fwj— Aywj = —OF, (1,x)€Q,
Wj—o = 0Wj;,—o = 0,
w./|): = 0.

Then, the uniqueness of solutions of this initial boundary value problem (IBVP in short) implies that v; = v,. Thus, the
restriction of 7y to J is one to one. Now let (g, vo, v1) € H(d Q). There exists S € Ho(Q) such that 7oS = (g, vo, v1).
Consider the initial boundary value problem

v — A =—0S, (t,x)eQ,
V=0 = 0, v)y=0 = O,
Vi = 0.

Since —OS € LZ(Q), we deduce that this IBVP admits a unique solution v € cL(o, T1; L*(2)) N C([0, T1; HO1 ().
Then,u =v+ S € LZ(Q) satisfies (8,2 — Ay)u =0 and tou = tov + 7905 = (g, vo, v1). Thus, 79 is onto. O

From now on, we set Py the inverse of 79 : / — H(d Q) and define the norm of H(d Q) by

(g, vo. v ll3ra @) = 1Po(g. vo, vl 20y, (8.0, v1) € H(DQ).
In the same way, we introduce the space H (9 Q) defined by

Hr(0Q) ={(r0,1h, 103h) : h € Ho(Q), t02h =0, suppto,1h C F}
with the associated norm given by

(8 vD 00 =118 0, vDllnpg) . (& v1) €HF(OQ).
One can easily check that the space H (0 Q) is embedded continuously into H (3 Q). Let us consider the IBVP

d2u — Ayu+q(t,x)u =0, in Q,
u(,-)=0, 0u(,-)=uvy, in 2, (2.1)
u=g, on X.

We are now in position to state existence and uniqueness of solutions of this IBVP for (g, vi) € Hr (0 Q).



978 Y. Kian / Ann. I. H. Poincaré — AN 34 (2017) 973-990

Proposition 2.2. Let (g,v)) € Hrp(0Q) and q € L°°(Q). Then, the IBVP (2.1) admits a unique weak solution u €
L%(Q) satisfying

lull 200y < € 12 ¥, 00y 2.2)
and the boundary operator By : (g,v1) = (t1,1u|G, T12u) is a bounded operator from Hp(dQ) to H730,T;

H™3(G") x HX(S).

Proof. We split u into two terms u = v + Py(g, 0, v1) where v solves

32v — Ayv+quv = —qPo(g,0,v1), (t,x) €0,
Vjr=0 = 0;V)y=0 = O, (2.3)
Vi = 0.

Since Py(g, 0, v1) € L*(Q), the IBVP (2.3) admits a unique solution v € C! ([0, T'1; L2(R2)) N C([0, T1; Hy () (e.g.
[22, Chapter 3, Section 8]) satisfying

||U||cl([(),T];L2(Q)) + ”v”C([O,T];H(}(Q)) < Cll—qPo(g,0, U1)||L2(Q) <C ”‘]”LOO(Q) Po(g. 0, U1)||L2(Q) . (2.4)

Therefore, u = v + Py(g, 0, v1) is the unique solution of (2.1) and estimate (2.4) implies (2.2). Now let us show the
last part of the proposition. For this purpose fix (g, v1) € Hr(d Q) and consider u the solution of (2.1). Note first that

ueL?*(Q)and (32 — Ay)u = —qu € L*(Q). Thus, u € Hy(Q) and 71 ju € H3(0, T; H™2(3Q)), T 2u € H2(Q)
with

2 2
lzvau]” + 120 ™ < C* ullFy, ) = CPUlul}a g, + lqullza p) < €1+ gl lul}2 g, -

Combining this with (2.2) we deduce that B, is a bounded operator from Hr(dQ) to H =30, T: H _%(G’ ) X
H2Q). O

From now on we consider the set Cj to be the graph of the boundary operator B, given by
Cy=1(g,v1, By(g,v1)): (g, v1) €HF(DQ)}.
3. Geometric optics solutions without boundary conditions

In this section we build geometric optics solutions u € H'(Q) associated with the equation
3%u — Asu+q(t,x)u=0 on Q. (3.1)

More precisely, for L > 1, w € S"=l={yeR": |y|=1} and & € RI*" satisfying & - (1, —w) = 0, we consider
solutions of the form

u(t, x) = e MAXO) (@8 4y x)),  (t,x) € Q. (3.2)
Here w € H'(Q) fulfills

C

w < —
l ||L2(Q) 3

with C > 0 independent of A. For this purpose, for all s € R and all w € S"~!, we consider the operators P ,, defined
by Py, = e S0T¥@)ges+5@) One can check that

Ps,w = ps,w(Dh D) =042s(0; —w-Vy)

with D; = —id;, Dy = —iV, and ps (@, n) = P +2si(u—w-n), weR, neR Applying some results
of [5] and [12] about solutions of PDEs with constant coefficients we obtain the following.
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Lemma 3.1. For every A > 1 and w € S"1 there exists a bounded operator Ej , : LZ(Q) — LZ(Q) such that:

PowErof=f feLX(Q), (3.3)
| Ex w”B(L2(Q)) cil, (3.4)
Ek,w € B(LZ(Q)v H (Q)) and ” E)»,a) HB(L2(Q),H1(Q)) g C (35)
with C > depending only on T and Q.

Proof. Inlight of [5, Theorem 2.3] (see also [ 12, Theorem 10.3.7]), there exists a bounded operator E; 4, : LZ(Q) —
LZ(Q), defined from a fundamental solution associated with P_, ,, (see Section 10.3 of [12]), such that (3.3) is
fulfilled. In addition, fixing

1

2
) —(Z D 10502 pos w0 ) . neR, neR”

keNaeN"

for all differential operator S(D;, D,) with M a bounded function, we have S(D;, Dx)Ej , € B(LZ(Q)) and

o (11
there exists a constant C depending only on Q T such that
1S (. m)
||S(Dt7 D.X)EA.,H)“B(LZ(Q)) < C Sup —~ . - (36)

(w.myeRn P—ro (i, 1)
Note that p—3,o (. 1) > |38 P (14, )| = 24. Therefore, (3.6) implies

1
E;, <C sup —— <CA7!
” w”B(LZ(Q)) (1, m)ERHn P—r.o(p,n)
and (3.4) is fulfilled. In a same way, we have p_; o(i,n) = |Rup—io(p,n)| = 2lul and p_; o(n,n) >
|§R8,7jp_,\,w(uv, n)\ =2|n;l, j=1,...,n and n = (41, ..., n,). Therefore, in view of [5, Theorem 2.3], we have

Ej.0 € B(L*(Q); H'(Q)) with

+ +...+
¢ ap MEIIE o

(ju,m)eR1+n ﬁ—k,w(ﬂ» n

|30l Buzorniion <
and (3.5) is proved. O
Applying this result, we can build geometric optics solutions of the form (3.2).

Proposition 3.1. Let g € L®(Q), w € S"~L. Then, there exists Ao > 1 such that for > > ko the equation (3.1) admits
a solution u € H'(Q) of the form (3.2) with

lwll gy < CA*™1 k=01, 3.7)
where C and Ao depend on 2, §, T, M > ||q||Lo<>(Q)
Proof. We start by recalling that, for every (¢, x) € Q, we have

O Mi+xw) ,=i&-(1.2) _ ,~h(i+x-0) (De—is-a,x) +2iE - (1, _w)e—is-o,x))

= o MIAx©) ,—iE- (1)

Thus, w should be a solution of

02w — Agw — 23 — - Vy)w = — ((m Fq)eiED 4 qw) . (3.8)
Therefore, according to Lemma 3.1, we can define w as a solution of the equation

w=—Ero ((D 4 q)e & 4 qw) . weL0)
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with E) , € B (L?(Q)) given by Lemma 3.1. For this purpose, we will use a standard fixed point argument associated
with the map

G: LYQ) — L*(Q),

h +— —Eo[(O+ q)e 15X 4 qh].

Indeed, in view of (3.4), fixing M > 0, there exists Ao > 1 such that for A > Xy the map G admits a unique fixed
point w in {u € L%(0Q): |lu ll22(0) < M1}. In addition, condition (3.4)~(3.5) imply that w € H'(Q) fulfills (3.7). This
completes the proof. 0O

4. Carleman estimates

This section is devoted to the proof of Carleman estimates similar to [2] and [4]. More precisely, we fix w € sr—l
and we consider the following estimates.

Theorem 4.1. Let g € L>(Q) and u € C*(Q). If u satisfies the condition
Uy =0, u|t=0=31u|,=0=0 “4.1)

then there exists L1 > 1 depending only on 2, T and M > ||q||;» ) such that the estimate

A [ e 2MT+w-x) |0:u(T, X)|2dx A e~ 2 (1+w-x) |8vu|2 |- v(x)|do (x)dt + A2 [ e= 2 tHw-x) |u|2 dxdt
@ PNt 10)
< C (S |(F — At qoul” dxds 33 Jg e BT+ (T ) dx)
+C <)\. fQ g_ZA(T-i-w-X) |Veu(T, x)|2dx + )\'fz_vm e—2?~(t+a)~x) |8vu|2 lw - v(x)| da(x)dt)
4.2)
holds true for . = Ly with C depending only on Q, T and M = ||ql| = ¢)- If u satisfies the condition
Uy = 0, Uj=T = at“ll:T =0 43)
then the estimate
)\.fg p2hw-x |at"‘|t:o|2dx +)‘f2_,w 2+ 15 1121w - v(x)| do (x)df + A2 fQ e+ 1412 gy di
<C (foe oD |07 = Ac+ ul dxdi 437 [T uO. 0)Pdx 4+ fo P [Vau© 0P dx) - 44
+CA f2+,m 2 M(t+w-x) |8Uu|2 lo - v(x)|do (x)dt
holds true for A > Aj.

In order to prove these estimates, we fix u € CZ(E) satisfying (4.1) (resp. (4.3)) and we set v = e Mitox)y, (resp.
v = TNy in such a way that

e HHON g, Py, (resp. o) o, Pfx,wv>- 4.5)

Then, we consider the following estimates associated with the weighted operators P4y .

Lemma 4.1. Let v € C2(Q) and A > 1. If v satisfies the condition
Vz = 0, Vjt=0 = 3;U|,:() =0 (4.6)
then the estimate
o lo(T 0P dx +24 [5 100wl - v(x)do (x)di +ch? [, [v]* dxdr

4.7
<Jy | Py ov|” dxdr + 142, [o IVau(T, )P dx + 2[5 8,0]* @ v(x)|do (x)dt @D
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holds true for ¢ > 0 depending only on 2 and T. If v satisfies the condition

vz =0, vy=r =0v=r =0 4.8)
then the estimate

2 Jo 1300, 0)Pdx 424 [5 19wl [0 - v(x)|do (x)dt +¢3? [, [v]* dxdt

< fo | Pt dxdr + 145 [ [Vxv(0, x) P dx + 22 J5, 10001 @-v(x)do (x)di 49

holds true.
Proof. We start with (4.7). For this purpose we fix v € C?(Q) satisfying (4.6) and we consider

Lio= / | P, ov|?didx.
0

Without lost of generality we assume that v is real valued. Repeating some arguments of [2] (see the formula 2 lines
before (2.4) in page 1225 of [2] and formula (2.5) in page 1226 of [2]) we obtain the following

IW>f|m|2dtdx+cﬁ/|u|2dxdt+2A/|avv|2w.v(x)da(x)dz
0 0 b

+2 / 10, 0(T, x)|> dx + 2,\/ IV u(T, x)|>dx — 4x /(a,u(T, ) (@ - Veu(T, x))dx.
Q Q Q
On the other hand, an application of the Cauchy—Schwarz inequality yields

A
4 f(atv(T,x))(w~va(T,x))dx < Zf|8,v(T,x)|2dx~|—16A/|VXU(T,x)|2dx
Q Q Q

and we deduce that
Lo+ 14 [o |Vu(T, x)|* dx
> fQ |Ov|2dtdx + cA? fQ |v|? dxdt + 22 [ 10,v)% @ - v(x)do (x)dr + 2 g |9, v(T, x)|>dx.
From this last estimate we deduce easily (4.7). Now let us consider (4.9). For this purpose note that for v satisfy-

ing (4.8), w defined by w(t, x) = v(T — t, x) satisfies (4.6). Thus, applying (4.7) to w with w replaced by —w we
obtain (4.9). O

In light of Lemma 4.1, we are now in position to prove Theorem 4.1.

Proof of Theorem 4.1. Let us first consider the case ¢ = 0. Note that for u satisfying (4.1), v = e~ *(T@y satis-
fies (4.6). Moreover, we have (4.5) and (4.1) implies 9,v|x = e‘”t“‘"x)avum. Finally, using the fact that

du = 3Ty = qu + ATy, Vv = MO (Vi — duw),

we obtain

fe—”(”w'x) [0,u(T, x)|? dx gz/ 10, 0(T, x)|? dx +2,\2/e—2W+w"‘) lu(T, x)|>dx,
Q Q Q

[ |V u(T, x)|>dx < 2)»2/672)‘““’“) lu(T, x)|* dx + 2/672)‘”””6) IVou(T, x)|>dx.
Q Q Q

Thus, applying the Carleman estimate (4.7) to v, we deduce (4.2). For g # 0, we have

2

02u — Agu| = [02u — A —qu| <2|@2-a " 2ql ?
Fu— Au| = |07u — Aeu+qu—qu| <2|Q] = Ax +@)u| +2llqllg) lul
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and hence if we choose A; > 2C IIQIIiw(Q), replacing C by

Ci?

we deduce (4.2) from the same estimate when g = 0. Using similar arguments, we prove (4.4). O

Remark 4.1. Note that, by density, estimate (4.2) can be extended to any function u € C'([0, T]; L%(2)) N
C([0, T1; H'(Q)) satisfying (4.6), (3> — Ay)u € L*(Q) and d,u € L*(Z).

5. Geometric optics solutions vanishing on parts of the boundary

In this section we fix g € L%°(Q). From now on, for all y € S*~! and all r > 0, we set

0Q4 y={x€dQ: v(x)-y>r}, 0Q_,y,={xe€dQ: v(x) y<r}

and ¥,y = (0,T) x 9Q+ ,,y. Here and in the remaining of this text we always assume, without mentioning it, that
y and r are chosen in such way that Q. , +, contain a non-empty relatively open subset of 9€2. Without lost of gen-
erality we assume that there exists 0 < & < 1 such that for all w € {y € S"~! : |y — wp| < &} we have 9Q_ ¢ _0w CF'.
The goal of this section is to use the Carleman estimate (4.4) in order to build solutions u € H5(Q) to

(3% — Ay +q(t,x)u=0 in Q,
U|t=0 ZO, (5.1)
u=0, onXy.n _u

of the form
u(t,x) ="t 14 z(1,x)), (t,x)€ 0. (5.2)

Here w € {y € S" ' : |y — wo| < &}, z € e 0+ g (Q) fulfills: 2(0,x) = —1,x € 2, z=—10n T4 /2, and

1
Izl 20y S CA72 (5.3)

with C depending on F’, Q, T and any M > |l L= (g)- Since T\ F C Z\ X_ ¢ = T4 ¢, and since X4 ¢/2,
is a neiggborhood of ¥4 . _ in X, it is clear that condition (5.1) implies (9,14, To3u) € Hr(dQ) (recall that for
v e C®(Q), 10,1V = V|5, 70,3V = 3 V|s=0)

The main result of this section can be stated as follows.

Theorem 5.1. Let g € L®(Q), w € {y € "' : |y — wo| < &}. For all » > i1, with A the constant of Theorem 4.1,
there exists a solution u € H;(Q) of (5.1) of the form (5.2) with z satisfying (5.3).

In order to prove existence of such solutions of (5.1) we need some preliminary tools and an intermediate result.
5.1. Weighted spaces

In this subsection we give the definition of some weighted spaces. We set s € R, we fix w € {y e "1 : |y —
wo| < e} and we denote by y the function defined on 92 by

y@)=|w-v(x)|, xe€if.

We introduce the spaces L(Q), Ls(£2), and for all non-negative measurable function # on 92 the spaces L j +
defined respectively by

Ly(Q) = THo0[2(0) L (@)= LX), Lyps=1{f: ¢TOVRIx)f € L2(Ds,0))
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with the associated norm

1
2

lully = f 0D 1y 12dxde |, ue Lg(Q),
0
1
2
il 0 = /eZSw'X|u|2dx L we Ly,
Q
1
2
lulls s = / ST p(x) ulPdo(x)dt |, ueLgp.
2:j:,(u

5.2. Intermediate result

We set the space

D={veC*Q): vs =0, vy=r = d V=T = V=0 = 0}

and, in view of Theorem 4.1, applying the Carleman estimate (4.4) to any f € D we obtain

1 1
ML+ [0 fimol, o+ 210, Fll - < CYOF = Ax+ @) f | +100f li i) 33, (54)
We introduce also the space
M={(3 = A+ q@)v. vy, ) : veED)

and think of M as a subspace of L;(Q) x Lj 5, +. We consider the following intermediate result.

Lemma 5.1. Given A > A1, with A1 the constant of Theorem 4.1, and

veL;(Q), v-€L_; 1 _, vo€L (),
there exists u € L_, (Q) such that:
1) 32— Ac+qu=vinQ,
2) wjz_, = v—, Uj;=0 = Vo,

1 1 . .
3) Nl < € (A wll s+ A7 F ool ot -+ 272 llvoll .o ) with C depending on 2,7, M > |l (o).

Proof. In view of (5.4), we can define the linear function S on M by

SO +q) f. 0y fiz, )= (fiv) 20y — (O f, U—>L2():_,w) - <8tf|t:()v UO)LZ(Q) , feD.
Then, using (5.4), for all f € D, we obtain

SO+ ) £, 3y fiz, ]|
SIS M0l A+ 18w £l — o=l 1= 4 {82 fie=o | o lvoll—s.0

1 1 1 1
Tl (A1) + 273 o=y = (A2 000 £y ) + 27 3 00l 0 (32 4 fimol )
1 1
<C (Aol A oml gy +A 7 ol o) (1@ + @) f 1+ 180 £l iy )
1 1
< 2C ()‘_1 ”U”—)L +A72 ||U—||7)L,y_1,7 +A72 ||UO||—A,O) ”((D + Q)f’ avﬁEJr,(u) L)»(Q)XL)»,?»VHr

with C the constant of (5.4). Applying the Hahn Banach theorem we deduce that S can be extended to a continuous
linear form, also denoted by S, on L;(Q) x Lj »y,+ satisfying
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_ _1 _1
1S < € (A7 ol s+ 272 o=l et - + 277 flooll o) - (5.5)
Thus, there exists

(u,uy) € L5 (Q) X L_; 3y)-1 4+

such that for all f € D we have

SO+ f. 0 fis, =@+ fiu) 20y — (O frup)2s, ) -

Therefore, for all f € D we have

(@4 fiu)2g) — (O fiut)as, )

=({fiv)r20) — (O f, v_>L2(2<w) - <8tf|t=0, v0>L2(§2) . (5.6)

Note first that, since L4, (Q) is embedded continuously into L?(Q), we have u € L>(Q). Therefore, taking f €
C5°(Q) shows 1). For condition 2), using the fact that L, (Q) is embedded continuously into L2(Q) we deduce that
u € Hn(Q). Thus, we can define the trace u|x, u;=o and allowing f € D to be arbitrary shows that u|x_, = v_,
u=0 =vo and u|x, , = —u4. Here we use the fact that > ,, N X_ ,, = ¢. Finally, condition 3) follows from the fact
that

- _1 _1
el < USH<C (A7 ol + A7 ol e -+ 27 w0l o) - O
Armed with this lemma we are now in position to prove Theorem 5.1.
5.3. Proof of Theorem 5.1

Note first that z must satisfy

ze L%(Q)

(07 = Ax +@)(1FVz) = —ge 1+ in Q
z(0,x)=-1, xeQ,

z=—1 onXy.n o

(5.7)

Let ¥ € C3°(R") be such that suppyy N 92 C {x € 90Q: w-v(x) < —¢/3}and ¥ =1 on {x €IQ: w-v(x) <
—&/2} = 391 ¢/2,—e- Choose v_(t, x) = —e* 1Ty (x), (t,x) € B_ . Since v_(t,x) =0 fort € (0, T), x € {x €
0RQ: w-v(x) > —e/3} we have v_ € L, _. Fix also v(t, x) = —ge**®%) and vg(x) = —e*®*, (t,x) € Q.
From Lemma 5.1, we deduce that there exists w € Hg(Q) such that

0 — Ay + Qw =v(t, x) = —qe* I+ inQ,
w(0, x) = vg(x) = —e*¥®, x e,
w(t, x) =v_(t,x) = =Ty (x), (t,x) €X_ 4.

Then, for z = e~ *(T@ )y condition (5.7) will be fulfilled. Moreover, condition 3) of Lemma 5.1 implies

_ _1 _1
Izl z2eg) = lwllx < € (A" Hollg + 372 llo-ll_y 1 - + A7 2 ol 0)

D=

1
<C (Al lgllz20) +272

wyfl/z‘

_1 _
with C depending only on €2, 7" and [|g||; (). Therefore, estimate (5.3) holds. Using the fact that MFox) , — gy e

Hp(Q), we deduce that u defined by (5.2) is lying in H5(Q) and is a solution of (5.1). This completes the proof of
Theorem 5.1.
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6. Uniqueness result

This section is devoted to the proof of Theorem 1.1. From now on we set ¢ = g» — ¢1 on Q and we assume
that ¢ = 0 on R'*" \ Q. Without lost of generality we assume that for all w € {y € S""! : |y — wg| < &} we have
9Q_ ¢ » C G’ with ¢ > 0 introduced in the beginning of the previous section. Let A > max (A, o) and fix w € {y €
S" 11|y — wy| < &}. According to Proposition 3.1, we can introduce

wy (1, x) = e Mt ("_ié.(t’x) +w(, x)) , t,x)eQ,

where u; € HI(Q) satisfies Btzul — Ayur +qu; =0, £ - (1, —w) = 0 and w satisfies (3.7). Moreover, in view of
Theorem 5.1, we consider u» € Hg(Q) a solution of (5.1) with g = g3 of the form

ur(t, x) = 00D (14 2(1,x)), (t,x)€Q

with z satisfying (5.3), such that suppto 12 C F and 19 ou> = 0 (we recall that 7o j, j = 1, 2, are the extensions on
Hp (Q) of the operators defined by 7o 1v = vz and 79 2v = v};=, v € C™ (Q)). In view of Proposition 2.2, there exists
a unique solution w; € Hn(Q) of

8t2w1—Axw1+q1w1=0 in Q, 6.1)

Tow) = TouUy. ’
Then, u = w1 — uy solves

Ofu — Ayu+qiu=(q2—qnua inQ,

u(0,x) =0u(0,x)=0 on €2, (6.2)

u=>0 on X

and since (g2 — q1)uz € LZ(Q), in view of [1, Theorem A.2] (see also [21, Theorem 2.1] for g = 0), we deduce that
ueCH([0, TT; L*(Q) NC([0, TT; HY () N Hu(Q) C H'(Q) N Hy(Q) with d,u € L*(X). Using the fact that u; €
H'(Q) N Hy(Q), we deduce that (d;u1, —Vyu1) € Haiy(Q) = {F € L2(Q; C"1) : div( ) F € L*(Q)}. Therefore,
in view of [17, Lemma 2.2], we can apply the Green formula to get

=— —Vyu-V -V .
/M(Dul)dxdt f(&tualul - Veupdxdt + ((0ruq, U1 n’u>H’%(aQ),H%(aQ)
[0}

Q

with n the outward unit normal vector to d Q. In the same way, we find

/ul(lju)dxdt =— /(8[u8,u1 — Vyu - Veuydxdt + ((0;u, —Vyu) -n,uy)
0 0

H™2(00),H2(00)
From these two formulas we deduce that

/(qz—ql)uzuldxdt:/ul(lju—}-qlu)dxdt—/u(ljul + qiu1)dxdt
0] 0 0

:((8lu7_vxu)'nvul) _((8lu17_vxul)'n9u>

H™2(30).H2(30) H 2(00).H2(30)

On the other hand we have u|;—o = d;u ;=0 = u|= = 0 and condition (1.4) implies that u;—7 = 9,u;G = 0. Combining
this with the fact that u € C' ([0, T']; L?>(2)) and d,u € L*>(X), we obtain

/quzuldxdtz— / Bvuuldo(x)dt—l—/alu(T,x)ul(T,x)dx. (6.3)
0 Z\G Q
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Applying the Cauchy—Schwarz inequality to the first expression on the right hand side of this formula, we get

/ dyuudo (x)dt| < / ’avue_)‘(’+""")(e_i§'(t”‘)~|—w)‘d0(x)dt

E\G 2+,s,w
1

2
2
<C / ‘ef)‘(”r“"x)a,,u‘ do (x)dt
2;+,e,a)

for some C independent of A. Here we have used both (3.7) and the fact that (X \ G) C X4 ¢ . In the same way, we
have

/3zM(T,x)u1(T,x)dx g/

Q Q

du(T, x)e M+ (e_ig'(T’x) +w(T, x)) ’ dx

1

2
<C / ’e*“””x)a,u(T,x)’ dx
Q

Combining these estimates with the Carleman estimate (4.2), the fact that u;=r = dyu;s_, =0, 0Q24 ¢.» C IR+ o,
we find
2

/(fh —q1)uurdxdt
o

2
e M HO0 g (T, x)‘ dx

2
<2C f ‘e—“’“’*)avu do (x)dt + f
E+,£,w Q

<2£_1C /

2
e Moy e M+ g (T, x)‘ dx

2a) -v(x)do (x)dt + /

Stw Q
—1
C 2
<& - /‘e—“m“)(af—AXJrql)u dxdt
0
8_1C A 2 8_1C 2 2
< /e_ tFoX) gyl dxdt | = - /Iql (1 +|zl)*dxdt | . (6.4)
0 0

Here C > 0 stands for some generic constant independent of A. It follows that

lim quoudxdt =0. (6.5)

A—400

Q

On the other hand, we have

/quluzdxdt: / q(t,x)e_ig'(t’x)dxdt+/Z(t,x)dxdt
Q Rl+n Q

with Z(t, x) = q(t, x)(z(t, x)e G 1w (t, x) + z(t, x)w(t, x)). Then, in view of (3.7) and (5.3), an application of
the Cauchy—Schwarz inequality yields
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/Z(t,x)dxdt <CA™2
0

with C independent of A. Combining this with (6.5), we deduce that for all w € {y € S"~! : |y — wp| < ¢} and all
& e RI+7 orthogonal to (1, —w), the Fourier transform F(gq) of g satisfies

F@)€) = 2m "3 / 40 E0) dxdr =0,
R1+n

On the other hand, since ¢ € L>(R'*") is supported on Q which is compact, F(g) is analytic and it follows that
q =0 and q; = q2. This completes the proof of Theorem 1.1.
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Appendix A

In this appendix we prove that the space C>°(Q) is dense in H5(Q) in some appropriate sense and we show that
the maps 79 and 71 can be extended continuously on these spaces. Without lost of generality we consider only these
spaces for real valued functions. The results of this section are well known, nevertheless we prove them for sake of
completeness.

A.l. Density result in H5(Q)

Let us first recall the definition of K5(Q):
Ko(Q) ={ue H'(0,T: L*(Q)): Ou= (3} — Ayu e L*(Q)}
with the norm

2 2 2
”u”KD(Q) = ”u”Hfl(O,T;LZ(Q)) + ”Du”LZ(Q) .

The goal of this subsection is to prove the following.
Theorem A.1. Ho(Q) is embedded continuously into the closure of C*°(Q) with respect to K(Q).

Proof. Let N be a continuous linear form on K(Q) satisfying
Nf=0, feC®). (A1)

In order to show the required density result we will prove that this condition implies that N,z (o) = 0.

By considering the application u — (1, Ou) we can identify K5 (Q) to a subspace of H™Y0,T; LZ(Q)) X LZ(Q).
Then, applying the Hahn Banach theorem we deduce that N can be extended to a continuous linear form on
H™'(0,T; L*(Q)) x L*(Q). Therefore, there exist h; € Hy (0, T; L*()), hy € L*(Q) such that

N(M) = (I/t, hl)H*l(O,T;LZ(Q)),HOI(O,T;LZ(Q)) + (DM, h2>L2(Q) , ue KD(Q)

Now let @ C R” be a bounded C* domain such that @ € O and fix Q; = (—&, T +¢) x O with ¢ > 0. Let ﬁj be the
extension of /; on R!*" by 0 outside of Q for j =1, 2. In view of (A.1) we have
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<f’ il1>L2(Q5) * <(a,2 — A, 52>L2<Q8>

Thus, in the sense of distribution we have

=N(fip)=0, [feC5(Qe).

Dflz = —/711 on Q..
Moreover, since ﬁz =0on R!*" \@ D dQ,, we deduce that flz solves

3,21712 — Axﬁz = —h; in Qg,
hz(_85x) = athz(_&x) = 05 X € O’
ho(t,x) = 0, (t,x)e(—&, T +¢) xd0.

But, since iy € HJ (0, T; L?()), we have h € H}(—e, T + &; L?>(0)) and we deduce from [23, Chapter 5, Theo-
rem 2.1] that this IBVP admits a unique solution lying in H 2(Q,). Therefore, hy € H2(Q,). Combining this with
the fact that i, =0 on Q, \ Q, we deduce that sy € Hg(Q), with HOZ(Q) the closure of Cj°(Q) in H?(Q), and that
Ohy = —hy in Q. Thus, for every u € H5(Q) we have

(DM, hZ)LZ(Q) = (Du, hz}Hfz(Q),HOZ(Q) = <M, Dh2>L2(Q) = — (I/t, hl)LZ(Q) .
Here we use the fact that H5(Q) C L2(Q). Then, it follows that

N(u) = (u, h1)29) = (., h1) 29y =0, u € Hn(Q).

From this last result we deduce that Ho(Q) is contained into the closure of C*>°(Q) with respect to K5(Q). Combining
this with the fact that Ho(Q) is embedded continuously into K5(Q), we deduce the required result. O

A.2. Trace operator in Ho(Q)
In this subsection we extend the trace maps tp and 71 into H5(Q) by duality in the following way.

Proposition A.1. The maps

Tow = (0,1W, T02W, T0,3W) = (W5, Wi=0, hw=0), w € C(Q),

Tiw = (111w, 112w, T 3W) = yw|s, Wi=1, Jw=r), w € C®(Q),
can be extended continuously to 1o : Ho(Q) — H=3(0,T; H-2(3Q)) x H-2(Q) x H-4(Q), 71 : Ho(Q) —
H™30,T; H3(0Q)) x H2(Q) x H4(Q).
Proof. It is well known that the trace maps

u > (upg, dujpe)
can be extended continuously to a bounded operator from H?(Q) to H 5 (0RQ) x H > (0€2) which is onto. Therefore,
there exists a bounded operator R : H 3 (0Q) x H 3 (32) — H2() such that

3 1

R(h1,ho)pe=h1, 0wR(h1, h)pe=ha, (h1,hy)€ H2(32) x H2(9L2).

Fix g e HS(O, T; H%(BQ)) and choose G (z,.) = R(0, g(z, .)). One can check that G € HS(O, T: H*(Q)) and

1G 1 g3 0.7: 52002y < IR (A2)

H3(0,T;H% 43Q)

Applying twice the Green formula we obtain

/vgda(x)dt:/Ddexdt—/vDdedt, v e C*®(0).
z 0 0



Y. Kian / Ann. I. H. Poincaré — AN 34 (2017) 973-990 989

But OG € H} (0, T; H*(R)), and we have

(0.1, g>H*3(o,T;H’%(asz)),HS(o,T;H%(asz)) = (Ov. Glizg) = 0.0 g, mi0.1:29) -

Then, using (A.2) and the Cauchy Schwarz inequality, for all v € C*°(Q), we obtain

|(TO,1U» g)| < ||DU||L2(Q) ||G||L2(Q) + ”U”H*1(0’T;L2(Q)) ||DG||H1(0,T;L2(Q))

<Clv
<C| ”KD(Q) ”g”H3(0,T;H%(3Q))

which, combined with the density result of Theorem A.1, implies that 7o 1 : v v}z extend continuously to a bounded
operator from H(Q) to H30,T; H_% (0€2)). In a same way we prove that

11,10 =3z, veC®(Q)

extend continuously to a bounded operator from Ho(Q) to H —3(0,T: H -3 (092)).
Now let us consider the operators 7; j, i =0, 1, j =2, 3. We start with

702U+ V=0, VE C*®(0).

Let h € H3(Q) and fix H(t,x) =ty ()h(x) with ¥ € C°(—T, L) satisfying 0< ¢ <1 and ¥ =1 on [-£, T].
Then, using the fact that ¢ = 1 on a neighborhood of r = 0, we deduce that

le = avH\E = H|t=0 = H|t=T = 3[H|[:T = DH\I:O = \:‘H\z:T =0, BIH|I=0 =h.

Therefore, OH € H(} (0, T; L*(2)) and repeating the above arguments, for all v € C*(Q), we obtain the representa-
tion

(.20, h)H—Z(Q),Hg(Q) =(0v, H) 120y = (0, OH) 10 7;12(0)), 1} 0,73 12(2)) -

Then, we prove by density that 7p 2 extends continuously to o2 : Ho(Q) — H “2(Q).
For

703 V> dvp—0, v ECT(Q),

letp € HS(Q) and fix

w(z)ﬂAxgo(xy

O, x) =y (1)ex) + 2

Then, & satisfies
Pz =0Px =0 Py=0=P)y=1 =0, Py=7 =0, P—0=¢.

Moreover, we have O0® € H' (0, T; L*(2)) with
(07 = A)Pp=0=—Arp+ A =0, (3] = A)Py=r =0

and it follows that O € H(; (0, T; L*(R2)). Therefore, repeating the above arguments we obtain the representation
(2030 @)+, ) = ¥ OP) 10,1122, 1 0.7:222) ~ (O P12 )

and we deduce that 79 3 extends continuously to 793 : H5(Q) — H _4(9). In a same way, one can check that

TI 2V = V=71, T1,3V = V=7, vECT(Q)

extend continuously to 712 : Hg(Q) — H™2(Q) and 113: Hy(Q) — HQ). O
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