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Abstract

We prove that the Brouwer degree deg(u, U, -) for a function u € cO%U; R isin LP(R") if 1 < p< %, where U C R" is

open and bounded and d is the box dimension of dU. This is supplemented by a theorem showing that u; — u in C Oy, R™)
implies deg(u;, U, ) — deg(u, U, -) in LP(R") for the parameter regime 1 < p < %, while there exist convergent sequences

uj —> uin Cc%e(U; R") such that | deg(uj,U,-)||Lr — oo for the opposite regime p > %
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1. Introduction

The Brouwer degree is a very useful object in nonlinear analysis, in particular in problems with a geometric
background. One notable example of its use is the C1-¢ isometric immersion problem (see [8]), where the integrability
properties of the degree are crucial.

For a Lipschitz function u : U — R", where U C R" is open and bounded, the integrability of the Brouwer degree
is as good as one could hope, namely, there is the classical “change of variables”-type formula

/sﬁ(u(x))detDu(x)dx=/¢(Z)deg(u,U, 2)dz (1)

U Rn

for all ¢ € L' (R") (see e.g. [11]). However, when the regularity of u is worse — only C%# for some 0 < 8 < 1 —itis
much less clear how to deal with integrals as the one on the right hand side above. To obtain information about such
integrals, we will use the fact that deg(u, U, y)dy is an exact form (see e.g. [12]) and try to apply Stokes’ Theorem to
write it as a boundary integral. This in turn needs some regularity of the boundary dU. Usually, one needs U to be a
set of finite perimeter to be able to apply Stokes’ Theorem. In [13], it has been shown that if the integrand is smooth
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enough, then Stokes’ Theorem may also be applied to sets with rougher boundary. The first aim of the present paper
is to adapt these ideas to the case of the Brouwer degree and show that deg(u, U, -) is integrable if u is smooth enough
in terms of Holder regularity, and dU is smooth enough in terms of its box dimension. We will show that there is a
trade-off between these two types of regularity.

Theorem 1.1. Let 0 <o <1 and n — 1 < d < n such that na > d, and let U C R" be open and bounded with
dimpox 0U = d. Furthermore, let u € CO""(U; R™). Then deg(u, U, -) € LP(R") forall 1 < p < %, and for all p €
(1, 2%), there exists a constant C = C(n, U, a, d, p) such that

| deg(ue, U, i = Cllullghhn g, -
In fact, we will prove this theorem by giving a meaning to the left hand side in the change of variables formula (1),
with the regularity of u, U as stated in the theorem. We will show how to make sense of the left hand side for
ueCOWU;R") and ¢ € LP where p’ is defined by requiring p~' 4 (p/)~! = 1. The main idea is to represent
@(u(x))det Du(x) as a sum of Jacobian determinants, interpreted in a weak sense. There are two crucial tools that
will allow us to do so. First, we use multi-linear (real) interpolation for a suitable weak definition of the Jacobian
determinant, see Lemma 3.1. The statement of this lemma can be viewed as a variant of Theorem 3 in the paper [5] by
Brezis and Nguyén, which relies on an idea by Bourgain, Brezis and Mironescu [3,4]. Second, we use the following
trick: Let 1 be a solution of div{s = ¢. Set Ul = (uy,..., ui_1, Yiou,ujy,...,u,). Then we have

detDUi(x)dx =dui(x)A - Aduj—1(x) Ad(Wrj ou)(x) A+ Aduy(x)
= 0;Yi (u(x))duy (x) A -+ Adup(x)
= 0; ¥ (u(x))det Du(x)dx .

Hence, we get

ou(x))det Du(x) = Z 0; i (u(x))det Du(x)
i=1

n )
= ZdetDUf(x),

i=1
which is the sought-for representation as a sum of Jacobian determinants.

We have already noted that by the change of variables formula (1), the integrability of the Brouwer degree is closely
related to the weakest space for which we can define the distributional Jacobian determinant [Ju]. The question for
the weakest space in which [Ju] can be defined has a long history, starting with the work of Morrey [23], Reshetnyak
[25] and Ball [1], and with important contributions by many researchers, see e.g. [20,24,22,19,6,7,15], and references
therein. In the recent article [5], this question has been answered by the use of fractional Sobolev spaces. In this
reference, [Ju] has been defined as an element of the dual of C! for u € W®—1D/71 Thjs result contains most of the
previously known ones, such as the definition of [Ju] for u € whn=lInp®orye Wl’"z/(”“'l), see [1].

Paralleling the methods from [5], or using the results from [29], one can define [Ju] as an element of (C 0*"‘)* for
ueC% and o > n/(n + 1). Using this definition, formula (1) has a well defined meaning for ¢ € C ! since then
@ ou € C%%. Note however that our treatment using the relation (2), which exploits the special structure of the test
function, gives meaning to (1) for a much larger class of test functions. In particular, if we assume that U has Lipschitz
boundary, then we will be able to give a well-defined meaning to the left hand side in (1) for u € C%* and ¢ € LY
with a/p > (n — 1)/n (where p~ + (p/)~! = 1), which coincides with the right hand side.

The question whether there exist a-Holder functions whose mapping degree is not in L? for ne < pd is not ad-
dressed here. Note however that for na < d, the image of the boundary u(dU) has in general non-vanishing Lebesgue
measure, and hence deg(u, U, -) is not defined on a set of positive measure (cf. Lemma 2.7).

As a supplement to Theorem 1.1, we show that convergence in C%® implies convergence of the associated mapping
degrees in L7 if na > pd, while for the opposite regime na < pd, there exist sequences that converge to 0 in C%*
whose mapping degrees diverge in L”.



H. Olbermann / Ann. 1. H. Poincaré — AN 34 (2017) 933-959 935

Theorem 1.2. LetO <o <1, n—1<d<n, 1 <p <oo.

G Ifp < %, U C R" is open and bounded with dimpox dU = d, and uy, € CO*(U; R™) with uy — u in CO%(U; R™),
then deg(uy, U, ) — deg(u, U, -) in LP(R").

(i) If p > 7, there exist an open bounded set U C R" with dimpox dU = d, and a sequence uy. € COY(U; R") with
deg(uy, U,-) € LP(R"), uy — 0 in CO%(U; R") and || deg(u, U, -)||Lr — oo.

We end this introduction by explaining the plan of the paper. In Section 2, we collect some known methods and
theorems that we are going to need in our proofs. They concern (real) interpolation theory, self-similar fractals, the
Brouwer degree, the Whitney decomposition of an open subset of R", and the relation between the Whitney decom-
position and the box dimension. In Section 3, we give the proof of our main result, Theorem 1.1. Section 4 is devoted
to the proof of Theorem 1.2, using several Lemmas whose proof is given in Section 5.

Notation The symbol for the non-negative integers is N = {0, 1, ...}. The open ball in R"” with center x € R" and
radius r > 0 will be denoted by B(x,r), while the open ball in R"! with center x € R"~! and radius r will be
denoted by B"~!(x, r). The standard n — 1 sphere is 8”~! = {x € R" : |x| = 1}. The canonical orthonormal basis of
R" is denoted by (ey, ..., e,). The characteristic function of a set A C R” is denoted by x 4.

The n-dimensional Lebesgue measure is denoted by £”, and the k-dimensional Hausdorff measure by 7#*. The
volume of the unit ball in m dimensions is denoted by w,, = 7"/?/T'(m/2 + 1).

Whenever we want to say that two functions f, g that are defined £"-almost everywhere on R", agree £"-almost
everywhere, then we write f = g.

For a Lipschitz function defined on a set A C R”, its Lipschitz constant is Lip f = sup, yeu v, [/ (x) —
FO)1/1x — y|. For sets A C R" and functions f : A — R, we set

e r e sup LEO =W
@ X,yEA lx — y|*
XF£y
If the domain is clear, we often will write [ ], = [ f 0. (ay for short. The corresponding Holder norm is defined by
I fllcowqay =sup | f () + [flcow(a) -
xXeA

Let APR" denote the set of rank p multi-vectors in R”, i.e., the linear space
APR" = Y i dxi A Adx, ar, L, €R

With this notation, p-forms are functions on U with values in A”R". We make C k""(U ; APR"™) a normed space by
setting

lallckaw;nrmn = Y lNai, i, llckaw)

fOI‘aZZiI """" i aj,..., l-pdx” A --/\dxip.

The symbol C will have the following meaning: A statement such as f < C(a, b, ...)g means that there exists a
numerical constant C that only depends on a, b, ..., such that f < Cg. The value of C may change from one line to
the next.

2. Preliminaries
2.1. Tools from interpolation theory
We are going to use some standard constructions from real interpolation theory, due to Lions and Peetre [17,18]

(see also the textbook [2]). In the following, we give a very short definition of interpolation spaces via the trace
method [16].
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Let (Eo, || - llo), (E1, || - |I1) be normed spaces. We may equip Eo N E1 and Eg + E; with the following norms:
x| EgnE, = max{[lx|lo, [lx]l1}

lx1l g+ £, = 1inf{llx0llo + lIx1l1 : X0 € Eo, x1 € Eq, X0 +x1 =x}

Definition 2.1.For 6 € (0,1) and 1 < p < co we denote by V(p,0, E1, Eg) the set of all functions u €
Wl:)’cp (R4, Eg + E;) with the following properties: u(¢) € E1 and u’(¢) € Ey for all t > 0, and with u, ¢(¢) := u(t)
and u;ﬁ(t) =14/ (1), we have

U0 € LP(RY, dt/t; EY),  ul g€ LP(RT,d1/t; Eg).
We define anormon V =V (p, 8, Eq, Ep) by
lullv == lluwollLr @+ are ey + 10 ol Lo @+ ae/e: o) -

It can be shown that those functions are continuous in t = 0 and we define the real interpolation spaces as follows:

Definition 2.2. The real interpolation space (Ep, E1)g, is defined as set of traces of functions belonging to V(p, 1 —
0, E1, Eg) at t = 0 together with the norm:

11§y = inf{llully :u € V(p. 1 =6, E1. Eo). limu() =x)

It can be shown that the Holder spaces C%%(U) are identical to the real interpolation space (CO(U), C'(U))q. 00,
up to equivalence of norms.

2.2. Self-similar fractals

We recall the construction of self-similar fractals introduced in [14] (see also [10]). A similarity is a map S :
R" — R” such that |S(x) — S(y)| = c¢|x — y| for all x, y € R", for some ¢ > 0. The number c is called the ratio of S.
Fori=1,...,k, let S; be such a similarity, with ratios smaller than 1. A compact set K C R” is said to be invariant
under S = {8y, ..., S} if

K =U_ Si(K).

In fact, one can show that there exists a unique compact set, the attractor set of S, denoted by K (S), that fulfills this
property. It consists of the closure of the fixed points of finite compositions of the similarities. A set constructed in
this way is called self-similar.

For a given set of similarities S = {Sy, ..., Sx}, we define a transformation S on the class of non-empty compact
sets by
S(E) =Uj_, Si(E) 3)
and write S! for the [-th iterate of S. For iy, ...,i; € {1,...,k} and E C R”, we will use the notation

Sit,if(E)=S8j0---08;,(E).

With this notation, we have

A convenient way of defining certain self-similar sets in R? (i.e., self-similar curves) is by specifying a generator
for the curve. This is a sequence of points y : {1,...,k+ 1} — R2 with ly(D] <1, |ly@) —y(i—-1D|<1lfori=
2,...,k+ 1. The set of similarities associated to such a generator is given by {S1, ..., Sx}, where S; is the orientation
preserving similarity that maps (0, 0) to (i) and (1, 0) to y (i + 1). A typical example of a self-similar set constructed
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VAN 4 )

Fig. 1. The Koch curve (right) and its generator (left).

from a generator is the Koch curve, see Fig. 1. A set of similarities S is said to satisfy the open set condition if there
exists a non-empty open set V C R” such that

S;(Vycv fori=1,...,k
SVyNnS;(Vy=9 fori,j=1,....k, i#]

The following lemma has been proved in [14,9]:

Lemma 2.3 (Theorem 9.3 in [9]). Let S = {S1, ..., Sk} be a set of similarities satisfying the open set condition, and
let ri be the ratio of S; fori =1, ..., k. Further, let d be the (unique) real number that satisfies

k
Zri‘l =1.
i=1
Then the Hausdorff dimension and box dimension of K (S) agree and are equal to d.

2.3. Properties of the Brouwer degree

We recall the definition and some basic properties of the Brouwer degree. For a more thorough exposition with
proofs of the claims made here, see e.g. [12].

Let U be a bounded subset of R”. Further, let u € C®°(U; R"). Assume that y € R* \ u(dU), and let u be a C™®
n-form on R" with support in the same connected component of R” \ u(dU) as y, such that fRn u = 1. Then the
degree is defined by

deg(u, U, y) = / ), 4)

U

where u* is the pull-back by u. It can be shown that this definition is independent of the choice of . Further,
deg(u, U, -) is constant on connected components of R" \ #(dU) and integer valued. Moreover, it is invariant under
homotopies, i.e., given H € C*°([0, 1] x U; R") such that y ¢ H ([0, 1],9U), we have

deg(H(O7 ')v Uv y) = deg(H(lv ')7 U1 y) .

Using these facts, one can go on to define the degree for u € C O(U; R™) by approximation.
If u: U — R" is Lipschitz, and £L*(0U) = 0, then it follows from (4) and approximation by smooth functions that

/deg(u, U, )n= / u*(w) (5)
R® U
for any n-form u on R” with coefficients in L% (R). If  is an exact form, i.e.,
u=dw
for some n — 1 form w on R", then
u*(dw)=d (u*a)) .
If U has Lipschitz boundary, this implies, by Stokes’ Theorem,
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fdeg(u, U, )dw = / d (u*a))

R" U

(6)
= / urw.

aU

Assume u is a given n-form. Since we assume U to be bounded, we may always find some n — 1-form w such that
dw = p on suppdeg(u, U, -) Cu(U), and hence (6) shows in particular that the degree only depends on u|yy. We will
write deg(u, U, y) = deg? (u, U, y).

In the proof of Theorem 1.2 (ii), we will use the following lemma:

Lemma 2.4. Let U C R" be a bounded Lipschitz domain, and let u : U — R" be Lipschz;tz. Further, ~let V CcoU be
relatively open in 0U, and assume there exists yo € R" such that u(x) = yo for all x € 0V (where 0V denotes the
relative boundary of V in dU ). Define u; : 90U — R", i = 1,2 by

u(x) ifxeV Y0 ifxeV
ui(x) = . ; uz(x) = . .
Y0 ifxedU\V ulx) ifxedU\V

Then

deg? (u, 0U, y) =deg® (ur, dU \ V, y) +deg’ (u1, V,y) forall y e R"\ u(dU).
Proof. We will show

L/ideg3<u,L/,J;L:=l/"deg3(u1,c/,o;L—kt/mdeg”(uz,L/,»;L
Rn RV! R)‘l

for every n-form p on R” with coefficients in L. Indeed, as we remarked below (6), there exists an n — 1-form w
such that 4 = dw on u(U), and hence

/dega(u,U, -)u:/u*w
R” aU
=/u’1‘a)+/u§w
U oU

=/@£whuou+/@£wbuom
R" Rr
proving the claim of the lemma. O

2.4. Whitney decomposition and box dimension
One of our main tools in the proof of Theorem 1.1 will be the Whitney decomposition of an open set U.

Lemma 2.5 (see e.g. [26], Chapter 1, Theorem 3). Let U C R" be open. Then there exists a countable collection
W ={Q; :i e N} of cubes Q; with the following properties:

e For every Q € W, there exist k,my,...,m, € Z such that Q = (m12_k,(m1 + 1)2_k) X o0 X (m,,Z_k,
(my, + 1)2_2. For fixed k, the union of cubes for which this holds for some my, ..., m, is denoted by Wy.
e UCUgew@Q

e The cubes in W are mutually disjoint
e dist(Q,dU) <diam Q <4dist(Q, dU) forall Q e W

Next, we recall the definition of box dimension, and some of its elementary properties.
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Definition 2.6. Let U C R” be bounded. Let N,(U) be the number of n-dimensional boxes of side length r that is
required to cover U. The box dimension dimpox U is defined as

log N, (U)
m-—-—-,

dimpox (U) = 1i
r—>0 —logr

if this limit exists.

We also define the S-dimensional Hausdorff-type content for sets A C R”,
HP (4) = lim (inf{krﬁ ‘U B(xi. 1) D A}) .
r—>
If dimpox A exists, then

dimpex A = inf{8 : HP(A) < 00},

see e.g. [9], Definition 3.1.
In the following lemma, for sets A C R", we will use the notation

(A)e = {x e R" : dist(x, A) < ¢}.
Lemma 2.7. Let V C R”" be open and bounded, U CC V, n — 1 < dimpox 0U =d < n, 0 < o < 1 such that na > d,
and u € CO(V;R"). Then

LTw@U)e) -0 ase—0.

Proof. Set & = 5"‘71 . Choose a finite number of x; € 0U,i =1, ..., k, such that

k
oU | JB(xi. #)
i=1
B(x;,&/5)NB(x;,g/5)=0 fori,jef{l,....k},i#j.
Such a collection {x;} exists by the Vitali Covering Lemma. Choose d < d < na. This choice implies H d @U) =0.
By choosing ¢ small enough, we may assume

kel <1.

Next observe that

k
u@U) C | B (ux), ullcoad®)

i=1
k
=J B (e, Iullcoce) -

i=1

We set C* = ||lu||co.« + 1 and get

(@U)), C LkJ B (u(x;), C*e) .
Hence, -

L (dU))e) < kL"(B(O, 1))(C*e)"
< C(u, n)(8*—)kzd
< C(u,m)(E*~9)
—0ase—0.

This proves the lemma. O
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In the proof of Theorem 1.1, we are going to exploit the following relation between the Whitney decomposition
and box dimension:

Theorem 2.8 (/21], Theorem 3.12). Let K C R" be compact, with dimpox K =d < n. Let W be the Whitney decom-
position of R" \ K. Then limy_, oo % =d.

3. Proof of Theorem 1.1

Recall that C!(U; A"~'R") denotes the space of continuously differentiable n — 1 forms on U. For the subspace
of closed forms, we introduce the notation

CLU; A" R :={w e C'(U; A"7'R") 1 dw =0}

Now we define two norms || - | - Il yn—1 on the quotient space clu; A"’IR”)/CCII(U; A"TIRY):
1

||X8*13
lollp1 = inf{leo + tll cor; an-1meny ¢ € C'(U; A" 'R"), da = 0}
||C!)||X;11—1 = ”dw”CO(U;A”R”)

Let X 871 , X 77] denote the Banach spaces that one obtains by completion with respect to the above norms respectively.
Next we define a multi-linear operator

M:C'(U:R") - CO(U; A"'RY)
l & 4
WU, ty) > ;Z(—l)’“uidul A-oAdup A Aduy,,

i=1
where (IIZ denotes omission of the factor du;. Note that

dM(uy,...,u,) =det Dudx; A...dx, =det Dudx.

In the following lemma, let Xy denote the real interpolation space

Xo =X X1 Nooo

Lemma 3.1. Let U C R" be bounded and open. Fori =1, ...,n, let «; € (0, 1) such that

n
6:= (Zal) —(n—-1)>0.
i=1
Additionally, let u = (uy, ...,uy,) € CI(U; R™). Then

n
1My ... wn)llx, < Clren. ..o [ | il o ) - (7)

i=1

Moreover, for 6 < 0, M extends to a multi-linear operator C%*1 (U) x --- x CO% (U) — Xg.
Notation. All constants C in the proof below may depend on n, ¢, ..., , without explicit statement.

Proof. We use the representation of real interpolation spaces as trace spaces, see Definition 2.1. In particular, we have
CO% (U) = (COU), C'(U))g;.00, and hence we may choose v; € WE(R*; CO(U)) with v;(r) € C'(U), v/(t) €
CO(U) for all t > 0 such that

e~y Dl Lo w+:ctwy) =< Clluill coe; >

l—a;
[ U,{(t)“LOO(RJr;CO(U)) = Clluill coi gy s
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and u; = lim,_, o v; (¢). Then we set

w(t) =Mvi(t),...,v,(1)).

By the multi-linearity of M, we have

n
10w () o1 = CTT (1= o 0ller o))
i=1

n
< C[]huillcos o)
i=1

and

S DF O dvr () A AU ) A A dug (1)
i=1

. 1 .
||f2i(l_a’)w/(t) ||Xn71 — _tZi(l_Ch)
0 n

+ 3 =D F v () A AU E) A AV A A du (1)
i#i

®)

n—1
XO

n
< il 3° ” (— D) (v (1) A= Adu (D) A -+ Adug(0) ”X,H
i=1 0
where we have used that
0@ dvi () A= AU @) A== AV @) A A duy (1)l g1 =
15 ()dvi (1) A+ AQUIE) A+ A dun ()]l a1

which in turn is a consequence of

d(v,»(t)dul(t)A---Ad/v,-BA---Adv;(t) A-~-/\dvn(t)>
:d((—1)f+fu;(t)dv1(t) /\~-~/\m/\-~-/\dvn(t)) .

From (8) we get

n
200w ()| 1 <C Y (tl—“f Ilv; <t>||co<U)) I (tl—“f v, <r)||c1<U>)

i=l1 J#i

n
<C[huillcos ) -
i=1
Hence w(0) € (X5~ X7 N1_5" (1—ap).c0 = X, With [w(0)[[x, < CTT; luillcos; . The estimate (7) follows from
w)=M@uy,...,uy). 3
To prove the statement about the extension, we choose f; < «; with Zi Bi =n — 1+ 6. Then we have

n
1M @, wn)llx; < [T lluilleyy, ©)
i=1
for u = (uy,...,u,) € C'(U;R™). Now every ii = (ii1,...,0,) € C** x ... x C%* can be approximated in
C%A1 % ... x %P by sequences of functions in C'(U; R"), and hence the existence of a unique extension follows
from (9). O
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3.1. Integrating distributional Jacobians over sets with fractal boundary

The purpose of the construction of the interpolation space Xy = (X, 3_1, X '1'_1)9,00 has been to make its elements
suitable for integration over fractals of dimension up to (but not including) n — 1 + 6. The corresponding definition
will be given in the present subsection. This will be similar to the constructions in [13].

In the following, let U C R” be fixed, with d := dimpox U <n — 1 + 6. Let W be the Whitney decomposition
of U, cf. Section 2.4. Since M € Xy, there exists M(-) € WL (R+; X1~ 1) with M (1) € X1, M'(t) € X2~ for all
¢t > 0 such that

(7 (Il s + 190l pr ) < IM1lx,  forallz € RY,
and

li M—Ml -1 =0,

lim | Ol g1 =0

see Section 2.1.

Definition 3.2. Assume that n — 1 +6 > d. For M € Xy let the integral |, y AM be defined by
/dM = Z /dM(diam 0)+ /(M—M(diam 0)),
U W o 30

- | L
where M € W]O]SOO(RJF; X(')’ 1) is chosen as above.

Lemma 3.3. The above definition makes fU dM well defined for M € Xy, and the map

M — fdM
U
is continuous on Xg with | [, dM| < C(U)|| M| x,-

Proof. Let M (+) as above, and let Q € W. First we estimate

[ ditciam 0)] < £ (@)l ciam Q) -
0
< L"(Q)(diam Q)| M| x, .
To estimate f 3 Q(M — M(diam Q)), we first note that
diam Q
M~ Bt iam Q)1 = [ 18Ol

0
diam Q

<c / O IMx,
0
< C(diam 0)? | M||x, -

Hence we get

/ (M — M (diam Q)| = H"~(Q)|M — M (diam )]l -
o

< CH"'(Q)(diam Q)? My, .
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By Theorem 2.8 the number of cubes in W of sidelength 27 can be estimated by €244

depend on the domain U, and d = dimpox dU . In this way we obtain

, where the constant C may

f dM| < Y L"(Q)diam 0)" ' IMx, + 1"~ (Q)(diam Q)° [ M|,
U QeWw
S C szkz*(ﬂ*])szek”M”XH .
keN

By the assumption d < n — 1 4 6 the infinite sum converges absolutely. This proves

/dM <ClMlx, .
U

and in particular it follows that |, y dM does not depend on the choice of M, which makes the integral well defined.
Also, the continuity of M > |, y dM as a map from Xy to R follows by linearity. O

We are ready to prove Theorem 1.1. In the proof below, all constants C may depend on n, «, p, d without explicit
statement.

Proof of Theorem 1.1. In this proof we assume p > 1, and define p’ by requiring p~! + (p’)~! = 1. Note that by
assumption, we have p <n/(n — 1) and hence p’ > n.

Using the representation of Holder spaces as trace spaces (cf. Definition 2.1), we can choose v; : RT — C!(U),
i €{l,...,n},such that

1— 1—
v (Dl oo et 01y + 11 avl{(t)||LOO(R+;c0(U)) = Cllullcoe

and lim; . v; (t) = u; in CO(U).
We write v(t) = (v1(t), ..., v,(¢)), and claim that

t—0

limsup sup L/ deg(v(t), U, »)p(y)dy : ¢ € L (R") N C®(R™), @]l gny < | (10,

< C (Ilull cowrimm)"”

where the constant on the right hand side may depend on U. From the estimate (10) it follows that {deg(v(¢), U, -) :
t < 1} is bounded and hence precompact in L”(R"). By v(t) — u in C, it follows the pointwise convergence
deg(v(t), U, -) — deg(u, U, ) on R* \ u(dU). By Lemma 2.7, we have L" (u(dU)) = 0, and hence deg(v(¢), U, -) —
deg(u, U, -) almost everywhere. In combination with the compactness in L7, it follows deg(v(¢), U, -) — deg(u, U, -)
in L?(R"). In particular, deg(u, U, -) € L? with | deg(u, U, -)||Lr < C|lu|l’,.,- Since the support of deg(u, U, -) is
bounded, we also have deg(u, U, -) € L(R"), and the theorem is proved. It remains to show (10).

Letg € LP,(R”) NC>®@R") with [l <1.Let¢ € WZ’P/(R”) be the solution of

n
CO.«

Al=¢ onR",

and define ¥ € WIL’Cp "(R"; R") by
¥ (x) = D¢ (x) — D£(0).

By standard estimates, we have || DV ||, ,» < Cli¢ll, ,». Hence by Morrey’s inequality, we have
[w]co,lfn/p/([]) =Cllellyy -

Now since ¥ (0) = 0 we have for any w € O U RY)
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1—n/p’
1— ’
sup [ o w(x)| < [¥]co1-n/p <SUP Iw(x)l) < [Wlcoi-np ||w||COZ/p .
xeU

xeU

Furthermore for x, y € U, we have

W ow®x) — ¥ 0w < [¥] ooy [wE) — w7

1—n/p’ 1=n/p’
< [w]co,l—n/p’ ||'LU||C0’Z/p |.X - y|( n/p )O('

Let @ ;= a(1 —n/p’). By the above, we have for all 7 > 0,
Y ov(t) e CO%(U;RY),
1_ ’
19 0 v(®)llcoawy < Cllell L VO | ety

1_ ’
= Cligl lull oty

where in the last estimate, we have assumed that ¢ is small enough and used Lemma A.2. Next, fori =1, ...

set U; (1) = ¥; o v(t), and

VI@t) = (v1(0), ..., 01 (1), 0(1), vj41(0), ..., va (D))

For t > 0, we have

/(ﬂ(y)deg(v(t),U, ydy| = /(p(v(t)(X))detDv(t)(x)dx .

n U

Using the relation dM (V7 (1)) = det DV (t)dx, we get

ZdM(V-/ )y = ZdetDVj(t)|xdx

j=1 j=1

n
=Y dV{ @Ol A AV (0]
j=1

n
= Z g |v(t)()f) dvi(D)]x A~ Advog (1)l
j=1

= @(v(t)(x))det Dv(t)(x)dx.

Inserting this into (12), we get

f ¢(y)deg(v(1), U, y)dy| = f D dMVi@)] .

n U j=1
We set

0:=0—d+n—1

=1 —-n/pHa+m—Da—d
_no

p

Note that by p < “F, we have 6 > 0. Now we apply Lemmas 3.3 and 3.1 to obtain

(1)

(12)
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[ odesn. vy <3| [ amwiay
J

U

n

<CY IMVI0)lx;

J

n—1+1-n/p
E C”U(f) ||C0,0t

n/p
S C ||L£ ”C(),ot

where we have also used Lemma A.2 in the last estimate. This proves (10) and hence the theorem. O

Remark 3.4. By the method of proof we are using, we cannot get the estimate ||deg(u, U, )| < Cllu|| since

n
CcO.e>
this would require W2 estimates on the solution of A = ¢ with ||¢||z < 1, which of course do not hold in general.

4. Proof of Theorem 1.2
4.1. Proof of Theorem 1.2 (i)
The first part of the theorem is just a corollary to Theorem 1.1.

Proof of Theorem 1.2 (i). Let p < ¢ < “F. By Theorem 1.1, we have

| deg(ui, U, s < C(n,at, g, d)l|ullfo. -

and hence deg(ug, U, -) is weakly compact in LY. In particular, | deg(uy, U, -)|? is equi-integrable. To show the strong
convergence deg(ug, U, -) — deg(u, U, -) in L?, it is sufficient to show deg(u, U, -) — deg(u, U, -) in measure, i.c.,
for every 6 > 0,

L' ({y:|deg(ug, U, y) —deg(u, U, y)| > 8}) — 0as k — oo.
Since the Brouwer degree is integer-valued, this is equivalent to
L' ({y : deg(ux, U, y) # deg(u. U, y)}) - Oask — oc. 13)

Indeed, let ¢ > 0, and choose kg large enough that sup |u — uy| < /2 for k > kg. Then

y&{tu(x)+ (1 —0ur(x):t€[0,1], x €dU} forall y e R"\ wm(dU)),, k > ko .

By the homotopy invariance of the degree, this implies

deg(uy, U, y) =deg(u,U,y) forallyeR"\ w@U))., k> ko.

The claim (13) now follows from Lemma 2.7. This proves (i). O
4.2. Proof of Theorem 1.2 (ii)

The present section and Section 5 are devoted to the proof of Theorem 1.2 (ii). It consists of a rather explicit
construction of an example.

The basic idea is that one considers sequences u,, of functions defined on a self-similar set of given box dimension
d (which is the boundary of some open set U). As the index m increases, the functions u,, use smaller and smaller
scales of the self-similar set dU to develop “loops”. Each of these loops increases the degree, and has (locally)
controlled @-Holder semi-norm, where & is slightly larger than «. Thus one constructs a sequence that converges to
0 in C%¢ for which the L? norm of the degree diverges. For the reader’s convenience, we first outline the strategy of
proof in a little more detail.
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1. In Lemma 4.1 and 4.2, we construct the self-similar set dU and the pre-fractals dU"™, that will be helpful for the
definition of the loops at scale m. To lift maps defined on U™ to dU, we define certain projection maps (see
Lemma 4.4).

2. Then we define “single loops” (Lemma 4.5). These are defined on (n — 1)-dimensional boxes of sidelength one.
Also, we find collections of disjoint (n — 1)-dimensional boxes on dU"™ of sidelength " (Lemma 4.8). We work
with Euclidean motions and rescalings to lift the “single loop” to each of these boxes, such that the resulting map
will have controlled a¢-Holder semi-norm (see Definition 4.6 and Notation 4.9), where « is slightly larger that «.

3. We then use the compact embedding between Holder spaces to show that these functions converge to 0 in C%¢,
while we may use Lemma 2.4 to show that the associated Brouwer degrees diverge in L?.

From now on, we assume & to be fixed such that
. n
a<a<. (14)
We collect some useful notation. Firstly, we set

L={(x,0)eR*:x€[0,1]},
D={(x,y)eR?>:0<x<1,0<y<min(x,1—x)}.

Lemma4.1. Let 1 < d < 2. Then there existr > 0, N € N, and for eachi € {1, ..., N} a similarity S; : R> — R? such
that the following properties are fulfilled:

() HYSi(L)=rfori=1,...,N.
(i1) The union U,N:pgi (L) is the image of a continuous curve with start point (0, 0) and end point (1, 0).
(iii) Nri=1.
(iv) Fori, je{l,..., N}, we have
Si(D)C D,
Si(D)NS;(D)y=@ ifi#],
S;(D)NS;(D)=9 ifli—jl>1.

(V) r<jand2r'=® <1.

The proof can be found in Section 5. B
For the rest of this section, let d, n be fixed with n — 1 < d < n. Further, let d =d — (n — 2) and fix N,r and a

set of similarities S = {S7, ..., Sy} as in Lemma 4.1. In the following, we are going to use the notation introduced in
Section 2.2.

We now define four (orientation preserving) Euclidean motions S7, ..., S} : R? — R?2 by their actions on (0, 0)
and (1, 0),

S70,0)= (0, 1)  SH(1,00=(1,1)
$30,0)= (1,1)  S3(1,0)= (1,0)
$¥0,0)= (1,0)  S%(1,0)= (0,0)
S70,0)= (0,0)  Si(1,00= (0, 1).

Next, forig € {1,...,4}and iy, ..., i, € {1, ..., N}, we introduce the notation

Definition 4.2. For m € N, let U™ C R? be the bounded open set with boundary
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Fig. 2. The pre-fractals 9UY, 0U! and 9U* (withn =2, N = 5).

4
aU™ = ) sp8™(L)

ip=1 (15)
= U Siolitsersim (L) -
io€(l,....4)
ityeensim€{ 1, N}
Further, let U C R? be the bounded open set with boundary
4
o0 = | SpK(S), (16)

io=1

where~K (S) is the attractor set of S, cf. Section 2.2. For m € N, we define U™ = Um x (0, 1)"~2 and moreover,
U=U x(0,1)"2,

For a sketch of dU°, 8U! and 9U* (withn =2, N =5) see Fig. 2.
Remark 4.3. The sets U™ and U are well defined, since the right hand sides in (15), (16) are closed curves by
Lemma 4.1 (ii) and the definition of the Euclidean motions S}, i =1, ...,4. Also note that by Lemma 4.1 (iii) and
(iv) and Lemma 2.3 we have dimypox 0U = d.

We will need certain “projection maps” to pull back maps defined on the pre-fractals dU™ to the fractal dU:

Lemma 4.4. For every m € N, there exist Lipschitz maps P | : Um+ti\ U™ — dU™ and P™ : U — U™ with the
following properties:

e Lip(P™ ) < 1, Lip(P™) < 1.
o Ifz=(Z,7") e U with7 e R?, 7" e R"72, then P (2) =z, Z") for some 7 € R?.

Again, the proof is postponed to Section 5.
In the statement of the next lemma, we set B := B”~1D(0, 1) x {0}, and by slight abuse of notation, we write
3B = (3B"~D(0, 1)) x {0}.

Lemma 4.5. There exists a Lipschitz map ¢ : B — R" (whose Lipschitz constant only depends on n) with the following
propetrties:

(i) Z(B)CS" ' and ¢ (x) = —e, forall x € 3B.
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anl

(B 1)

ow G(OW\ B")

Fig. 3. A sketch of the construction from Definition 4.6. In the figure, B"~1 = B"~1(0, p/2) x {0}.

@ii) If W C R" is open and bounded with Lipschitz boundary such that
B C oW
and the outer normal to W on B is e, then ¢ W) : 9W — R" defined by
¢ (x) = {E(X) ifxeB
—e, else
satisfies

1 ifyeB@,1)

0 else.

deg®(c™), oW, y) = {

Again, the proof is postponed to Section 5.

Definition 4.6. Let p > 0 and let W C R” be an open bounded Lipschitz set with B, := B"1(0, p) x {0} C 9W, such
that the outer normal of W on B, is ¢,. Then we define a Lipschitz map {I{SW) :0W — R" by

p%r(x/p) ifxeB
é_/gW)(x):{ (x/ )
—p%e, else,

where ¢ has been defined in Lemma 4.5.

See Fig. 3 for a sketch of {éw). From now on, we are going to drop the superscript (W) for ease of notation, and

write géw) ={p.

Remark 4.7.
(i) As a consequence of Lemma 4.5 (i) and (ii), ¢, is indeed a well defined Lipschitz map with

Lip¢, < Cm)p*~".
(ii)) By Lemma 4.5 (ii), we have

1 if y e B0, p%)

dega (G W, ) = 0 else

In the next lemma, by an “(n — 1)-dimensional box”, we mean the image of [—p, ,0]”_l X {0} under some Euclidean
motion, for some p > 0.

Lemma 4.8. For every m € N, there exists a finite collection Q™ of (n — 1)-dimensional boxes of sidelength r™, such
that, writing



H. Olbermann / Ann. 1. H. Poincaré — AN 34 (2017) 933-959 949

#OM
Q"= or.
i=1
the following holds:

(i) Foreveryie{l,...,#Q™}, we have Q7' C U™ x [0,11"2, with U™ as in Definition 4.2.
(i) Ifi, j € {1,....#Q™), i # j, then Q] N Q" = . If additionally ormn Q_;f' =0, then dist(Q}", Q') = r™.
(iii) limpy_ oo N "r@=2mgom — 1,

Again, the proof is postponed to Section 5.

Notation 4.9. For m € N and x € U™, let v'" (x) denote the outward normal to dU™ at x, if it exists. Let N™ C U™
denote the set of points for which V'™ (x) does not exist. Fori € {1, ...,#Q"}, let Elm denote a Euclidean motion that
satisfies

EP((=r™ /2,7 /2"~ x {0) = O
E"(en) = E"(0) + V" (E["(0)),
and let B}" be the (n — 1)-ball of radius r™ /2 at the center of QY', i.e.,

B" := E™(B"71(0,r"/2) x {0}).
We are now ready to prove the second part of Theorem 1.2.

Proof of Theorem 1.2 (ii). Let U, U™ C R” be as in Definition 4.2, for m € N. For x € 0U™, we set

- Gmp((Ef~ () ifx € B!
Uy X) = ~ m

" —(r 2)fke, ifxeoum\ (US" B .

where we used the notation introduced in Definition 4.6 and Notation 4.9. We immediately see that vy, is Lipschitz
with

sup |vp| <crom, (17)
xedU

Now let @ < o’ < @. By (17), we have

’
sup |vp,| <gur*" (18)
xedU

with g, := Ccrm@—a), Next, for [x — y| > r™, we have

0m () = vm ()] < 207" < 2 |x — yI* . (19)
From Remark 4.7 (i), we have Lip (vy,) < Cr™@=1 Hence, for |x — y| <r™, we have

|0m () = vm ()] = Clx = ylenr™ @D < Coplx =y . (20)
By (18), (19) and (20), we have

lvmll co gymy < Cem — 0 asm — 00. Q1)

We come to the computation of dega (v, 0U™, ). To do so, we introduce some additional notation. For m € N, we
set

B*" = B(0, (" /2)%)
and fori =1,...,#9™, we define {i’" :0U™ — R" by
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—(r’"/2)5‘e,, else.

) = {s“rm/z((E;")—l(x)) itxeBr

We note that by Remark 4.7 (ii), we have

1 ifxeB*"

deg? (¢, 0U™, x) =
ee (& *) {0 else

= XB*,m .

By repeated application of Lemma 2.4, with V := B!" fori € {1,...,#Q"},

#om
deg(vmv Uma ) = Z dega (;[ma 8Umv )

i=1
=#9" xp+,
Hence,
Il deg(vm, U™, )17, = (#Q™)F @ (™ /2)" .
Using Lemma 4.8 (iii) and the relation between r and N from Lemma 4.1 (iii), we have
lim | deg(um, U™, )l = lim N"p==2me /P m jpynd/p
m—00 m— 00
> lim C(n, p,&)r™-d+an/p)
m— o0
=+400.
We define u,, : 90U — R" by
Um (x) = v (P™ (X)),
and extend u,, from dU to U by Theorem A.1, such that
”um”Co.a/(U) <Cllum o Py ”C(J,o/(a[]m) <Cey —0.
By the compact embedding CO*"‘/(U) — CYx(),
um — 0 in CO¥(U).
Furthermore, note that
deg? (uy,, 0U, ) = deg® (v, 9U™, ) forallm e N
and hence ||deg8 (um, oU, -)||Lr — oo. This proves the theorem. O

5. Proof of lemmas used in Section 4

Proof of Lemma 4.1. We first construct an auxiliary sequence of points in R?, depending on two parameters 8 €
(0, /2] and M € N\ {0}. From this sequence of points, we will construct a generator for a self-similar fractal later in
the proof. First, let

efp := (sin B, cos B)

egown = (sin B8, —cos )
ehigp = (1,0).

FormeN,m>0,wedeﬁne)\m,,g:{1,...,4m}—>R2by
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(0,0) (2 + 10sin 3,0)

Fig. 4. The curve constructed from / Z£=1 Am,p (i) form = 3.

(0,0) (11 4 265sin 3, 0)

Fig. 5. The curve constructed from K3 g.

ehge ifle{1,2m+1)
Am,g(l) = e{,gp ifl<l<2m+1 . (22)

if2m+1<I<4m

€down

The curve one obtains by connecting successively Zle Am,p(i) forl =0, ..., 4m is depicted in Fig. 4. Note that this
curve has length 4m. Our next aim is to concatenate several curves as in Fig. 4, letting m increase from 1 to some
maximal value M, and then let it decrease to 1 again. For M € N, M > 0, we set

a™®=q1,2,... M—1,M,M—1,...,2,1)

l
b =4Za§M’ forl=0,...,2M — 1.
j=1

Then fori =1, ...,4M?2, there exists a unique ; € {1, ...,2M — 1} such that
b, <<
We set
. . M
km,p (i) = ay, p(i — b))

Furthermore, we set KM’5(4M2 +1)= eg and for j =0,..., 4M? + 1, we set

right’

J
Kup(j) =Yk p(i).

i=1

The curve one obtains by connecting successively Ky g(j) for j =0,..., 4M? + 1 is depicted in Fig. 5. We may
compute

M 4m IM—1 42M—m)
et Kyp@M>+1)=>"> e dmp@d+ D D e hmpl)
m=1i=1 m=M+1 i=1

M—1 (23)
=2<Z((4m —2)sinﬂ+2)> + (4M —2)sin B +3
m=1

=@MM —-1)+2)sinf+4M — 1.
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Now set

NM) :=4M?* + 1

-1
A(M,B) = <e1 Ky p(4M* + 1))

=(4MM —1)+2)sinf+4M — 1)~! (24)
. log N(M)
d(m, g) 1= ——2 )
logr(M, B)
We claim that it is possible to choose My € N such that
d <d(Mj,0),
1
4Mo— 17! < 5 (25)
2(4My— 1% <1.
Indeed, we have #(M, 0) = (4M — 1)~! and hence
. log(4M? + 1
d(M,0) = u (26)

logd4M —1)
In particular, note that
d(M,0) — 2 as M — o0o.

This proves that we may choose M such that the first inequality in (25) is fulfilled. After possibly increasing My, the
second and third hold true too.

Since 7(Mpy, -) is continuous monotone decreasing on [0, 77 /2], the function d (My, -) is continuous monotone
decreasing on [0, /2] too. Additionally, we have d (My, /2) = 1. Hence, there exists By € (0, w/2) such that

d =d(My, Bo) .
Now set
ri=F(Mo, Bo), N :=N(Mp).

We use the following notation: To two points x # y € R?, we associate the (unique) orientation preserving Euclidean
motion Sy y : R? — R? that maps (0, 0) to x and (1,0) to y.
Fori=0,..., N write p(i) :=rKy g,(i), and set

Si 1= Sp(i—1),pGi) -

It remains to verify that r, N and S = {Sy, ..., Sy} satisfy the required properties.
Property (i) follows from p(i) — p(i — 1) € {reﬁ%ht,refg,reggwn} for i =1,...,N, and |e£2ht| = |e€8| =

|eggwn| = 1. Property (ii) simply follows from $1(0,0) =0, S;(1,0) = S;4+1(0,0) fori =1,..., N —1and Sy(1,0) =
(1, 0). Property (iii) follows from the definition of dA(M, B) in the last line of (24), d = c?(Mo, Bo), N = N(Mo) and
r =7 (My, Bo). Property (iv) is obvious from an inspection of Fig. 6, where the union of all S;(D),i =1, ..., N is de-
picted. Property (v) follows from the second and third line in (25), and r = #(Mo, Bo) < (4My — 1)~ !. This concludes

the proof of the lemma. O

Proof of Lemma 4.4. We are going to assume that n = 2 and construct the maps P, and P™ for this case only.
The general case follows easily by setting
.2
P )= (PP (xy,x0) 03,
P™(x) = (P™P(x1,x2),x3,...),

where P}Z’jr(lz), P denote the maps constructed for n =2 below.



H. Olbermann / Ann. 1. H. Poincaré — AN 34 (2017) 933-959 953

Fig. 7. The closed set A, whose boundary contains L and S(L) (with N = 37).

Let A C D be the bounded closed simply connected set whose boundary contains the union of the curves L and
S(L), see Fig. 7. L.e., the set A satisfies

4
un\u’=[Jsra.
i=1
For x = (x1, x3) € A, let P be the projection A — L, x — (x1,0). Obviously, P is Lipschitz with Lipschitz constant
<1.
FormeN, y et \ U™, there exist ig € {1,...,4},i1,...,im €{l,..., N}, and x € A such that

Y = Siglit,errimX -
We set
Pl 1 () = Sigliy.i P (X)) .

We claim that
Pyt UM\ U™ — dU™  is well defined,

S 27)

Lip P, <.
Indeed, if there exist ig, iy € {1,...,4}, i1,....im,0i},....0), € {1,...,N}, and x,x" € A with y = Sjgji,, i, X =
S,-(r)‘l-{ ..... i,’,,x/’ then either i; = i} for j=0,...,mand x =x" or y € 9U™ and x,x’ € L, in which case P(x) = x,

P(x’) = x’ and hence Sj;,,....i,, P(x) = Siti ..., P(x"). This proves the first part of (27), the second part follows
from Lip P < 1.Forl >m >0, let le - U! = dU™ be defined by
P"=P" o--0P/ 7"
It is easily seen from this definition and (27) that Lip P < 1.
We come to the definition of P : U — U™ for m € N. We set A” := U™+ \ U™ and note

o
UCUmU<UAk>.
k=m
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For k > m and x € A¥, we let P"(x) = P} (x). Note that this makes P™ |y well defined with

Lip P"|y <1, (28)
since for k # k’ with x € Ak N A¥ | we have Pl (x) = P"(x).
Now let x € dU. There exist ig € {1, ...,4} and a (possibly non-unique) sequence iy € {1,...,N}, k=1,2,...,

such that x € S;j)i,,....i (D) for every k € N (cf. [9], Chapter 9). Note that for k' > k > m,

,,,,,

k=m+1

We set P (x) =x'.

It remains to show that P is Lipschitz on U with Lip P < 1. By (28), it is sufficient to show continuity on U.
Assume we are given x;, j € N, with x; e U, x; — x € dU. We need to show P"(x;) — P"(x). Indeed, we will
show that for every subsequence, there exists a further subsequence such that convergence holds. For any subsequence,
there has to exist a further subsequence x; (no relabeling), a sequence i1,i2,--- € {I,..., N}, and a monotonous
increasing function K : N — N with lim;_, , K(j) = 0o such that

Xj € Sio\i],iz,...,i}((j) (5) . (29)

In this case, we must have

o
X € ﬂ Siolitsin,nix (D) 5

k=1
and hence
o
P"x)ye () P& (Siglirin.it(D)) - (30)
k=m+1

By (29) and (30), we get P™(x;) — P"(x). This proves the lemma. O

Proof of Lemma~4.5. For x = (x1, x2,...,x,—1,0) € B, we will identify x with (x,...,Xx,—1), and we write x =
x/|x|. We define ¢ by

¢ (x) = (£sinm|x], cos|x|) .

For x € B, we compute

- sinz|x| . . Sin | x|
Di(x)=(e1 Qe+ +en_1 @en_1) +2@%[mcosm|x| —

|x| |x| €29

—msinm|x|e, @X.
From this formula, we see that  is indeed Lipschitz. All other properties claimed in (i) are verified easily.

For the proof of (ii), first note that ¢W) : 9W — 8"~! is a well defined Lipschitz map. Furthermore,
#(cW)~l(y) =1 forall y € "'\ {—e,}. This implies that there exists k € {—1, +1} such that

k forall y e B(0, 1)

deg? (¢ oW, y) = oo
e V=10 forall y R\ BO.T).

(32)
Next, we construct” a Lipschitz map A : W — R” such that

2 The construction of A is not necessary if we use the relation (6) — we do not do so here for the sake of clarity.
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r=¢ ondW, dr(x)=cM(x) forallxe Q.

Such a X exists by (a suitable version of) the Whitney Extension Theorem (see, e.g., Theorem 3.6.2 in [28]). We are
going to compute explicitly the sign of

f deg? (¢, oW, HdL" = / deg(n, W, )dL",

Ril Rl‘l
to decide which value for k holds true in (32). In order to do so, we introduce the following piece of notation. Let
S 0 if {iy,....in} Z{1,...,n}
et sgn((1,...,n)— (i1,...,in)) else.
In the second line on the right hand side above, sgn ((1, ..., n) = (i1, ..., in)) denotes the signature of the permutation
(1,...,n)— (i1,...,1i,). With this notation, we have forx ¢ W,

n

det DA(X) = Y iy.iy (O, M) - (D, An)

n
=Y Oy, fi

in=1
= div f.

Using the formula (5) for the computation of the degree, and the Gauss—Green Theorem, we get

/deg(k, W, HdL"? =fdetDA(x)dx

R~ w
:/vw-fd'H"_l

aw
=fen-de"—1,

B

where we denoted the outward normal to W by vy, and used the fact that f vanishes " ~! almost everywhere on
dW \ B. For x € B, we have

SO =Y i i () e A1, (R ()

i1yeemin_1=1
=cos7|x|det D(x — X sinm|x]|)

siny'r|x|>"_2

x|

=mcos’w |x| (
where the value of (sinz|x|)/|x| at O is understood to be 7. It follows that

/degf’(;<w>, AW, HdL" >0,
Rn
and hence it follows from (32) that?

3 Of course, instead of arguing that k € {—1, +1} in (32) as we did above that equation, the value of k could also have been deduced by explicit
calculation of [ ey - fdH" 1,
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deg?(¢™), aW, ) = xB(0.1) -

This proves the lemma. O

Proof of Lemma 4.8. For m € N, choose k,, € N such that
kol =" > (ky + D70
This choice implies
kpr™ —1 asm— o0. (33)
Further, let O™ denote the set of cubes in R"~2 of side length ™ and vertices in ([0, 1] N (Nr’"))"‘2
O™ = {(jir™, (i + Dr™) x -+ X (ju—2r™, (ju—z + Dr™) :
0<ji<kp—1forl=1,...,n—2}
Now let L' = (0, 1) x {0}, recall the definition of the similarities Siolit,....i, from Section 2.2, and set
Q" :={Sigjiy.in L) x Qg €{l,.... 4},
it,....im€{l,....,N"}, 0 € Q"}.
Property (i) follows dlrectly from the definition of dU™ (see Definition 4.2) and Q™. The first part of property (ii) is
also obvious; we show the second part. Assume Q1, Q2 € 9™, Q1 = Sijiy.....im (L) x Ql, 0 = ]0|Jl ,,,,, m (L) x Q2,

with i, joe {1,...,4}, i1, ... im, j1»---» jm € {1,..., N}, and Ql, Qz € Q’”. We must have either Q1 N Qz =@ or
Siolityeensim (L) N Sjotit, o jm (L) = 9. In the first case, dist(Q1, 0») > r™ and hence also dist(Q, Q2) > r™. In the
second case, dist(S;ji,.....i,, (L), Sjolji,.... jw (L)) = r™ and hence also dist(Q1, Q2) > r™.

Next, note that by construction, #9Q™ = #O™YN™ = (k)™= N™ and hence property (iii) follows from (33). O
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Appendix A. Properties of Holder functions

The following lemma is based on the construction from the well known Whitney extension Theorem. The proof is
mainly a repetition of the proof of Theorem 2.1 in [13]. However, we could not find a full proof of the claim we need
in the literature, which is why we give it here.

Lemma A.1. Ler K C R" be compact, 0 < o < 1, and f € C**(K). Then there exists f : R" — R such that
I £l coagny < Cr, o)l £ll ok -
and flx = f.
Proof. Let W be the Whitney decomposition of R" \ K, see Lemma 2.5. For Q; € W, denote the sidelength of Q;
by |Q;l, and its center by x, For each i € N, fix p; € K such that dist(Q;, p;) = dist(Q;, K), and let Q, be the cube

with center x; and|Ql|_2|Q,| Fixne Cg°(R") with0<n <1,n=1on[-1,1]",n=00nR"\ [-3/2,3/2] and
|Dn| < 4. Set
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) = (x—x,-)
W= o)

i (x) = > i (x)

i)
Note that {; };en is a partition of unity of R” \ K subordinate to W :={Q; : i € N}. We define the extension f by
f(x) — ZieNﬁDi(x)f(pi) forx e R"\ K
J(x) forx e K .

From this definition, we immediately get

Sﬂgplfl <If lcon - (A1)

Obviously, on R" \ K, f is a smooth function, and there exists a number N = N (n) such that for each x € R" \ K,
there exist at most N pairwise disjoint Q; € W such that ¢; (x) # 0.

Fix x e R" \ K. Let N'(x) C N denote the index set defined by ¢; (x) # 0 for i € N'(x), and let iy € N'(x). We
compute

IDFC) =] > Dei(x)f(pi)
ieN(x)

=1 Y Da ()~ fpiy) (A2)
ieN (x)\{io}

[flalpi — pigl®
<C -
= (n)ie%(:x) dist(0;, K)

< C(m)[flodist(x, K)*7".
With these preparations, we are ready to prove an estimate on [ f Jo. Let x, y € R", and let x', y’ € R" with
Ix — x| =dist(x, K), |y —y'[=dist(y,K).

Note that this choice implies that for every point z on the line segment [x, x’], we have |D f @) <C[flalz —x' I"‘_1
by (A.2), and an analogous statement for the line segment [y, y’]. Hence

lx—x']
If () = f&N = /dif(xwx_x,)df
t lx — x7|
0

[x—x|

[z
x — x|
0
Jx—x']
<CMIfla / " dr
0

<C, ) flalx —x"|%.

In the same way, we obtain | £ (y) — f(¥)| < C[flaly — ¥'|*.
Now assume that |x — x'| + |y — y'| < 4|x — y|. Then

1) — FO 1) = FEDN+IF &) = FON+1FON) — FO)
< Cm, ) fla(x — X1+ 1y = Y * + |x" = y'|%)
<Cn,a)[flalx — y*.
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On the other hand, if |x — x’| + [y — y'| > 4|]x — y|, then we may assume |x — x'| > 2|x — y| and hence the line
segment [x, y] is contained in R” \ K, and for each point z € [x, y], we have |D f(z)| < C[fla|x — y|*~!. Then we
get

[x—yl

d - xX—y
— t dr
dtf<x+ Ix—y|>

|fx) = FO)
0
[x=y|
< / CLfLalx — y|*dr
0
<Cn, )| flalx —y*.

A

This proves [ f lo < C(n, @)[fl«, and together with (A.1), this proves the claim of the present lemma. O
The following lemma is a well known fact from real interpolation theory; we include it for the non-specialist reader.

Lemma A.2. Let U C R" be open and bounded, u € C%%(U), and v : Rt — CY(U) with v'(t) € CO(U) forallt > 0
such that

o 'Ol Lo @iy = Cllullcoww)
o (11" V[0l Lo+ 00y < Cllullcoapyy
o lim, v (1) =u; in CO(U).

Then
||U([)||C0.a(U) < C||M||Co,a(U)f0rt < 1.

Proof. We first observe for x e R” and t <1,

t

lv(H)(x)| = M(X)+/v/(S)(X)dS

0
t

-1
< lullco) + [ Clllcneqs™ds
0
= C||M||cﬂwa(u)-

Now let x, y € R" with x # y. First assume |x — y| <t. Then
PO =) =k = 15 1DVO)] = Cllulleoalx = yie™
<Cllullco.«(glx — v
On the other hand, if |[x — y| > ¢, then
() (x) = (O] = o) (x) —u()] +[u(x) —u()] +[uly) —vO)(y)]

< Cllullcoayy (26 + 1x — y[*)
< Cllullco.eglx — yIe.

This proves [v(#)]oe < Cllu|lcoe(yy and hence the claim of the lemma. O
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