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Abstract

We consider the 2D Muskat equation for the interface between two constant density fluids in an incompressible porous medium,
with velocity given by Darcy’s law. We establish that as long as the slope of the interface between the two fluids remains bounded
and uniformly continuous, the solution remains regular. The proofs exploit the nonlocal nonlinear parabolic nature of the equations
through a series of nonlinear lower bounds for nonlocal operators. These are used to deduce that as long as the slope of the
interface remains uniformly bounded, the curvature remains bounded. The nonlinear bounds then allow us to obtain local existence
for arbitrarily large initial data in the class W2P, 1 < p <oco. We provide furthermore a global regularity result for small initial
data: if the initial slope of the interface is sufficiently small, there exists a unique solution for all time.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study solutions of the one dimensional nonlinear nonlocal equation

o fen= [ el D, 11
0= [ G (1
R

where we have denoted by

Safx,0)=flx,1) — f(x —a, 1) (1.2)
the a-finite difference of f at fixed time ¢ > 0, and by
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f/(-x’t) =8Xf(xvt)

the partial derivative of f with respect to the position x € R.
1.1. Physical origins of the problem

Equation (1.1) is derived from a two dimensional problem, where y = f(x, t) describes a graph (in coordinates
whereby gravity acts in the y direction) which represents the interface separating two immiscible fluids of different
constant densities. The flow is incompressible, and the fluids permeate a porous medium. The 2D Darcy’s law [24]

%u(x, y,)=—=Vpx,y,t)—(0,g80(x,y,1))

is used to model the balance of gravity, internal pressure forces and velocity (replacing acceleration). Here u# and p
are the velocity and pressure of the fluid, which are functions of time # > 0 and position (x, y) € R?. The physical
constants of the model are viscosity u, permeability k, and gravity g. For simplicity we fix these physical parameters
to be equal for both fluids (except for the density), and we normalize them to equal 1. We pay special attention to
the density function p, which is given by a step function representing the jump in the fluids densities. Taking the
size of this jump equal to 27 (denser fluid below), we arrive at (1.1) (see [16] for a detailed derivation). This is the
classical Muskat problem [33], which has been broadly studied [5] due to its physical relevance, wide applicability,
and mathematical analogy to a completely different phenomenon: the interface dynamics of fluids inside Hele-Shaw
cells [36].

The Muskat problem has been widely studied, its multiple features being taken under consideration. It can in-
corporate capillary forces that deal with surface tension effects [12,22,31], density jumps [16], viscosity [35], and
permeability discontinuities [4]. The dynamics is different for the one fluid case (with a dry region) [8], two flu-
ids [35], and multi-phase flows [18]. Moreover, one may consider boundary effects [28] and study the interface in the
three dimensional case [2,15]. In this paper we consider the two fluids to be of the same nature, except that they have
different densities. The issue of different viscosities or permeabilities in the two fluids is a very interesting one, and
we plan to consider it in future research.

1.2. Summary of known results

The basic mathematical questions regarding (1.1) are the existence and regularity of solutions. The Muskat problem
can be ill-posed, due to existence of unstable configurations [34,37]. This feature can be understood in the contour
dynamics description via the Rayleigh-Taylor condition, which involves the geometry of the density jump or the
dynamics of fluids with different viscosities. Essentially, the unstable situation occurs when a denser fluid is above
a less dense fluid, or when a less viscous fluid pulls a more viscous one [1]. Surface tension effects regularize the
equation [26,3], so that the system is well-posed without satisfying the Rayleigh—Taylor condition, but there are still
instabilities in this case [30,25]. In the stable cases it is possible to find global-in-time solutions for small initial
data [35,16,23] due to the parabolicity of the equation. This smallness can be measured in different regularity classes
and sizes [11,10,28,6,23]. Low regular global existence results are obtained for Lipschitz weak solutions in the case
of small slopes in [11,10].

A very interesting phenomenon for the Muskat problem is the development of finite time singularities starting from
stable initial data. One possible singularity formation happens by the breakdown of the Rayleigh—Taylor condition in
finite time [7]. In this case the interface cannot be parameterized by a graph of a function any longer, i.e. there exists
atime t; > 0 when solutions of equation (1.1) satisfy

lim || f'() ]| Lo = oo.
—>1

After that time the free boundary evolves in a way that produces a region with denser fluid above less dense fluid.
For short time the interface is still regular (although it is not a graph) due to the fact that the parabolicity of the
system gives instant analyticity. This sequence of events is termed “wave-turning” because it is a blow up of the
graph-parameterization. Wave-turning has been proven to arise in more general cases with different geometries [4,
29]. The regularity of the interface is lost at some time #, > #| after wave-turning, and the interface ceases to belong
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to C*. Thus, starting from a stable regime, the Muskat solution enters an unstable situation, and then the regularity
breakdown occurs [8]. This phenomenon is far from trivial, as some unstable solutions can become stable, and again
reach unstable regime [19].

A different type of singularity which may develop in solutions of the Muskat problem is given by the occurrence
of a finite time self-intersection of the free boundary. If the collapse is at a point, while the free boundary remains
regular, then the singularity is termed a “splash”. If the collapse is along a curve, while the free boundary remains
regular, then it is termed a “splat” (or “squirt singularity”’). Both kinds of collisions have been ruled out in the case of
a stable density jump in [18,27]. In the one fluid case, there exists a finite time splash blow up [9] in the stable regime,
but the splat singularity is not possible [21].

1.3. Main results

The main purpose of this work is to develop conditional regularity results (blow up criteria) for the Muskat problem
involving the boundedness of the first derivative of the interface. Our motivation is both to complement and to aide
the theory of singularities for the Muskat equation by obtaining sharp regularity results in terms of purely geometric
quantities such as the slope.

The bounds of nonlinear terms used to obtain the conditional regularity results also allow us to obtain several exis-
tence results in low regularity regimes. Specifically, we prove local-in-time well-posedness and global well-posedness
for Muskat solutions in classes of functions of bounded slope and L? (with p € (1, oo]) integrability of curvature.

Recently, results involving solely the second derivative of f appeared in the work [23], where the authors explore
the PDE structure of the original Darcy’s law in the bulk rather than the corresponding integral equation for contour
dynamics (1.1). They develop an H? well-posedness theory for the equation in the case of density and viscosity jumps.
Both the local and global existence results are obtained under smallness assumptions for the interface: H3/2*€ for the
local results and H? for the global results. These smallness conditions imply f’ € C# for some 8 > 0, requiring thus
smallness of the Holder continuity of the slope.

The optimal well-posedness theory (local, conditional, or global) for the Muskat equation should (conjecturally)
involve only assumptions of uniform boundedness of the slope f’. To the best of our knowledge, this remains an
outstanding open problem. The difficulty in reaching a W' > regularity theory for f may be seen in at least two
ways:

e When considering the evolution of f’, linearized around the steady flat solution, the resulting equation has L> as
a scaling invariant norm. Therefore, for large slopes, obtaining higher regularity of the solution (required in order
to obtain uniqueness) involves solving a large data critical nonlinear nonlocal problem. Of course, the additional
complication is that, due to the fundamentally nonlinear nature of the equation, in the large slope regime the
linearization around the flat solution rapidly ceases to be useful, and new severe difficulties arise.

e The velocity v transporting f, f’, and f” (cf. (2.2), (2.5), and (2.6) below) is obtained by computing a Calderén
commutator applied to the identity (cf. (2.3) below). However, when f” is merely bounded, while the Calderén
commutator maps L? — LP? for p € (1, 00), the endpoint L°° inequality fails [32]. Moreover, since we are in
1D the x-derivative of v enters the estimates (we cannot use incompressibility), and this term (cf. (2.11)) yields a
Calder6n commutator applied to 8o f'(x, t) /. Thus, to bound this requires estimates on the maximal curvature,
not slope. This is the reason why up to date the existing continuation criteria [16,20] required that the solution f
lies in L%°(0, T; W) N L1(0, T; C%€) for some € > 0.

In this paper we move closer to the conjectured critical f € W1 well-posedness framework. The main new idea
is that the maximal curvature can be controlled by either assuming uniform continuity of the slope f’ (cf. part (i)
of Theorem 1.2), or by assuming that the initial slope || f6||00 is sufficiently small (cf. part (ii) of Theorem 1.3). We
moreover show that under either of these conditions one can also control || f”||z» for all p € (1, 00). In the regime
p € (1, 2) not even the local existence of solutions was previously known.

The important novelty of our large data result is that the maximal slope (and the maximal initial curvature) are
allowed to be arbitrarily large, as long as the slope obeys any uniform modulus of continuity. Our uniform C° as-
sumption on f’ is a local smallness of variation assumption instead of a global smallness assumption of f’ in L*°.
The modulus of continuity of f” is not required to vanish at the origin at any particular rate, and it can be even weaker
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than a Dini modulus (and thus the Calderén commutator in v and the nonlinear terms would not necessarily yield
bounded functions).

In [11,10] global existence results for Lipschitz weak (possibly non-unique) solutions are given by establishing a
decay property for small slopes. In the theorems below we show that this initial smallness assumption can also be used
in the framework of regular solutions, to obtain unique global-in-time Muskat interfaces with parabolic regularity. We
draw the attention to the fact that the smallness is assumed only on the initial slope, not on the W norm.

The main tools used in our analysis are various nonlinear maximum principles for the evolution of f”, in the spirit
of the ones previously developed in [14,13] for the critical SQG equation. The robustness of the pointwise and integral
lower bounds available for the nonlocal operator £ ;s defined in (2.8) below allows us to treat all values of p € (1, oo]
and enables us to analyze the long time behavior of the curvature, cf. (1.6). The endpoint case W2 !, which scales as
W12 remains however open.

Next we state our results more precisely. Throughout the manuscript the spatial domain corresponds to the real line.
First we establish a low regularity local-existence result for (1.1) with initial datum that has integrable, respectively
bounded, second derivatives.

Theorem 1.1 (Local-existence in WP ). Assume the initial datum has finite energy and finite slope, that is fo € L*> N
Wb Let p € (1, 00, and additionally assume that fo € W*P. Then there exists a time T =T (|| fo| w2rawloe) >0
and a unique solution f € L*>(0,T; W2P) N C([0, T]; L> N W) of the initial value problem (1.1) with initial
datum f(x,0) = fo(x).

The main result of this paper is:

Theorem 1.2 (Regularity criterion in terms of continuity of slope). Consider fo € H* for k > 3 and assume that f’ is
bounded on [0, T, i.e. that

sup || f' ()|l < B <00 (1.3)
1€[0,T}

for some B > 0. Furthermore, assume that ' is uniformly continuous on R x [0, T]. That is, assume there exists
a continuous function p: [0, 00) — [0, 00), that is non-decreasing, bounded, with p(0) =0, such that f' obeys the
modulus of continuity p, i.e. that

18 f'(x, 1) < p(le]) (1.4)
forany x,a € R, t €[0, T] and &4 given in (1.2). Then the following conclusions hold:

(i) supeqo 7 I1Lf" Ol < CUl fyllLee, B, p).
(ii) The solution stays regular on [0, T] and f € C([0, T1; H*) N L*(0, T’ Hk+%).

We note that in Theorem 1.2 we do not require the modulus of continuity p to vanish at 0 at any specific rate. For
example, it can be guaranteed by a condition f' € L*(0,T; C ﬁ) for B > 0. The remarkable feature of conclusion (i),
however, is that the control on f” is furnished by the initial data only. If however the initial slope f’ is small enough,
then we can show that the condition f” € L? can be propagated without any further assumptions on the continuity of
the slope. And that way we can obtain a global existence in the corresponding class.

Theorem 1.3 (Small slope implies global existence). Consider initial datum fo € L?, with maximal slope that obeys

1
"Nio < B < —, 1.5
l follLe < B < C (1.5)

*

for a sufficiently large universal constant Cy > 1. Let p € (1, oc]. If we additionally have f € L, then the local in
time solution obtained in Theorem 1.1 is in fact global, and we have

I Ollr < 1fg liee

forall t > 0. Furthermore, we have that
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(i) for p = oo the curvature asymptotically vanishes as

4
£ @l < —20 1 (1.6)
L+ o1
forallt >0,

(ii) for p € [2, 00) the solution obeys the LP energy inequality
) t : t
" P p " /212 " p+1 ” P
If (t)||Lp+m/|||f )I” ||H1/2d8+mf||f N prrds <117 OL» (1.7)
0 0

forallt >0,
(iii) for p € (1,2) the solution obeys

13
1
IF" @I, + CBUTED f 1L N ds < 1F7 O, (1.8)
0

forall t > 0, for some sufficiently large constant C > 0 that may depend on p.

We note that the assumption (1.5) together with the maximum principle for f’ established in [17, Section 5] show
that (1.5) holds at all times ¢ > 0. Now we see that bounds established in (i), (ii), (iii) also prove maximum principles
at the level of the curvature. We complement existence result with the following uniqueness statement which in part
shows that solutions of Theorems 1.1, 1.2, 1.3 are unique.

Theorem 1.4 (Uniqueness). Let fy € L, and assume that f is a solution to (1.1) on time interval [0, T] with the
Jollowing properties: sup,co 1y | f (O)]lpe <00, f(x,1) = 0 as |x| = oo, forall t <T; 9, f(x,1t) exists for all
(x, 1) and |3 f Il Loomxjo.17) < 00; f is uniformly continuous on R x [0, T], i.e. (1.4) holds for some modulus of
continuity p. Then f is the unique solution with fo(x) = f(x,0) satisfying all the listed properties.

We note that the only essential assumption in the list of Theorem 1.4 is the same uniform continuity from The-
orem 1.2. The remaining assumptions are present to justify the application of the Rademacher Theorem, see the
Appendix, and we believe these additional assumptions may be avoided. For instance, a sufficient condition which
ensures that d; f (x, t) exists for all (x, 7) is that f” € LY Wf P for some p > 1, or that the modulus p obeys the Dini
condition.

We also note that in the course of proving Theorems 1.1 and 1.3 we follow the standard strategy: we obtain all
necessary a priori estimates and construct solutions by passing to the limit in the regularized system as elaborated for
instance in [10]. To avoid redundancy, the proofs in this paper only consist of these a priori estimates.

2. Preliminaries

For the remainder of the manuscript we shall use the following notation for finite-difference quotients:

8o f(x)
o

Ag f(x) =
for x e R and « € R\ {0}. After integration by parts (1.1) becomes
J'x o =84 f(x, 1)

doa

af =PV, [ S @1
or equivalently,
3 f(x, 1)+ v(x, )dy f(x, 1)+ P.V. % f (x. 1) 2.2)

(8o f(x,1))* +a?
R
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where we have defined the velocity field
do

da:—P.V./;—.
(Ao f(x, 1))+ 1 «
R

v(x,t)=—P.V. 2.3)

-/ o ’l
R

In particular, from (2.2) it is immediate that the maximum principle for the global bound on f holds (see [17]).
Moreover it is known that the maximum principle also holds for the energy (see [10]), i.e.

IfOlier =l follLr (2.4)
holds for p =2 and p = oo.

2.1. Equation for the first derivative

The equation obeyed by f/(x, 1) is
Saf/(-xv t)
Gof D)+ 2"
R
_2/' (Saf(x,t)—Oéf’(x,t))(&xf(x,t))(5af’(x,t))d
= 3 a.
(o f (x,1))2 +a?)

W(f) + v, D)oy (f)) + P.V.

2.5)

R

2.2. Equation for the second derivative

The equation obeyed by the second derivative is

Sa f"(x, 1)

(") +v(x, o (f )+P-V-fm *

R
_upv / (8o f/(x, 1) — af"(x,1)) 8o f (x, )80 f (x, t)da
(Bo £ (x,1))2 +@2)?
Ga f e, 1) —af'(x, ) Sa f'(x,1))? e
(o f (x, )2 + )
B f (6, 1) = af ', ) B f (1, ) B (1, 1))
(o f (x, )2 +a2)
_ / 2 ’ 2
Cepy [ GafCn —af @ 0)Gaf &, t>)3 Guf'G. 1)

J (o f(x,0)* +a?)

=T +1T+T3+14. (2.6)

R

+2P.V.
R

+2P.V.
R

We now pointwise multiply (2.6) by f”(x,t) and obtain
(3 +v3x + Lg) If" e, O + Dyl f 1, 1) =2f" (e, ) (T + T+ T3+ T) 2.7)

where we have denoted

‘ _ Sa8(x)
Ly [g](x)—P-V-/—((S‘th(x))hrw2 o (2.8)
R
and
_ (8ag(x))?
Df[g](x)—P~V~/m o (2.9)

R
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for any smooth function g, and Ty, ..., T4 are as given by (2.6). It will be useful to also consider (2.7) where the
transport term is written in divergence form, namely,
B+ L) 1P+ 0@l Y+ Dy =2f" (Ti + o+ T3+ Tw) + | /1P T (2.10)

where we have denoted

Suf'(x.1) A f(x.0)
o2 (L4 (Bafr.0n2 "

Ts(x,t)=8xv(x,t)=2P.V./ @2.11)
R

Note that when f = ¢, where c is a constant, the above operators become

Saggx)d
o

Lolgl(x) = P.V. /

R

o=:Ag(x)

8 g(x))?
Dgien = P.v. [ CED da i Digic) 2.12)
R

We further note that

f DIglx)dx = [1gl31)2 (2.13)
R

and

Dylglx) = Dlg](x) (2.14)

L+ 11£13
for all x e R.

2.3. Evolution of the pth power of the second derivative, for p > 2

When p € [2, o0), we consider the function

op(r) = |r|P/?,

and we multiply (2.7) by ¢, (| f" (x, ¢ )|?). The convexity of ¢, (which holds if p > 2) ensures that

O, OPLAIL e 1P = Lplop (L f7 (x, DD)]
and we thus obtain
plf"(x, 0P
2

Moreover, we may again write this in divergence form as

plf/p=2
2

(8 +vde + L) 1f"(x, DI + Dyl "1, 0) < plf" e, )P T+ Ta+ T3 + Tal . (2.15)

(3 +Lp) Lf"1P + 0l f717) + DeLf" 1< plf 1P T+ T+ Ts + Tl + | 17 |T] (2.16)

where T5 is as defined in (2.11).
2.4. Evolution of the pth power of the second derivative, for p € (1,2)

When p € (1, 2), the above trick does not work, since the function ¢, is in this case concave. Instead, we consider
the function

Yp(r) =Ir|?

which is convex, and obeys
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, b P D 2| 2 Is|
Vo) = () VO =) =B =P+ p =) 2 pp = DT TS (2.17)
T? jtl )

for all r, s € R. Thus, for p € (1, 2) we are lead to consider the nonlocal operators

lg(x) —g(x —a)|?
a? + (84 f (x))?

DYlglx) =
R

and

lg(x) —g(x —a)|?
Drlgin = [ E O e,
R
Note that for p = 2, we have D? =D, and that for gelL>®ncC ! the above integrals are well-defined (even with-
out a principal value), since p > 1. Using (2.17) we may show that upon multiplying (2.6) by ¥,(f"(x,1)) =
plf e, 0|7 /f"(x, 1), that

(0 + v, 03, + L)Ll + LD min{ZDf[f 1, 1)

Pr oo
z Franpr Y ](x”)}
< p|f//(x, t)|p71|T1(x, B+ ...+Ty(x, 1), (2.18)

or in divergence form,

1" " pip—1 . 2YDf[fH] Do
@+ LIS+ 8ol + 22 mm{ i DR
< plf"1P T A+ Tl 1171 T (2.19)
in analogy with (2.15) and (2.16).
2.5. Bounds for Taylor expansions
The finite difference quotient may be bounded directly as
|Aa f(X)| =B (2.20)

for any «, x. We note that we may expand

1 X
Rl[f/](x,a)=Aaf(X)—f/(X)=a [(f/(z)—f’(x))dz.

X—o
The bound
IR1[f1(x, a)| <2B

is immediate due to || f’||L~ < B, but if additionally f’ has a modulus of continuity o, then we have the improved
bound

|Ag f(x) = f'(0)] < p(Jec). (2.21)

Without loss of generality we assume p is not linear near the origin, since then the conclusion and the assumption of
the theorem are identical.
It will be convenient to denote

Rilf"1(x ) == Ag f/(x) — f(x)

1 X
== / (f"(z) — f"(x))dz (2.22)
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and
Ralf"1(x. @) 1= A f(x) — f/(x) + %f”(X)
=Rilf)(x. @) + %f”(x)

1 X 4
=3 / /(f”(w) — f"()dwdz, (2.23)

X—a X

as the first order and the second order expansions of f”(x — «) around f”(x). For these terms we have pointwise in
x estimates and « in terms of the dissipation present on the right side of (2.7). First, we have that

[ 1@ = W

Rilf "1, @) < — —x|| — xldz
X 12
1
< @IV / 1z — xPdx
< Ca' (D[ f"(x)/? (2.24)

for any « > 0, for some universal constant C > 0. The bound for all « % 0 trivially holds upon replacing &!/? with
|ae|'/2. Similarly, it follows that

IR2[f"1(x, )| < — //lf W)= f (x)|| — x|dwdz

lw — x|
X—a X

1 . i " " 2 12 p 12
S_/ /If - f'@F /|w—x|2dw i
o |lw — x|?
x—a \x X

" 12 7
LUy
o

x*?dz

< Ca’(D[f"1(x)/? (2.25)

for any « > 0, for some universal constant C > 0. The bound for all « % 0 trivially holds upon replacing o>/? with
|a|3/2. Lastly, we note that for p € (1, 2) in a similar way to (2.24) and (2.25) we may bound

IR1LF"1(x, @) < Cal/P(DPLF"1(x))1/P (2.26)
IRaLf"1(x, @) < Ca'PTV/P(DPLF"(x))!/P (2.27)

with a constant C = C(p) > 0.
3. Nonlinear lower bounds

In this section we use (1.3) in order to obtain lower bounds for D[ f "1(x) at any x € R. These lower bounds follow
in a similar way to the bounds previously established in [14,13] for A. The main results of this section are:

Lemma 3.1. Assume that f is Lipschitz continuous with Lipschitz bound B, i.e. that (1.3) holds. Then we have that

Dylf” FCOIK 3.1)

1
>
0= a1
holds pointwise for x € R. Moreover, for p € (1,2), we have that
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Pr gl " +1
WUKME%RHEZU@W (3.2)

holds for all x € R.

The above lower bound however will only suffice to prove a small B result. For large values of B we must obtain
a better lower bound. If we additionally use a modulus of continuity obeyed by f’, we obtain:

Lemma 3.2. In addition to the assumption in Lemma 3.1, assume that ' obeys a modulus of continuity p. Then there
exists a continuous function Lp : [0, 00) — [0, 00) that implicitly also depends on p, such that

Drlf"1(x) = Le(|f"(x)]) (3.3)
holds pointwise for x € R, and we have that
L
lim 229 _ oo (3.4)
y—oo y

at a rate that depends on how fast lim,_, o+ p(r) = 0.

Next we provide two lower bounds whose proofs follow by similar arguments to those in Lemma 3.1 (see also [ 14,
13]).

Lemma 3.3. Assume that f is Lipschitz continuous with Lipschitz bound B, and let p € (1, 00). Then the following
lower bound

Drlf"1(x) > Lf" (o7 (3.5)

871.f"lIZ» (1 + B?)
holds for all x € R. Moreover, for p € (1,2) we have that

DELF"1(x) = £ o)1 (3.6)

128]1 f117, (1 + B?)
holds.

Lemma 3.4. Assume that f is a regular function with Lipschitz bound B. Then the following lower bound holds for
any x € R.

Drlf"] L (). (3.7)

O 2 T~ + B

Proof of Lemma 3.1. For this purpose, let r > 0 to be chosen later, and let x be an even cutoff function, with y =1
on [1,00), x =00n[0,1/2],and x’' =2 on (1/2, 1). We then have

: ! ’ L [P =2f"0f 6 —e)
DI = 5PN = s [ x (%) de
R

14 B2 a? r

> (1 / %‘z'f”(x)"faaf—/ixz_a)XG)d“D- 69
R

lee|>r

Integration by parts yields

20 F 2 "(x —
Df[f// ( |fr(x)| —4|f”(x)| / [f'(x a)|doe

1= 055 o
la|>r/2
1 "(x —
_4|f”(x)|— / | f (xz C‘f)|da)
r o
r/2<|a|<r

1 <2|f/’(x)|2 B 24B|f”(X)|>_

>
~(1+B? r r?
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Letting

_ 24B
Lf" ()]
in the above estimate, we arrive at the bound (3.1).
Let p € (1,2). In order to prove (3.2) we appeal to the inequality

N
r=sl? = Irl? (1= p2)
;

which holds for any r, s € R and all p > 1. It follows that

Dr g1t /” |f//(x) f//(x —a)|? (24
DY) 2 15 D10 2 1+82 > x () da
1 |f7 ()P p|f”(x)|"—l ofx—a) (a
=1+ By f 2 de (1+ B?) / 2 X(?)d“
l|>r R
L @r 24 B|f"(x)|P~!
~ 1+ B? r - 1+ B2 r2 ’ (3.9)
Upon choosing
_ 48B
ITC)]

the proof of the Lemma is completed. 0O

Proof of Lemma 3.2. Similarly to the above proof, we bound Dy from below as

D= o +132)<2|f”r(x)|2 —2|f”(x)|(/ 3 (f'(x —a) —f/(x))x (g) d“D
R

a? ,
1 2|f”(x)|2 p |8 f(x)|
Z(1+B2)< 4@l / SR da
loe|>r/2
1 8o f!
— 4170l / B 0 4
r o
r/2<|a|<r
1 21 £ (x)12
> (1+Bz)< |fr(x)| 8|f//( )|/&d(¥—8|f (x )|‘/wd(x)
r/2 /2
1 2 £ (x)|2
- (1+B2)< |fr(X)| — 12| f"(x )|/p( L2
r/2

In this case we choose r = r(| f”(x)|) as the smallest r > 0 which solves

|f6(x)| Zr/po(g) (3.10)
r/2

The existence of such an r is guaranteed by the intermediate value theorem, and by computing the limits at r — 0+
and r — oo of the right side of (3.10). Indeed, these limits are
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x
lim 7 / &‘;‘)da — +o0
r—0 o
r/2
since p is not Lipschitz, and
o
tim 7 [ 2% 4o =0,
r—00 o
r/2
Note that with this choice we have

lim r(y) =

y—00
With the choice (3.10), the lower bound obtained on D s[ f”'] becomes
D[ f"1(x) = Le(lf"(x))]),
where the function L g(y) is defined on (0, oo) implicitly by
2

_ y p(a) _ y
Lp(y) = —(1 B with r(y) (/);2
r(y

@3.11)

(3.12)

(3.13)

A short computation shows that since r(y) is Lipschitz continuous on (0, 0o), which implies that L p is also Lipschitz

continuous on this interval. The important aspect to notice is that since p(0) =0, we have

i Lg(y)
im = 00,

y—>00 y

which means that the lower bound (3.12) is sharper than (3.1), when | f” (x)| > 1.
In order to prove (3.14), note that
Lg(y) 1
o (+B)yr@y)

and
o
yr(y) —r(y)? f p(a)da
6 o’
r(y)/2

Therefore, in view of (3.11), the limit in (3.14) indeed diverges if we establish that

o0
lim r2/ &‘?dozzﬁ

r—0t o
r/2

Clearly, it is sufficient to verify that

ﬁ
lim rz/&(;)dozzo.
o

r—0t+
¥

Indeed, since p is a modulus of continuity of f” and we have that || f'|| L~ < B, we obtain

(06)
2| B lda <ZB —da<Br—>0 as r— 0.
NG Jr

On the other hand, it is easy to see from the monotonicity of p that

(3.14)

(3.15)
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Jr 00
rszdaip(«/?)ﬂ/d—azp(ﬁ)aO as r—0
o’ o’ 2

r

since p(0)=0. O

Proof of Lemma 3.3. In order to prove (3.5) we proceed as in (3.8), but we do not integrate by parts in the second
term. This yields

(p—=1/p

, 2 | f WP 2 " !
D[ f"1(x) > B s 1+lef CMf e / P

la|=r/2

2 If”(x)lz_ 8 1f"COIS e
~“14BZ r 1+B%2 r+b/p

for all p > 1. The desired inequality follows upon choosing
8IS
Lf7eolr

Similarly, for p € (1,2) in order to prove (3.6), we consider (3.9), but we do not integrate by parts in the second
term. We obtain

L' 4 LF" P N
+B2 r 1+ B2 rp+/p
Choosing exactly as above concludes the proof of the Lemma. O

CAVEIOES

Proof of Lemma 3.4. We consider the inequality analogous to (3.8) with f” replaced by f’”. After integrating by
parts once, the same argument used to prove Lemma 3.1 yields (3.7). O

4. Bounds for the nonlinear terms

In this section we give pointwise in x bounds for the nonlinear terms 7;(x), with i € {1, ..., 5} appearing on the
right sides of (2.7) and (2.10). We first fix a small constant

ee€(0,1]

to be chosen later. The bounds we obtain depend on this ¢, and ¢ will be chosen differently in the proofs of Theo-
rem 1.1, Theorem 1.2, and Theorem 1.3 respectively. The main result of this section is:

Lemma 4.1. Let B > 0 be such that (1.3) holds and fix ¢ € (0, 1]. There exists a positive universal constant C > 0
such that the bounds

DLf"1(x)
|f7 (0]

’ CB " 2 p2
|T5(x)| < CBIAS (X)|+T|f (x)|+Ce”B

CB ., . 2
|T1(x)|+|T2(x)|+|T3(x)|+|T4(x)|58—2|f x)|*+CeB 4.1)

DLf"1(x)

42
Lf" ()1 42

hold for all x € R where f”(x) #0.

In addition, we need a pointwise estimate for the nonlinear terms in terms of the dissipative term DP[ f'], when
pe(l,2).

Lemma 4.2. Let B > 0 be such that (1.3) holds, let p € (1,2), and fix ¢ € (0, 1]. There exists a positive universal
constant C > 0 such that the bounds
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CB " 2 Z’DP[f”](x)
|T1(x)|+|T2(X)I+IT3(X)|+|T4(X)ISmlf (x)|“+CeB ot (4.3)
CB DPLf"(x)
’ =20 en 2
ITs(x)| < CBIAS (xX)| + 7 lf7()+CeB 1oL 4.4)
hold for all x € R where " (x) #0.
Proof of Lemma 4.1. Throughout this proof, we fix a cutoff radius (for o)
(0= —2 4.5)
= X)) —m —. .
ERSVETE]

Note that at the points x where f”(x) = 0, there is no estimate to be done for T;(x) terms as they are multiplied with
f”(x) in (2.7) and (2.10).

Estimate for the T) term We decompose 77 into an inner piece and an outer piece according to

i) —4 PV, / (B f/(x) — af (")i éafz(xz) S f'()
e ((Ba f (X)) +?)
A / Rilf"1(x @) Ag f(X) (7 () + Rilf"1(x, @)
=4 P.V. 3
(Mg f2+1) "
Rilf"1(x, &) Ag f (x) 8af’(x)d
) 07
(Aa f(x)2+1) a?

do

lee]<n

+4
la|>n
=:T1,in (%) + T1,0ur (x).
Using the pointwise in x and « bounds (2.20) and (2.24), and the definition of 1 in (4.5), we obtain

d
IT1in(O] = CBI(OI(DLS1(x) 2 / i +CBPL ) [

le] <n le]<n
> DLf"1(x)
[f7 ()]

< Ce' B2 ") 2 (DLf ")) + Ce B

DLf"](x)

CB 1 2 C B2
= Bl CeBm )

(4.6)

and

IThou ()] < CB*(DLf"10x) /2 / da
|Ol|3/2

la|>n
< Ce V2B321 £ () V2D (x)) /2
>, DL 1(x)
Lf7(x)

for some universal constant C > 0. Combining (4.6) and (4.7) we arrive at

<Ce2B|f"(x)|> +CeB (4.7)

2| )Ti(x)| < Ce2BIf"(x)> + CeB*D[ f"1(x) (4.8)

for some universal C > 0. This bound is consistent with (4.1).
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Estimate for the T, term We decompose T, as

— f/ / 2
rzpy, [ el =S @0 @R
I ((Aafr+1)'

” 1 , 2
=2P.V./(_°‘f (/2 + Ralf "1, )G f )2
R

((Aaf )2 +1)7 a3
_opv / Ralf"106, @) G f (" () + RALF"ICx, @)
iz ((Aafen?+1) a2
— " PV / (@) + Ralf"1x, @)
by (Baf ()2 41)7
(—af"(x)/2 4+ Ral £"1(x, @) Sa £ (x))?
+2/ 7 S da

ol (Aa f)2+1)’a

= T2,l,in + T2,2,in + T2,0ut-

da

By appealing to (2.25) and (2.24) we may estimate the inner terms as

d
Torial =CBOL 1) 101 [ S+ @i [ da)
lee|<n la|<n
< Ce 2B 7 (o) 2D 1) 2 + Cssz[f 1(x)
Lf7 ()]
»DLf"1(x)

CB|f"(x)|> + CeB
= CBIT I+ CeBm )

and

1055

4.9)

Tyaiml < CL7 | 1F7 P / da+ 11" (0 [(DLF" 1) 2 / " 2da + DLF")(x) / oldar

laj<n la|=<n
S CSB|f//(x)|2 + C83/ZB3/2|f//(x)|l/2(D[f//](x))l/2 + C82B2,D|‘5(:);(]()T)
X
DIf"](x)
Lf" (0l

while the outer terms may be bounded as

<CB|f"(x)]* + CeB?

da

| To.oul < CB* [ 17 (0)] / %HDU”J@))W f PIEE
la|>n la|>n
< Ce™'BIf" () + Ce7 2B £ ()| VA(DLF1(x))
DIf"1(x)
£ (0]

for some universal C > 0. Combining (4.9), (4.10) and (4.11) we arrive at

2| ()T (x)| < CeT2BIf"(x)I> + CeB*D[ f"1(x)

<Ce 2B|f"(x)|* + Ce B>

for some universal C > 0. This bound is consistent with (4.1).

lee|<n )

(4.10)

@.11)

4.12)
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Estimate for the Tz term We bound T3 as

IT31=2

P.V./ (A f(x) — f/(x)) Ag f(x) 5 S(If//(-x) do
J @ (AafG)2+1) @

1/2
i [ f Baf ) = f/(0))?
< CB(DLf"1(x)) / -
R

2
1/2
" " 2+ Ro[ " 1(x. a])?
<CB(D[f"1(x)'/? (af"(x)/ a22[f 1(x, a])
loe|<n
1/2
" (R1lf'1(x, a))?
+CBMDLf0)'? A
loe|>n
= T3,m + T3,()ut.
Using (2.25) we may further estimate
1/2

12 / (@f”(x)/2+ Ral f"1(x, a]))?

T3.in < CB(DLf"1(x)) .

(07
le|<n

< CBDIf"1(x)'/?

1/2
< | 177 o / do + | (OI(DLF 1) 2 / ja|"2de + DLF"1(x) f loldex
le]<n lee|<n le]<n
" 7 1/2
” 172 ” 3/2 3/2(D[f ](x))1/2 » 2 DIf ](x))
<CBD[f"1(x)) (BSIf () + B¢ O B¢ T
< CBe2BY2| £ () 2(DLF )2 + CeBZD[f 1(x)
Lf" ()]
< CBIf"(x)P + cepr 2 1) (4.13)
[ f(x)]
Similarly, we have that
1/2
” 172 da
T3,0us < CB(D[f"1(x)) Pl
lee]>n
< Ce™ 2B f 02D 2
< Ce2B|f" ()2 + Cep2 D 1®). (4.14)
| £ (x0)]
Combining (4.13)—(4.14), leads to the estimate
2| f(0)T3(x)| < Ce 2Bl f"(x)* + Ce B*DL f](x) (4.15)

for some positive universal constant C > 0. This bound is consistent with (4.1).
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Estimate for the T4 term We decompose Ty as
e —8P.V. [ (Ao f) = [/ (Aaf ())*Ga f'X))?
J (Aaf0)2+1)" 0
_aprn py. [ LS OPE@ R @)
iz ((Aaf@)?+1)’
_spvy / (Ralf"1(x, ) (A f (0))* B /') (f (%) + R @)
o Aaf ()2 +1) a2
lal=<n (( af(x
(RiLF1Cx, @0)) (Aa f (0)*Ga f'X))?
la|>n ((A“f(x))z + 1)3 o

=:Ta1,in +T42,in + T our-

-8

Using (2.24) we may estimate

|T4,1,in| < Clf"(x)]

<1 eor / da+ 11" (0 [(DLF" 1) 2 / o[ 2da + DLF"](x) / laldex
le|<n la|<n le|<n
4 1/2 D[f//](x)
3/2B3/2(D[f 1(x)) + 2p2 )
TG

<C|f" | <SBIf”(X)| +e

D "
< CeB|f" () + Ce*B> [J; 109, (4.16)
|f" ()]
By also appealing to (2.25) we obtain the bound
doa
Taainl = CBOLF 60 [ 177001 [ S+ @110 [ de
lae|<n la|=<n
D 14
< Ce 2B £ ()2 (DL 1) 2 + Ce B2 |ECJ;(]()JT)_ @.17)
X
On the other hand, for the outer term we obtain
d
Tl =B [ 25 <ceBif P (4.18)
o
lee|>n
Combining (4.16)—(4.18), and using the Cauchy—Schwartz inequality we arrive at
2| () Ta(x)| < Ce7*B|f"(x)] + Ce B>D[ f"](x) (4.19)

for some positive universal constant C > 0. This bound is consistent with (4.1).

Estimate for the Ts term  Recall that Ts is computed by taking the derivative of (2.3) as

Tei) = 8o = — 2 | PV 1 .
s =0 = ey, [ L

R
Ay f(x) 8o f'(x)

=2P'V'R (A fO2+ 12 a2

do.
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The main idea here is that in order to decompose 75 into an inner and an outer term, we first need to subtract and add

_ 1) S f'(x) J'(x) /

Ts5, pu(x) = 27(}”(30)2 12 P.V./ —2 do = 27“”@))2 e Af'(x).
The contribution from this term is bounded by

|75,pv ()| < CBIAf'(x)| = CBIHf" (x)] (4.20)
where H is the Hilbert transform. The difference is now decomposed further as

1= Tap =PV [ Kpwo @ f0 = 1'on B L g,

R

where

I% (Aaf(X)) [0 4+ (Aa £ (F () + 10 (Aa f () +2f () A f (x) — 1

rlx,a)=

(Ag f))2 + D2(f'(x))? + 1)?
Next we use that
[Kr(x, )] <2, for any value of Ay f(x) and f’(x).

Decomposing further, it is possible to find

(—af"(x) /2 + Ral f1(x, @) (f"(x) +Rilf"1(x, a))
(Mg f(x))?+1)2 o

Ts —T5,,=P.V. / K¢(x,a)
loef<n
R0 Gaf @)
+ | Ko S e

loe>n
=:T5,in + T5,0uz-
For the outer term we directly obtain

do CB
Tooul <CB* | =Wl (“21)

loe|>n

We recall that n = n(x) = 8B|f”(x)|_l. For the inner term, we appeal to (2.25) and (2.24) and obtain that

| T5,inl < | f"(0) | / da+Clf" ()DL 1(x) 2 / lee|'2doc + CDLf"1(x) / |ot|dex

lee] <7 loe|<m lee] <7

< CeB|f"(x)|+ C2B32(D[f"1(x))'/? +Ce>B*D[f"1(x) (4.22)

1 1
|f" (o112 | f7 ()2
Summarizing, (4.21) and (4.22) and using the Cauchy—Schwartz inequality, we obtain the desired bound
sz D[f//](x)

| f" ()2
which combined with (4.20) yields the desired bound (4.2). O

B
| T5(x) = T5,py(x)| < C;If”(X)I +Ce

Proof of Lemma 4.2. The proof closely follows that of Lemma 4.1, but uses (2.26)—(2.27) instead of (2.24)—(2.25).
We let € € (0, 1] to be determined, and as in (4.5) let

EB
| f ol

In this proof the constant C may change from line to line, and may depend on p, but not on &, B, or x.

n=nkx)=



P. Constantin et al. / Ann. I. H. Poincaré — AN 34 (2017) 1041-1074 1059

Estimate for the Ty, Tz, T3, and T4 terms  We first claim that

p+2pz2/p PP EDHP

7 2
e FOPT?

CB
IT1 ()| + 1T2(0)] + [ T3(0) | + T2 (x)] < =

(4.23)
for some constant C > 0, and all x € R.

We verify this estimate by checking each term individually. For 77, similarly to (4.6) and (4.7), by using
(2.26)—(2.27) we have that

" 2
Ty in(x)] < CEV/PBPHD/P| 7 (x)|P=D/P(DP[ M (x)VP + CB([’-ﬂ)/PgWPM
' N |f" ()2 P
O e\ (= DIP (DPT 71 /P
IT1,0ur (X)] < E(V—I)/PU (x)] DPLf1x))
so that by Cauchy—Schwartz we obtain that 77 is bounded as in (4.23).
For the 75 term, as in (4.9), (4.10), and (4.11), but using (2.26)—(2.27), we obtain
" 2
T 1 in(X)] < Cgl/PB(PJrl)/P|f”(x)|(P*1)/P('Dp[f”](x))]/17 + CB(P+2)/P52/PM
o B | f7(x)|?/P
PrfF! 2/p
, SN2 (p+2)/p=p+2)/p PPL"1(x))
Ta2in (@] < CEBIS "W + CBP IR0 P = S
CB Bwr+h/p
| Ta.ou (O] < 1" P + == | f I~ P@PL 0P
g gp—D/p

so that by Cauchy—Schwartz it follows that 7> obeys the bound (4.23).
For T3, we proceed slightly differently from (4.6) and (4.7), but still use (2.26)—(2.27) and obtain

Rilf'1(x, @) Ag f(x) 8ar /" (x)
|o272/P (A f)2+ D2 af?/P

|T5(x)| =2 P.V./
R

(p—D/p
(Rilf1(x, a))P/P=D

lo|?

< CB(DP[f"1x)YP /
R

(p—D/p

< CBD’[f"1(x)'” + By~ D/

/ (Ral£"1(x, &) + af " (x)/2)P/P=D
|or|?
l|<n

< CBOPLF1N"7 (1?4 DL 1) P + By~ 0=DI7)

CBPH/p (DPLf"1(x))*P

1 (p—1)/ 1 1/ =2/p p(p+2)/
PRI VP BRI S

z(—D/p

which is consistent with (4.23).
Lastly, for the T, term, we use bounds similar to (4.16), (4.17), and (4.18), combined with (2.26)—(2.27), to deduce

(DPLf"1(x, a))?/P
|f//(x)|(p+2)/p )

T4 1,in] < Clf" (x)] (éB|f”(x>| + g 2/p glrt2/p

(DPLF"1(x))>/P

| T4 2 in| < Cgl/PB(lH—l)/P|f//(x)|(l7—1)/17(Dp[f//](x))l/l’ + Cs2/rgp+2/p
” |f7(x) /P

CB
Taoul < =5 1101

which concludes the proof of (4.23).
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In order to prove (4.3), we now use (4.23) in which we choose & depending on two cases:

. :BZ/P(D”[f”](x))z/” <|f"(x)Peth/p,

BYP(DPLF"1(x)YP > | £ (x)2P+D/p, (4.24)

then let { ”(x)|(BDp[f//](x))_l/(p+l)~

We thus obtain the desired estimate
T 1+ T2+ T3]+ Ta)] = CBmax {1772, BY D @7 [f100)> 7+
_ CeB*DPIf"1(x) | CBIf" ()
G §2/(¢=D
where in the last inequality we have appealed to the ¢-Young inequality and the essential fact that 2 < p 4 1.

Estimate for the Ts term  The first step is to show that

(4.25)

" 2/
|Ts(x)| < CB (IAf’(x)I + é|f//(x)| + E(P+2)/PB2/PM)

|f//(x)|(p+2)/p

holds when p € (1, 2). For this purpose, similarly to (4.20), (4.21), and (4.22), by using (2.26)—(2.27) we arrive at
| T5,pu| < CBIAf (x)

(DPLf" ()P

. z " sp+D/p pp+2)/p — tJ 12V
|T5,m|§C8B|f @x)|+Cse B |f”(x)|(1’+2)/P

CB
|T5,0ut| =< ?lf//(x”

Combining the above estimates proves (4.25). We now use (4.25) in which we choose € precisely as in (4.24) to obtain
the desired estimate

7501 = CB (IAf @)1+ 1) + BYTD@PL£1100) /4D

SBD”[f”](x)>
Lf"Colp
In the last inequality we have appealed to the ¢-Young inequality and the factthat 1l < p + 1. O

1
=<CB (IAf/(X)I + S—I,If”(X)I +

5. Proof of Theorem 1.2, part (i), blowup criterion for the curvature

We evaluate (2.7) at a point x = x(#) where the second derivative achieves its maximum, i.e. such that

|f"GEOI= 1" (D) L% = Moo (D).
At this point x we have
Olf"E D=0 and  L[f"1(% 1)>0.

Rademacher’s theorem states that any Lipschitz function defined on an open set U is differentiable almost everywhere
in U. In the Appendix we show that Rademacher’s theorem applies to the maximal curvature, and we show that My, (¢)
is differentiable a.e. in ¢, and obeys

d
EMoo(t)Zatfﬁ(i,t)

(see Appendix for details). Therefore
d d _
— Moo (t)? = Ellf”(t)llioo = f"(x. 0

dt
< @ +vE DA+ LI E P
=2f"G (M + T+ T3+ 1)) — D[ f1(X, 1) (5.1
for almost every ¢ € [0, T'].
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In order to complete the proof, we estimate the right hand side of (5.1). The dissipative term D ¢[ f”](x) is non-

negative, and is bounded from below explicitly as in (2.14), (3.1), and (3.3). In order to estimate the 71, ..

on the right side of (2.6), we appeal to the upper bound (4.1) obtained in Lemma 4.1. We thus obtain
d ., 1 _ 1 CoB -
— M2, + ———DIf"1(%, 1) + = Lp(Msy) < —— M3, + Coe B*D[f"1(%, t
iMoo+ 5 PG 0 4 5L (M) = == M3, + Cos B PL 1. 1)

for some universal constant Co > 1. We now choose the value of ¢ in Lemma 4.1 as

& =min { ;, 1}
2CoB2(1 + B?)
in order to obtain
LY. lLB(MC,O) < KpM?
dt > 2 - o
where

Kp = CoBmax{l,4C3B*(1+ B*)?)
is a constant that depends solely on B. To close the argument, we recall cf. (3.4) that

. LpM)
lim =
M3

M—o00

and that L p is continuous, which shows that there exists M, = M (B, Co, p) such that

1
5LB(M) >KpM®  forany M >M%.
Therefore, we obtain

Moo (1) < max{Moo(0), M3}

for all ¢ € [0, T'], which concludes the proof of the theorem.

6. Proof of Theorem 1.1, local existence

., T4 terms

(5.2)

In view of the available L? maximum principle for f, cf. (2.4), the proof consists of coupling the evolution of the

maximal slope

Bt) = f' @

with that of the L?” norm of f”

My@) =11 f"OllLe.

Our goal is to obtain an a priori estimate of the type

i(192 + M?) < polynomial(B% + M?)
dt p) =POY p

from which the existence of solutions on a time interval that only depends on B2+ M » (0)2 follows by a standard

approximation procedure.
For the evolution of M, (t) we split the proof in three cases:

(i) p=o0
(i) pe[2,00)
(i) p e (1,2).
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We however note that in all of these three cases, but the 1D Sobolev embedding, as soon as f” € L?, we have
f'e cP~V/P and we have the bound

L Mo < 1 f e
for some positive constant C that may depend on p. In particular, it follows from (2.21) that the bound
IRALF N )l =180 f () = ' < Ll P~V | £ 1o ©6.1)

for all x,« € R, and all p € (1, oo]. In view of this estimate, we immediately notice that the uniqueness of solutions
in W27 follows directly from Theorem 1.4, whose proof is given below.

6.1. Evolution of the maximal slope B(t)

We first multiply equation (2.5) by f’(x, t) and arrive at the equation
@ +vde + LI P+ Ds[f1=Ts (6.2)
pointwise in (x, t), where we have denoted

(RAlf1(x, ) (Ag f(x, 1)) Sa f'(x,1) o
(A f(x,1)>+1 B fx, )2 +a?

Te(x,t) =4f (x,1)

Let X = x(r) be a point such that | /' (X (¢), r)| = B(¢). Using equation (6.2) and Rademacher’s theorem we find that
d _ _ _ _
ZB O =a/lf F 0P =Ts@ 1) = (DsL1E D + Lyl f E0)P) (6.3)

for almost every 7. Here we used that at a point of global maximum ;| f’|> = 0. Note also that at X we have £ rlf 1> >
0. It remains to bound 7g(x, ¢). For this purpose we decompose Tg as follows
RiLF1(x, ) (Aa f(x, 1) Gaf'(x,1))?

L2 Baf D2 +1  Gaf.02+a2 "

loe|<e

(RALF1(x, ) (Aa f (X, 1) 8a(f'(x, 1)) N
(Ao f(x,1)2+1 Ga f(x,1))? +a?

+2
le|<e
(Rilf1(x, ) (A f (x, 1)) 5af’(x,t)d
o

T4 (Do 0P + 1) o2

loe|=¢
= T6,l,in (x) + T6,2,in(x) + T6,0ut (x)

where ¢ = e(x) > 0 is to be determined, and we ignore the 7-dependence of all factors. Using (6.1) and the fact that
£f|f’()2)|2 > 0 we may estimate

| T6,1,in ()| < &P V/P | | LoDyl f11(F)
| T6,2.in ()| < e PP Lo £ p £/ (F)2,

while the bound (2.20) yields

_ B3
|T6,0ur (X)] < -

Letting

1 p/(p—1
)
201 f" e

in the above three estimates, we arrive at
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_ 1 _ - -1
IT6(®)] = 5 (DAL + L1 D)+ CBF 17"
which combined with (6.3) gives
d ~1
B =B (6.4)
for some positive constant C that may depend on p € (1, oo].

6.2. Case (i), p =00

We recall the evolution of My (), cf. (5.2), in which we take

1
= ) = 1 s 1
e e =min { 2CoB(12(1+ B1Y) }
to arrive at the a priori estimate
d
M < CoBmax {2CoB2(1 + B, 1] M3, 6.5)

Combining (6.4) with (6.5) we obtain that
d 2 2 3 242 3
E(B(t) + Moo (1)) SCB()’ Mo (t) + CB(t)(1 + B(t)*)" Moo (1)

<C(+ B@)* + M (1)*)* (6.6)

for some positive constant C. Integrating (6.6), we obtain that there exists 7' = T (]| f6|| 100, || fé/ [[ze2) > 0 on which
the solution may be shown to exist and have finite W>° norm.

6.3. Case (ii), 2 <p <00

We consider the evolution of | f”|? in divergence form, cf. (2.16), apply the upper bound given by Lemma 4.1

for the terms 77, ..., T5 on the right side of (2.16), and the lower bound given in Lemma 3.3, estimate (3.5), and the
bound given by (2.14) for the dissipative term D[ f "1 on the left side of (2.16), to arrive at
|f(x, 1)|P72 Lf" (x, 0)[*P

(3 + L) 1f" e, DI 4 8 wlx, D] f (e, 0)|P) + DLf"1(x, 1) +

2(1+ B(1)?) Ci(1L+BODIF"ONY,

C\B
;(t)(zt) Lf7 e, 1P + Cre B2 f" (x, )P 2D 1(x, 1) 6.7)

<CBOIf ", DIPIHf" (x, )] +

pointwise in x and ¢. Choosing
(1) = mi 1 1
&(t) = min ,
4C1B(t)>(1+ B(1)?)

we conclude from (6.7) that

. . lf" P2, Lf" (x, 0)]%P
p X b 9 p 77) :
(O + Lp) 1 f" D7 + 0, O f(x, )IP) + 2L BO [f"1(x t)+C1(1+B(t)2)||f”(t)||€p
<CiBO|f"(x, DIPIHF" (x, )| + CB@)’ (1 + B f" (x, )P (6.8)

where C = C(C1) > 0 is a constant.
At this stage we integrate (6.8) for x € R. First we note that

/Ef[lf”|p](X)d.x:PV// |f (x)|p_|f (x—Ol)lp dadx = 0. (69)
R R R

(f() = flx —a)? +a?

This fact may be seen by changing variables x — x — «. We thus obtain an a priori estimate for the evolution of
Mp@®)=1f"®)llLr as
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My, (1)*P 3 ot
Cd+ Bom,qp = CPOUFBOMpn® (6.10)

by also using that the Hilbert transform is bounded on L?. Furthermore, since for p > 1 we have p 4+ 1 < 2p, we may
interpolate

M1 (t) < M) P~/ D ppy (1) 2/ PHD 6.11)

d M,@)P +
dr *

which combined with (6.10) and the ¢-Young inequality, yields
Map(1)*P

Ci(14 B(®)))M,(1)P

< CBO(1+ B®*)’ Mp(1)" ™ Mo (1)?

_ May (1)*P

T 2C1(1+ BOHMp(1)P

In conclusion, we obtain

d M,(t)" +
dr *

+ CB(t)p/(pfl)(l + B(t)Z)(3P+1)/(P*])Mp([)pz/(l?*l) (6.12)

d
EMP(I)z < CB(t)p/(pfl)(l + B(I)Z)(3P+1)/(P*1) (Mp(t)2

which combined with (6.4) gives

)(3[1—2)/(2[7—2)

% (B(t)2 +M, (t)2) < C(1+ B@t)* + M, (1)})’?/=D (6.13)

for some positive constant C. Integrating (6.13), we obtain that there exists T = T (|| f6|| Lo, || f6’|| rr) > 0 on which
the solution may be shown to exist and have finite W2? N W 1> norm.

6.4. Case (iii), 1 <p <2

We proceed similarly to the case p > 2, but instead of applying to (2.16), we use (2.19). For the dissipative term on
the left side of (2.16), we use the minimum between the lower bounds provided by (3.5) and (3.6) in Lemma 3.3 and
(2.14). For the nonlinear terms on the right side of (2.19) we use the minimum between the upper bounds provided by
Lemmas 4.1 and 4.2. The resulting pointwise in (x, ¢) inequality is

1 [ DIf"]
min ,
C2(1+ B?) |f"1>p

| £ 2P
C>(1+ BY)| f1IF,

@ + LA + 0 f717) + D f,/]} N

.| DLf" C2B
2 pr £l 1 p+1 " "p
< CyeB mm{—lf,/'z_p,p "+ o 117 4 CaBIHS 1 (6.14)
for some constant C> > 0. Choosing
(1) = mi ! 1
&(t) = min )
2C3B(1)2(1+ B(1)?)
we conclude from (6.14) that
. [ DLf"] Lf"1%P
o+ L "IP 40, (w| f"P) + mm{ L DPIFY +
O LI e s ™™ e DY Y Gas e,
< C(1+ BHPHDICO=D (| p7PHE L | H || 1P, (6.15)

Upon integrating (6.15) for x € R, using the identity (6.9), the boundedness of H on L”, and the interpolation bound
(6.11), we thus arrive at

M2p(t)2p 24 ( —
< C(1+ B(H)H@tD/Cp=2) py as
Sy B <+ B0 pi1 ()

< C(1+ B(0)»)PHD/CP=2 0 ()P~ My, (1)*. (6.16)

d M,()" +
dr ?
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Similarly to (6.12)—(6.13), since p 4+ 1 > 2, and by using the e-Young inequality, we conclude from (6.16) that

d
EM'" (t)2 <C(+ B(t)2)(P2+9P—2)/(2(P—1)2)(Mp(t)2)(3p—2)/(2p—2)_ (6.17)

Combining with (6.4) we finally arrive at

d 2
E(B(t)z + M,(1)?) < C(+ B@t)* + M, (1)>)? /=17,

Integrating (6.13), we obtain that there exists T = T (|| féll Lo, || f(;/ lLr) > 0 on which the solution may be shown to
exist and have finite W22 N W1 norm.

7. Proof of Theorem 1.3, global existence for small datum

The proof follows closely the estimates in Section 6. The major difference is that assumption (1.5) and the maxi-
mum principle for f’ established in [17, Section 5] show that

1
||f/(t)||L°C§B§C_ (7.1)
*
for all r > 0. Thus, we do not need to consider the evolution of B(t), as we have

B(t) < !
~C.

*

for t € [0, T), where T > 0 is the maximal existence time in W27, For simplicity, we split the proof in three cases
based on the value of p € (1, oco]:

(i) p=o0
(i) pe[2,00)
(i) p e (1,2).

7.1. Case (i), p =00

We use the estimate (5.2), but here we apply lower bound (3.1) instead of (3.12), and we set ¢ = 1. We arrive at

3
M) _ coBM3 (1) + CoB2DLF"I(E, 1)

DIf"1(x, 1) + m <

d 2
—MZ (1) +

dt 2(1+ B?)

where X = X (¢) is a point at which M, = | f” (%, t)|. For B small enough, so that
2C0B>(1+B*) <1 and  100CoB*(1+ B?) <1

holds, we thus obtain

d 1 5
Moo+ ——— M2 <0.
dt °°+503(1+B2) % =

Integrating the above ODE we obtain that

M (0)

M (0)
s A

Moo (1) <

for all + > 0, which proves (1.6).
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7.2. Case (ii),2 < p <0

We use the first line of estimate (6.8), but instead of using (3.5) to bound the dissipative term D[ f”'] from below,
we appeal to (3.1). We arrive at
Lf" e, 0P, ) [P2DL ) (x, 1)
96B(1 + B?) 41+ B?)
<CiB|f @, 0P |Hf" (x,0)| + CB>(1+ B*)| f" (x,n)|"*.

(B + Lp) 1017 + 0, x, D1 (e, 1IP) +

Integrating the above over x € R, similarly to (6.10) we obtain

M1 (P! 1
96B(1+ B%) 4(1+ B?)

d
—M, ()" +

- / |f" (e, )P 2DLf"1(x, dx < CB(1+ B** M, ()P (7.2)
R

for some C > 0. If B is chosen small enough so that
200C B*(1+ B*)* <1

we thus obtain

d
—My()F +

M1 ()P ! 1 , P
i g [ 1 0P G ndx <0,
R

200B(1 + B%)  4(1

Integrating the above in time and noting that

" -2 iy =2 " L fM (e 2
/|f”(x,t)|p_2D[f”](x,t)dx=%// (72 + 1 f7 & = )P x) = frx =)
R R

a2
R
" /2 | £ /252
Zisz(lf (07 IJ; (x —a)|? )dadx
P o
R R

4
2
== 51PN g

A

concludes the proof of (1.7).
7.3. Case (iii), l < p <2

We use estimate (6.15) in which we bound from below the dissipative terms from below by appealing to Lemma 3.1,
and arrive at

|f//|p+l |f//|2p
200BC2(14B%) ~ Co(1+ BY)|f"I1Y,
< C(1+BHPHEDICr=D (| g7 |PHL L |HF"| | f|P).

@+ LAIP + ol f1P) +

Integrating the above over x € R, and using that H is bounded on L? in this range of p, we thus arrive at

My ()PH! Map(0)*”
200BC2(1+ B2 Co(1+ BY)| 117,
Lastly, choosing B small enough so that

400C,CB(1 4+ B%)Gr+3)/Cr=2) < 1,

d
—M,1)" + < C(14 BYWHN/@=Dpp ()Pt

dt

we arrive at
d My ()P
—M fp vy <
dt p(®) +4OOBC2(1+32)_

which upon integration in time concludes the proof of (1.8) and thus of the theorem.
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8. Proof of Theorem 1.2, part (ii), blowup criterion for smooth solutions

We shall study the evolution of the || f| z«x(#) norms for k > 3. We show that they can be controlled by
supo. 7y | f' ()|l e and supyg 7 | f”(¢)[|Loo. Then Theorem 1.2 concludes the proof. In fact, the H* norm of a so-
lution with k > 3 can be controlled already by H>3-norm as shown in [10], Section 5.2. Therefore we may assume
k = 3. We start by dealing with the evolution of ||f”(t)||i2. We use inequality (7.2) with & small enough and p =2,
to obtain

i anYe IR )”H1/2 <C(B "t <C(B "t an
dt”f Ol + 2Co(l+ BY) = BS O3 < CBIL" Ol Nl f O 2,
and therefore
t
L @N72 < 1f5 172 exp | C(B) / Lf" ) lILeds | - (8.1)
0

We use equation (2.1) to split

/f”/(x, Ofx,tydx =1+ L+ I+ L,

where

" " " ]
I II{f (x)]k[(f (X)o — 8o [ (x)) (m) dadx,

dadx,

" " " !
]2:3!]‘ ()C)R/(f (X)a — 8 f7(x))0x <m>

=3 f £ / (0t — 80 £ (6)) 92 ( )dadx,
R R

1
Go f(x)? +a?

_ " / _ 3 1
Iy = E! £ Rf (0= 80 P08 (o ) da

In 7; it is possible to decompose further and obtain

1
I = / " (x)P.V. dadx — E/Df[f’”](x)dx =111+ 1.
R

/ o
R

We bound /] 1 as

_ " 2 8o f(X)8a f/(x)
! I_R/'f )l P'V'R (G ) + a2

_ " 2 l Ag f(x) . f'(x) ’
_/|f )] P.V./ (((A SOV ((f/(x))2+1)2)Aaf(x)dadx

A
/|f///( )|2((J;(( )))zf—i_();))zd x:=I1+11,.

In 77 1,1 one finds extra cancellation in such a way that splitting in the regions |«| < r and || > r and optimizing in r,
it is possible to obtain as before
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Iiia < CBNS el f75-
For I 1,2, the Gagliardo—Nirenberg interpolation inequality ||g]|;4+ < C ||g||1L/22||g||11L-[/12/2 yields
o U M2l 15 < U2 L N2 e
L1 10

32(1+ B?)
by using the e-Young inequality. This yields

<CBIF 101"+

2
17122

I =1 I <C(B AT, "n2 "2 )
L=l +h2=CBYUNS e + 17170 ||Lz+732(]+32)

Using (2.14), (2.13) together with (3.7) in I1 » we arrive at

3
1713

2
L=< ||f///||H1/2_

1
401+ B?) 27(1+ BH3| 7|
Adding the last two estimates it is possible to obtain

"2
S £

h=Ii1+ha<CBYAf N+ 1137132 —

We are done with /. For I, we rewrite as

_ " Aaf//(x) - fm(x) Ag f(x) /
L= 6/ f (x)/ o BafO 112 Ay f(x)dadx

R

R
_ " Rl[fm](x’ @) Ay f(x) ,
_6/ 7w / @ Gafop e (Ol
R

=1
lael<Il "1l o0

" R][f”'](x,(x) Ay f(x) ,
vofrrw @ Bafop s poed (ded

R le> 1Ll oo
= IZ,in + IZ,(mt-
Inequality (2.24) allows us to get
da
Din < 6] f" |l / | ()| DLF) f X
lee| !/
R

-1
lerl < £ 1746

<clf2 / " (O)IDLA 1) Y 2dx
R

17100

<CBIf L=l "7, + PA+ B

and

Doou <12B |f’”(x)|p[f](x)l/2 d—adx
a2
R

-1
o0
leel> 11/

<@ 2 f " OIDLF1C0) P dx
R

2
112,

= CON "N + 50 5y

321+ B2 271+ B23|f" |1

(8.2)
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These last to inequalities give the appropriate bound for /> such that adding (8.2) we obtain

"2
SIFPIE ~ LF7135
32(14+B%)  27A+B»3|f" e~

L+L<CBYUf e+ 07152 =

It is possible to decompose further in I3 as follows

I3 =C31/fm(x)f(f”(x)0t — 8 f'(x)) Gu f'()* dadx
- J * (B f (x))2 + a?)?
i ” ’ (5af(x))2(8af’(x))2
+c3,2/f (x)/(f (X)) — 84 f(x)) (Gaf O £ ad)3 dadx
R R
8o f(x)8a f ()

M’SR/ ! (X)R/ =0 G, P Far

=h1+ 5L+ 133.
The identity
1

£ e — 80 f () =a? / Ff7(x + (r = Da)dr,
0
allows us to get

1
L1 <Clf 7 / / / (Uf" P+ 1" (x + (r — Da)|P)dxdadr
0

le|<BI "% R

1
d
vew [ [ farer 1 o - DB ar
o
0 jal>Blf"l 5 B
<CBIf el 13-
An analogous approach for I3 5 gives
Lo < CBf el f17-
For the I3 3 term, we decompose further:
' (x) = Ag f'(x) A f(x)
] — " / A 4 d d
3.3 C3,3/f (x) B f )T 17 of (x)dadx
R la|<¢
1 Ag f(x)
n . " _ A / o 8 " d d
+C3,3/f (x) / 270 = Aa f1(x) (Bl )T 12 o f 7 (x)dadx

R la|>¢
=133,in + 133 0ur-

For the outer term, inequality

LF 154 < CUF el f N 2
yields

C CB
B30ur < ?Ilf//lli4||f///lle < Tnf”/niz.

Identity (8.4) together with

1069

(8.3)

(8.4)

(8.5)
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I
Ag f"(x) Z/f/”(x + (s — Da)ds, (8.6)
0

allow us to obtain for the inner term
11

Is3.ou < €33 / / / / NS + (= Da)llf"(x + (5 — Da)ldxdadsdr

0 0 |a|]<¢ R
AR
<2c33¢ 1”35

We take
_ 1
C= Bt B aalf i~
to find

LF13 5
(14 B2 "l

B=51+Ba+B3<CBf eelf" 7.+

After comparing I3 with 11 4+ I in (8.3) we obtain

" 172 "2 SHfW”?’l/z
L+ DL+ L=CB)Uf e+ 1INl — DAT B (8.7)
For the last term, we decompose using Leibniz rule to find
L=+ Lo+ 13+ 144+ 145
where
o m ’ Saf(x)(aaf/(x))?’
Lvi=ann [ 1760 [/ wa =, 0 0 daar,
R R
: (B f (1)) (B f(x))°
Iioi=can f £ f (W =8 f )= S5 dad,
R R
e " / _ BOl.f/(x)aleN(-x)
Iis=cas R/ £ R/ (= b f ) LIS

Bar f (X)) 280 f(X)8e £ (%)
(B £ (x))2 + a2)3

8ot f ()8 f"" (x) wdx
((Ba f (x))? + a?)? '

dadx,

44 := C4,4/f’”(X)/(f/(X)a — 8o f(x))
R R

Iys5:= C4,5ffm(X)/(f/(X)Oé — 3¢ f(x))
R R

In 14,1 we bound as follows

do
Ly=C / do|l £l 2lLf" I} + ClLf 1T / ||f/”||Lz||f”||i4W
le| <1l £ 8o le > 1111
<CBNS el f"172:

where the last inequality is given using interpolation inequality ||f”||‘£8 < ||f/||Loo||f//||%oo||f///||L2 together with
(8.5). The same approach allows us to conclude for 14 > that

La<CBf el f113 2
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Using identity (8.0) in I4 3 we arrive at

1 1
L3 <Clf 17lf"1132 f / dads + C|| f'I 7=l f"17, / / :%ds
O Jal <l 7110 O Jal> #7114
<CBIf el 13-
The same procedure yields
Iia <CBIf el f13-
Finally, in 14 5 we use next splitting
1/2 12
ns=cifes [irwi( [ ae) ([ iaureobde) Cas
R

-1 -1
lae|<BI "l oo lal<BIlLf"ll o0

+ el f /(If/”(x)|2+If/”(x—oc)|2)dx

la>BlIf" I % R

da
lor|?

<CBIf"1% / £ @IDS" YD) 2dx + CBF el £113 2
R

" g1y
32(1+ B2)’

Above estimates allow us to conclude that

<CBIf =13, +

I 12

5
L= Lx<CBIf e<lf" 17+ B+ B

k=1
Adding to (8.7) we obtain that
”fm(t)“ 71/2 7 " m
&TB@) <CBYUL" O+ 1" Ol O3

The bound for || f”||;2 in (8.1), the control of || f”|| e and integration in time yield the desired result.

d
o LF" @13 +

9. Proof of Theorem 1.4, uniqueness

We consider two Muskat solutions f1 and f> satisfying the hypothesis of the theorem with the same initial data
fo(x). From (2.1) and a small computation we obtain the equation for the difference g = f1 — f2,

dg+vidxg+Lplgl=Ty 9.1
where vy (x, t) is as defined in (2.3) in terms of fi(x, ), L, is defined as in (2.8), and

8ag(x, 1) (f5(x,1) = Ag 2(x, 1)) (Aa f1 (X, 1) + Ag f2(x, 1))
a? (I + (Aa filx, NHA + (Ag f2(x,1))?)

T7(x,t) = P.V./

R

Let B =sup;¢(o, 71, j=1,2 ||fjf||oo. By assumption, f; has a uniform modulus of continuity o on [0, 7], and thus by
(2.21) we may find an € = &(B, p) > 0 such that

1
| f(x, 1) — Ag fo(x, )| < p(Ja]) < p(e) < D) 9.2)

for all |¢| <e¢, and all (x,7) € R x [0, T]. We fix this value of ¢ throughout the rest of the proof. Denote
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(f00,1) = Ag fo(x, 1) (Ag f1 (X, 1) + Ag fo(x, 1))

K2 e = e R i ) (L + (B 1))

It follows from (9.2) that
1
K L0 )| < —————— 9.3
K20l = 5 9.3)
for all |x| < ¢, while the Lipschitz assumption on fi and f> directly yields

|Ki2(x,,0)| <2B 9.4)

for all |«| > ¢, uniformly in x and 7.
Upon multiplying (9.1) by g(x, t), and recalling the definition (2.9), we obtain

(@ +v1dy + L) gl (x, 1) + Dy [g](x, 1)

Su(g2(x, 1 ) ,1))>
—p.v. [ MKI,Q(x,a,r)daJrP.v. / M[{Lz(x,a,t)da
o o

o] <e loe|<e
Spg(x,t
4 2¢(x,0)P.V. / LZ)KLQ(X,O[, 1da
o
loe|>e
=:T7.1,in + T7.2,in + T7,0ut- (9.5)

First, we notice that in view of (9.3) we have

1
|T7,2,in| < EDfl [g].

while in view of (9.4) and the Cauchy—Schwartz inequality, we have

_ 1 _
| T9,0utl < 4BIg|(Dy, ()" e 1/25517f,[g]+2325 gl

The above two inequalities combined with (9.5) yield that
@ + 195 + Ly)lgl? <2B% gl + T, 1in- (9.6)

To conclude, we note that the decay assumptions of the theorem guarantee that there exists a point, denoted by
X =X(t), where |g(x,1)| = ||g(t)]| . At this point of global maximum we have that d,|g|> =0, and L, |g|*> > 0.
Moreover,

_ 1 _
711 (E (), 0] < 5 (L, 121 E (D), 1)
and thus from (9.6) we obtain that
(3181 E (), 1) <2B* g0 . (9.7)

The pointwise differentiability assumptions further warrant the use of the classical Rademacher theorem (see Ap-
pendix) which implies that

d 2 2\ =
77 18D = (A lg[Hx (1), 1) 9.8)

for almost every ¢, where X = x(¢) is as above. From (9.7), (9.8), and the Gronwall inequality it follows that

gDl < 1g(0)][L exp (23%‘%)

which concludes the proof of the theorem since g(0) = f1(0) — f2(0) =0.
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Appendix A. Rademacher theorem

Let us recall the classical Rademacher theorem for the convenience of the reader. Suppose f(x,7): R x Ry - R
is a Lipschitz in time function uniformly in x, i.e. 3L > 0 such that for all ¢, s, x we have

[f(x,0) — f(x,s)| < L|t —s|.
Suppose that at any time ¢ there is a point x(¢) such that f(x(¢),t) = M(t) = sup, f(x,t). Then M (t) is a Lipschitz
function with the same constant L. Indeed, let ¢, s € Ry and M (¢t) > M (s). Then

M) —M(s) = f(x@),1) — f(x@),s)+ f(x@),s) — f(x(s),s) < f(x(@),1) — f(x(@),s) <L|t —s].

<0

Then by the classical Rademacher Theorem in 1D, M is absolutely continuous on any finite interval, i.e.
t
M(t) — M(s) = /m(r)dt,
s

where ||m| oo < L, and hence M’ = m a.e. To show that M'(t) = 9, f (x(t), t) at the points where M’ exists we need
extra assumption: for every x, f(x, -) is differentiable everywhere in ¢. Then

m fx@E+h),t+h)— fx@),t+h)+ f(x@),t+h)— f(x(),1)

M/(t)zhgw h
> lim f&@,t+h)— fx@),1) = 3 F(x(0). ).
h—0+ h

Taking i < O proves the opposite inequality.
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