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Abstract

We consider the semilinear parabolic equation u; — Au = |u|? ~1u on the whole space RV, N > 3, where the exponent p =
(N 4+ 2)/(N — 2) is associated with the Sobolev imbedding H 1 RMycLP +1 (RV). First, we study the decay and blow-up of
the solution by means of the potential-well and forward self-similar transformation. Then, we discuss blow-up in infinite time and
classify the orbit.
© 2010 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of the present paper is to classify the asymptotic behavior of the solution to the semilinear parabolic
equation

ur—Au=ul’'u inRY x(0,7) (1)
with
Uli—0 = ugp inRN, ()

where N > 3 and p = (N 4 2)/(N — 2), the critical exponent associated with the Sobolev imbedding. In the previous
work [9,8,11,23], we studied the long time behavior of the solution defined on the bounded domain in connection with
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the stable and unstable sets introduced by [22,20]. We have shown that if the orbit enters in the stable set, then the
solution exists globally in time [11]. If the orbit enters in the unstable set, then the solution blows up in finite time [9].
The other case is called “floating”. Thus, the orbit is floating, by definition, if it never enters in the stable set nor the
unstable set. If the domain is star-shaped, then the orbit floating globally in time must blow up in infinite time, while
the floating orbit blowing up in finite time never exists under the additional assumption of the domain and the initial

value, that is, the convexity and symmetry [23].

In contrast with these cases on the bounded domain, there is a family of stationary solutions to (1)—(2) concerning
the whole space RY . We have the lack of the Poincaré inequality also. These differences are made clear by the forward
self-similar transformation and the non-existence of the self-similar solution [5,14]. Consequently, we can classify the

rate of ||u(?)]loo as t 1 400 for the solution u = u(-, t) global in time.
More precisely, if u = u(x, t) is the solution, then

v(y.)=0+0"PDux.n, 1= -1, x=01+0"%y
satisfies
1
vs~|—Lv=|v|”_1v~|——1v inRY x (0, 5)
p—
with
Vs=0 =uo inRY,
where § =log(l + T) and
1
Lf:—Af—Ey-Vf.
Since
1
Lf=——V.(KV
f X (KV )
holds for

K(y)=e"/4,

3)

“4)

®)

problem (4)—(5) is associated with the Hilbert space L2(K), the set of measurable functions f = f(y) defined in RY

such that
5 1/2
||f||2,1<={/|f(y)| K(y)dy} < fo0.
RN

We also take

H™(K) = {f e L*(K) | D% f e L*(K) for any multi-index « in |«| <m},

where m = 1,2, .... Itis a Hilbert space provided with the norm
, 12
IIfIIHm<K>={ > ||D°’f||2,K} :
la|<m

This L is realized as a self-adjoint operator in L2(K) associated with the bilinear form
A v) = [ Vu) - VoK) dy
RN
defined for u, v e H'(K) through the relation

Ak u,v) = (Lu,v)x, wueD(L)C H'(K), ve H(K),
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where

(u, V) = / u(y)v(y)K(y)dy,
RN
see [13], for the general theory of the bilinear form. The domain D(L) of this operator is the set of v € L?>(K)
satisfying Lv € L*(K), and we have D(L) = H*(K), see Lemma 2.1 of [14]. It holds also that L is positive self-

adjoint and has the compact inverse, and in particular, the set of normalized eigenfunctions of L forms a complete
ortho-normal system in L?(K). The first eigenvalue A1 of L is given by A; = N /2, and hence the Poincaré inequality

Mlvlz g <IVVIZ g, ve H'(K), (6)
is valid, see Proposition 2.3 of [5].
We have
N 1 N -2
AM=— = =
2 p—1 4
and therefore, the operator
1
A=L— ——
p—1

in L2(K) is also positive self-adjoint with the domain D(A) = H 2(K). The fractional powers A% and the semigroup
{e”A}@o are thus defined in L*(K), where « € [0, 1]. These structures guarantee the well-posedness of (4)—(5)
locally in time. Later, we shall show the following fact.

Proposition 1.1. Each ug € H'(K) admits T > 0 such that (4)—(5) has a unique solution v € C([0,T1; H' (K))
satisfying the following:

1. ve C((0,T]; D(AY)).
2. v(s) = e Aug + fje= "4 (o) [P v(0) do.

3. 1img 05”2 AVv(s) 2.k =0,

where
=N/(N+2) (N2=5),
vy e@/3 1) (N =4),
=4/5 (N =3).

We call v =v(-,s) the H'(K)-solution, or simply the solution to (4)—(5). Proposition 1.1 assures local in time
unique existence of the solution u = u(-,t) to (1)—(2) for ug € H'(K). Also, this v = v(-, s) coincides with the
solution discussed in [14]. Henceforth, 7, (K) € (0, +00] denotes the supremum of T such that the solution v = v(-, 5)
to (4)—(5) exists for s € [0, T']. The local existence time T assured by Proposition 1.1, however, is not estimated from
below by [[uoll g1 (k- Consequently, we cannot conclude

fimsup [v(5) 1) = o0
from 7;,(K) < oo (cf. Theorem 1.10(ii) of [14]), similarly to the case of the bounded domain, see [9]. Henceforth,
we put T = T, (K) € (0, +oc] for simplicity.
In this paper, we show that the orbit made from the above mentioned solution is classified in the following way.
We emphasize that the solution # = u(-, t) may be sign-changing.

Theorem 1. I[f u = u (-, ) is the solution to (1)~(2) with ug € H'(K) and p = Y15, N > 3, then we have the following
alternatives.
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1. T =00 and imsup, ; ;oo 1"/ [Ju ()| oo < +00.

2. T =400 and lim/4 400 tN=2D4u(t)] oo = +o00.
3. T < +o0 and limyy7 lu(t)|loo = +00.

Ifup =uop(x) 20, ug £ 0, the first case is refined as T = +oo with

||u(t)“oo~t_N/2 astt+oo. (7
Here are some comments.

1. There is an analogous result concerning sub-critical nonlinearities [15]. Thus, if ug = ug(x) > 0 and 1 + % <

p< %—J_r%, then we have the following alternatives for the solution u = u(-, t) to (1)—(2);

(@) T =+o0 and (7).

(b) T =400 and [lu(t)|leo ~ 1~ /P~D ast 4 4o00.

(¢) T <+o0.

The second case of this result indicates the decay rate with that of the self-similar solution. Our Theorem 1 is,
actually, associated with the non-existence of the self-similar solution for the critical Sobolev exponent [14], see
Proposition 5.1 below. The second case of Theorem 1, thus, may be called “type II rate” at + = +o00 because
1/(p—1)= (N —2)/4 for p= N+2.

2. The second case of Theorem 1 arises if the orbit is floating globally in time in the rescaled variables (3). Such
a case occurs actually if up = ug(x) is a non-trivial stationary solution. In fact, in contrast with the case of the
bounded star-shaped domain provided with the Dirichlet boundary condition, problem (1)—(2) admits a family of
non-trivial stationary solutions, normalized by

—AU =U?, 0<U<LU®O)=1 inR"Y, ®)

see [1,3]. As for the solution converging uniformly to O in infinite time, however, there remains two possibilities —
the first and the second cases of Theorem 1.

3. Positive radially symmetric solutions have been studied in detail. Particularly, analogous results to Theorem 1
are obtained [21], in accordance with the threshold of the modulus of the initial value for the blow-up of the
solution. Its proof, however, uses the intersection comparison principle and is different from ours. The blow-up
profile is also known by [12]. Thus, T = +o0 implies the existence of lim;4 o lu(#)]lco = a € [0, +00] for a
suitable family of radially symmetric positive initial values. If o # 0, the second case of Theorem 1 arises. It
holds, furthermore, that

w) = Ju)| LU (e T3 + o)
as ¢ 1 +oo in H'(RY), where
H'(RY) = {ve L2 (RY) | vve L2(RY)")
and U = U (y) > 0 is the normalized non-trivial stationary solution defined by (8).

Our proof of Theorem 1 is involved by the imbedding theorem concerning H' (K ). Henceforth, L9 (K ) denotes the
Banach space composed of measurable functions f = f(y) defined in RV such that

1/q
||f||q,1<:{/!f(y)}"l((y)dy} < 400
RN

for g € [1, c0) and

I flloo,x = esssup| f(y)| < +o0
yeR¥N

for g = 0o. The space L>(K) = L*®°(R") is thus compatible to the other spaces, i.e.,
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lim £k = 1flloc.. S € L'(K) N LY (RY). )
Although the inclusion

LP(K)CLY(K) (1<q<p<o0)
fails, we have

H'(K)c L¥ (K)

for 2* =2N /(N — 2) = p + 1. More precisely, Corollary 4.20 of [5] guarantees the following fact, regarded as a
Sobolev—Poincaré inequality.

Proposition 1.2. It holds that
Sollvll? 1k + Allvl3 g <IVVIE g, veH'(K), (10)
where A, = max(1, N/4) and Sy stands for the Sobolev constant:

So = inf{[[Vv]|3 | ve CP(RY), [[vllp+1 =1}

We introduce the functionals

! 2 Ao 1 p
Jg () = §||VU||2,K - §||U||2,K - m”v”pH,K
and
+1
Ix @) = IVoll5 g = Mlvli5 g = lvI5T) &

defined for v € H'(K), where A = 1/(p — 1). Then, the potential depth of Jx in H'(K) is defined by

do = inf[ sup Jx (uv) | v e H'(K)\ {0}],

wu>0
and it holds that
1 1 _ 1
do=(5———)syt/e=b— —_gV? . (11)
2 p+1 N
Here and henceforth, || - ||, indicates the standard L9 norm on RY . The stable and unstable sets to (4) are defined
by
Wi ={ve H'(K) | Jk (v) <do, Ix(v) >0} U {0}
and
Vi ={ve H'(K) | Jk(v) < do, Ix(v) <0},
respectively.

Theorem 1 is proven by the study of the above defined stable and unstable sets. First, if the orbit enters in the stable
set, then v(-, s) converges to 0 in infinite time.

Proposition 1.3. If v = v(., 5) is the solution to (4)—(5) satisfying v(sg) € Wk for some sg € [0, T), then it holds that
T =400 and
2 .
”VU(S)“z,K =0(e™™) (12)

as s 1t +oo, where o € (0, 1).

If the orbit enters in the unstable set, on the contrary, then v(-, s) blows up in finite time; the following proposition
implies Theorem 1.10(i) of [14].
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Proposition 1.4. If the solution v = v(-, s) to (4)—(5) satisfies v(sg) € Vi for some sqg € [0, T), then it holds that
T < +o0.

The orbit {v(s)} is, thus, floating in the other case than the ones treated in Propositions 1.3-1.4, i.e., v(s) ¢ (Wg U
Vi) for s € [0, T'). In spite of the possibility of the floating orbit blowing up in finite time, the following proposition
is sufficient to classify the orbit to (1)—(2) as in Theorem 1.

Proposition 1.5. If the orbit {v(s)} is floating globally in time, then it holds that

Jim [06) | =+ (13

This paper is composed of six sections. Section 2 takes preliminaries. We confirm inequality (11) and Proposi-
tion 1.1. In Section 3, we prove Propositions 1.3 and 1.4 by the study of stable and unstable sets. Section 4 describes
the L9(K)-theory of L. Using this, we study the floating orbit and show Proposition 1.5 in Section 5. The proof of
Theorem 1 is completed in Section 6.

2. Preliminaries

This section is devoted to the preliminaries. First, we show (11), noting that

sup Jg (uv) = Jx () [p=p+

n>0
holds for
Vol x —Alvl3 )V P=D
*:{ 2,Kp+] st} and vEHl(K)\{O}-
1025 &

Then, it follows that

Ti (i) p—1 {IIVvH%K—/\nvngK}<p+1>/<p—1>
sup Jg (uv) = > s
Il I
and hence
do = E_L S(p+l)/(p—1)
2 p+1)7 .
where
VI3 & — Alvli3
II2, ¢
We have, however,
1 N-2
A= —— = — ,
p—1 4

and therefore, Sy = So by Theorem 4.10 and Lemma 4.11 of [5]. This means (11).
Next, we confirm the operator theoretical feature of L in L?(K) described in the previous section. It is actually
involved by the Schrodinger operator with harmonic oscillator;

K'2LK\V2P=H=-A+V(©),
where
N |y

Vi) =~ 4 21
M=7*7

This H is associated with the bilinear form
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Au,v) = f(Vu(y) Vo) + V()u()v(y))dy
RN
defined for u,ve H 11 (RM) through the relation
A(u,v) = (Hu,v)
foru e D(H) C H! (RV) and v € H| (R"), where
A (RY) = v e H'(RY) |yl e L2(RY))

and (,) denotes the L? inner product. It is realized as a positive self-adjoint operator in L>(R") with the compact
inverse, because the inclusion H (RY) C L?(R") is compact. Now we show the following lemma.

Lemma 2.1. The domain of H in L>(RYN) is given by
D(H)=H;(RY)={ve H*(RY) | |y|*ve L*(RY)}.

Proof. The inclusion H22 (RN) c D(H) is obvious. We show that v € H 11 (RM) with

—Av+Vv=geL*(RY) (14)
implies v € H 2(RN ). In fact, from the proof of Lemma 2.1 of [14] we have

f((Av>2+V|Vv|2)dy<cN||g||% (15)

RN

with a constant Cy > 0 determined by N. This implies v € H>(RY), and then Vv € L>(RV) by (14). We obtain
D(H) C H22 (RM) and the proof is complete. O

For later arguments, we describe the proof of (15) in short. First, (14) implies, formally, that

/((Av)2+Vv-(—Av))dy:/g(—Av)dy

RN RN
and
1 1
/Vv~(—Av)a’y:/(V|Vv|2+EVV-VUZ) dy=/<V|w|2— EUZAV> dy.
RN RN RN

Then, (15) holds by

N
/((Av)2 + V|Vu]?)dy < TVl + liglz - 1 Avil2.
RN

To justify these calculations, we note that v € Hl%) C(RN ) follows from (14). Next, taking ¢ € C(‘)’o (RV) such that

0<@<l1, supppcC{lyl<2}, ¢=1 forly/ <1,

we multiply —Av - ¢, by (15), where ¢, (y) = ¢(y/n). Then, (14) is obtained by making n — +o0c. Henceforth, such
argument of justification will not be described explicitly.

Lemma 2.1 establishes the operator theoretical profiles of L as is desired; it is realized as a positive self-adjoint
operator in L%(K) with the compact inverse and the domain D(L) = H 2(K). Here, we note the following lemma.

172

Lemma 2.2. The multiplication K /< induces the isomorphisms

L*(K) = L*(RY), H'(K)= H] (RY), H*(K) = H3 (RM).
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Proof. It is obvious that K!/?: L?(K) — L*(RY) is an isomorphism. To confirm that K'/2: H'(K) — H| (RV) is
an isomorphism, we take v = K'/2u € L2(RV), given u € H'(K). Since

Vv:Kl/ZVu—Ir%v, (16)
it holds that
1
K|Vu|2=‘w—§v TR A R e
Using
1 1 N
_ ~V2d - _ V. Zd _ zd,
4/y v-ay 4/( yv-dy ) /U y
RN RN RN
we obtain
N 1
/|W|2Kdy=/ Vo> + [ = 4+ —y* Jv* t dy,
4 16
RN RN

and therefore, yv € L2 (RM)V and Vv € L>(RV)VN. This means v = K'/%u € H!(R"). Given v € H(R"), con-
versely, we take u = K12y e L2(K). Then, Vu € L2(K)" follows from (16).

To show that K!/2: H*(K) — H3(R") is an isomorphism, first, we take u € H*(K) and put v = K'/%u €
L*(RY). Since u € H!(K), it holds that v € H] (R") and hence yv € L*(R")". This means

yueL*(K) (i=1,2,...,N). (17)
It also holds that Vu € H'(K)" and hence
0
Vi e L2(K) (,j=1,2,....,N) (18)
dy;
follows similarly. The right-hand side of
d

du
) =8 ) ,
8){,’ (yiu) iju+yi 8)’./

therefore, belongs to L2(K), and hence yu € H'(K)" follows from (17). This implies
|yI>u € L*(K) (19)
similarly to (17) again, which means |y|?v € L>(R"). Finally, the right-hand side of

3%v Pu VK du VK VK  u
=Vk + Vg iy Y
8y,- ay.,' ay,'ayj 4 8y.,~ 16 4 8y,~
belongs to L2(RN) by (18) and (19). This means v € H?RN) and hence v = K2y € H22(RN).
Given v € H(RV), conversely, we take u = K /2y € L?(K). Since v € H|(R"), it holds that u € H'(K). The
right-hand side of
9%u v K2 v K712 L
K12

TR i S Ty e e

on the other hand, belongs to L2(K ) because of v € H22 (RV) and the following lemma. Then, we obtain u = K 12y e
H?(K) and the proof is complete. O

Lemma 2.3. If v € H7 (RY), then it holds that

9
Vi e L2RY) (i, j=1,...,N).
dyj
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Proof. Henceforth, C denotes a generic large positive constant. It suffices to show
1y Volla < Cllvl ) (20)

for v e C3°(RY), where

2 INEE
g ={ X (0% + o))

lo] <2

This inequality is obtained by

v \? 9 v v 9%v

2 2 2

yi| — dy:—/—(y- —)vdy:—/(Z(S-‘y‘—v—}-y-—v)dy
R{ ’(8%) g, i\ oy SNy oy

3%

ov
<2llyivllz - e
8yj

a;

+ vl |53
2 2
and the proof is complete. O

Lemma 2.4. The operator A =L — ﬁ in L2(K), positive, self-adjoint, and with the compact inverse in L*(K), is
provided with the following properties:
1. D(A) — L4(K) for
=% (N 25),
gy €l(2,00 (N=4),
€[2,00] (N =3),

where 2** =2N /(N — 4).
2. llap,x < CIAN/NFDy|l, k for v e D(AN/ N+ where C > 0 is a constant.
3. limg g s? ||A7/e_SAv||2,K =0, where y > 0 and v € L*>(K).

Proof. The last fact is a consequence of the general theory, because A is a positive self-adjoint operator in L>(K),
see [9]. To show the first and the second facts, we use the relation derived from the interpolation theory, see [7], that
is,

D(A%)=[L*(K), H*(K)], = H*(K),
K2 HY(K) — [Lz(RN), H%(RN)]Q is an isomorphism,

where 6 € (0, 1).
In fact, we have

HPNWE(RY) = [L2(RY), HX(RY)] ) o)
2706, L9060], = (K7L (RY), KL ()], = K7L (RY) = 2760
K@) g2 (K) — L*P(RY) is an isomorphism,

(N LZ”(RN),

and therefore,
= K_I/Z[LZ(RN)’ H’ (RN)]N/(N+2)
— K122 (RN) = gAYV 2P (k) s L2P(K).

N/(N+2)
— K2 2N/ (N+2) (RN)

This means the second case.
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The first case is proven as follows. If N = 3, we have H2(R"Y) — L"(R") for 2 < r < co. Then, it holds that
D(A) = H*(K)= K~ '?H}(RY) — K~ '/2H*(RV)
— K217 (RY) = LI(K)
for2 <g <r,r >2andr =gq =2, and therefore,
H*(K) = LY(R")

for any 2 < g < o0.
If N =4, we have H2(RY) c L"(RV) for any r € [2, 00). Then, it holds that

D(A) = HX(K)= K '"?Hf(RY) — K~/ H*(RY)
— K7'2L"(RY) = LI(K)
for2 < g <r,r >2and r =g = 2, and therefore,
H*(K) < L(K)
for any 2 < g < oo. Finally, if N > 5, it holds that
H2(K) = K~2H2(RY) <> K—12L27 (RN) = k=242 127 (k) oy 1277 (K).

The proof is complete. O

Once Lemma 2.4 is proven, Proposition 1.1 is shown similarly to [9]. It suffices to use

| £ @) = £, ¢ < CIllap.x + 10ll2p.&) "l = vllap.&

for f(u) = |u|P~'u. The following proposition is also proven similarly.
Proposition 2.1. Ifug € H LK) and v = v(-, 5) denotes the solution to (4)—(5), then we have the following properties:

1. fst||v,(r)||%’,( dr + Jx (v(@t)) = Jxk (v(s)) for t,s € [0, S).

s €10, 8) — Jg (v(s)) is monotone decreasing.

v(sg) € Wk (resp. Vk) = v(s) € Wk (resp. Vi) for s € [so, S).
SO I3 ¢ + Ik (v(s)) =0 for s €0, S).

Ll

The H!(K)-solution v = v(-, s) to (4)—=(5) is regarded as the HY(K)-solution u = u(-, 1) to (1)—~(2) through the
transformation (3). It is also the L'-mild solution of [16], and is provided with the following properties.

Proposition 2.2. If ug € H'(K), we have

d d
TIw®) =~[u®|; and - Jum];=1(w)

for the solution u = u(-, t) to (1)—(2), where

p+1 o 2 p+1
ijl||14||,,+1 and  I(u) = [[Vully = llull),; ;-

) = 2 1Vul3
w) =S IVullz
3. Stable and unstable sets

In this section we prove Propositions 1.3 and 1.4.

Lemma 3.1. If v = v (-, 5) is the solution to (4)—(5) satisfying v(so) € Wk for some sg € [0, T), then it holds that

[ [25) ¢ < A= (Vo |3« =2 [v@)]5 ) 1)

fors € [sg, T), where y € (0, 1) and ) = ﬁ.
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Proof. First, Proposition 1.2 implies
+1)/2 +1 (p+1)/2
STV ¢ <1Vl = Aol )T
—1)/2
< (IVoll3 ¢ = HvIB ) (IV013 5 = Raellvl3 ) 7"

for v e HY(K). Next, if v € Wk it holds that

Tk @) = =L—— (VI3 ¢ — AlIvli3 )+#1K(v>
2(p+1) 2.K 2K p 41
b
> m(||Vv||%,1< — Allvli3 ¢)
p_
> m(n%nh — MVl ) > 0.

Let v = v(-, s) be the solution to (4)—(5) satisfying v(sg) € Wk . Then v(s) € Wi holds for s € [so, T) by Proposi-
tion 2.1. Using the above inequalities, we obtain

2p+1) (o
S e AL R (LT CT R Y MBI

<{2(p+1)

(p=D7/2 5 5
LD sen)| (VO = 2ol )

for 2* = p + 1. Since

P=1 pti/p-1
dy=——35, > Jrx (v(so)),
0 20+ 1) 0 K( ( 0))
it holds that
e [2(p+ 1) (p=1/2
yzl—Soz/z{ﬁfK(v(SO)) € (0, 1).
Then, inequality (21) follows. O

Proof of Proposition 1.3. First, we show T = 400, assuming v(sg) € W for some sg € [0, T). In fact, if v € Wk is
the case, then

1 2 1
IP L] < IVli3 ¢ = Alvli3 ¢ < ﬁnvnzgk +2dy
and hence
2
Iolh) < g/
by p= ”+2 and dy = 1 S”/2 This implies
Vol x = AvIB ¢ < —Ilvll”ii  +2do < Sy
5 5 p+1 )4
Since v(sg) € Wk, we obtain
. 2 2 2
hmsup{HVv(s)||2 K~ )‘HU(S)”z K} < Sg/ ,
AT ’ ’
lim sup||v(s) Hﬁ < S"/2 (22)
st T
and hence
limsup || Vu(s) |,  <+o0 (23)
T ’

by Proposition 1.2.
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Inequality (23) then implies

2
So[u®[}4, <IVu) 3= Vo < [Vow) |5, <€
with a constant C > 0 independent of 7 € [0, T), where Tp = e’ — 1, and therefore,

lim J(u(t)) > —00
t1To

for J(u) = %HVM ||% p+1 ||u||§i}. Then, the blow-up analysis guarantees
l1msupHu(I)Herl Sév/z
1T

similarly to the bounded domain case, see [11], and therefore,

Pl GN/2

p+1LKZ p+1 700 >

hstTup”v(s)‘ p+1

hmsup”v(s)| = hmsup”u(t)”
stT 1Ty

a contradiction to (22). Thus, T = 400 follows.
The proof of (12) is similar to that of [9]. First, v € Wk implies

-1
> 37 ™ - M3 ¢ (24)

with 0 < A = %1 < Ay by (22) and Lemma 2.1. If v = v(-, s) is the solution satisfying v(sg) € Wk for some sg €
[0, +00), then it holds that

B

1
[ 1wy =5 (1v)1 = Tl )

N
p+1
(P =D —2)
by Proposition 2.1 and (24), where so < s < s1. Since Lemma 3.1 implies
y(IV) [k = HvO 5 ¢) < I (v65))
by v(s) € Wk, it follows that

Ik (v(s)) (25)

1 2
<Al <

1
Ik (v5) = 3 1TV =4 ) + Tk ()

<< p-1 | 1 >IK(v(s)). (26)
2v(p+1)  p+1

Inequalities (25) and (26) imply

“+o00

/ Jk (v(r) dr < Mg (v(s))

N

with a constant M > 0 independent of s € [sg, +-00). Then, inequality (12) is obtained by Komornik’s method, see
[17], and the proof is complete. O

Lemma 3.2. If v =v(-, s) is an H'(K)-solution to (4)—(5), satisfying v(so) € Vi for some so € [0, T), then there is
8 > 0 such that

[ 271 ¢ = A+ Vo® 5, = @5 ¢} 27)
fors € [so, T).
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Proof. If v € Vi, we have Ig (v) < 0, and therefore,

Ap+D, {IV0l13 ¢ = Aellvl3 g} P D/ P=D
0
- p+1 _
Pl (ol 52D
(Vo2 o = A3 )P HD/ (=D

(VoI5 ¢ — Mvl3 ¢ )/ P=D

=IVoll3 x = MVl (28)
by Lemma 1.2, (11), and A, > A =1/(p — 1). Proposition 2.1, on the other hand, implies

—1
1k (1) = Fo= (Vo) 3, = 2[v©) 3 ) = (P + DIk (v06))

—1
P 17_2 (HVU(S)”;K —)\.”U(S)”;K) —(p+ I)JK(U(S()))

—1

S T (IVv@ 3« =) ) = 0+ D1 = e0)do (29)
for s > 50, where

Jk (v(s0))
—_ >

e=1-— @ 0.
We shall show
—1
(Ve 5 ¢ = 2v@)] ¢) = (p+ D~ c0)dy

>5(IVe® |« ~ v 4) (30)

for 6 = (p — 1)€g/2 > 0. Then, (27) will follow from (29).
For this purpose, we use

—1
E= (Ve 5 ¢ = v@)]; ) = (0 4+ D1 =)o = 3(| Vo) = 2[v0)]5 4)
—1
- <p 2 ‘3>(”W<S>H§,K —Av@)3 x) = (p+ D1 = e0)do
-1 1
=g I (Voo x =2 5 ) = 0+ DIk (v60)
p—1 1

2(p + 1)d,
= 5 d_o . JK(v(so))(”Vv(s)H;K — )\,HU(S)”;K — Tlo>

The right-hand side of the above inequality is non-negative by (28), and therefore, (30) follows. O

Proof of Proposition 1.4. The argument of [9] for the case of the bounded domain is not valid here, because
LPH(K) c L*(K) does not arise. To avoid this difficulty, we suppose the contrary, T = +o0. It holds that v(s) € Vx
for s € [sg, +00) by Proposition 2.1, and hence

N 1
1k (0) 2 3(1Tv0 | = A0 ) 25(5 — 57 )l

by (6) and Lemma 3.2. This means

1 d 2 2
2 %”v(s)Hz,K > 01 ||v(S)||2,K

by Proposition 2.1, where

N 1
S1=0{7———]>0,
2 p-—1

and therefore,
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oI > o2 e

is obtained for s > s¢.
We have, on the other hand,

s 12
v, ¢ < w0, + —so)”z{[Hvs(ﬂllﬁ,Kdr} :
50

which implies

oI < 260 3 +20 = 50) [l e
S0

and hence

lo(s0) I3 (2160 2
2(s — 50)

Tk (v(50)) = Ik (v(s)) = / [us )3  dr >
S0

for s > so. In particular, there exists s1 > so such that

Jx (v(sl)) <0,

which, however, induces 7' < 400 by Theorem 1.10 of [14], a contradiction. O
4. L9-theory of the generator

To study the floating orbit in detail, the L9-theory of L is useful. Henceforth, we define the operator L, in LY (K)
by

D(Lg)={ueL!(K)|LueL!K)}

and Lyu = Lu for u € D(L,), where Lu = —%V - (KVu) and 1 < g < oo. This definition is consistent to L = L,
the positive self-adjoint operator in L2(K) with the domain D(L,) = H2(K). Here, we recall the following facts,
see [14].

First, —L, generates a holomorphic semigroup in L?(K), denoted by {e~512} s>0- Second, A1 = N /2 is the first
eigenvalue of L,, and hence the semigroup {e~* (LZ_’“)}@O is bounded in L?(K). Finally,

e ug ||Lq(1<) < luollLa k) L

is valid for ¢ € (1, 00) and ug € L9(K) N L*(K), and therefore, —L, generates a (Cp) contraction semigroup in
L9(K), compatible to {e_SLZ}@() in L2(K).
The following theorem has its own interest, where

W™4(K)={veLI(K) | D% € L1(K), |a| <m}.
Theorem 2. The operator —L, + X\ generates a bounded holomorphic semigroup in LY(K) with the domain
D(Ly) = W>9(K) (32)

foreach 1 <q < oo.

The fact that —L, + A generates a bounded holomorphic semigroup in L9(K) compatible to {e_S(LZ_’\l)}S>0
in L?(K) is a consequence of the general theory of Markov semigroup, see Theorems 1.4.1 and 1.4.2 of [4]. This
semigroup in L7 (K) is henceforth denoted by {e (L4 _)‘1)}320. Now we shall show (32).
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Lemma 4.1. It holds that

fIqulvlqK(y)dy<quIVvlqK(y)dy (33)
RYN RV

forve WH4(K), where 1 < g < oo and Cy > 0is a constant.

Proof. In terms of the polar coordinate y = rw with r = |y|, the left-hand side of (33) is equal to

/ da)~/rqK(r)rN_l‘v(rw)Vdr:— / da)~/I(r)|v(ra))|q_2v(ra))vr(rw)dr,

lw|=1 0 lw|=1 0

where K (r) = ¢"*/* and

r r

I(r)=q/sN+q_1K(s)ds=q/sN+q_lesz/4ds.
0 0
We have
o0 1/q'
/|y|q|v|‘1K<y>dy<{ / dw./r“Q’mr)ﬂ’Z'\v(rw)Vdr}
RV lw|=1 0

1(’) q Y
{ f d(,()f O;{K,( )ﬁ_|vr(‘0))| d}}
0

|w|=1

for (1/q)+ (1/¢')=1and «, B € R. Putting B =1/¢" and « = (N + g — 1)/¢’, we obtain

i I(r)? v, v
r ()
q q r
flyl [v] K(y)dy<{ / /rwfl)(lvwfl)[(qfl drda)}
RN

lwl=1 0

.{/

lew|=1

00 /¢’
/rN+q—1K(r)|v|qdrda)} ,
0

and therefore, inequality (33) will follow from

I(r)? N
S DD (a1 S Car KO,

or equivalently,
1) < C)/* - rNH2K (). (34)

Inequality (34) is immediate, because

) 2 r 2
1) =N H2K () — (N 4 g — 2)/sN+q—3K(s)ds} < =rVHTIR ().
q
0

q q

The proof is complete. O
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Lemma 4.2. The multiplication K/ induces the equivalences

LY(K)=L1(R"), (35)
Wwh(K) =W (RY) = {ve WHRN) | yve LI(RY), 1<i <N}, (36)

W2 (K) = w24 (RY) = {v e W2 (RV) | |y2v € L9(RV)) G

for1l <q <oo.
Proof. Relation (35) is obvious. Given u € W4 (K), we take v = K'/9u and obtain

Vo= K4V + %veLq(RN)N (38)
q

by Lemma 4.1. This implies v € W TRN). Ifv e W “4(RN), conversely, then "” € L4(K) by (38), and hence (36)
follows. Finally, relation (37) is obtained similarly to the case ¢ =2 of Lemma 2 2 because the following lemma is
valid. O

Lemma 4.3. [f v € W3/ (RY), it holds that

v
L 9 (RN
y,ayjeL (R"Y)

for1<i,j <N, wherel <q < o0.

Proof. The proof is similar to that of Lemma 2.3. It suffices to use

/ aqu /a[| |q8vq280i| p
yim—| dy=— Vi -vdy
layj 0y; ! 0y; ay;
RN RN
v 1972 v 1252,
— [laiie-2y:s b+ Iyi19-2C _1‘_ ) zv}d
/[quzl Yibij o,y lyil* (g = 1) ayf yjv|dy
RN
du 97! v 972 || 9%
<qyiz—| vl @=Djyi— |Iy3oll,
Yjllg Yillg ayj q

forve CPRY). O

Proof of Theorem 2. We have K'/4 LK~/ = H, for

1 2
Hyv=—Av— 5(1 - —)y-Vv—i— VaO)v,
q

where V, (y) = 2% + & |y|2 witha=1—-1Ifve W “I(RV), it holds that Hyv € LY(RY) by Lemma 4.2. Thus, it

suffices to show that v € LY (R") and qu =ge LIRY) imply v e W2 9(RN),
In fact, we obtain

/ Hyv - (y)?9 D p9=2p4d

RN

with (y) =+/1 + |y|2. First, we have
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/(—AU)(y)z(q_l)lvlq_zv dy = / Vo - v(( )2(q—l)|v|q—2v) dy
RN

(q—l)/ 21l) 72V - V() 20) dy

=@-1 / ()24 172Vl + 2((y)2[v])? vy - Vo) dy
RN

2q-1) .
>q—/<y>2<q Dy Viuld dy

RN

=—2(qq_ 2 / WI7V - ()24 y) dy

with
V()27 2y) = ()24 2(g = 2)|y1* +n(3)?} < (2(g — 2)4 + N)(y)?@?

and

_ -1
f<y>2<q Ploltdy < lvllg - [0
RN
Next, we have
0< V- ((n*7Vy) = (1)*72{2(g = DIYP + N ()} < (2g = D+ N) ()2
and hence

! -
0< - /(y V) ()2 Pl 2vdy——gf<y>2<q Dy Vivl?dy
RN

2(q— 1)+ N
/|U|f1v )21 )dygu/wﬂ(yﬂ(qfl)dy
q

—-1D+N _
annq-nwﬂvnj g

//\

Since

a? ,  aN . a? aN 2
Vq(y)zzlyl —i—T}mm T (7,

it follows that

-1 _

min { }H o7 < (C’T)(z(q—znwv)nvum||<y>2v||j‘
1 2 2@—-D+N 2 -1
+3(1-2) T ol ol

This implies V,v € LY(R") and hence v € Wf”f ®RY). O
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5. Floating orbit

This section is devoted to the proof of Proposition 1.5. First, Theorem 2 guarantees that eachm = 1,2, 3, ... admits
6 > 0 and C > 0 such that

|ame= 4], ¢ <CsT"e P ullg.k (39)

for s > 0. Next,

KV wma(K) — Wy I(RY) = {ve w4 (RY) | [y|"v e LI(RY)} (40)
is an isomorphism for m =0, 1, 2, . ... In fact, this relation with m =0, 1, 2 is proven in Lemma 4.2, and the other
case is obtained by an induction based on Lemmas 4.1 and 4.3.

From

D(A7) = [L1K). W], )y =[K 1L RY), KWy (RY)],
— [K~VILI(RY), K~Iw2a (RN)]l/z =K~VILY(RY), wI(RY)]
= K~ 4w (RY) — Kk ~11L®(RV) — L®(RY)

172

forg > N, e.g., it follows that
v(s) e L®(RY), 0<s<T, (41)

where v = v(-,s) denotes the solution to (4)—(5). Thus, we may assume uy € H 1(K) N L®(R"N) without loss of
generality.

Lemma 5.1. Any A > 0 admits §(A) > 0 such that ||uollco,xk < A implies
o) lloo,x <24, 5 €[0,8(A)],

where v =v(-, s) is the solution to (4)—(5) with ug € H'(K).
Proof. We apply the L>-energy method of [19]. Taking m > 1, we multiply [v|"~'vK to (4). It follows that

1 d 1
——||v||;';,(=—m/|Vv|2|v|’"‘11<dy——/|v|’"+1dey+/|v|m+"Kdy
mds ’ p—1

RN RN RN
m+p p
<Ml p x < Illsollvlly, -

and therefore,

d
@l ¢ < @I, .-

This implies

1< 00 o [l 1)
0

Sending m 1 +o00, we obtain

[v@ oo x < 0@ Hoo,Kexp<va<r>Hi’.odr>
0

by (9). The assertion thus follows from [|v||ec. & = [[V]lco- O

To complete the proof of Proposition 5.1, we use the following proposition obtained by [5].
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Proposition 5.1. [f A < N/4 and p = %—J_r% N > 3, there is no non-trivial solution v =v(y) € H'(R") to
1 -1 . N
—Av—§y~Vv=|v|p v+iv inRY. (42)

We apply also the fact that T = 400 in (4)—(5) implies

limsup|v(s)||, , < +o00. (43)
sP+oo ’
This is derived from Poincaré’s inequality (10), similarly to the prescaled case on the bounded domain, see [18,2,23].

Proof of Proposition 1.5. From the assumption, we have 7' = 400 and
Bk = lim Jg (v(s)) >dy > 0. (44)
sP+00
If (13) is not the case, we have A > 0 and s 1 400 such that
lvesi] <A, k=1.2,...,
and then we obtain
Jves +s0)|,, <24, s€[0,8(4)], (45)
for §(A) prescribed by Lemma 5.1. We may assume
Sk+1 > Sk +68(A), k=1,2,...,
and in this case it follows that
s+8(A)
. 2
jin [ )] ds =0
Sk
from (44). Thus, there is s, € [si, sy + 8(A)] such that
Jim o, (5)], = 0.
By (43), on the other hand, we obtain
|7k (v(se)| = | (v(s2)- vs (52)) | < Cllus(s2) 5 -

where

(f,g)K=/f(y)g(y)K(y)dy,
RN

and hence it holds that
klinolo I (v(s)) =0. (46)

Thus,
= lim (o) = 5o tim {[9u()]3  ~ 2 [o(s0) ) @
st+oo 2(p+ 1) k—+oo : ;
follows from

p—1
2(p+ 1D

_ 1
wherek—pfl.

1
Tk (v) = {IVoll5 & = Alvll3 ¢ } + ——Ix ),

p+1
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Since Proposition 1.2 implies
2 2 2
||VU(S1/c)”2,K - )‘””(sl/c)nz,l( Z “”VU(SI/c)Hz,K
with u =1—A/A; > 0, we now obtain

|Vo(si) 5., = O

Here, Rellich’s type of compactness theorem holds in the inclusion H LK) = L*(K) by Lemma 2.2, and therefore,

we have

v(sp) = v weakly in H'(K),
v(s;) > v strongly in L?(K)

passing to a subsequence. This v € H!(K) is a critical point of Jx, and therefore, v = 0 by Proposition 5.1. We have,

furthermore, [[v(s;) [l < C by (45), and therefore,
1 2 —1
Jo(st) = vse) 175k < lo(s) = vlst) [ o (st) = vise) |12 =0
as k', ¢/ — oo. Thus, it holds that
v(s;) > 0 in LPTI(K) and L*(K).
We now obtain
2
||VU(SIL)||2,K =
by (46), and therefore,

i = Jlim T (u(s1)) =0.

1

2 1
ﬁ ||v(s,/() ||2,K + “U(Sl/c)\ iII,K + (U(Sl/c) Us(sl/c))k -0

a contradiction. 0O

6. Proof of Theorem 1

If the orbit enters in the unstable set Vi, then T < 400 occurs by Proposition 1.4. For the floating orbit global in

time, next, Proposition 1.5 is applicable. It holds that
; 1/(p—1) = 1i — 1 —
Jim 10V @] = tim [v0)] = fim [0 = oo,
and therefore,

; (N=2)/4 _
t%lfcl)ot Ju@®],, = +oo.

If the orbit {v(s)} enters in the stable set Wk, finally, Proposition 1.3 is applicable. We have T = 400 and (12),

and therefore,

XHHOO”U(S)”HI(K) :S%i_{noonv(s)”p-i-l,l( =0
by (10). Then it follows that

Jim @], =0
from

O] Ml HOTMWES HO] Mwpe

HCI‘G, Wwe may assume

(48)

(49)
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ug € L'(RY, (1 + |x])dx) N L= (RY),

regarding (41) and

1/2
/(1 + le)uo(x) dx < ||M0||2,K{ /(1 + I)cl)zl((xf1 dx} < 4-o00.
Rll RN
Relations (49)—(50) imply

Jim M2 a@)] , < oo

by Theorem 4.1 of [16]. If
up>0 and wug#0,

furthermore,

2
u(t) —meo(dmet)™ N/zexp(—u>H ct~ /2

holds by Theorem 4.1 of [15], where C > 0 is a constant and

N2

0<me = sup”u(t)”1 < 400.

(>

Then, (7) follows.

Remark 6.1. When (49)—(50) arises, we have

suplu(o)], < +o0
>0

=

by Theorem 4.1 of [16]. If (52) is the case, furthermore, it follows that

2
u(t) — moo(4t)~ N/zexp( ] )
q

lim $—V/aN/2
4t

tP+o0o

for g € [1, oo], see Lemma 3 of [6]. This relation is refined as

2
tU=1/aN/2 u(t)—moo(47rt)N/2exp< al )H <cr 12

by (54) and |x|?ug € L' (RV), see [10].
Remark 6.2. If
( 2 2
/ ugy + |Vuo| )K(x —a)dx <+00
RN
is assumed for any @ € RV, we can argue similarly to the prescaled case [9] to derive

lim ||v(s)|| =0
s1+00

from (48) directly.

In fact, we use the moment inequality, see [24],

”Aa”“z,K < C”Avnixk_l ”Al/zU”;TKM’

where o € (0, 1). Applying Lemma 2.4 for « = N/(N + 2), we obtain

897

(50)

(51

(52)

(53)

(54)

(55)

(56)

(57)
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4
[1017]], ¢ < CllAvI2k |AY20] )¢ (58)

>

Since
5 2 1 2
4200} 5 = 1900} 4+ =5 v ¢ 0
as s 1 400 by (48) and also

4@ < [0l g+ 10O ] ¢

by (4), inequality (58) implies

”AU(S)“z,K<C”U5(S)H2,K* s> 1 (59)

We have, on the other hand,

o
/”vs(s)”;de < 400
0

by (48) and Proposition 2.2, and therefore,

o
/||Av(s)||§’de < +o0. (60)
0

Inequalities (59)—(60) imply

o
/”v(s)H;K ds < 400
0

for some ¢ > 2* = p + 1 by Lemma 2.4, and then

limsup”v(s) ||q g <too
st400 ’

follows similarly to the prescaled case, Lemma 6.5 of [9], from the L7-theory developed in Section 4. This implies
that relation (48) yields

limsup||v(s)| , , <+o0 (61)
st400 ’

by the bootstrap argument using (39) with D(A™) = W24 (K) and (40).
Relation (61) reads;

sup(1 4 1)/P=D ||u(t) Hoo < +400.
>0

Given s; 1 400, we take x; € R such that
Hu(tk)”Oo = |u(xk, )|
for ty = % — 1. Then, vy = v (y, s) defined by

)= +0VP Dy, 0, 1= -1, x=x+0+0"?y

satisfies
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ks + Log = v P o +

1 . oN
Tk in RY x (0, +00),

00,
sup o] <

o
/|| vks () [ g ds < T (w0 (0)) < +00,
0

where relation (56) is used. There is {s;} C {s}, in particular, such that
s+l
/ loks )3 g ds <1/k. k=1.2,....
sp—1

Putting U (y,s) = vk(y,s + s;), we apply the parabolic regularity. Thus, there is a subsequence, denoted by the
same symbol, and veo = Voo (¥, ) such that Uy — v locally uniformly in RV x (—1, 1), and furthermore,

sp+1

1
/ ks ) |3 g ds = / o5 )3  ds = .
-1

/
sp—1

Thus, we obtain vy =0,

Voo RN x (=1,1),

1
—Avo — Y - Vo = |Uoo|pilvoo +
2 p—1

and hence v, = 0 by Proposition 5.1. This implies

[v(si) e = 260, 0] = 0

and therefore, (57) because s; 1 400 is arbitrary.
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