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Abstract

The homoclinic bifurcations of ordinary differential equation under singular perturbations are considered. We use exponential
dichotomy, Fredholm alternative and scales of Banach spaces to obtain various bifurcation manifolds with finite codimension in an
appropriate infinite-dimensional space. When the perturbative term is taken from these bifurcation manifolds, the perturbed system
has various coexistence of homoclinic solutions which are linearly independent.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The homoclinic bifurcations are important topics in dynamical systems since it is related to variously complicated
dynamical behaviors, such as chaos. In recent decades, many authors studied this problem [1-16]. In 1980, S.N. Chow,
J.K. Hale and J. Mallet-Parret [7] introduced Lyapunov—Schmidt reduction to investigate the persistence of homoclinic
orbit for Duffing’s equation under damping and excitation in R?. Under the assumptions that the unperturbed system
had an orbit which homoclinic to a hyperbolic equilibrium, and the dimension of the intersection of the stable and
unstable manifolds of the equilibrium was one, K.J. Palmer [14] extended this method to R”.

In 1984, J.K. Hale [12] suggested that this method could be extended to more general case where the perturba-
tive terms were multiple parameters and the dimension of the intersection of the stable and unstable manifolds was
greater than one. For regular perturbations, J. Knobloch, U. Schalk and A. Vanderbauwhede [13,15,16] investigated
the case where the dimension of the intersection was two. Later, J. Gruendler, F. Battelli and C. Lazzari [1,9,10]
gave the general theory for the case where the intersection of the dimension was arbitrary. F. Battelli and C. Lazzari
[1] studied the persistence of degenerate heteroclinic orbit for ordinary differential equations with nonautonomous
perturbations. J. Gruendler [9,10] considered the persistence of homoclinic solutions under autonomous and nonau-
tonomous perturbations. For arbitrary dimension of intersection, the homoclinic bifurcations were also investigated
in [18].
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Meantime, the homoclinic bifurcations under singular perturbations were rising a lot of interest [2—4,8,11]. In [11],
J. Gruendler considered the following singular system

€x = fo(x) +efi(x, €, 1)

where x € R", ¢ € R and fi is periodic in ¢. In [3], F. Battelli and K.J. Palmer also investigated this system in R?
but with the coefficient of €2 for fi. The general theory for the arbitrary dimension of the intersection was developed
in [11]. By using Lyapunov—Schmidt reduction, he obtained a bifurcation function H :R¢~! x R! x R! — R?, where
d was the dimension of the intersection of the stable and unstable manifolds. The zeros of H(f, €, o) = 0 were one-
to-one correspondence to the existence of transversal homoclinic solutions for the perturbed system. He gave some
applicable conditions on the bifurcation function.

Motivated by these works, we will consider the system

ex() = f(x@) +g(x(), €, 1) (1.1)
where € € R, x e R" and ||g|| -3 is small. Let t <> ¢ /€, Eq. (1.1) is equivalent to
X(@1) = f(x@®) + g(x(0), €, €1). (1.2)

Different from the regular perturbations, there are some difficulties when one considers the problem in a usual Banach
space. Let X and Y be certain Banach spaces. If we convert (1.2) into integral equation F(x, g,€) =0 where F: X x
C3xR— Y. Thereisa difficulty to solve F'(x, g, €) = 0 since the map F'(x, g, €) is not differentiable in €. Different
choices of Banach spaces also lead to the similar problem. In [3,11], they dealt with this difficulty by using a scale of
Banach spaces. This idea was introduced by A. Vanderbauwhede and S.A. Van Gils in [17].

In the present paper, we consider Eq. (1.1) and its equivalent form (1.2). Let X and Y be Banach spaces and §2 € X
be an open set. Let C¥(£2, Y) denote all functions f:$2 — Y with continuous derivatives up to order k. The space
C*(£2,Y) is Banach space with norm I fllck =sup,co Z;{:o |D' f(x)|. We make some assumptions.

(H1) f and g are C? in all their variables.
(H2) f(0) =0 and the eigenvalues of Df(0) lie off the imaginary axis.
(H3) The unperturbed system

() = f(x(0)) (1.3)
has a homoclinic orbit y (¢). That is, there is differentiable function y(¢) such that y(t) = f(y(t)) and

lim; 400 y () =0.
(H4) g(0,€,t) =0 and ||g||¢3 is small.

In this paper, both scalar € and function g are treated as parameters. We will investigate various choices of
g € C*(R" x R x R, R") and give conditions on g to obtain the various situations of linearly independent multi-
ple homoclinic solutions for system (1.2). These conditions determine some bifurcation submanifolds, containing
zero, with finite codimension in C3(R” x R x R, R"). When g is chosen from different submanifold, the system (1.2)
has different number linearly independent homoclinic solutions.

2. Preliminary and main results

Ifh:X; x---xX,, > Y where Xy, ..., X,,, Y are Banach spaces, let D;h denote the first partial derivative with
respect to the i-th variable, D;;h denote the second partial derivative with respect to the i-th and j-th variables. If
there is only one variable, we often omit the subscript. From (H2), we know that x = 0 is hyperbolic equilibrium
of (1.3). Let W* and W* be the stable and unstable manifolds of the origin. From (H3) we see that Eq. (1.3) has a
homoclinic orbit y (¢). It is clear that y € WS N W". Letd =T, o) W* N T, (o) W".

For ¢ € C, let Re(c) denote the real part of c¢. Since the eigenvalue of Df (0) lies off the imaginary axis, we can

choose a constant « > 0 such that |[Re(A;)| > 3« where 1; is the eigenvalue of Df(0),i =1,...,n.
The linearly variational equation of (1.3) along y (¢) is
iw(t) = Df (y (1))u(t). (2.1)

The following lemma is Theorem 2 in [10] with some changes of notations.
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Lemma 2.1. There are fundamental matrix solution, U, for (2.1), constants K > 0 and projections Psg, Py, P,s and
Py, such that Pgs + Psy + Pys + Py = I and the following hold:

(@) [U@)(Pss + Po)U ™ ()| < Ke* 9, fort <5 <0,
(1) U@ (Puu + Pus)U ™1 (s)| < Ke**©™, for s <t <0,
(©) U@ (Pss + Pu) U™ ()| < K670, for 0 < s <t
() U@ (Puu + Pa)UH(s)| < Ke® 9, for 0 <t < s.

Furthermore, Rank(Py;) = Rank(P,,) =d.

Let ug € R". We consider the solution of (2.1) with initial condition u(0) = ug. It is that u(z, ug) = U @)U 1 (0)ug
with u(0, ug) = ug. From Lemma 2.1, we have the following observations:

Forug € Py, R",  |u(t, up)|e*" — 0, as 1 — F00,

For ug € Py, R", ’u(t, uo)|e_2“’ — 0(c0), ast— —oo(00), 2.2)
Forug € PysR",  |u(t,up)[e*’ — 00(0),  ast — —o0(c0), ’
For ugy € P,,R", |u(t, u0)|e_2°‘|’| — 00, ast — %oo.

Renumbering if necessary, we can assume that

I; 0 0 0g 0 O
PMMZ(O 04 0), Pss=<0 1 0)
0O 0 O 0 0 O

where I; and Oy are d x d identity and zero matrix respectively.

Let u; denote the j-th column of the fundamental solution U defined in Lemma 2.1. From the observations (2.2),
we have

lim |u;()|e =00, i=1,...,d,
t—+o0
; . 2e)t| _ -
t_l)lrinoo|ud+,(t)|e =0, i=1,...,d.
For any i,i = 1,...,n, we define ulJ— by (uiJ-, uj)=26j, j=1,...,n, where §;; is the Kronecker delta. The
1

vector functions u;- can be obtained as following. Let U L be matrix with ull in the i-th column. We can get that
ULTU = I where T denote the transpose. Through differentiating, we have vt'u +U LT = 0. Thus U+ =
—(ULTUU_l)T = —Df(y)TUL. Thus U~ is the fundamental matrix solution for the adjoint equation of (2.1).

Obviously, U~! = U+", {ui,....uz.0,...,0}= P, U™ and {0,...,0,uj ..., u3,;.0,....0} = P U™ It is
clear that
im |ut@)|e =0, i=
im Ju(6)e 0, i=1,....d,
. 1 —2 .
tilgloo|ud+i(t)|e el — o, i=1,....d.

Now we introduce some notations. Let

oo

Ajj = /<ul-J‘(t),sz(y(t))ud_;,_j(t)ud+j(t)>dt, ij=1,....d.

—00

We further make an assumption.
(H5) Aj#0,j=1,....d.

For the perturbative term, we define a subset of C 3 R" xR x R,R") by
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o
G= {g eC: /(uf‘(t),g(y(t),o, 0))dt =0, i=1,...,d, g(0,€,1) =0, and ||gll¢s is small {.
—00
The following is our main result.
Theorem 2.1. Assume that (H1)-(H5) hold. Let d = T, 0y W* N T,, 0y W¥. Then there are €y > 0, neighborhood U C G
which contains origin, and d submanifolds M; C G,0 € M, with codimension dj, j =1, ...,d, such that for every

geUN N/ OMMyy1 U---UMy)) and € € (—ep, 0) U (0, €p), the system (1.1) has k linearly independent homoclinic
solutions where k=1, ...,d.

3. The homoclinic bifurcations

For each 8 € (0, @), we define the space

Zp=|ceC'® R

sup|z(l)|e*’3|" < oo}.
teR

We know that Zg is a Banach space with the sup norm || - ||. Clearly, for any z € Zg, the function |z(¢)| grows no
faster than ¢/l as t — +o00. Thus we can define a subspace of Zg by

Z~ﬁ = {Z € Z/S ’ /(PuuUil(t)v Z(t))dt :0}

—00

Using Zg, we define another space Zp = mﬂe(o,a) Zg.
Let S denote subspace of Zg, such that Zg = § @ span{ugy1, ..., uzq}. We make transformation

d
xO) =y + Y kitayi (1) +2(t) 3.1)
i=1

where k; € R and z € S. We take some special forms of (3.1). For any fixed j, we choose k; =0if i # j. Then (3.1) is

xi®) =y @) +kjugy;j)+2z;0) (3.2)
where x; and z; are x and z in (3.1) respectively. Under the transformation (3.2), Eq. (1.2) is

2j(t) =Df (y())z;(t) + hj(zj. Bj. g €)(t) (3.3)
where

hi(zj. Bj. & €)(1) = f(y(®) +kjuay;j®)+2z;t) — Df(y(©))(kjuas (1) +z; 1))
—fly®) + (v @) +kjuar; () +2;(1), €, €t).

Naturally, we wish to convert (3.3) to integral equation F(z;,k;, g,€) = 0. By implicit function theorem, we
find the solution of F(zj,kj,g,€) =0 for z; € Zg. There is a problem that we cannot control the growth of
hj(zj,Bj, g €). As in [17], we can introduce a so-called cut-off function. Let x :R" — [0,1] be a C  function,
such that

1 if x| <1,
X(x)z{o if x| > 2.

For each p > 0, we define new function hjp:Zﬁ xRxC¥xR—R" by
hj,(zj.kj,g.€)=hj(zj.kj, g €)x(zj/p). (3.4)

For p; > 0, r; > 0 and o; > 0, let B1(p;) € Zg, B2(r;) € R and B3(0;) € C?3 be balls with radius pi, ri and o;
centered at respective origin.
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Proposition 3.1. For any given K| > 0, there are p1 > 0,r1 > 0 and o1 > 0 such that the function hjp (zj. kj, g, €)
satisfies

@) |Dihj, (zj.kj. 8. €)(t)] < Ky for (zj.kj.g.€) € Zg x Ba(r1) X B3(o1) xR,
(b) for any zﬁ ),Z(Z) € Zg,

|h1p1( ok g, €)() —hj, (z; P k). g€ €)n)] < K1|Z(1)(f) ('2)(l)|
for (kj,g,€) € By(r1) x Bz(o1) x R.

Proof. (a). From (3.4), we have

Dihj,(zj,kj, 8, €)®) =[Df (y (1) + kjua+; () +z;(0)) = Df (v (1))
+ Dig(y (1) + kjuayj(t) +z2; (1), €, €t)] - x(zj/p)

1
+ ;[f(y(t) +kjugsj(t) +2; 1)) = Df (v (@) (kjuas; (@) +zj (1))

—fy®) + (v @) +kjuay ;@) +z;(1), €, €t)] - Dx(z;/p). (3.5)
Let C1 = sup;cg |ua+;(1)], C2 :supteRsup\x|<2 acl-1.1] |D? f (y (t) + auay j(t) + x(1))|, C3 = sup, | Dy (x/p)|. For
any given K| > 0, we choose 0 < p; émln{2 lgclz 6462&} Let
. 2p1 K1 Kipi
rp=minq 1, — ¢, 0] =min
Cq 4 4C;
Since h

o = 0 for |z;(t)| > 2p1, we see that (a) and (b) hold if |z (¢)| > 2p;. Thus we assume |z (¢)| < 2p1.

For (zj,kj) € Zg x Ba(r1), define 1[0, 1] — L(Zg, Zp) by ¥1(s) = Df(y () + skjuq;(t) + sz;(@)) —
Df (y(1)). It is clear that y/; € C. Then there is s; € [0, 1] such that

|Df(y (@) + kjuay () +2;()) — Df (v ()|
= [y1 () = 1O = [y )|
<D f(y @) + s1kjuas ;) +s12;0) [(Ikj1] - war; O] + |2, @)])

2
< C2<ﬂcl +2,01)
Ci

Kl K
=4Cpp1; < min
" 16C3

For (zj,kj) € Zg x By(r1), define ¥ :[0, 1] — Zg by ¥2(s) = f(y (@) + skjugyj(t) +s52;(t)) — f(y () —
Df (y () (skjugyj(t) +sz;(t)). Itis clear that ¥, € C!. Then there is 57 € [0, 1] such that

|f(y @) +kjuay; @) +2;®) — f(y®) — Df (v @) (kjuas; @) +z;®))]
=Y2(1) — ¥2(0) = Y5 (s2)
<|DF(y @) + sakjuar ;@) + 522 (1)) — Df (v ) [(Ikj| - |ua+; @] + ]z @)])
K1 (2p _ Kips
S 16Cg< € Hm) = 4c, G-7

where (3.6) is used.
For (zj,kj, g.€) € Zg x Ba(r1) x B3(o1) x R, we can get from (3.5)—(3.7) that

(3.6)

D1k, (zj,kj, g, €))| < |Df (v (0) +kjuarj (@) +z; (1) = Df (v ()]
+ | D1g(y(®) + kjuay;(t) +2;(t), €, €t)|

1
+ E[}f(y(t) +kjuar; (@) +2;0)) = Df(y (@) (kjua+j (@) +2; (1)) — f(y )]
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+|g(y @) +kjuasj(0) +zj (1), €. €t)|]- | Dx(zj/p1)|

K 1 (Klm
o

C3

+01>C3<K1- (3.8)

The proof of (a) is completed.

(b). Forany ', 2" € Zy. and (k. g, €) € Ba(r1) x B3(o1) x R, define ¥3:[0, 1] — Zo by y3(s) =h;, (sz}" +
(1—-9)z.k;. 8. €)(t). There is 53 € [0, 1], such that
) 2)
i, (257 k)8 €) @) —hj, (27 kj. g.€) (1)
=|y3(1) — ¥3(0)| = [¥5(s3)]
=[Dihj, (325" + (1 = 53)2 k. g, €) )] |25V (1) = 2P ()]
<K [P0 =P ).
The proof of (b) is completed. O
Let :R — R be smooth function with ffooo b(t)dt =1. Define amap P:Zg — Zg by
o
(PO =bOUO) [ (Pt ). 0(5)ds.
—00
Lemma 3.1. The operator P is a projection and P(z — Df (y(¢))z) =0 for z € Zg.
Proof. For z € Zg, we have
o
(P?2)(1) = b(OU (1) / (Pl (5), (P2)(s))ds
—0o0
o0 (o)
=b®OU (1) / <PWU_1(S), b(s)U(s) / (P U (D), z(r))dr>ds
—00 —00
o
=600 [ (Pu™ ©.20)dz = P20
—00
Thus P is projection.
Note that |uf(t)|, i=1,...,d, approach zero like e 2 a5t — +00. Forz € Zg, |z(t)| grows no faster than el
as t — Fo0. Thus (ul.J-(t), 2(1))|%,, = 0. Then for z € Zg, we have
o o0 o0
1. _ 1. 1
/(ui ,z—Df(y(t))z)dt_ /(ui ,z)dt— /(ui ,Df(y(t))z)dt
—0oQ —0oQ —0oQ

= [t i~ [(priro) wut e

/(uf,i)dur 7(uf,z)dt

—00
oo

= / %(Mil»z)dt=(ﬂf(t),z(t))|i°oo=0_

Thus we get P(z — Df (y(t))z) =0 for z € Zg. The proof finishes. O
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Consider the equation

v(t) = Df (0)v(2). (3.9)

Since |Re(};)| = 3o where A; are the eigenvalues of Df(0), Eq. (3.9) has a fundamental matrix solution, V (¢), with
projections Q, (I — Q) and constants A > 0, By € (0, @), such that

VOV (s)| < AP0 fors <1,
VOUT — 0 VTH(5)| < AP fort <. (3.10)

Let p; and P be as in Proposition 3.1 and Lemma 3.1 respectively. We define
M), ) kj & ) == (Df (v (0) = DFO)z;(t) + (I = PYhj , (zj. kj, & €)(®). (3.11)

Proposition 3.2. Let By and A be as in (3.10). There are ty > 0,12 > 0 and o2 > 0 such that

(1) for 2D, 2% € Zg,, (k;. 8) € Ba(r2) x B3(02) and t € (—00, 1] U [19, 00),

170 G 8 €0 = 0y, (P .Y < 20—
(2) for (kj, 8) € Ba2(r2) x B3(02) and t € R,

3/30,()16_;90\”'

1,0 k) 8, ()| < =

Proof. Since uy; is bounded solution of (2.1) and y is homoclinic solution, there is ¢; > O such that

ly @] < cre Polll] |ud+j(t)|§61€_ﬁ°m-
Let ¢z = sup,cg maxgser—1,17 | Df (¥ (t) + suqqj(t)) — Df (y(¢))| and
. 3Bop1 . 3Bo0p1
rp=min3 1,7y, , 07 = minj{ oy,
32Ac ¢ 64Ac

where p1, 71 and o are defined in Proposition 3.1. Since lim;_, +o ¥ () = 0, there is 7o > 0 such that

ﬁo
|Df (y (1) = DFO)] <
(1). We only give the roof for ¢ € [tg, 00) since the similar argument can be used to prove the case of
y g P g p
t € (—o0, —tyl.
For any zg.l), zﬁ.z) € Zp,, (kj, g) € B2(r2) x B3(02), we can get from (b) in Proposition 3.1 that

for |1] > to. (3.12)

1 G0 k8. )0 =y (0 kg 8. ) O] < 2222001y - 2O 0) (3.13)

16A

where we have taken K| = 1352 Note that || (I — P)|| < 1 since ({ — P) is projection. Then we can get

17, (&5 K 8. €) ) =7, (257 K 8. €) 0]
<|Df(y®) = DFO- 27 0) = 2P O] + |1, (8. kj 8, €) ) =y, (2 ks 8. €) 0]

<P - P

for ¢ € [1y, oo), where (3.12) and (3.13) are used. The proof of (1) finishes.
(2). It is clear that

1), 0. kj, 8,6 )@) = = P)[f(y (@) +kjuas;(®) — Df (v (O))kjua+j (1)
—fly@®)+ 8y @) +kjuarj(), e et)].
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For any (k;, g) € B2(r2) x B3(02), define ¢: [0, 1] — Zg, by

o) = = P)[f(y () + tkjuas (1)) — Df (y (1)) thjuas; ()
— fr®) +g(t(y©) + kjuar ;). €, €t)].
Then we can get
1

/go’(r) dt

0

nj,, 0.k}, g, O] = (1) — p(0)| =

1
< f!Dﬂy + thjugs ) — DEGO)| |k juas; 0| dr
0

1
+ /|D1g(r(y +kjuayj), €. €t)|(|ly O] + |[kjuar; @) dt
0

3
~poltl « 3P0P1 gyl

<
[caract + oa(c1 +racn) e 164

The proof is finished. 0O

For each p > 0, we consider the nonlinear ordinary differential equation

2j(0) = Df (y(0)z; () +hj (2, kj, g, €)(1) (3.14)
where hjp(zj, kj, g, €)(t) is defined in (3.4). It is clear that if there are some p > 0 such that |z;(¢)| < p, then (3.14)
is equivalent to Eq. (3.3).

From Lemma 3.1, we see that P and (I — P) are projections. Thus Eq. (3.14) is equivalent to
2j(0) = Df (y(0)z; () + (I = P)hj ,(zj., kj, g, €)(0), (3.15)
0=Phj (2. kj. 8. €)1). (3.16)
Our strategy is to solve (3.15) for z; € Zg,. Then (3.16) becomes the bifurcation equation.

Theorem 3.1. For any fixed p > 0, there are constants 6 > 0, r3 > 0, 03 > 0, such that (3.15) has a solution
Z}‘f(kj, g.€) € Zg, for (kj, g, €) € Ba(r3) x B3(03) X R satisfying Z;(O, 0,¢)= 32?/8kj|(0’0’€) =0and ||Z>;|| < 4.

Proof. Using variation of constants, we define map : 2,;,30 — Zg, by
o0 1

U(r)[— f (Pl (5), wis))ds + / (Pys + Pud U~ (s). w(s)) ds

0 0
t

+ /((P,”+PMM)U_1(S),W(S)>dS], 1 <0,

Kw)(t) = -, ,
U(r)[ / (Pus U™ (s), wis))ds + / (Pas + Pus)U™ (5), w(s)) ds
—c0 0

— f((Pss + Pi)U ™ (s), w(s))dsi|, t>0.

t

Define map F : Zg, xR x C3 x R — Zg by
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F(zj,kj, g, €)=K(U —P)hj (zj.kj, g €). (3.17)
It is clear that the fixed points z; € Zg, of (3.17) are solutions of (3.15). Through direct calculations, we have

F(0,0,0,¢) =0, D1 F(0,0,0,¢) =0, D> F(0,0,0,¢) =0.
For a large r > 0, let B1(r) € Zg,, Bo(r) e Rand B3(r) e C 3 be balls centered at respective origin. There is My > 0
such that

HF(.7‘7'76)” <M09 ”DlF(""'56)H <M07 HD2F(‘7'7'76)” <M0’

IDUFC. o <My, |DiFC.- o <Mo,  |Di3FC.- - 6| <M

for (zj,kj, g) € B1(r) x Ba(r) x B3(r).
We choose 0 < § < min{r, ﬁ}. Let

r3:min{l,8,4870}, 03:min{8,4870}.
For (zj,kj, g) € B1(8) x Bz(r3) x B3(03), define &1 : [0, 1] — L(Zg,, Zp,) by &1(s) = D1 F(sz;, skj,sg, €). Itis
clear that &) € Cl. There is 51 € [0, 1] such that
|D1F () k) 8.0 = 61D = 610 = [ 5]
<||DuF(sizj.sikj.s18.€) | lzjll 4 | D12 F (512 s1kj. s18. €) | Ik ]
+ | D13F (s12), s1kj, s18.€) | gl

<My-—+My- — + My —— ==, (3.18)
0

For (zj,kj, g) € B1(8) x B2(r3) x B3(03), as before we define &; : [0, 1] — Zp, by &2(s) = F(szj, sk, sg, €).
Then there is s, € [0, 1] such that
|F(zj.kj, g, 0] =[50 —&O) | = &6
< || Di1F(s22). 2k, 28, €) |1zl + | D2F (522, s2k . 528, €) || K
+ | D3F (522 52k j. s28.€) | gl
< 3 5+ M, 8 + M 5 8 (3.19)
NS —_ - —_— - —_— < .
8 O amo Y amy
where (3.18) is used.
Forz\". 2\ € B1(6). and (k. g) € Ba(rs) x B3(03). let £3:[0, 1] — Zp, by £3(s) = F(s2'" + (1-5)z'7  k;. 8. €).
Then there is s3 € [0, 1] such that
1 2
|F (" k) g0 €) = F (7 ks . €) | = &) ~ &) = [&369)]
(1) 2) (D 2
< ||D1F(S3Zj + (1 =53)z; kj g€ ”Zj —Zj [
3.0 _ o
<zl =77l (3.20)
where (3.18) is used.
From (3.19) and (3.20), we see that the map F'(-, k;, g, €) : B1(8) — B1(d) is uniformly contractive. By contraction
mapping theorem, there is a C' map zj :B(r3) x B3(03) x R — Bj(8), such that zjf (0,0,¢) =0 and
z}f(kj,g,e)=F(zjf(kj,g,e),kj,g,e). (3.21)

It is clear that ||zj.(k.,~, g, )|l <éfor(kj, g, €) € Ba(r3) x B3(o3) x R.
Differentiating (3.21) in k; and evaluating at (0, 0, €), we can get that

D173(0,0,€) = D1 F(0,0,0,€)D125(0,0, €) + D2 F(0,0,0, €) = 0.

The proof is completed. O
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Letr; and 07, i = 1, 2, 3, be as in Propositions 3.1, 3.2 and Lemma 3.1 respectively. Let

ro =min{ry, 12,73}, oo = min{o1, 02, 03}.

Lemma 3.2. Let z’]‘f (kj, g, €)(t) be as in Theorem 3.1. Then there is pyo > 0 such that sup, g |ij (kj, g, e)®)| < po for
(kj, g,€) € Ba(ro) x B3(op) x R.

Proof. Let Ky = sup,.g [(Df(y(t)) — Df(0))], Bo and A be as in (3.10), and fy be as in Proposition 3.2. We choose
po > 0 such that p; and § which are obtained in Proposition 3.1 and Theorem 3.1 respectively satisfy

poe o' 5p0 4/30;)06_’3‘”0}

< ) 8< i [
PES 10 mm{ 4A 124 3By + 16AK;

We only give the proof of ¢ € [0, 00) since the similar method can be used to prove the case of t € (—o0, 0].
Case 1. If ¢ € [19, 00).

For p = p1, we rewrite Eq. (3.15) as

2j0)=Df0)z;®) +nj, (zj.kj, g €)(1) (3.22)
where M oy (zj,kj, g, €)(t) is defined in (3.11).

We know from Theorem 3.1 that z € Zg, is solution of (3.22) with ||z | <6,i.e., |z’J‘f (1)] < 8ePo* for t € R Thus
we have

t
20 = VOV 1)2 (1) + V(D) / V50, (50K g €) (o) ds
t
= VOOV @)1+ V(O) [10V 510, (35 ky . €)))ds

V@ 10 = OV 60y, (5 kg e)0))ds
t

o0

+V(t><1—Q)[v—1<to>zjf<to>+f<v—1<s>,n,-p,(z ki g €)())d }

fo

In the last equation, we know that the last term grows like ¢20" as t — oo and other terms grow no more than e’ as
t — 00. Thus the last term must vanish and the solution can be expressed as

t
z;’f(r)=V(t>Qv—‘(to)zjf<to>+V(r>/(Qv—1<s>,njm(z j.8.€)())ds

40 / (1= V7' 6)nj,, (25 ki 8 €) (5))ds. (3.23)
t

We define the space

X= {x e C°([tp, 00), R")

sup|x(t)|eﬁ°’ < oo}
t>1

Then X is Banach space with sup norm || - || x. Define F: X x R x C3’xR—> X by
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t
F($,kj, g, €)0) =V©)QV ™ (1)} t0) + V(t)/(QV‘l(S), Nj, (@ kj, g €)(s))ds

- V(t)f((l — V(). mj, (8.kj, g €)(s))ds. (3.24)
t

Let B(pp) C X be ball centered at origin with radius po. For any ¢1, ¢2 € B(po) and (k;, g, €) € B2(rp) x B3(0p) X R,
we have

|f(¢l’kj’g76)(t) —~7:(¢2,kj, g,E)(t)|

t
< /|V(t)QV_1(S)||77jm (P1.kj. 8. €)(s) =, (¢2.kj, g, €)(s)|ds
fo
+/|V(r)<1— OV $)|[nj,, @1.kj, & () —nj, (B2,kj, 8, €)(s)| ds
t

<2 / 25060y (5) — ()| ds + L2 / P g1 (s) = ga(s)| ds

fo t
t

< 20 [ e (1016) = a0 ) s 2260 [[75(g10) = gt} s

8
1) t
3 Bolto—1) 1 —Bot
<[§(1—e )+§].||¢>1—¢2||X~e

where (1) of Proposition 3.2 is used. Thus we can get that

1
|71, k). 8. €) = (@2, k). 8. €[ < 5111 = dallx. (3.25)

Moreover, from (3.24) we have

t
| F(0.kj. g.€)(D] < [V()QV ™ (10)2 (t0) +/IV(r)Qv—1(s)Hn,»pl (0,kj, g €)(s)|ds

+ [V = v, 0.k g 00| ds
t

t o0

<A82/30(to t)|Z (fo )| T 3/3106,01 (/eﬁo(S—Zt) ds+[eﬁo(2t—3s) ds)

o t
3p1 — 01| _

A§ePoBro—21) 1 — gPolio=1) ~ Bot
[ ¢ e e )+ 16

where (2) of Proposition 3.2 is used. Thus we can get that

3
| 70,k;, 8, €), < Ae¥orog 4 220 4 20
16 ' 16
3Boto
poe” L0 PO
< Aedboo2” D 3.26
¢ A taTo (3:26)

For any ¢ € B(pp), we can get from (3.25) and (3.26) that
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| 7@k 8. )y < [F@kj 8.0 = FO.kjs g, )| + [ FO. ks 8.0

1
< -lelx + 2 < po. (3.27)
2 2

From (3.25) and (3.27), we see that the map F (-, kj, g, €) : B(po) — B(po) is uniformly contractive. The contraction
mapping theorem implies that the map F (-, k;, g, €) has unique fixed point ¢* € X It is that

t
$* () =V (®) OV~ (5)7%(10) + V(t)/(QV‘I(S), nj, (@ kj. 8. €)(s))ds

- V(t)f((l — V(). mj, (9% kj. 8.€)(s))ds, fort > 1. (3.28)
t

Let M = sup; >, [¢* (1) — Zj(t)le_ﬁot. Since zjf € Zg, and ¢* € X, we know that 0 < M < oo. From (3.23) and
(3.28), we see that

t
6™ (1) — 25(0) </!V(r)QV”<s)||nj,,l(¢*,k,-,g,e)(s>—n,-pl (5. k) g €)(9)| ds
T

+ /lvm(l — OV ©|[nj,, (8% k). 8. €)() =1, (2. k) g, €) ()| ds
t

t

< %e—Zﬂot/eww (|o* () = 25(s)|e %) ds

fo
o

+ %ezﬂo’/e"%s (|¢*(s) — zj(s)|e”3°‘)ds

t
< [ (1= o0 4 §} 37 Pl
< lM . gPot
2

8

0| —

where (1) of Proposition 3.2 is used. Then we have M < %M which implies that M = 0. Hence o*(t) = zjf (t) € X for

t € [tp, 00). We know that z’]‘f (1) approaches zero like e #0 as t — co. Thus we can take larger 1o if necessary such
that Izjf(t)| < po for t € [1g, 00).

Case 2. For 1 € [0, 1p].

As in the proof of Proposition 3.2, we take K| = %. From (3.11), we have

|7)jp1(2 i &€ )(t)| X |T)jm(z*vkj»g’€)(f)—Ujpl(ovkj’g’f)(f”+|77jp1(0’kj,gv€)(f)|
g’hm(z kj, g €)(t) —hy (0,kj, g, €)(1)|
+|(DF (v @) = DFO)Z5®)| + |, (0. kj, g, €)@

3ﬁ0 | :30101 —ﬁol
S Tea % 16A
3P0 3Bop1
< (2P0 4 K, \sebor Bor 32
(16A+ ) T (329)

where (b) of Proposition 3.1 and (2) of Proposition 3.2 are used.

O]+ Ka |z 0| + ——
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Substituting (3.29) in (3.23), we have

t
0] <[V V)0 +/|V(t)QV‘1(s)|]njm (5. kj. 8. €)(9)| ds
0

+/|V(t)(1 — Q)V_l(s)||njm (25 k), g, €)(s)| ds

t
t

3 3
< Ae7 |25 0)] + / Ag2boG—D [(% + K2>(Seﬁ05 + —f gﬁ 1 e_ﬁos:| ds

o0
_ 380 3Boo1 _
A2Pot=s)| [ 22 1 g Vspbos o U —fos | 4
+/ ¢ T6a TR2)0CT T ea € g

Maeﬁolo + P1
1280 4
<P P P
12 3 4
From Case 1 and Case 2, we see that |z% ()| < pg for ¢ € [0, 00). Using the same method, we can get that |z’l’f < po
for ¢t € (—o0, 0]. Thus we can get that |z}f ()] < po for t € R. The proof is completed. O

< AS+

0. (3.30)

Let p = pg be as in Lemma 3.2. From Theorem 3.1 and Lemma 3.2, we know that x (zjf (kj,g,€)(®)/po) =1.Then
the bifurcation function is
Bj(kj.g.€) = Phj, (<5(k;.8.€).kj.g.€)(1)
= Phj(2}(kj, g, €),kj, g €)()

= b(U (1) /(PWU”(s),h,-(zj(kj,g,e),kj,g,e)(s))ds

—00

i=1

d (0@}
- b(t)Zu,-(t) /(u}(s),h,-(zj(kj,g,e),kj,g,e)(s))ds=o.

By the independence of uy, ..., ug, the bifurcation function is equivalent to

I:I,-j(kj, g,€):= /(uf‘(s), hj(z’;(kj, g €).kj, g, e)(s))ds

e e]

/ (U (5). £ (v () + Kjttas j(5) +25(5)) = DF (v () (Kjttas j(5) +25(5))

—00

— f(y(®) +8(y(s) +kjugs(s) +27(5), €, es))ds
where i = 1,...,d. It is clear that if I:I,-j(kj,g, €) = 0 can be solved for k; = k;f(g, €), then system (1.2) has a
homoclinic orbit which is given by
i) =y ) +kjugrj +25(1)

where z7 is derived in Theorem 3.1.
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We introduce a function
(k. 8. €)/kj, ifkj#0,
§ikj,g,€)=1 0

sz;‘-(o,g,e), ifkj =0.

From Theorem 3.1, we see that §;(0,0, €) = %zj (0,0,€) =0.1If k;j # 0, the bifurcation function can be written as
J

]

Hijkj, g, €)= f<u,+(s>,f(y(s>+k,-ud+,(s>+k,-s,-<s>)—f(y(s>)

—00

— Df (v () (kjua+;(s) +kj&;(s)))ds

oo

+ /(u%(s),g(y(s)—i—kjudﬂ(s)—i—kjéj(s),e,es))ds
= [ () 4 hja6) + ki 6)) = £ (/)

— Df (v () (kjuar;(s) +k;&j(s)))ds

o0

+ / (i (5), (7 (5),0,0) + D1g(y (5),0,0) (kjuas (s) + k;&;(s))

—00

+ €[ D2g(y(s),0,0) + sD3g(y(s),0,0)])ds + R(kj, €) (3.31)

fori=1,...,d, where R(kj, €) is order O(|kjuq; +k;&;|*> +|el?).
In (3.31), the Taylor’s expansion of g(x(¢), €, €t) along (y(t), 0) is considered. Let

g(y (1) +z2(0),e.er) = g(y(1).0,0) + Dig(y (1), 0,0)z()
+e(D2g(y(1),0,0) +1D3g(y(1),0,0)) + & + € (3.32)
where g is remainder and ||| is order O(]|z||?). Let
G= {g: g isderived in (3.32), g € Q}.
Note that ||g|| -3 is small and |ul.L(t)| approaches zero like e 2%l as t — +00,i=1,...,d. We have

e ¢]

/(uf‘(s), Drg(y(5),0,0) +sD3g(y(s),0,0))ds

—00

< /yu,ﬂs);.(1+|s|)||g||csds

o0

=||g||C3/|u}(s)|-(1+|s|)ds<oo, i=1,....d.

—0o0
For g € G, Eq. (3.31) is
o0

k) 3. ) = f<u#(s),f(y(s>+kjud+,-(s)+kjsj<s>)—f(y(s))

—00
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— Df(y () (kjuas+j(s) +kj&;j(s)))ds

[e¢]

+ /(M%(S),Dlg()/(s),O,O)(kjud+j(s)—|—kj§j(s))>ds
+0(Igl) +0G), i=1,....d. (3.33)

For any m, m =1, ...,d, our goal is find m homoclinic solutions of (1.2). Our strategy is to find some special
subclass 21, with finite codimension of G to realize the goal. Let

M, ) = (ak)axd

where ag; = 6i18j1, 1, j, k,l =1,...,d. We choose some special g € G such that
d
Dig(y,0,0)= Y BijMi; Py (3.34)
ij=1
where M;; :span{ugy1, ..., u2q} — span{uy, ..., uy} is defined by

Mij(uags ... uza) = (ui,...,ug) MG, j).
With the choice of (3.34), Eq. (3.33) is
Hij(kj, B.g.€) = /<“,‘L(5)»f()/(s)+kjud+j(5)+kj§j(5))_f(V(S))

—00

— Df (y(5)) (kjua+;(s) +k;&;(s)))ds

[e0]

d
+ f<uil(s), Z kjﬂijMiij(Mdﬂ(S)+$j(s))>d5
. i,j=1
+0(l2l) + O(e)
= /<ul+(s),D2f(y(s))(kjud+j(s)+kjs,-(s))2)ds
00 d
+ f<u,-l(s), Z kjﬂijMiszs(udJrj(S)+$j(S))>dS
e ij=1
+ O(llkjuar; +ki&;1°) + 0(l1gll) + O(e) (3.35)
where 8 = (Bi1, ..., Bdad)-
Let
. I:Ilj(kjs ﬂvg,e)/kﬁ lfkj #01
Hij(kjvﬂvg9€)=

9H;; - .
8TJ;’(O,ﬂ,g,e), itk; =0.

If k; # 0, we know that I:I,-j (kj, B,8,€)=0if and only if H;;(k;, B, g, €) = 0. Through direct calculation, we have

9 H;; ) r - i
i 0.8.8.6= /<u%<s), > BijMij Py (ttay () +s,;(s>)>ds +0(lIgll) + O(e)
J % i,j=1

oo

d
=fij + f<u,+(s>, M ﬂi,-Minwsj<s>>ds+ 0(IZl) + 0.

e ij=1
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Then we have
H;;(0,0,0,0)=0
and
0H;j
9Bk

as || g|| goes to zero. Moreover,

=ixdj1 +o(1)
(0,0,0,0)

Hy 0 (Hj
ok;  9k; \ k;

[e¢]

= /(Mf(S), D2 £ (y(9)) (a4 () +&;())*)ds + O(Ik;1) + O(Igll) + O(e)

—00

oo

= / (i (), D? £ (v (8))uas ($)uarj(s))ds

+ / (ui(5), 2D* f (v (8))utar; ()€ () + D> f (v ())& ()€ (5)) ds
+ O(Ik;1) + O(lIgll) + O(e).
Since &;(0, 0, €) =0, we have
/ (ui(5), 2D* £ (¥ (9)) a1 ()€ () + D* (v (5))&; ()€ (s))ds = o(1)
as ||g|| goes to zero. Then we can get that
H;;
ok

=Ajj +o(l)
(0,0,0,0)

as ||g|| goes to zero. For convenience, let

Hy=(Hy,....,Hy), m=,Bou,....Ba), 1=1,....d.
From (3.36) and (3.37), we have

(3.36)

(3.37)

(3.38)

(3.39)

Arj+o(l) o(1) o(1)
M, e 0H; Arj+o(l) 14o() ... o(1)
J anj 0.0.0.0)
Agj +o(1) o(1) oo ITH+o(D)dyxa
as ||g|l goes to zero. It is clear that M is nonsingular for small ||g|| since Aq; # 0. With the same argument, we have
Ay +o(1) o(1) o(1)
= aH; Ay +o(l)y T+o(l) ... o(1)
Agr+o(1) o(1) oo 14+ o() dyua
where/ =1, ...,d and M; is nonsingular.

Theorem 3.2. Assume that (H1)-(HS) hold. For any m, m =1, ...,d, there are €, > 0 and submanifold M, C G
with codimension dm, 0 € IMM,,, such that for € € (—¢,,,0) U (0, €9) and each small g € M,,, the system (1.2) has m

linearly independent homoclinic solutions.
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Proof. Let
Ak, B.g.e)=(Hik.B.g.©)..... Hu(k,B.g.©)
where k = (k1, ..., k;). We rearrange variables.

Hn,B,B,5.€):=H(k, B, g, e

where n = (11, ..., 0m) €R™ B =(B11,..., Bim) € R, ﬁ = (Bimt1s ..., Pog) € RYE@=™ Ttis clear that the system
(1.2) has m homoclinic solutions if H (k, 8, g, €) = 0. Notice that

H(0,0,0,0)=0.
From (3.39), we have

M O O

0oH | O M @

oM, .., Mm) (0,0,0,0)
O e Mm mdxmd
as ||gl|| goes to zero, where

0 o(l) ... o(1)
R

0 0(1) 0(1) dxd

It is clear that ﬁho,o,o,o) is nonsingular matrix. Then the implicit function theorem implies that there are

neighborhoods U; e R™, U, € RA@—m) s e G, €, > 0and C! functions
ki=ki(B.B.g.©).....kn=k;(B.B.%.€)
B21=B5,(B, B, 8. €),.... Ba1 =B} (B. B, &, €) (3.40)
Bon = B3, (B, B.8.€). ... Bam = B}, (B. B. &, ©)
for (E,B,g,e) e U x Uy x Uz x (—€,,,0) U (0, €,) such that
ki(0,0,0,0)=0, p7(0,0,0,00=0, fori,k=1,....m, j=2,....m
and
H(k*(B.B.8.€).B*(B..g.€).B.B.3.€)=0 (3.41)
for (B, B, g.€) € Uy x Uy x U3 X (—em, 0) U (0, €y), where k* := (k*, ..., ky) and B* := (B3, ..., B},,). From the
transformation (3.2), the m homoclinic solutions are given by

x1(t) =y @) +kjugy1(t) + 27 ()
. . (3.42)
X (1) =y (1) + kyyttatm (1) + 25, (1)

where k;‘ and zj are as in (3.40) and Theorem 3.1 respectively, j =1, ..., m.
In order to prove that the m solutions given in (3.42) are linear independence, we need to prove kj # 0. From
system (3.41), we choose m equations and get

H(k*,B*.B.B.g.€) = (Hi(k*.B*. B.B.&.€)..... Hiu (K", B*. B. B. 8. €)) =0. (3.43)
Differentiating (3.43) in 8, we have
ak* _ p*  9H

DiH — +DH - — + — =0.
ap ap 9B

(3.44)

From (3.37), we have
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A1 +o(1) o(1) o(1)
Dy H0.0.0.0 = o(1) Arp .v.L.O(l) - o(1)
o(1) o(1) cor Ay t+o()dyum
Moreover, from (3.36) we get
B 1+ o0(1) o(1) o(l)
oH _ o(1) I1+o(l) ... o(1)
8,3- 0.0.0.0)
o) o) ... T+0()dpm

and |D2H (0.0,0,0) = o(1). Since p* € C', we have that | Dy H - % 1(0.0.0.0) = 0(1). Thus we can get from (3.44) that

e (D1 H| oo +o(1)
I = - 1 (0,0,0,0) s o
9B 1(0,0,0,0) 98 1(0.0.0,0)
as ||g|| goes to zero. It is clear that %R0,0,0,0) is nonsingular. Thus there exists appropriate B* = (ﬂf, ..., Br), such

that k;‘ (8*,0,0,0) # 0. From the continuity of k;, we can shrink Uj, U3 and €, > 0 if necessary, such that

Ki(B*.B.8.€)#£0, j=1.....m (3.45)

for (B, 8, €) € Up x Uz x (=€, 0) U (0, ).
From (3.42), to prove the linear independence of the m homoclinic solutions is sufficient to prove the linear inde-
pendence of the functions

kTud+1 + ZT, e, k;u,prm + Z:;l.
If there are some a; € R, such that
m m m
Zaj(k;‘udﬂ —i—z;‘.) = Zajkjudﬂ + Zajzjf =0.
j=1 j=1 j=1

From (3.2), we see that ZT:] ajzj € S and Z;-":l ajkjudﬂ' € span{ugyy,...,usq}. Thus we have

m

* —_—
Zajkjud+j =0.
j=1

By the independence of ug41, ..., Uq+m, We have ajk;’f = 0 which implies from (3.45) that a; = 0. Thus the m
homoclinic solution are linearly independent.

We now establish the codimension of the bifurcation manifold. Let Gy be the subclass of G such that Dy g(y, 0, 0)
has the form of (3.34) for each g € Gyp. Let

M ={g€Go: Bat.---. Bam) = (B3 (B*. B. 8. €). ... By (B*. B. 8. €))}

for (B, g,€) €U x Uz x (—€p,,0)U (0, €,). In M,,,, the dm parameters, (B11, - -, Bdl, - - - Bma), are restricted. Thus
M, defines a submanifold with codimension md in Gy and hence in G. The proof is completed. O

Let €¢g = min{eq, ..., €;}. From Theorem 3.2, we see that there are d submanifolds 2t C G with codimension
dk,0e My, k=1,...,d and neighborhood U4 C G,0 € U such that for any k,k =1,...,d, the system (1.2) has k
linearly independent homoclinic solutions for every g € U N (M /(Mir1 U --- UMy)) and € € (—ep, 0) U (0, €p).
The proof of Theorem 2.1 is finished.

We give an example to illustrate the theory. As in [11], we consider the system

X(@1) = f(x(@®) + g(x(), €, €1) (3.46)
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where x = (x1, %2, x3,X4), f(x) = (X2, X] — X3 — X1X3,X3,X3 — %x% - %xf) and g:R* x R x R — R*. Eq. (3.46) is
the form of (1.2). The corresponding unperturbed system is

X1 (1) = x2,

x1(t)=x1 — xi% —x1x32,

i3(1) = x4, G40
. 4 3 2 3

xXq4(t) =x3 — §x3 — gxl.

Let r(¢) = sech(z). One can check that Eq. (3.47) has a homoclinic solution y (¢) = (r(¢), (), r(t), 7(¢)). It is clear
that O is a fixed point and lim;_, 1, ¥ (f) = 0. Moreover, the matrix Df (0) has eigenvalues {—1, —1, 1, 1} which lie
off the imaginary axis. Thus (H1)-(H4) are satisfied. The variation equation of (3.47) along y (¢) is

iw(t) = Df (y (1))u(r) (3.48)
where
0 1 0 0
42 )
Df(y(t)): 1 Lg (1) 8 2r0 (1) (f

—2r%(t) 0 1—4r%()
Asin [11], let P(¢) and Q(¢) be differential functions satisfying P2 =1and Or? = 1. Then (3.48) has fundamental
solutions
up= (Qrv (Qr).s _Qra _(Qr))v Uz = (Prv (Qr)v Qr7 (Qr))v

uy = (r, 7, —r, —Fr), Uug=F +r,F+¥,—r—+r,—F+7F).

=)

It is clear that u and u, are unbounded solutions of (3.48), u3 and u4 are bounded ones. Thus d = 2. The bounded
solutions of the adjoint equation of (3.48) are

1
LD e
2 2( FoF, =V, F).

As required in Theorem 2.1, we need to calculate Ay, j =1, 2.

. .
ui = 5(—r,r,r, -r), u

[e.e]

An = / (it (6). D2 £ (y (O)us (Dus (1)) di

= /(uli(z),col(o, —4r3(1),0, —12r° (1)) dt

16
= / 4r3(t)dt = 3

—00
oo

A= /(uli(z), D f (y (1)) ua(t)ua())dt

f (ug (1), col(0, —4r3(t) — 12r (1)i2 (), 0, =12 (t) — 12r ()i (1)) )dt

—00

0]

16
a3 dt = —.
fr() 3

—0Q
Thus the assumption (H5) holds. As well as (H1)—(H4) hold, Theorem 2.1 can be applied to system (3.46). There are
€p > 0 and two submanifolds 90, C G with codimension 2m, 0 € 9M,,,, m = 1, 2, such that for € € (—¢p, 0) U (0, €p)
and every small g € 90t /9, (respectively g € 91,) the system (3.46) has one (respectively two) homoclinic solutions.
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