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Abstract

We study the set of solutions of the nonlinear elliptic system

—Au+k1u:u1u3+ﬁv2u in £2,
—Av+ A= u2v3 +/3u2v in £2, P)
u,v>0 1in £, u=v=0 onds,

in a smooth bounded domain £2 c RN, N <3, with coupling parameter 8 € R. This system arises in the study of Bose—Einstein
double condensates. We show that the value 8 = — /1117 is critical for the existence of a priori bounds for solutions of (P). More
precisely, we show that for 8 > —., /12, solutions of (P) are a priori bounded. In contrast, when A; = A3, 1 = uo, (P) admits
an unbounded sequence of solutions if 8 < —., /11 13.

© 2010 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper we study the existence and a priori bounds for solitary wave solutions of the following two-component
system of nonlinear Schrédinger equations (also called Gross—Pitaevskii equations):

B] h?
—i @1 =S APL = Vi) Py + | @1 P+ BlO2P Py fory €2, 1>0,
) h? 2 2
_ZE¢2= %A¢2— Vo(x)@y 4 2| D2 |" P2 + B1P1|°Py forye 2, t>0, (1.1)
CDjZ@j()h[)GC, j=12,
®i(y,N=0 foryed, 1>0, j=1,2.
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This system models a binary mixture of Bose—Einstein condensates in two different hyperfine states |1) and |2)
(see [7]). Physically, @ and ®; are the corresponding condensate amplitudes, 2 € R" is the domain for condensate
dwelling, / is the Planck constant divided by 27, m is atom mass, and V is the trapping potential for the j-th hyperfine
state. Moreover, u; and B are the intraspecies and interspecies scattering lengths which determine the interaction of
the states.

Throughout the paper, we assume that £2 is a smooth bounded domain and that u; > 0, j = 1, 2. The latter condi-
tion implies that the self-interactions of the single states | j) are attractive. The sign of 8 determines the interaction of
state |1) with state |2). When 8 < 0, this interaction is repulsive (as considered, e.g., in [26]). In contrast, when § > 0,
the interaction is attractive.

To obtain solitary wave solutions of the form @1 (x, 1) = e'*1'u(x), ®2(x, 1) = e'*2'v(x), system (1.1) is reduced
to the following elliptic system for u, v:

72

S A= G+ Viu + pu’ + puv? =0 in £2,
e (1.2)
S Av = Gt Vv + povd + Butv =0 in 2,

u,v>0 1in £, u=v=0 onodf2.
Motivated by recent experimental and theoretical examinations of double condensates (see [7,11-13,26]), system (1.2)
has been attracting fastly growing attention. In [17], the existence and asymptotic behavior of least energy solutions
is studied in a bounded domain with constant trapping potential, as  — 0. In [18], the asymptotic behavior is studied
in RN under the influence of nonconstant trapping potentials. When £2 = R", least energy and higher energy bound
states of (1.2) are investigated in [1,2,16,20,24,29].

The purpose of this paper is to analyze the impact of the parameter 8 (the interspecies scattering length) on a priori
bounds and the existence of multiple solutions of (1.2). We first consider a priori estimates for the following more
general version of (1.2):

—Au= f(x,u,v) in$2,
—Av=g(x,u,v) inS$2, (1.3)
u,v>0 1in $2, u=v=0 onodf2.

Here f and g are continuous in x and smooth in # and v, and they satisfy the following asymptotic conditions at +o00:

f(-xﬂu’v):fOO(usv)+hl(xvuav)v g(u,U)zgoo(u,U)+h2(x,M,U) (14)
where
Joou,v) = piu® + Buv®,  goo(u,v) = pov’ + Bu’v, (1.5)
and
hi(x,u,v) . . .
— 0 uniformly in x € £2 fori =1, 2 as max{u, v} — oo. (1.6)

(max{u, v})3

Our first result is the following.

Theorem 1.1. Assume that (1.4)—(1.6) hold. Then if N < 3,8 > —./i1 142, there exists a constant C = C(B, u1,
W2, §2) such that for any solution (u, v) of (1.3) we have

llullLoe(2ys lvllLe2) < C.

The proof of Theorem 1.1 relies on Liouville type theorems which we state in Section 2 below. A priori bounds for
systems like (1.3) have been studied extensively in recent years, see [5,6,19,22,23,25,31] and the references therein.
With the exception of [22], in all these papers, it is assumed that the limiting nonlinearity ( foo, go0) 1S cooperative (or
quasimonotone), i.e.,

0 u,v 0 u,v

fool ) >0, 8ool ) >
av ou

For cooperative systems, the maximum principle still works. So one can use various versions of the moving plane

method to prove Liouville theorems and a priori estimates. In particular, when 8 > 0, Theorem 1.1 follows from

0. (1.7)
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results in [6] and [23]. In contrast, our system is non-cooperative if f < 0 and therefore the methods in the above-
mentioned papers fail. To our knowledge, the result here seems to be the first in obtaining a priori bounds via Liouville
theorems for a non-cooperative system. As discussed in [22, Introduction], there are also other methods — not relying
on Liouville theorems — to obtain a priori bounds. In particular, the method in [22] works for non-cooperative systems
but requires growth restrictions on the nonlinear part which are not satisfied here.

We may assume that 8 < 0 from now on.

In our second result we show that the assumption on § in Theorem 1.1 is optimal. More precisely, we consider the
fully symmetric case A1 = Ay, 1 = up and V1 = V, = 0. Then, by a rescaling, (1.2) becomes

—Au+4u=u+pv’u in 2,
—Av+v=v>+Bu*v in £, (1.8)
u,v>0 1in 2, u=v=0 onds2.

We note that the critical value — /i1 /12 corresponds to § = —1 in (1.8). We also point out that (1.8) is invariant under
the reflection (u, v) — o (u, v) = (v, u). This invariance is essential for the following multiplicity result depending

on f.
Theorem 1.2. Let N < 3.

(a) If B < —1, then system (1.8) admits a sequence (uy, vy)i of solutions with
lurllLoo 2y + vkl Loe(2) — 0.

(b) For any positive integer k there exists a number By > —1 such that, for B < B, system (1.8) has at least k pairs
(u, v), (v, u) of solutions.

We add some comments.

Remark 1.1. (i) For 8 > —1, every positive solution of the Dirichlet problem for the scalar equation —Au + u = u>

in £2 gives rise to a diagonal solution ﬁ(w, u) of (1.8). In contrast, it will be evident from our construction that

the solutions obtained in Theorem 1.2 have different components u, v. Moreover, for g # 1, system (1.8) does not
admit nontrivial solutions (#, v) with u # v and u < v or v < u (as is easily seen by multiplying the first equation
of (1.8) with v, the second equation with u# and integrating). Consequently, all solutions obtained in Theorem 1.2 have
intersecting components.

(i1) The proof of Theorem 1.2 relies on a variant of Lyusternik—Schnirelmann theory on a submanifold M of Nehari
type (depending on B) of the underlying energy space HO1 (£2) x H(} (£2). The importance of this manifold is given
by the following properties: it contains all solutions of (1.8), it is invariant under the reflection o, and ¢ has no fixed
points in M if 8 < —1.

(iii) The multiplicity statements in Theorem 1.2 carry over to the corresponding problem in the full space RY if
compactness is restored by restricting to radial functions. More precisely, with essentially the same proof we can show
that, for 8 < —1, system (1.8) admits infinitely many radial bound state solutions if £2 = R", and the number of radial
bound states tends to infinity as 8 \( —1, 8 > —1.

(iv) If £2 = B1(0) is the unit ball in R", a different approach based on a corresponding parabolic problem shows
the existence of radial solutions of (1.8) with a prescribed number of intersections of # and v, see [30].

We briefly describe the organization of the paper and the line of arguments in our proofs. In Section 2 we prove the
Liouville theorems for the limit system

—Au= foolt,v),  —Av= foolu,v) (1.9)

which are the basis for the a priori estimates asserted in Theorem 1.1. For N = 1, 2, these Liouville theorems are
rather simple consequences of nonexistence results for solutions of the differential inequality —Aw > w?> obtained
in [8,14,15]. The case N = 3 is essential more involved, since —Aw > w3 admits solutions if the underlying domain
is a half space in R3, see [15]. In this case we proceed in two steps. Assuming by contradiction that there exists
a nonnegative, nontrivial solution to (1.9) satisfying Dirichlet boundary conditions, we use a doubling lemma of
Polacik, Quittner and Souplet [21], the boundary Harnack inequality of Berestycki, Caffarelli and Nirenberg [3] and
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comparison arguments to obtain a uniform gradient estimate in terms of boundary derivatives, see Lemma 2.3 below.
Then we apply a variant of Pohozaev’s identity in a family of unbounded cylindrical subdomains Z,, r > 0 in Ri. The
gradient estimate obtained before shows that the corresponding boundary integrals over dZ, exist, and the identity
leads to a differential inequality in » which forces the solution to vanish everywhere. This procedure is new and should
be useful for other elliptic systems. Indeed, the procedure is even new for scalar equations, and in some cases it leads
to better results than the ones based on the moving plane method (see the references [5,6,23,31] mentioned earlier).
An example has already been given by Zou [32, p. 424] who adapted our strategy in order to prove a Liouville type
result for a quasilinear Dirichlet problem in a half space. In Section 3 we complete the proof of Theorem 1.1 by a
standard blow up argument. Finally, Section 4 contains the proof of Theorem 1.2.

We add a general remark concerning the structure of the elliptic systems (1.8) and (1.9). These systems are of
gradient type, so they can be written in the form Au = 9, F (u, v), Av = 9, F (u, v) with suitably potential functions
F :R? — R. At first glance this might lead to the expectation that all methods available for scalar problems can
also be used for this type of systems. As we already have discussed in the case of the moving plane method, this is
not true. Moreover, although Pohozaev type identities play a major role both for scalar problems and gradient type
systems, the true difficulty in the context of Liouville type theorems is to derive asymptotic estimates which allow
to state the identities for suitably chosen subsets of the domain and to use the information obtained from it. We also
note that the variational structure of (1.8) has some similarities with the one of a scalar equation, but there are also
crucial differences. In particular, we point out the subtle dependence on 8 concerning the location of fixed points of o .
Avoiding fixed points is of major importance in the context of general Lyusternik—Schnirelmann theory. The situation
is much simpler in the scalar case; here Lyusternik—Schnirelmann theory is applied to the simple reflection u = —u
which only admits the fixed point # = 0. We note that the difference in the variational structure between gradient
systems of the type (1.8) and scalar problems has also been pointed out in [24, p. 205].

2. Liouville type theorems
As usual, we put Rﬁ’ :={x e RN: xy > 0}. In this section we will prove the following Liouville type theorems.

Theorem 2.1. If N < 3, B > —. /142, and (u, v) is a classical solution of the system

—Au=pu’ + pviu inRV,
3 2 . N 2.1)
—Av=puv’+ Bu‘v inR
withu > 0and v > 0, then (u, v) = (0, 0).
Theorem 2.2. Let B > — . /i1 12.
(1) If N <2 and (u,v) is a classical solution of the system
—Au=pu’ + pv2u in Rﬁ,
—Av =03+ Buv in Rﬂ, (2.2)

u,v=0 inRﬁ, u=v=0 onBRﬁ,

then (u,v) = (0, 0).
@ii) If N =3 and (u, v) is a bounded classical solution of (2.2), then (u, v) = (0, 0).

As we shall see below, Theorem 2.1 is a rather direct corollary of a known nonexistence result for supersolutions.
For Theorem 2.2, the same is true only in case N < 2. We now recall these nonexistence results.

Theorem 2.3.

(i) Suppose that 0 <q < 5= if N 23, 0 <q <00 if N =1,2, and suppose that w € C%(RN) is a nonnegative
function satisfying

—Aw>w! inRV.

Then w =0.
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(i1) Suppose that 0 < g < %—J_r} if N 22, 0<gq <o0if N=1, and suppose that w € Cz(R_ﬁ) is a nonnegative
function satisfying
—Aw > w? inRﬁ, w=0 onaRﬁ.

Then w = 0.

Part (i) of this theorem is due to Gidas [8]. Part (ii) is due Berestycki, Capuzzo-Dolcetta and Nirenberg [4] for
g > 1, whereas a more general result including the statement was later obtained by Laptev [14,15].

Proof of Theorem 2.1. If 8 > 0, then —Au > u1u3 and —Av > M2v3 in RV so that it = /;ju satisfies —Aii > il
in RN and ¥ = /yv satisfies —A¥ > #° in RV, Hence u = it =0 and v = ¥ = 0 by Theorem 2.3(i).
Next we assume that —, /i1 < 8 < 0. We put

1
I
= (&> . 2.3)
M1
Then we have the following inequality: there exists yp > O such that
a(u1u3 + ,Buvz) + u2v3 + ,314211 > yo(au + v)? forallu,v>0. 2.4)
To see this, we let t = 5 and consider the function
a(pi + Br*) + 1 (uat® + )
(a+1)3

Then p(0) = 1 > 0 and p(¢) — uy > 0 as t — co. We show that p has no positive zero. Indeed, since —,/uiu2 <
B <0,

t— p(t):= , t=0.

(@ +1°p(t) > (1 — Virpat?) + t(uat? — Vi iz)
—iai- () o) (2= (42) ) el () T+ (2) )
H2 2 M2 K2
>0 forr>0.

Hence min; > p(¢) > 0, and from this (2.4) follows.
We now put z = ou + v. Then (2.4) shows

—Az>pz® inRY, (2.5)

so that 7 := ,/ypz satisfies —AZ > 73, Since 7 is nonnegative, we conclude again from Theorem 2.3(i) that Z = 0.
Hence z =0 and thereforeu =0and v=0. O

Part (i) of Theorem 2.2 can be deduced from Theorem 2.3(ii) similarly as in the proof of Theorem 2.1. The case
N =3 is much more delicate since the differential inequality —Aw > w? admits positive solutions in R3 , see [15].

The remainder of this section is devoted to the proof of Theorem 2.2(ii). We first need an a priori singularity and
decay estimate for (possibly) singular solutions. The proof of the next lemma is modeled on an argument of Polacik,
Quittner and Souplet [21].

Lemma 2.1. There is a constant C1 > 0 such that for every solution (u, v) of

Ay — 13 2
Au_,ulu3+/3v2u, inR3, u,v=0 inR (2.6)
—Av = upv° + Buv
we have
1 1 Ci 3
[u + v+ |Vul2 + |Vv|2](x) < —  foreveryx = (x1,x2,x3) € Ry 2.7

x3
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Proof. Suppose by contradiction that there exists a sequence of solutions (i, v,), of (2.6) and a sequence of points
x" = (x],xy,x5) € R3, n e N, such that

M, (x")xgl >2n
for all n, where the functions M, :Ri — R are defined by
1 1
My (x) = [tn + v + [Vity |2 + |V, 2] (x),  x eR3. (2.8)

By the doubling lemma of Polacik, Quittner and Souplet [21, Lemma 5.1] there exists another sequence (y"), C Ri
such that

M, (y”)yg >2n and M,(z) <2M, (y") for z € By, (y”),
where A, ;= [Mn(y”)]_l. ‘We now define
Un, Oy : By(0) > R, ﬁn(x):)“nun(yn"f‘)\nx)v En(x)zknvn(yn'i')”nx)-

Then i, v, are nonnegative functions solving

{_Alznzﬂl(ﬁn)?"i‘ﬂ(gn)zﬁn’ |x| < n, (2.9)
_Aﬁn =M2(5n)3+,3(ﬁn)2i}nv |x| <n.
Moreover,
1 1
[iin + Un + |Viin|2 +|V5,]2](0) =1 (2.10)
and

~ ~ ~ 1 ~ L
gl%()[un‘i‘vn‘i‘lvunp +|an|2] <2.

1

e (RY) to a solution (u, v)

By standard elliptic estimates, we deduce that a subsequence of (i,,, U,), converges in C
of (2.1) on RY which is nonnegative in both components. Since

[+ v+ |Vul? +Vo|2]0) =1

by (2.10), (u, v) is a nontrivial solution. This contradicts Theorem 2.1. O

Lemma 2.2. Let N = 3. Then there is a constant Cy > 0 such that, for every solution (u,v) of (2.2) and every
x = (x1,x2, x3) € RS,

w(x) < Cay/d;w(xg, x2,0), 2.11)

where w =u + v.

Proof. It clearly suffices to show that, for some Cy >0, every solution (u, v) of (2.2) and every x € Ri we have

2(x) < Cay/0y2(x1, X2, 0), (2.12)

where z = ou + v and « given by (2.3). Suppose by contradiction that there exists a sequence of solutions (u,, v,)n
of (2.2) and a sequence of points x" = (x}, x5, x5) € R3, n e N, such that for z,, := au, + v, we have

Zn(x") > ny/ ;20 (x], x5, 0)  forall n.
We put A, = ﬁ, y" = (x], x3,0), and we consider the rescaled functions

ﬁn»f)n:Ri_’Ra ftn(x)=/\nun(y"+an), 1~)n(x)z)\nvn(yn"')\nx)

and z,, = aiiy + v,. Then u,, v, solve again the system (2.2), and

(2.13)

1
o

\/8X32n(0) = )‘n\/ax3zn(x?, Xg, 0) <
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Moreover, for tn = )F x and a" :=(0,0,1,) € ]Ri we have z,(a") =1, so that t,, < C; for all n by Lemma 2.1. We
putt = min{ 5 Tok C2 } and cons1der

B, = {x € Ri: |x —a”\ < rt,%}.

202 8C2
7 = _21 by
( 2 ) I

For x € B, we have |x| > 1, — rt2 (1l —1ty) 2 t,(1 —1Cy) > ’" and therefore |VZ,(x)| <

Lemma 2.1. From this we conclude that

~ ~ n 8C12 2 2 1
Zn(x)>zn(a )— - tt; =1-8Cit > > for x € B,,.
n
We now define the comparison functions
2
Tt 1 1

R\ {£a"} - R, == - .

8n \{ a } 8n(x) ) <|x—a"| |x~|—a”|>

For every n, g, is a harmonic function which vanishes on BRi and is bounded above by % on 9 B,,. On the other hand,
Z, satisfies —AZ, > yoifl >0in Ri with yg as in (2.4). Moreover, z,, is bounded below by % on 0B, and vanishes
on BRi. Consequently, the functions ¢, := z,, — g, satisfy
~Ag, >0 inR}\ B,
n >0 ond(Ry\ By),
hm inf ¢, = hmmf Zn = 0.

\x|—>oo |x]—00
xeR xeRz

Since ¢, cannot attain a negative minimum in Ri \ B, by the maximum principle, we conclude that ¢, > 0 and
therefore z,, 2 g, in Ri \ B,. We thus obtain

- ‘L'lz 2 )
05321 (0) 2 0y, 8,(0) = P =1 independently of n,

n

contrary to (2.13). The proof is complete. O

Lemma 2.3. Let N = 3, and let (u,v) be a bounded solution of (2.2). Then there is a constant C3z > 0 (possibly
depending on u, v) such that, for every x = (x1, x2, x3) € R,

1
|vM(x)|+|vU(x)|<C3min{1,—} 3 w(x1, X2, 0), (2.14)
X3
where w =u + v.

Proof. Let x € Ri be fixed. We distinguish two cases, and we point out that the constants C3, C4, ... chosen below
are all independent of x.
Case 1: x3 > 1. Then we consider the rescaled functions i, v, w : R2 — R defined by
i(y) = x3u((x1, x2,0) + x3), 0(y) =x30((x1,x2,0) +x3y) and  w(y) =i(y) +(y).

Since i, ¥ solve again the system (2.2), Lemma 2.1 implies that

1
w(y) <2C; whenever |y3|> 7 (2.15)
We put ez =(0,0,1) Ri_ and 20 ={y eR3: |y —e3] < %}. Moreover, we note that
—Aii= fi(y)ii, and —AD= fo(y) in £, (2.16)

where f| = p1i? + 9% and fo = ur v + Bii>. By (2.15), we have
[fil, 12l < Cq  in £20. (2.17)
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Therefore, using (2.15) together with the standard estimate [10, Theorem 3.9] for solutions of the Poisson equation,
we infer that

Vaen| <Cs( swp @+ swp [AMEW])<Cs swp aw) (2.18)
ly—es|<} ly—es|<} ly—esl<§

and similarly

|Vi(e3)| <Cs sup (). (2.19)
ly—esl<3

Using (2.16), (2.17) and the Harnack inequality (see [10, Theorem 8.20]), we also infer that

sup i(y) < Cyii(es), sup  U(y) < Cr0(e3). (2.20)
ly—esl<4 ly—esl<3

Combining (2.18)—(2.20) and Lemma 2.2, we obtain

|Vii(e3)| + | Vi(e3)| < Cg(es) < Coy /0, w(0).

We conclude that

1 C
[Vu(o)| + [Vo)| = = (| Vi(es)| + [Vi(es)|) < —3 35, w(0)
X3 X3
— 9 w0, 2.21)

X3

Case 2: 0 < x3 < 1. We note that # and v solve the linear equations
—Au=gi(u, and —Av=g(O)v inRy, (2.22)

where g1 = uluz + ﬂvz and go = uzvz + ,Buz. Since u# and v are bounded by assumption, the functions g, go are
also bounded in Ri. Since u, v are classical solutions satisfying Dirichlet boundary conditions on aRi, standard
estimates up to the boundary for solutions of the Poisson equation (see, e.g., [10, Theorem 4.16]) yield

|Vu(x)| < C10< sup u(y)+ sup |gi (y)u(y)|) <Cit osup u(y) (2.23)
ly—xI<3 ly—xI<3 ly—xI<d
and
|[Vu@)| < Cii sup (). (2.24)
ly—xI<§

Moreover, applying the Harnack inequality up to the boundary of Berestycki, Caffarelli and Nirenberg [3, Theo-
rem 1.3] to (2.22), it follows that

sup u(y) < Crau(xy,xz,1) and sup v(y) < Crpv(xy, x2, 1). (2.25)
ly—xI<3 ly—xI<3

Combining (2.23)—(2.25) and Lemma 2.2, we obtain

|Vu@)| + [Vux)| < Ci13y/0w(xy, x2, 0). (2.26)

Combining (2.21) and (2.26), we conclude that
1
|Vu@)| + [Vox)| < (Co + C13)min{1, —} dew(xi,x2,0) forallx eR3.
X3

Now the claim follows with C3 :=Cg + Cy3. O
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The following lemma is related to a Pohozaev type identity.

Lemma 2.4. Let N = 3. For r > 0 consider the set Z, = {(x',1): x' € R2, x| <r, t >0} C ]Ri, whose boundary
consists of the two parts C» = {(x',1): x' € R2, |x'| =r, t >0} and D, = {(x",0): x’ € R2, |x’| <r}. Let v denote
the outer unit normal vector field on C,. Then

/ [(;1)% + (85,v)? ] dpa =2 / [(yu) (Bx3u) + (3yv) (B3 v) ] d o (2.27)
D, C,

for every r > 0 and every solution (u, v) of (2.2).
Here and in the following, u; denotes the k-dimensional Hausdorff measure.
Proof. We use the fact that (2.2) is a gradient system, i.e., it can be written as Au = 9, F (4, v), Av = 9, F (4, v) with

F:R? R, F(u,v)= —ﬂu4 — &v“ — Euzvz.

4 4 2
For r, s > 0, consider the sets
zZy={(x,1): x' e R?, X|<r 0<1<s)CzZ,,
Cl={(x",1): x’ eR?, x'|=r,0<1<s}cC and
Dy = {(x/,s): ¥ eR?, x’| < r}.

Multiplying the first equation of the system with 9y, u, the second with d,,v and integrating over Z;, we get

/[Au8x3u + Avdy,vldx = /[&,F(u, V) Oyt + 0y F (1, v)8x3v] dx

VA z$
:/8x3F(u,v)dx:/F(u, v)d/Lz—/F(u,v)dungF(u,v)duz (2.28)
zs Ds D, D;

since u = v =0 on dR3 and thus F(u(x), v(x)) = 0 for x € D,. On the other hand, by Green’s formula,
[1autu+ dva 1 = / [0 + @)@y bz + [ [0 + o0 iy
zs Cs Ds
_ /[(8x3u)2 + (8x3v)2] duy — /[VuV8x3u + VuVao,vldx, (2.29)
D, zs

whereas

1
/[WV&M + VoV, v]dx = 5 f e, [ Vul* + |Vv|*] dx

zs zs
1 1
=3 / [IVul® + Vol ]dpa - 5 / (@31 + (B, 0)*] d 2 (2.30)
Ds D,

r

Combining (2.28)—(2.30), we obtain

1
5 f [(05,1)% + (0,0)* ] dia = f [(@0u) (Bx;u) + (By0) (Bryv) | dpaa

D, Cs

+/([(3x3u)2 + (0 0)%] = [IVul* + 1VUI*] = F(u, v)) dpo.
D.Y

r
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Passing to the limit s — oo (for fixed r > 0) and using the decay estimates given in Lemma 2.1, we get

1
5 / [(05,1)% + (33,0)* ] dpr = / [(@u) By ) + (3y0) (B, v) ] d e,
D, Cr

as claimed. O

Proof of Theorem 2.2(ii) (completed). Let N = 3, and suppose by contradiction that (u, v) is a nontrivial bounded
solution of (2.2). Put h(r) = [, [(3x;u)* + (3x;v)*]dpua and S, = {(x',0): x" € R?, |x/| =r}. Then (2.27) and
Lemma 2.3 imply

h(r) = 2/[8Uu8x3u + 9,005, v]d sy < 2/[|W|2 +1VoP]dus
Cr C,

oo
<203 / 8X3w(x/,0)(/min{l,t_2}dt> dx’
0

|x'|=r

1

< cl4fax3(u +v)dpr < Cis[p1 ()] (/[(%Mz + (053v)] du1>2

S, S,
< Croy/rh/(r).
Inr

1 _ h’(r) . . . L L . . . .
It follows that i 20 < 0, which implies that g(r) := Cro)? + 7y 1S nonincreasing in r > 0. However,

g(r) — oo as r — oo, which yields a contradiction. The proof is finished. O

3. A priori bounds in the case § > —. /112
In this section we complete the proof of Theorem 1.1, and we fix 8 > —,/u1u2. We proceed by contradiction,
assuming that there is a sequence of solutions (u,,, v,) to (1.3) with
max u,(x) + max v, (x) - +00 asn — o0. 3.1)
xXeR xXER
We follow a blow up procedure introduced by Gidas and Spruck [9] for scalar equations which has already been

generalized to elliptic systems, see, e.g., [6] and [5]. Since the method is standard, we only sketch the argument.
Without loss of generality, we may assume that

M, :=maxu,(x) > max v, (x). (3.2)
xesf xesf

Let x,, € §2 satisty u, (x,) = M,. Now we perform a rescaling, setting §2, = {y € RN: x, + ML,, € 2} and defining
functions U,,, V,,: 2, = R by

un(xn"‘in) Un(xn"i‘/a[_y)
Un(y) = o, Va(y) = A for y € £2,. (3.3)
Then
1:= max U,(y) = max V, (y), (3.4
yE-Qn yE.Qn

and (U, V,) solves the rescaled problem

hi(xn + ML;!: Up, Vp)

—AU, = U3 + BU,V? + L in £2,,
M}’l
3 2 hZ(Xn + ML’ ul’lﬂ vn) . (35)
AV, =V, + B8V, U, + M; in £2,,

n

U,=V,=0 onas2,.
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Using (1.6), we see that
hl (-xa unv vn)
xXe Ms

Passing to a subsequence if necessary, we consider two cases.

—0 asn— oo. (3.6)

Case 1: M, d(x,,082) — +oo. In this case, §2, approaches RY in the sense that any compact subset of RY is

contained in ﬂm>n £2,, for n large enough. Using elliptic regularity theory as in [5,6], we may assume that (U, V,,) —

(Up, Vp) uniformly on compact subsets of RY where (Uy, V) is a solution of
—AUy=m U3 + BUoVYE,  —AVo=waVg +BUVy inRY (3.7)
with 0 < Up(y) < 1,0 < Vo(y) < 1 for y € RV and Up(0) = 1. This is impossible by Theorem 2.1.

Case 2: d,, := M, d(x,, 082) — dop > 0. In this case we consider £2,,, U, and V,, as before and let y, € 952, be a
point where
|yn| = dist(0, 9§2,) = d,.

Rotating £2,, suitably, we may assume that y, = t,ey, where ey = (0,...,0, 1) is the n-th coordinate vector and
t, = —d, — —dy as n — o0. In this case, §2,, approaches the half space H := {x € RN: xy > —dp)} in the sense that
£2, N Br(0) - H N Bg(0) for every R > 0 with respect to the Hausdorff distance. As in [5,6,9] we may now pass to
a subsequence such that (U,, V,,) = (Uy, Vp) uniformly on compact subsets of RY, where now (Up, Vp) is a solution
of the following limiting problem on H
—AUy=m U3 +BUVS inH,
—AVo=puaV3 +BUZVy in H, (3.8)
Up=Vo=0 onodH.
Moreover, 0 < Up(y) < 1,0 Vo(y) < 1 for y e RY and Uy(0) =1 (a posteriori this implies that dy > 0). This is
impossible by Theorem 2.2.
Since in both cases we have come to a contradiction, the proof of Theorem 1.1 is complete.

4. Multiple positive solutions in the symmetric case

In this section we prove Theorem 1.2. Throughout this section, we assume that A = A» =1, u; = up = 1 and
B <0.WeputH = HO1 (£2) x HO1 (£2), and we consider the energy functional E € C 2(H, R) defined by

E(u,v) = %(HMH2 + %) - %/(|u+|4 + |v+|4) dx — g/uzvzdx.
2 2

Here and in the following, " = max{u, 0}, ¥~ = —min{u, 0} and ||u||? = [, (IVu|* + [u|*)dx for u € H} (£2).
Moreover, for a function u € L*(£2), we denote by |u|, the usual L*-norm of u. We are interested in nontrivial critical

points (u, v) of E. These are critical points with u # 0 and v # 0, as opposed to semitrivial critical points which are
of the form (u, 0) or (0, v).

Lemma 4.1. Every nontrivial critical point (u, v) € H of E is a classical solution of (1.8).

Proof. A critical point (1, v) € H is a weak solution of the system
—Au+(1-pv?)u= (u+)3 in £2,
—Av+ (1-pu)o=(v*) ing, “.1
u=v=0 onaf2.

Multiplying these equations with u~ respectively v~ and integrating, we get

Vu [P+ [ (1= p?)|u P =0=[|Vo [P+ [ (1= Bu?)|v|".
frrf fmT]

2
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Since B < 0, we conclude that u, v > 0, and therefore (u, v) is a weak solution of the original system in (1.8). By
standard elliptic regularity, (u, v) is a classical solution. If u = 0 and v # 0, we conclude that u, v > 0 in §2 by the
strong maximum principle. 0O

Next we put
2 2,2 _ +4
lull® = B [quv? = [q lu?] }

IolI> = B [ou?v? = [o [vT]*

={w.v)eH, u,v£0|3,Eu, v)u=0, d,E(u,v)v=0}.

Mz{(u,v)eH, u,v;ﬁO‘

Clearly, all nontrivial critical points (#, v) of E are contained in M.
Lemma 4.2.

(i) M is a C?-submanifold of H of codimension two.

(i) If (u, v) is a critical point of the restriction E pq of E to M, then (u, v) is a nontrivial critical point of E.
(i) E(u,v) = g(lull® + vl for (u, v) € M.
(iv) Epnq: M — R satisfies the Palais—Smale condition.

Proof. (i) The Sobolev embedding H(} (2) = L*(2) implies that for (u, v) € M we have

Cllul* > luly > llul® and  Clloll} > [v[3 > llv]? 4.2)
with a constant C > 0, hence

lull, vl > C~Y* forall (u,v) e M. 4.3)
Moreover, M = {(u,v) €e H: u,v#0, F(u,v)=(0,0)}, where F € CZ(H, Rz) is given by

F](u,v))_<||u||2—ﬂfgu2v2—f9|u+|4>
Fa,v) ) \ || = B fquv? = [o v * )

Note that for (1, v) € M we have

E)MFl(u,v)u=2||u||2—2ﬂ/u2v2—4/|u+|4=—2/|u+|45£0
2 2 2

Flu.v) = ( (4.4)

and

BUFz(u,v)v=2||v||2—Zﬁ/uzvz—4/|v+|4=—2/|v+|47é0,
2 2 2

whereas 0, F1(u, v)v = —2 fﬂ u*v? =9, F>(u, v)u. Consequently,
7 (QuFivu Fru v ( =2 folutt =28 [, ”202) c R2%2
CUTTN\ B Fi(u, v)v 8y Fa(u, v)v =28 [qutv® =2 [, vt '

Since (u,v) € M, we have [, |u™|* > —B [, u*v> >0 and [,|vT|* > —B [, u*v? > 0, which implies that T},
is negative definite. Hence the vectors F’(u,v)(u,0) and F'(u,v)(0,v) are linearly independent in R2, so that
F'(u,v): H— RR? is onto. We therefore conclude that M is a C2-submanifold of H of codimension two.

(ii) If (u, v) € M is a critical point of E| 4, then there are Lagrangian multipliers A1, A2 € R such that

M F{(u,v) + A2 Fy(u,v) = E'(u,v) inH" 4.5)
Applying this to (u#, 0) and (0, v), respectively, gives

A 0 .
Ty (Q) = <0> with T, ,, as above.

Since T, , is negative definite, 1| = A, =0, so that £’ (u, v) =0 by (4.5).
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(iii) For (u, v) € M we have

4>|~

Lo 2
E(u,v)=5(llu|| +1lvl?)

f|u+| ot dx — g/uvdx

2
(IIMII +llvl? Zﬂ/u2v2> —g uv? dx

4>.|~

1
=§(||u||2+||v||

= 1(||u||2+ v]l?).
4

(iv) Let (ug, vp)r C M be a Palais—Smale sequence for E p4. Then (ug, vg)i is bounded in H by (iii). Passing to a
subsequence, we may assume that (u, vx) — (u,v) € H and uy — u, vy — v in L*(£2). We note that

ut™£0 and vt #£0. (4.6)
Indeed, suppose by contradiction that u+ = 0. Then

lim |”k |4—>0 and limsupp uﬁu,fgo,
k— k—00

so that ||ug| — O since u; € M. This contradicts (4.3). Similarly we exclude that v+ =0.
Next we note that

o(1) = Ely (ug, vo) = E' (ug, vi) — My F{ (ug, vi) — A5 F(ug, vp)  as k — oo (4.7)

for appropriate sequences (k’l‘)k, ()‘Iﬁ)k C R, where Fy, F> are defined in (4.4). Since the sequence (i, vi)x is bounded
in H, we find that

o(l) (E’(uk, vk) (1, 0) — [ F{ (s, vi) + 25 F (e, vi0) ), 0)>
E' (uk, v) (0, vi) — [ASF{ (g, vi)) + A5 F) (i, vi) 100, vg)
K F (uie, vi) + A8 F) (u, vi)1ug, 0) Ak

([xkF [ (g, vi) + A5 Fs (g, v)100, Uk)) o (AS)

)\.k
= (—Tuv +o(1)) <A,i). (4.8)

2
Since (ux, vi) € M for every k, the weak convergence implies that

— 4.
Nl ﬁ/uv</}u+| and |[v)? ,B/uv<b/|v+|

So as in the proof of (i) it follows that T, , is negative definite, and therefore Ak, )Lg — 0 by (4.8). Since Fl’(uk, Vi)
and Fz’(uk, vr) remain bounded in ‘H* as k — oo, we now infer from (4.7) that E’(uy, vi) — 0. It is then standard to
deduce that (u, v) is a weak solution of

—Au+4u= (u+)3 + Bv2u  in £2,
—Av+v= (v+)3 + Bu®v in £2,
u=v=0 onds2.
Multiplying the first equation by u and integrating by parts we get

4
||u||2=|u"’|4—i—,3/v2 = hm (’uk ’4+,3/vkuk>— hm lloax ||?
Q

since (ug, vg) € M. This implies that uy — u strongly in HO1 (£2). Similarly we find that vy — v strongly in HO1 (£2),
so that (ug, vg) — (u,v) strongly in H. O

(4.9)



966 E.N. Dancer et al. / Ann. I. H. Poincaré — AN 27 (2010) 953-969

To prove the existence of multiple critical points of E, we consider the sets M€ := {(u, v) € M: E(u,v) < c} and
Ke:={(u,v) e M: E(u,v)=c, E'(u,v) =0}
= {,v) e M: Epq(u,v) =c, E\(u,v) =0}

for every ¢ € R, and we note that the functional E and M, M€ and K are invariant with respect to the involution
oc:H—>"H, @,v)—o,v)=@,u).

We put
c(B) :=inf{E(u,v): (u,v) € M is afixed point of 7 }.

Note that, in contrast to the notation introduced up to now, we stress the dependence of ¢(8) on the parameter 8 in

view of the following simple but crucial fact.

Lemma 4.3. ¢(8) = oo for B < —1, and limg_, _1 g~ 1 c(B) = o0.

Proof. It follows immediately from the definition of M that o has no fixed points in M for 8 < —1, hence ¢(8) = oco.
If -1 <pB<0and (u,u) € M for some u € Hol(.Q), then
4
lull® = [u™ ], + Bluly < (1 + B)luls < C(1+ B)llull*,

where the constant C is given independently of 8 by the Sobolev embedding Hé (2) < L*(£2) as in (4.2). We
conclude that [Ju]|? > ﬁ and therefore E (u, u) > m by Lemma 4.2(iii). Since Wlﬂg) —o00as f— —1,
the claim follows. O

Using the Palais—Smale condition for the functional E ¢ : M — R and the fact that M is a C!-!-manifold, we
obtain the following equivariant deformation lemma. Since the proof is standard, we omit it.

Proposition 4.1. Let ¢ € R, and let N C M be a relative open o -invariant neighborhood of K. Then there exists
e > 0 and a C'-deformation n:[0, 1] x M\ N — MC°T¢ such that, for all (u, v) € MY\ N and s € [0, 1],
(0, (w,v)) =@, v), (1, @, v)) e M and o[n(s, (u,v))]=n(s, oW, v)).
For any closed o -invariant subset A C M we now define the genus y (A) as the smallest n € NU {0} such that there
exists a continuous map 4 : A — R" \ {0} with h(o (4, v)) = —h(u, v) for all (1, v) € A. As usual, we set y(A) = oo

if no such map # exists. In particular, y (A) = oo if A contains a fixed point of o. By definition we have y (&) = 0.
We list some properties of y.

Lemma 4.4. Let A, B C M be closed and o -invariant.
(1) If AC B, then y(A) < y(B).
(i) y(AUB) <y(A)+y(B).
(iii) Ifh: A — M is continuous and o -equivariant, then y (A) < y (h(A)).
If A does not contain fixed points of o, then:
@iv) if y(A) > 1, then A is an infinite set;
(v) if A is compact, then y (A) < 00, and there exists a relatively open o -invariant neighborhood N of A in M such
that y (A) =y (N).
Finally,

(vi) if S is the boundary of a bounded symmetric neighborhood of zero in a k-dimensional normed vector space and

¥ S — M is a continuous map satisfying ¥ (—u) = o (¥ (n)), then y (¥ (S)) = k.
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Note that in (vii) the set ¥ (S) is closed since S is compact.

Proof. Properties (i) and (iii) are immediate consequences of the definition of y . Properties (ii) and (v) can be proved
precisely as in the case of the Krasnoselski genus, see, e.g., [27, Proposition 5.4].
To prove (iv), we note that a finite o -invariant subset A C M without fixed points can be written as

A= {1, v, ..., (n, v0), 01, V1), ..., 0 WU, V),
where the (u;, v;), o (u;, v;) € M,i =1, ...,n, are pairwise different. Therefore a continuous map /2: A — R\ {0} is
defined by

h(ui,vi)=—1 and h(o(u;,v))=1 fori=1,...,n,

showing that y (A) = 1.

Property (vi) is proved by contradiction, assuming that there exists a continuous map / : ¥/ (§) — RK~1\ {0} with
h(o(u,v)) = —h(u,v). Then ho ¥ :S — RF=1\ {0} is an odd and continuous map, which contradicts the Borsuk—
Ulam theorem (see, e.g., [28, Theorem D.17.]). O

Proposition 4.2. For every ¢ < c(B) we have y (K.) < 0o, and there exists ¢ > 0 such that

Y (M) <y (M%) +y(Ko). (4.10)

Proof. Since E 5 satisfies the Palais—Smale condition, the set K. is compact, and it does not contain fixed points of o
by definition of c(8). Hence y (K.) < oo by Lemma 4.4(v), and there exists a relative open o -invariant neighborhood
N C Mof K. in M with y(N) =y (K.).Lete > 0 and 1: [0, 1] x M¢té\ N — M€ be chosen as in the statement
of Proposition 4.1. Put 5y :=n(1,): M \ N — M ¢, Since 5 is o-equivariant, Lemma 4.4(iii) implies that
y(MEFTe\ N) < y (M) and therefore

V(Mchs) < V(Mchs \ N) + y(ﬁ) < )/(Mcie) + v (Ke),

as claimed. O

The nondecreasing sequence of Lyusternik—Schnirelmann type levels associated to the genus y is defined by
cx =inf{c eR: y (M) >k}, keN.

We note the following.
Proposition 4.3.

(i) Foreveryk, ci < 0o is bounded independently of B < 0.
(i) ¢y = c as k — oo, where c(B) < ¢ < oo.
(i) Ifc:=ck=ck+1=---=c; <c(B) for somel >k, then y(K.) 21 —k+ 1.
(iv) If ck < c(B), then K., # &, and M contains at least k pairs (u, v), (v, u) of critical points of E.

Proof. (i) Let W C H(} (£2) be a k-dimensional subspace consisting of functions u € H(} (£2) with f o =0, and let
S:={ueW: |u| =1}. Thenu™ # 0 and u~ # 0 for every u € S. We therefore may consider the map

. N R S T G
VS — M, W(”)—<<|u+|3) u’(lu|3> M>

Clearly v is continuous, and ¥ (—u) = o (¢ (1)) for every u € S. Hence y (¥ (S)) > k by Lemma 4.4(vi) and therefore
¢k < sup,cg E(¥(u)) < oo. By definition of vy and Lemma 4.2(iii), the value of sup, g E (¥ (1)) does not depend
on 8. Hence the claim follows.

(i1) Suppose by contradiction that ¢y — ¢ < ¢(8) as k — oo. Choosing ¢ > 0 as in Proposition 4.2 for ¢ = ¢, we
find that ¢ — & < ¢y, for k large, hence y (M¢~¢) is finite. By Proposition 4.2 we therefore conclude that y (M¢+¢) <
¥ (M%) + y(K;z) < oo, which contradicts the fact that ¢ > ¢ for all k.
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(iii) By assumption and the definition of the Lyusternik—Schnirelmann values we have y (M%) < k — 1 and
y (M te) > [ for every € > 0, hence y (K.) > — k + 1 by Proposition 4.2.

(iv) If ¢ < ¢(B), then (iii) implies that y (K, ) > 1, hence K, is a nonempty o-invariant set. If ¢ < ¢ <--- < ¢y,
we conclude that M contains at least k pairs of critical points of E. On the other hand, if ¢; = ¢; for some i < k and
J >i,then y(KC,) > 1 by (iii), and therefore K., is an infinite set by Lemma 4.4(iv). Hence in this case M contains
infinitely many pairs of critical points of £. O

We now complete the

Proof of Theorem 1.2. (a) Choosing (uy, vi) € K, for every k, we get a sequence of nontrivial critical points of E
with E (uy, vy) — 00, hence ||uy ||2 + || v ||2 — 00 by Lemma 4.2(iii). Since

40 14 4 4 4 2 2
121 (JurlSo + lviloe) = lurls + lvely > llugll® + ol

we conclude that |ug|co + |Vk|oo = 00 as k — oo.

(b) Let k be a given positive integer. By Lemma 4.3 and Proposition 4.3(i), there exists Sy > —1 such that for
B < Br we have c; < c(B). Hence E has at least k pairs of nontrivial critical points by Proposition 4.3(iv), and
therefore (1.8) admits at least k pairs (u, v), (v, u) of solutions. O
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