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Abstract

This paper is concerned with the Cauchy problem of the Burgers equation with the critical dissipation. The well-posedness and
analyticity in both of the space and the time variables are studied based on the frequency decomposition method. The large time
behavior is revealed for any large initial data. As a result, it is shown that any smooth and integrable solution is analytic in space
and time as long as time is positive and behaves like the Poisson kernel as time tends to infinity. The corresponding results are also
obtained for the quasi-geostrophic equation.
© 2020 The Author. Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

We consider the Cauchy problem for the Burgers equation with the fractional Laplacian:

oru + Au~+uoyu =0, t>0,xeR, 11
u(0, x) = up(x), xeR, 4.
where A := F~!|£|F. We study the local solvability and the analyticity for initial data in the largest space of the
Sobolev and Besov spaces which are related to the scaling invariant spaces and the large time behavior of solutions
for any large initial data. It will be shown that the similar argument also works for the quasi-geostrophic equation.
It is known that the equation (1.1) is solvable locally in time (see [19,28,31]). In fact, for any initial data in
1

H? (R) or B’[il (R) with p < oo, there exists a unique local solution. Also, the analyticity in space is proved in the
papers [19,28], while that in time variable has been left open up to now. The first purpose of this paper is to construct
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solutions for initial data in the Besov space Bgo’ «o(R), which is analytic in both of the space and the time variables
for positive time.

Before recalling the results on the large time behavior, let us mention about the global regularity. Consider the
problem with the fractional Laplacian of order y.

ou +AYu +udu=0. (1.2)

It was proved that the value y = 1 is the threshold for the occurrence of singularity in finite time or the global
regularity (see [3,19,21,28]). In fact, if y < 1, it is shown that the gradient of the solution blows up in finite time for
some continuous initial data. On the other hand, if y > 1, such singularity does not appear, so that solution always
exists globally in time. We refer to the results on the global regularizing effects in the subcritical case y > 1 (see [21]),
and on the non-uniqueness of weak solutions in the supercritical case y < 1 (see [2]) and on the global regularizing
effects for the n-dimensional Burgers equation in the critical case y =1 (see [11]). We should also mention about
papers concerned with the quasi-geostrophic equation [10,27,29], where the method of [10] is inspired by Di-Giorgi
iterative estimates, the approach of [27] involves control of Holder norms using appropriate test functions, and the
proof in [29] is based on a nonlocal maximum principle and to investigate a certain modulus of continuity of solutions.
The global regularity is not the aim of this paper, but we apply their results to guarantee the global existence.

As for the large time behavior, Biler-Karch-Woyczynski [5] considered the equation with the semigroup generated
by AY — A (0 < y < 2) to study the asymptotic expansion of solutions (see also [6—8]). For the equation (1.2), Karch-
Miao-Xu [25] considered the subcritical case 1 < y < 2 to study that the large time asymptotics is described by the
rarefaction waves with some condition in the distance. Alibaud-Imbert-Karch [1] investigated that the entropy solution
converges to the self-similar solution for the critical case y = 1, and the nonlinearity is negligible in the asymptotic
expansion of solutions for the supercritical case y < 1. In the previous paper [24], it was proved that the solution
behaves like the Poisson kernel if initial data is integrable and small in the Besov space Bgo’l (R). However, for large
initial data, the large time behavior of smooth solutions has been left open up to now. In our theorem below, we show
that any smooth and integrable solution behaves like the Poisson kernel without smallness condition for initial data.

Before stating our results, let us recall the definition of Besov spaces.

Definition (Besov spaces). Let {1/} U {¢;} jez be such that

supp¥ C {161 <2}, supp@; C {2/ <|&| <2/t forany j € Z,

VE +Y ¢;E)=1 foranyéeR? Y ¢;)=1 forany&eR?\{0}. (1.3)

j=1 jez
Fors e R and 1 < p, g < oo, we define the Besov spaces as follows.
(i) B3, q(Rd) is defined by
B}, ;R :={u eS8’ RY) | |ullpy, < oo},
where
el gy, = 19 s ullee + {27165 % uller} o o ey
(ii) BS, ,(RY) is defined by
B ,(RY) :={ue SR /PR |ull g < oo},
B D.q
where P(R?) is the set of all polynomials and

lull gy, = [{27 10 % o} sz | o zy-

We also introduce the standard spaces L" (0, T'; B‘f,,q (R%)) and the Chemin-Lerner spaces L’ O, T; B‘f,’q (R%))
which is defined by the set of all distributions « such that
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||u||zr(o,r;3;q) =Yk ullro,rsr + [|{2 19 * ullLr(o,T;Lp)}jeN ||eq(N) < o00.
We also define the Poisson kernel P;(x).
NG

d
i N fort > 0,x e R?,
72 (14171972

P(x) = F e () =

where I'(-) is the Gamma function. The following is our main theorem.

Theorem 1.1. Let uq be such that

uo € BY, o o(R) and jli)nolo ll; * uo |l oo = 0. (1.4)

(i) There exists T > 0 and a unique solution u of (1.1) such that

u € C([0, T1, BY, o(R) NL®(0, T; BY, o (RN NLY 0, T; B, o (R)),

lim |¢; *u(t)|[Le =0 foranyt > 0.

Furthermore u(t, x) is real analytic in space and time if t > 0.
(i) If in addition ug € L' (R), the solution u from (i) is global in time, satisfies that u(t) € L' (R) for any t > 0, and
that forany 1 < p <00

u(t) - P, / wmdy| =0 (15)
R

. -1
lim ¢t »
—>00

Furthermore, for any a > 0 there exists C > 0 such that

-1y
NV Iu@r < =797

foranyt > 1. (1.6)
Remark. The higher order asymptotic expansion in Theorem 1.2 (ii) in [24] are able to be proved also for any large
initial data, since we already have the decay estimates of all regularity norms as (1.6). Namely, the following assertion

1+d(1-1)

lim ¢ P
—>00

u(t) — PiM + 9, P; / yuo(y)dy
R

t t
1 1
+ E(BxPz)//u(r, y)zdyerrEf(athfr)*(MPzH)zdf
0 R 0

1
1
~ 5@ [ [orpaorae], =o
0 R

is true provided that ug € L' (R), [ lyuo(y)|dy < oo and (1.4) is satisfied, where M = [ uo(y)dy.

Let us give remarks on the proof. Based on the frequency decomposition method (see [31,34]), we develop the
local solvability to obtain solutions in more general spaces which include non-decaying functions, while they [31,34]
considered function spaces where the Schwartz class is dense. In Proposition 2.1 below, another frequency localized
maximum principle is established, which enables us to work with the iterative method. On the analyticity, the existing
method is to consider the direct computation in the frequency space through the Plancherel theorem (see e.g. [19,28]),
or to apply the Fourier multiplier theorem to multipliers e'#, ¢/ (% 1+H19x D (see [4,19,30]), which requires the
boundedness of the Riesz transformation or singular integral operators. On the other hand, we simply consider the
derivatives with the weight of time variable, which does not require the Fourier multiplier theorem, and the analyticity
of Gevery type with order one is verified for not only space but also time variable (see Propositions 3.2, 3.3 and the
proof of analyticity thereunder).
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As for the large time behavior (1.5) without smallness of initial data, the most important point is to get an integra-
bility of solutions

(0.¢]
/||u(t)||3éoldt<oo, 1.7)
0

which can be seen in the previous paper [24] and is useful to work via the Duhamel formula. To handle large initial
data, we develop the time decay estimate in L°°(R) along the paper [15], which assures the smallness of u(ty) for
some large 7. Then we can apply the argument for small data for # > 7y, while the integrability for [0, 7] is guaranteed
by u € L ([0, 00), Bcl)o’ 1 (R)) by the result [31]. In addition, we also establish decay estimates with arbitrary positive

loc
regularity (1.6) for any large initial data (see also Proposition 4.3).

We next consider the quasi-geostrophic equation.

WO+AO+w-V)O=0, t>0,xeR?

u=(—R20, R10), t>0,xeR? (1.8)

6(0, x) = 0y (x), x e R2,
where 0 : R? — R is the unknown function, R;, R, are the Riesz transforms in R2. The equation is an important model
in geophysical fluid dynamics, which describes the evolution of a surface temperature field in a rotating and stratified
fluid. We obtain the following result by modifying the method for the Burgers equation to handle the Riesz transform

especially for the low frequency part. For the sake of simplicity, we consider initial data in L'(R?) N B,  (R?) to
avoid the complexity to get the following result.

Theorem 1.2. Let y = 1, ug satisfy ug € L'R*) N Bgo’OO(R2), l¢; * ugllpe — 0 as j — oo. Then, there exists a
unique global solution u of (1.8) such that

u € C([0,00), B, o (R?) N L75,(0, 005 BY, o (R?) N L}, (10, 00); B, oo (R)),

Lim |¢; *u(t)|[po =0 foranyt >0,

J—00
and u(t, x) is real analytic in space and time if t > 0. Furthermore, for any 1 < p < oo

1
-5

.2 _
Tim 217 Jucr) - P / wmdy| =0,
RZ

and for any o > 0 there exists C > 0 such that
1
IVIu@lle < Ct2"D7 foranyt > 1.

Let us compare with known results. There are a lot of known results on the global solvability and the asymptotic
behavior. The solvability in the case when y = 1 was studied for small initial data in L>°(R?) in [12] and that
for arbitrarily large data has been settled in the papers [10,27,29]. The well-posedness is also studied in Besov spaces
in [34], where spaces are defined by the completion of the Schwartz class. Here we refer the recent papers [9,16,23,26]
on regularity of super-critical case y < 1, where the global regularity is open. As for the large time behavior, the
subcritical case y > 1 was resolved by [14,20,33]. For the critical case y = 1, the time decay estimates in L”(RZ)
for some p of weak solutions are known in [12,18,32]. We also refer to the recent papers [22] for modified equations,
including not only critical case but also super-critical case, [13] on the existence of a compact global attracter with
a time-independent force, and see also references therein. The contribution of Theorem 1.2 is the analyticity in the
space and the time variables and to reveal the large time behavior of smooth solutions for any large initial data.

This paper is organized as follows. In section 2, we prepare lemmas on the frequency localized maximum principle.
On the proof of theorems, we prove Theorem 1.1 only, since Theorem 1.2 follows analogously. Section 3 is devoted to
showing the local solvability and the analyticity for Burgers equation. In section 4, we verify the large time behavior
of solutions in Theorem 1.1.
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2. Preliminary

In this section, we prepare the frequency localized maximum principle for non-decaying smooth functions, which
is motivated by the paper [34]. The Fourier multiplier theorem for the Poisson kernel and the continuity property of
linear solutions are also investigated.

Proposition 2.1 (Frequency localized maximum principle). Let u, v, f be smooth functions on (0, 00) x R? such that
u, du, 3*u, v e L®((0,00) x RY).

(i) Let j € Z. If u satisfies 0; (¢j * u) + (- V) (d)j * u) + A(d)j * u) = f, then there exists a positive constant ¢
independent of u, v, f, j such that for almost every t >0

Ol *ullLoo + 2/ |y s ulloo < Il f . 2.1
(i1) If u satisfies 8,(1// * u) + (v- V)(w * u) + A(I/f * u) = f, then for almost every t > 0
Oy *xullpee < || fllzoe. (2.2)

In order to prove the above proposition, we prepare two lemmas.

Lemma 2.2. Let u(t, x) be a smooth function with u, d,u, 8,214 € L*®((0, 00) x RY). Then 3 ||u(t)|| 1~ exists for almost
every t > 0. Furthermore, for almost every t > 0, there exists a sequence {x,,n}gozl C R4 such that

lu(@lze = Hm u(t, x;n)sgn (u(t, x1.)), (2.3)
Illu®)llLee = lim (3u)(, x;,n) sgn (e, xe.0)), (2.4)

where sgnu is a sign function of u.

Proof. Our proof is based on the proof of Lemma 3.2 in the paper [34], but there needs some modification to handle
non-decaying functions. In what follows, let # > 0 and |k| < 1 such that r + /4 > 0.
The existence of d;||u ()| L~ for almost every ¢ is proved by

(e + )l = u(@)llpoe | < llul +h) —u@)|e < sup [|3u(z)| Lokl

lT—r]=1
since this inequality implies the Lipschitz continuity of ||u ()| zo.
We turn to prove the latter assertion. Let us consider non-negative u for the sake of simplicity. For each ¢ 4 &, there
exists a sequence {xt+h,n}2'; | such that
u(t +h, xippn) = llu@+h)llge  asn— oo. (2.5)

By considering the limit as 2 — 0, we can take sequences {/,,}_; and {X;1p,,.n, };; Such that

b =0, u(t +hm, Xt hyyny) = (@)l as m — oo,
(e + )| = (2 + P Xty m,) < iy, (2.6)
lu ()l = (e, Xty m,) < By @.7)
lim (0;u)(t, Xth,,.n,, ) EXISLS.
m—00
Put x), := X;1n,, n, - It follows from the inequality (2.6) and smoothness of « in the time variable that
e+ )Wz = Nu(@llzee _u(t + hm, x,,) + hyy —u(t, x,,)
/’lm - hm
fu(t +thx;;1) - u(taxr/n) +I’l
hm
— lim (du)(t, x,,),
m—00

m
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as m — oo, which implies
Fllu@)llze < lim (du)(t, x;,). (2.8)
m—0o0
On the other hand, we have from (2.7) that

lu(t + hm)llLee — llu(@)|l oo >M(f + o, X)) —u(t, x),) — h2,
R - hm
>u(t + i, X)) —u(t, x,,) B
> .

— lim (du)(t, x,,),
m—00

B

as m — oo, which proves the inequality in the opposite direction of (2.8). Hence, the assertion (2.4) of (a) together
with (2.3) is proved for non-negative u. For general functions u, the analogous argument also works well by replacing
u with —u at which u takes the negative value. Therefore we complete the proof. O

Lemma 2.3. Let

A= {g e LYRY | llgle~ =1, suppg C {5 e R?[27" <|¢| <2}}.
There exists ¢ > 0 such that for all g € A and {x,},_ | such that

lim g (x,) sgn(g(xn)) = lIgllLee,

n—o0
we have

lim (Ag(xa)) sgn(g(xn)) = c. (2.9)

Proof. If the statement of the above lemma is not true, then there exist {g,}7° , and {x,}7° | such that

1
gn(xn) = 1 ==, limsup (Ag,)(xy) <0, (2.10)
n

n—oo

noting that it suffices to consider —g,, instead of g, if g, can be negative. Let

gn (x):= gn(x +xy).

Noting that g,(0) — 1 as n — oo and ||Vg, L~ < CllgnllL~ = C, by taking a subsequence we see that there exists
g € L (R?) with g(0) = 1 such that g, (x) — g(x) as n — oo uniformly with respect to x in each bounded set of R¢
by the Ascoli-Arzeld theorem and g € C*®°(R?) N L (R¥), since g, is supported in the bounded set {§ € R¢ 27! <
|€] <2} and so is g. This g also satisfies g = 1, since 1 = g(0) = ((qb_l + ¢o + ¢P1) * g) (0) but the constant function
1 satisfies (¢p—1 + ¢po + ¢1) * 1 = 0. Here we recall the following formula:

2g(x) — g(x + ) — g(x —
S @1

R4

where Cy is a positive constant depending on the dimensions (see e.g. Lemma 3.2 in [17]). The above formula yields
that

26(0) — g(y) — g(—
sen (5(0)) Ag(0) = sgn (5(0))Cy / s© f’;(lﬁl 8V 4y 2o,

]Rd

since g is not a constant function. Here we can show that

i 28,(0) — 80 (y) — gn(—Y) dy — 2g(0) —g(y) —g(—=y)
nLn;O |y|d+1 y= |y|d+l
R4 R

In fact, for any 6 > 0, it follows from the dominated convergence theorem that

dy.
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lim

n—oo

/Zg’n(O)—gn(y)—g’n(—y)dy: / 2§(0)—§(y)—§(—y)dy

|y|d+1 |y|d+1
[y|>é ly|>8

while the uniform boundedness of || V2g, ||z with respect to n gives that

280(0) — 20 (y) — &n(—Y) ) Iy[?
\f e dy| =1 Vgl f e

lyl<d [yl<d
<Cligallz=8 = C3.

Therefore, by the assumption (2.10), we find that

28,(0) = 2n(y) — nl—
0<sgn(g(0))Ag(0)§sgn(g(0))nlggocd/ 8 (0) ‘|g|(dy+)1 (=) 4
R4 Y
=sgn (¢(0)) liminf Ag, (x,)
509

which is a contradiction. O
We are ready to prove Proposition 2.1.

Proof of Proposition 2.1. The inequality (2.1) is an immediate consequence of Lemmas 2.2, 2.3 with the scaling by
2/ and the fact that for any {x; ,}°° | satisfying

lu(@)llzee = lim u(r, x; n) sgn (u(t, x;.0)),
n—od
its gradient must satisfy

lim Vu(t, x;,) =0.

n—0o0

It is also readily to show (2.2), since the same argument works well for d;(y * u) by the non-negativity 0 <
liminfy,, oo AV s u(t, x;0) sgn(y * u(t, x;,n)) for {x;n},2, satisfying | s u(t, x;,0)| = |V *u )|z~ as n — oo,
which is seen from (2.11). O

The following is the Fourier multiplier theorem for the propagator defined with the Poisson kernel.

Lemma 2.4. (see e.g. [24,31]) There exist C > 0, 0 < ¢ < 1 independent of uo such that

—Ct2J —tA —ct2)
ce™ % igj xuollLoe < Il * (e M uo)llLee < Ce™ || uoll Lo (2.12)

; 0 d
forall j € Z and ug € By, (R?).
Next lemma is concerned with the continuity of the linear solution.

Lemma 2.5. (i) Let ug € BY, . (RY). Then

lim e " ug =ug in BS,  (RY) ifand onlyif —lim ||¢; % ug| o = 0.
t—0 ’ j—oo

(ii) Let ug € BY, o (RY) be such that ||¢; * uollp — 0 as j — co. Then

: —tA - _
Jim fle™  uoll10.7:51, ) =0- (2.13)

Proof. Before proving, let us recall the proof of Proposition 2.4 (i) from [24], which would be helpful for the readers
to understand details of the proof below.
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We prove (i) first. Since for any & € R with 2/~! < |&| < 2/+!

|e*’|5|—1|: 1 ' iftZ{zl,
12/ ift2/ <1,

we have from the Fourier multiplier theorem that

CVmin{1, 227}1¢; * uoll e <Ilg; * (e~ — Dug) | Lo
<Cmin(1, 12/}|¢; * uo|l L.

The above first inequality implies the high frequency part of u( vanishing by the time continuity of e~"“u, and the
second one yields the time continuity under the condition that high frequency of u vanishes.

Let us turn to prove (ii). For jy € N, it follows from (2.12) that

le™uollz0,7.m1, ., <T (10 5 uolli+ sup 27y xuol o)
’ 1<j<jo

—ct2) i
+ Csup le™ " L1012’ 19 * uol >
J>Jjo
< Jo .
<T2%|luollgo,  + C sup ll¢; *uo|lLo~.
j>Jo

By taking jo large and choosing T sufficiently small T <« 27/ ”“0”320 > We get (2.13). O
3. Local solvability and analyticity for Burgers equation

In this section, we prove the local in time solvability and analyticity in Theorem 1.1. Only in this section, let {¢; }?O:O
be the Littlewood Paley dyadic decomposition for inhomogeneous spaces, namely, ¢q is taken as ¢o9 = 1, where
satisfy (1.3). Put §; := Z£:0¢j* for j =0,1,2,--- and §; =0 for j = —1,-2,--- for the sake of simplicity.
Consider a sequence {un}gi] such that

up=e " S u,
Ortny1 + Aupty + Z (S1—3u ) Ox by * tp 41
>0
1
=—- Z ( Z O * un>ax¢l *Up — Eax Z (Pr * up) (Pp * uy),
>0  k>I+3 [l—k|<2

u, (0) = S,ugp.
Existence of u,41 for given u, is assured by smoothness of the initial data S,uo, and we need to obtain a priori
estimate. It follows from the boundedness of e ™" and the maximal regularity estimate in Bgoy oo (R) that

3.1

||M1 ”Zw([O,T];B&,oo)ﬂZ'(O,T:Béom) + ||3tul ”Zl(OsT?B(o)o,oc) < C””O”Bgooo

We need to estimate u, (n =2,3,---) and the difference u;,11 — u,+1. For this purpose, we prepare the following
lemma.

Lemma3.l.LetT >0,1<q,r <00, s >—1and 0 < § < 1/2. Then there exist positive constant C, ¢ such that the
following three inequalities hold.

letns1llzoo0 7:8s y <lluollgs, , + Cllunll_ 1 lupgall 1
OT:B%.0) e 1200.7:B2 o) 120.7:B2)
(3.2)
+ Cllugll _ 1 fluall 1oy s
L2(0,T; B3 o) L2(0.T;B% )
—tcA
lpr1ll. 1, <le7"Pugll . 1., +Cllugll 1 Nlupgrll 1
Ir.1:BLY) Ir0,1:BL5) 12(0.T: B2 ) 120.7:B2)) (3.3)
+ Cllunll _ 1 lugll 1o
L2(0,T: B2 ) L20,7:82,)
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—tcA
_ ~ _ < _ ~ _
lun+1 um‘H”LZ(O,T;B (?q) =Clle (Sn+1u0 Sm+1u0)||L2(O,T;B t?q)

+ Cllugll _ 1 g1 —ums1llz20 7. p=5
12(0.7:B2.) L20.T:Boog)

(3.4)

+C( + lltam |

llun I 1 5 1
L2(0.T;B2 o L2(0,T;B2, )

il o4 =tz 7,

.2
s 45 Doo 0o

Remark. The above lemma is concerned with the inhomogeneous Besov spaces, so that the constant C depends on
the time 7 > 0. On the other hand, we can also consider the homogeneous Besov spaces. In that case, the constant C
is independent of T'.

Proof. First we show the inequality (3.2). For j =5,6,7, - - -, it follows from the recurrence relation (3.1) that

O * Uns1 + APj *k tnp1 + (Sj—3un)dx ) * Unt1

=(Sj—3un)0xPj * Ungp1 — P * Z (S1—31tn)0x Pt * tns1
>0 (3.5

_¢j*z< Z ¢k*un>8x¢1*un—%¢j*3x Z (P * up) (Pp * up).

>0 k>I+3 [k—1]<2

By Proposition 2.1, we get that

@) *unsilize + 2/ l@j s upprllLoe

< H (Sj—3n) ) * tng1 — @ * ; (S1-314n) by ¢ 41 HLOO

o (X serw)otr ] 50500 3 @i @reun)

l1€eZ k=>I+3 |k—1]<2

Loo”

Noting that the left member is et 0 (e"‘2j l; * tpg1llLe0), multiplying by ¢'? and integrating in both sides, we
have that

léj * unt1(D)llLee < e lpj *uollLe +1(2) + I(2) + TL(2), (3.6)
where

t

1(t) :2/6*(17002/ H (Sj—Sun)axd)j *Unp1 — B * Z (S1_31,¢n)8x¢l * Upi] HLood‘L',

0 >0
t
11(7) ::fe—(t—r)cz-l e Z ( Z Ok * un>8x(]§[ * Uy Locdl’,
0 leZ k=143
t 1
1) :=/e—(t—t)62/§H¢j *d ) (Gerun)(@rru)| de.

o Jk—11=2

We estimate the above three by the use of the Fourier multiplier theorem and the Holder inequality. The first term I is
estimated with a kind of commutator estimates (see e.g. (3.4) and (3.5) in [24]) as
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! 3
I(2) SC/||8ij—3un||L°° Z lpj+p * tnt1llLodt
0

pu=-3
t

3
< [ 3 Fldrunlis 3 W s wrnllide

h k<j-3 p=-3
3
k
<C Y XN xunll 2oz D 1 % untill 2, :00)
k<j—3 u=-3
X 3
5k
<Cllun] v 25 Y g * Nl 20,7 1)
L2(0,T; B2

o) p<i 3 =3

Above, we notice that there is a difference between S;_3 and S;_g from [24], but the finite dyadic numbers of

frequency component does not disturb the estimates, and we can estimate similarly. We multiply by 2%/ and take the
sequence norm £9(Z) after the supremum for 7 to get

1
(37 swp 1)} <Clunll_ el
j>5 te(0,T) L*(0,T;B&%,00) L*(0,T;B%.,q )

. i+3 .
Since ¢ x Yoo (Do grps Pk * Un)0xy %1y = ¢ % (Z,](:j_3(¢k *Un) Y y<p_3 OxP1 * 1), the second term 1T is also
handled in the similar way to the first one I1(¢):

llaen !

% 72 ats”
vT§Boo,oo) L (0,T§B:>o,q)

1
(@7 sup 1) )" <Clunll_
i=s  te©.T) L2(0

As to the third term III, we also apply the Fourier multiplier theorem and the Holder inequality to get that

k+2 1
MO <¢ Y Y [ 2o sunlinlgr i limde
k>j-51=k—2}
k+2
—(k—7)Ak
=<C Z 2~k Z |k * unll 120, 1. L0y B1 * UnllL20,7: Lov)
k>j-5 I=k—=2
2
<C Y 22T N m # il 20,7109 1 4m e * Ul 20,7100 -
m>-5 n=-2

By multiplying by 2%/ and taking the sequence norm of £9(Z) after the supremum for #, we obtain that

{ 3 (29 sup M) }%

= 1e(0,T)

2 1

— (14 1+5)(j Na

<c ) 2 +Y)m{ > :(2( TGN 20,7250 1B tmt *un||L2(o,T;L°0>) }q
2

m=-5 j=5 H==
<Cllunll_ 1 luall iy -
Torel. | POTELY)

By the above estimates for I, II, IIT and the inequality (3.6), we obtain the inequality (3.2) for the frequency away

from the origin. As to the frequency around the origin, we apply (2.1), (2.2) to (3.5) and integrate to get that for
j=0,1,2,3,4
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t

16 s <6y ol + [ (o5 3 (S eunia ]

0 10
+H¢j*z< Z ¢k*un>ax¢l*un L0
120 k=I+3
1
+5)erron Y @orud@ | )ar
lk—1]=<2
C s s (3.7
<l ol + € [ (303w sl <unsli
o 1=0k=0

5 2
+ ) llw # wnllLoe Nl * | oo
k=0 1=0

1 1
+ Y 2 2 gy 23 gy )1 )i
lk—1|<2

Hence, we obtain that

EyT.

4
; q
[ (2719 #tnsllimo.ri) | <luollag,, + Cluall_
' L2(0

1 Nuall 1.
= T:B2 oo) 20,1;82.,)
+ Clluall 1 Nuall Ly
L2(0,T: B3, o) L2(0,T:B% )

which prove the estimate of (3.2) for low frequency part. We complete the proof of (3.2).

We next prove the estimate (3.3). By taking L” (0, T) norm for the estimate (3.6), applying the inequality (2.12) to
the first term in the right member of (3.6) and order exchanging of integration for integrals of I, II and III, we have
that for j =5,6, ---

1. ~ ~ ~
lé; * unt1DIllLro,1;00) < C<||¢>j * flc{\uollzr(o,T;Loo) +277(I(T) + IKT) + III(T))), (3.8)

where T, II, I1I are similar to I, II, III such that e~ =92’ ig replaced with 1. By multiplying this inequality by 2G+9) ,
and taking the sequence norm of ¢4(Z), the same argument as before enables us to get the estimate of high frequency
part of (3.3). As to the low frequency, we can also apply the argument (3.7) to obtain the required estimate.

Let us prove the last estimate (3.4). By the recurrence relation (3.1), we write

O (Up+1 — Um+1) + Aluns1 — 1) + Z (S1=3un)Ox by * (Uns1 — Ums1)

leZ
==Y (Si-3(tn — )t * 1
leZ
- Z( Z Ok * (up — um))ax¢l *Up — Z ( Z bk * um)ax¢l * (Up — Upy)
leZ k>I+3 leZ k>I+3
1 1
= 50 |1%:52 (b * (tn — tm)) (D] % up) — 5 ”%:52@" ) (@) % Un — Um)).

The similar arguments to the proof of (3.2), (3.3) and Step 3 in the proof of Theorem 1.3 in [34] are applicable, each
terms can be handled analogously to the previous estimates, and we obtain the estimate (3.4). O

Proof of unique solvability in Theorem 1.1. First we derive a uniform boundedness of {u,,}>°
tion. We consider the estimates that

| to construct a solu-

<2, (3.9)

lunllzoo. 750 ) < Colluoll go llunll 1
L°(0.T; B, o) B o’ o)
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fixed as a small constant

where the constant Cp > 2 is larger than absolute constants appearing in the propositions and lemmas and ¢ will be

When n = 1, (3.9) is possible to be obtained, since the first one is just the boundedness of e~/ and the second one
for small 7 is assured by (2.13) and the interpolation inequality,
I 1

L2(0,T; B3, 00)

_||f||Lm(0TBO ||f||L1(OTBl N

which is on the controllability of the norm of L?(0, T; BZ

L o (R)) by L®(0, T; BY, o (R)) N L'(0, T; BY, 1 (R)).
We also take 7 smaller such that the inequality ||e’“Au0|| 1 < ¢ holds, where ¢ > 0 is a small constant
L2(0,T;B3 )
appearing in (3.3)

We fix ¢ > 0 small enough such that ¢ K (Co)~!, which gives the bounds
llun l <!
u < —.
! 20,1782, 16Co

s = 0 and the assumption for u,, that

Let us consider the estimates for u, under the assumption (3.9) for u,,. It follows from the inequality (3.2) for
lunt1 ||Z°°(0,T;BO ) S””O”BO

1
+ C + C o ’
T6C, [|u n+1|| P 0T6C, [|u "”L%O,T;Bé_w)
||un+l||Z00(0’T;BO ) SZHMOHB&N'
We also apply (3.3) for s =0 to get that
l|u +1|| 1 =+ Cor——llunsill 1 +Co- lunll 1
"2, T:B2 o) 16Co " 12(0.T:B2 o) 16Co " L2(0.T:B2 )
lunsrll_ 1 <2e
! 2(0,T; BZ 00)
Hence, the uniform estimates (3.9) is proved

We next consider the convergence of u,, in ZZ(O T.B
(3.4) that

(R)). For fixed 0 < 6 < 1/2, we have from the inequality
lnt1 = tms1llz20, 7,550 ) =Colle™ A (Spy1uo — Sm+1uo) 720, 7. 52

00)
1
+ CO . TCO ”MYH-I Um+1 ”LZ(O T; Boo )
+Co- ﬁ” n u'"”ZZ(O,T:BSO‘?oo)’
%“unJrl = mt 1720, 7.8 ) SCN(Snt1 — Sm+1)u0||B,

+ 2
2ol —
16"

Unllz20.7: B0
Bt = s 20,7550,y SC27 ™ Mol gy, + St =l 220 72553,
The above inequality yields that
||un+1 un”LZ T;Bx <C2~ ”uO”BO

0.T:Bs) =

00,00 ’
which prove the existence of the following limit

n—1
= lim u, = hm up +
n—)oo

Z(uk+1 —uy) in Z2(0 T;B
k=1

D).
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It can be checked that u also satisfies the same inequality as (3.9), and the standard limit argument ensures that u
satisfies (1.1) in the sense of distribution. The uniqueness is proved by applying the inequality like (3.4) for the same
initial data. O

We next study the analyticity of solutions. Let us prepare a lemma and a proposition.

Proposition 3.2. Let o, § € NU{0} and 1 < g < oo. Then there exists a positive constant Cq independent of «, B such
that for any ug € Bgm R)

l[£% P e Bfe_tAuollBgo_q + [[eo TP e afe—fAuo||zl(o,T;Béolq) <C*P(a+ ) luoll o, - (3.10)

Proof. It follows from d;¢"* = —Ae 2 that

—tA —tA —_L_A A
lopafe™ uoll gy = IA%0F e Ruoll gy = (Ae™=F ) Bre™ =7 Pl gy .

—tA

The smoothing effect of e implies that

—tA
log 9 e M uoll gy < C*FP

SoN

Iuollggo,q-

The above inequality and Stirling’s approximation yield the desired estimate of the first term in the left member of
(3.10). As for the second term, we also have from the above estimate and the maximal regularity estimate in the
Chemin-Lerner spaces that

A, - — s A Y Sy
I Popafe Muoligi r.py ) =l (Ae” T Bre” P e uoli i 1oy )
t
—IA
SCOH'ﬁ(a—i—ﬁ)DH‘ﬂ“e 2 l/l()”Zl(O’T;B(I)Oq)

<CC @+ B P lluoll gy, -

Therefore we obtain the inequality (3.10). O
Based on the proof of Lemma 3.1, we show the following nonlinear estimates to obtain the analyticity.

Proposition 3.3. Let 97, = 9;7°0;", a! ;= agloy ! and || = g+ for a = (ag, 1) € (NU{O})?. Assume that || > 1.
Then there exists a positive constant C independent of o such that for any 1 < q < 00

|| qo ~ ~
=20, s tnt1ll oo 0,7, B, 0T 0.7:BL, )
-1
<Clalllt*= o cunillz 0,750,

+ C||luy, ||Zl(0yT;Béo D ||f|a‘3zofxun+l ”ZOO(O,T;BQO B

al | ig1ap Ivla7 G-11)
+C Z W”t 3t,x”n||Z°°(0,T;Bgo 1)”’ Y 3t,x”n+l||il(0,T;Bgo_q)
B#0, py=a '
o!
D D 7 I (o I
s P! 120.T:B2 o) 120,7:82 )
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Proof. By applying 9/, to the recurrence relation (3.1) and the similar argument as in (3.5), we write
O pj * (OF cttns1) + Ay * (O 1) + (Sj—31n)0x ) % (9 tny1)
=(Sj-3Un)0xpj * (O cttng1) — by % Y (S1—3un) by * (O cttny1)

leZ
ok Y (Sj-3tn) e+ O yuns1) — O by % D (Sj—31tn) Dy * 1
leZ leZ
0% 3 (X o un)dur oy — ,xz¢,*a 3" @ un) (B x ).
1eZ k=I+3 lk—1]<2

It follows from Proposition 2.1 and the Leibniz rule that for j =35,6, - --
Al (O unt)llLoo + 27 [l % (Of syl oe
<[/ (j-3t) 0+ O i) = 5 2 (5t ) ..

+ Z I 'Hqﬁj*z Si— 381x’4n) x¢l*(atx”n+1)”

B#0, p+y=a
o!
Z B ,H¢/ Z( Z ¢k*8,xu,,)8 ¢,*(a,xun) .
pry=a PV 1eZ  k>1+3
1
+_ Z Bly |H¢J*a Z (¢k*3txun)(¢z*3txun)
ﬁ y=o lk—1]<2

Multiplying the above inequality by ¢! and noting that 13, f = 3, (t1*l f) — |alr =1 f with f = |ig; =
(3¢ cttng1) || L and 111 = t1P1¢IY] we have that

Wllpj * @0 ung ) llLoe + 27 g * (10 upy )| oo
—1
<lalllgp; * ("7 0% 1)l oo

| (Satn) ey 5 (108 ) = % 3 (Simsttn) e+ (108 )|

leZ
+ Y ﬂ,y,de 3 (Si=31'P10f un) oy + (1719] “”“)Hm
B#0, B+y=a 1eZ
> WH@ T (5 et s
Bty=«a leZ k=143
1
+_ -« Bly vH‘bJ*ax |k21|:<2(¢k*tlﬂlafxun)(¢l*Maty”‘u”) )

By t'“'&ffxu,,+ 1 = 0 for # = 0 and the analogous argument to the estimates of I, I, IIT and T,IL, 1T appearing in (3.6)
and (3.8), we obtain the desired inequality (3.11) for the frequency away from the origin. As for the frequency around
the origin, we apply the similar inequality to (3.7) to get the required inequality. The proof is finished. 0O

Let us turn to prove the analyticity.

Proof of analyticity in Theorem 1.1. The solution u constructed in the previous proof of unique solvability satisfies
u(t) e Bgo,1(R) for almost every ¢ € (0, T'] since L! O, T; Béo’oo(R)) is embedded to L' (0, T Bgo,l(IR)). Hence, the
problem is reduced to the one for initial data ug € Bgo’ | (R).

For initial data ug € Bgo’l (R), we consider the sequence {u,};2 ; in (3.1) again to obtain the uniform boundedness
in L0, T; BY, | (R)) N L'(0, T; BL | (R)) like (3.9):
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”M"”ZOO([O,T];B&’I) = COHuO”Bgo.l’ ”u"”Z'(O,T;BéOVI) <2, (3.12)

with small fixed constant ¢ > 0. By Lemma 3.1 and the similar argument to unique solvability, we obtain the uniform
boundedness of {14,1}"1>o | in the space L>*0,T; Bgo,q(R)) NLY0,T; Béo’q (R)) for g = 1, co. In addition, we also

derive another boundedness for analyticity, namely, we will show that there exist Co, C1 > 0 such that

cll=1clel
”tlalatcfxu””ZOO(O,T;BC?OYI)QZI(O,T;BOIOYI) < W (3.13)
foranyn e N, o = (ag, 1) € (N U {012, where ofy = 9;°05", Co and C are fixed sufficiently large and depend on
ol o
We prove (3.13) by induction argument with respect to n and «. When n = 1, (3.13) is proved by Proposition 3.2.
When |a| = 0, the inequality (3.13) is true by (3.12). Here take n’ € N and @’ € (N U {ohH? \ {(0, 0)} and let us assume
that (3.13) is true for u, with all « € (N U {O})2 and for u,/ with all & such that |«| < |a’| — 1. We need to consider
the estimate (3.13) for u,/11 with @ = «’. It follows from the inequality (3.11) and the assumption of induction and
(3.12) that

||t|a/|ato,[;c“n/+1”ZOO(O,T;BSOJ)HD(O,T;B;o’l)
=<Cla |17 0w 730,50 + Clluw o7t IE Ot Nz 7280, )
3 o) C('f'*‘c'lﬂ‘z‘ﬂ!c(')y“lc'ly'z/!
g0 o YU HIBDY (A IyD

1B1=1 ~IBI lyI=1 v
e Y o'l Cop o ClBrCy T C !
gy B IBDY (1D
Y=

+C

’ -1 / ’ /
<Clo/ W o w1 710,750 )+ € - 26180t 1 e o0 )
I /
ccl= el
(1+ /D

and

o' qa’ - -
Iz at,xun/+1”L°°(0,T;Bgo,l)ﬂL1(O,T;B;O,l)
c ¢ telln

'|—1
<Cla N0t 70,1380 )+ G

. . . n_ /
since we can take ¢ sufficiently small. Hence, we need to estimate |/ | ¢/* 1a;>fxu,,,+1 ll71 0.7:8% )" Fora’ = ((x(/), (xi),
we have

sl 11 90
loc"|]]2 O xttw+1llr0,7:82, )

7 1% — 1+ ap—1 o] 1% —1 P
=qy |70 10, (9, Oy )un/+1”Ll(0,T;Bgol)+a1”t 019, (9, 7 0x )”"/“”LI(O,T:B&I)'

For the first term in the right member, by operating o1t 8? 0_18;‘ ' to (3.1), estimating directly with taking the
norm of L'(0, T; Bgo’l (R)), and applying the assumption of the induction for a with |a| < (e — 1) + ] = |&'| — 1,

we get that
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7152014 ap—1 o)
O{OHI 0 lat(at ax )un,-i-l“Ll(O,T;Bgol)

’ ’
<Ca s 14l %0 g2,
=L t x Un'+UliLYo, ;B )

(@) — Dla)!

p v
+C Y T||,|/f3|3,,xu,,/||ZOO(0,T;BSO1)||tma,,,c,,¢n/+1||ZI(OYT;BCI>QI)
B+y<(eg—1,a}) e
(@) — D} g ,
+C Z T”tlﬂlat,xun/”Zoo(o’T;B(o)o’l)||l“y‘at’xun/||Z1(01T;B;0‘1)

By <(ey—1l,a))

o[ =2 e’ |—1 lo'|=2 Al |—1
<Coz6-c0 ] (a(’)—l)!a;!_’_g.CO e
B (I+ o] = D* Co (14 Ja’*

2c ey
g (et

As for the second, since 9, is a mapping from Béo 1(R) to Bgo 1 (R), the following holds:

ol ol —1 o) ap—1 a4l —1 4% 22 —1
oy 15071700, (9, 0y )u”/'f‘]”Ll(O,T;Bgo]) <Cay|t%0™1778, 70y ”"’+1”L1(0,T:Bgol)

2l g o — 1))
(1 +]e/| = D*
c ey
~ CoCy 1+ la'D*

<Caj -

Hence, the above four inequalities yield that

lo'|—1

'l
a C Cc \C, C, ol
||l“a 1% u 14101 70 ) 71 . pl 5(— + )
t,x“n L (O’T’Boo,l)ml’ (O’T’Boo,l) CO C(%C] (l |Ol/|)4

cle=cllgn
1+ |e'*

)

where Cy, C are taken sufficiently large. Therefore, we obtain the estimate (3.13) foralln e N and ¢ € (N U {ohH2.

The estimates (3.12) implies the solvability of solution in the space C ([0, T], Bgo’ T (R)N L! O, T; Béo’ 1 (R)), and
(3.13) for all n € N enables us to get the same boundedness of the solution, which verifies the analyticity of solution
in space-time. The proof of analyticity is completed. O

4. Large time behavior for Burgers equation

We start by considering the initial data ug € LYR) N Bgo!l(]R), since initial data in L'(R) with (1.4) can be
approximated by functions in L'(R) N BY, | (R). Let up € L'(R) N BY, | (R) and we consider a solution u of (1.1)
such that

u € C([0,00), BY, |(R)) N L},.([0, 00), B, ;(R)), (4.1)

noting that the argument of solvability in section 3 is applicable to that in BSO‘I(R) and the global regularity (see e.g.
[28,31]) assures the global existence. We prepare the following lemma to guarantee the integrability of the solution
for all the positive time.

Lemma 4.1. Let ug € L'(R) N Bgo,l(R)' Then there exists a unique global solution u € C([0,00), L'(R) N
Bgo’l R)YNL (0, 00; B;o,l (R)) of the integral equation

loc
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t
1
ut) =e Muy— E/e_(l_T)AZ)xu(r)zdr. (4.2)
0

Proof. We start by the local solvability in L' (R) N Bgo,l (R). We consider a sequence of approximating solutions in
the framework of B;O’ 1 (R) by the similar argument of the local solvability in Section 3 together with the boundedness

in LY(R). Let {u, }ne | be defined by (3.1). On the estimates in L'(R), we estimate the corresponding integral equation
in (3.1) that

—tA

lur (@)l = lle™ “uollpr < lluollpr

1 @)l <ol +C/ btz Gt + il

<lluollpr + C(llun+1 ||Ll(0’t;BOIO D + ”u’l”Ll(O,t;B;o 1))||“||L°°(0,1;L1)~

Following the proof of unique solvability in section 3, we have from Lemma 3.1 for g = 1 that

”Mn”ZOO(O’T;Bgo,l) = CHMOHBgo,l’ ||un||zl(0,T;3;011) <2,

. 1
_ - —min{n,m} - _ -~
ltns1 — tmr ||L2(O’T;Bo_o5,l) <C2 ”l't()”BgQ1 + 5”1’{}1 um“Lz(O»T§B;@f1)7

where ¢ > 0 is a fixed sufficiently small constant, 7" is small and is depending on u(. Hence we deduce from the above
four estimates that for some fixed small constant € > 0 and small 7', u,, satisfies that

”un”LOO((),T;L') < Clluollp1, llun”Z”(O,T;Bgo_l) SC”MO”B&’N ”u””Zl(O,T;B;O.l) <2,
- -n
luns1 — u"”Lz(O,T;B;O‘%I) <C2™.

So we get a solution u € L*°(0, T; Bgo’l R)NLYO, T: Béo,l(]R)). Noting that u,, is a bounded sequence in L>°(RR)
the dual of L'(R), we see that u,, may converge to u in the topology of dual weak sense in L>®(R) by taking a
subsequence if necessary, so u,(f, x) converges to u(t, x) for almost everywhere x € R. The Fatou lemma yields that

w1 < liminf{lu, (D)1 < Clluollz:-
n—oo

This inequality proves u(¢) € L' (R), and we have that u satisfies the integral equation (4.2) thanks to the following
estimate of nonlinear term

—(t—T)A 2
e ou(t dt <C u u dt
/” u(T) ”leBQQ1 = /” ”leBgo,l” ”Béc,l

0

=Cllull oo, r;1089, plllL10,7:81, )

although we omit the detail. This estimates also implies the time continuity of « in L LR)N Bgo,l (R), since the linear

part e "Aug is continuous in L'(R) N B;O’I(R). To verify larger existence time, we apply the global regularity; The

boundedness of the derivative (see Corollary 3.5 from [28], page 1690 from [28,31]):

L := sup ||0xu(t)||p~ < oo, foreach Ty > 0.
t>Tp
Let us fix 7o. The above boundedness and the L°°-maximum principle allow us to obtain local solution with the data
u(tg) (t9 = Tp) in a time interval [fg, to + T] with a constant length T independent of #y. In fact, we can control the
linear part as follows.

~1
o7 < CT? sup @)y

—tA _1
le™  uo)l 10,7 5! ) = Clie 2 o)l
o0, t>Tp

1
2
Boc,oo
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by which we can perform the fixed point argument any number of times. We then have u € L }OC([O, 00), Béo’ 1 (R)),
which proves Lemma 4.1. O

The following proposition is essential to handle the large time behavior of solutions.

Proposition 4.2. Let u be a solution of the integral equation (4.2) obtained in Lemma 4.1. Then u € L'(0, 0o;
Bl |(R)).
0,1

Sketch of proof. We start by proving the decay estimate of the solution in L°>°(R) along the paper [15]. By taking x;
such that |u (¢, x;)| = ||u(t)|| L, we have from the equation that

Ollu)llLee < —Au(t, x;) sgn(u(t, x;)). (4.3)

Without loss of generality, we can assume that u(#, x;) > 0, since it suffices to consider —u(t, x;) otherwise, so let
u(t, x;) > 0. We also put

Bs(x;) :={y eR[ly —x/ =68}, Qu:={yeBs(x)|u, x;)—ut,y)=ult x)/2},
where § will be taken later. Then it follows from u(z, x;) > u(¢, y) for all y € R that

u(taxl)_u(tﬂy) u(tv-xt)
Au(t, >PV.| ——— >
;) ,/ oy P T

Q) Q)

dy.

On the other hand, we have from the maximum principle in L' (R) that

ol =l = [ weplay= "G ([ ay- [ay).

Bs(x)\S21 Bs(xr) Q)

The above inequalities, (4.3) and | By (x1) dy =26 imply that

O llu(@)]lLe < —

uct.x) <u(t,xt)<2||uo||L1_28)

252 . Y="252 U x)
1

By taking § = 2||uol| ;1 /u(t, x;), we get that

w(t, x;) 2l|uoll s 1 ]l oo
Bl < — ! b=
282 u(t, x;) Auoll 1
luoll Lo
lu@)llLe < ol 700 .’ @5
L= ¢
Mol

which completes the proof of time decay estimate of u in L°°(R).

We turn to prove u € L'(0, oo; Béo,l(R))’ dividing into two cases; ||ug||z~ < 8o, and ||ug||L~ > 89, where Jg is a
small constant which will be taken later.

If |lugll Lo < 8o, the solution also satisfies ||u(7)] L~ < & thanks to the maximum principle in L>°(R). Then we
can estimate directly the integral equation by the maximal regularity estimate Bgo!l(R) and the bilinear estimate

2
ulp < |lu ull 51 that
1?1, < Nl lul gy

o0
. . . 2.
”u”L“‘(O,oo;Bgo.l)ﬁLl(O,oo;Béo,l) 5C”“0”Bgo.1 +C/ 19 u ||Bgo_ldf
0

SCIIMOII,f;gQ_1 + C”M||L°°(0,oo;L°°)”u”Ll(o,oo;Bgo’l)
SCHMOHI';(O)Q1 + Cdollu ”LOO(QOO?B&J)QLI(0’00;3;0,1)'

By taking §¢ such that Cép < 1/2, we have that



T. Iwabuchi / Ann. 1. H. Poincaré — AN 37 (2020) 855-876 873

”M”LOO(()’OO;BgO.l)nLI(Oyoo;BéOYl) =< 2CHM0”Bg@1 s

which proves u € L' (0, oo; B;O’l(]R)).
If |lug|l Lo > S0, we apply the estimate (4.4) to get that

Aluoll L1 (IluollLoo B 1)

lu(to)|l Lo < 8o forty=
lluoll Lo o

Hence, the previous case of small initial data implies that u € L (19, 00; Béo’l(R)), which assures u € L!(0, oo;
BL (R). O

We next prove the decay estimates of solutions.

Proposition 4.3. Let u be a solution of the integral equation (4.2) obtained in Lemma 4.1 such that u €
C([0,00), B}, | (R)) for any s > 0. Let o« > 0 and 1 < p < oo. Then

1
lu@lr <Ct™ "% foranyt>1. 4.5)
o0
1
/||t°‘u(t)||31+adt<oo and ||VI%u@®|r <Ct "7 foranyt>1. (4.6)
00,1
0

Proof. The decay estimate (4.5) is a consequence of (4.4) or Proposition 5.2 in [24], since u € L0, oo; B’éo’ (R)) by
Proposition 4.2. We also notice that the decay estimate of |||V|*u(¢)|| L~ in (4.6) can be proved by Proposition 5.2 in
[24] once the integrability in (4.6) is obtained. Hence, all we have to do is to prove the former part of (4.6).

We prove the integrability in (4.6). Since u is smooth, it is sufficient to consider the integrability for large ¢. By the
decay estimate (4.5), we see that for any § > 0, there exists 5 > 0 such that |u(¢)||L~ < § for any ¢ > 5, so we may
consider the integrability on the time interval with smallness of L° norm. Put

v(t) :=u(ts+1) fort>0.

For any T > 0, we estimate the integral equation for v similarly to the proof of Proposition 5.2 in [24]. For the
linear part, it follows from the smoothing effect and the maximal regularity for e~ that

T T
/||t“e_tAv(O)||B;:7 dth[ ||e—7Au(0)||,;o.011dt§C||v(0)llggc_l.
0 0

As to the nonlinear part, we decompose [0, 7] into [0, /2] and [z/2, ] to have that

Z

t

r“/e—“—”"axu(r)zdru dt

BY
0
T % T T
1—1 -1

§C/t°‘/(t—r)_“||e_TAv(r)2I|B§oldetSC//||€_TAU(T)2||B§oldth

0 0 0 27

T

2

SC/ lv(T) ||B;old"—' = C||””L°°(0,T;L°°)||v||Ll(0,T;B;Q1)’

0

where we have used the smoothing effect and the maximal regularity estimate for e 72 and the bilinear estimate
V2]l g1 = lvllzeellvll g1 g On the integral on [¢/2, ], it follows from t* < 2%t* for t/2 < T < t, the maximal regu-
) pa+1
B

larity estimate in B, (R) and the bilinear estimate ||1)2||E,l+a < C|lv[lL=lv]l g1+« that
s 00,1 00,1
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T t T ¢t
/ t“/e*“*f)Aaxv(r)zdrHBH di gc//||e*<f*f>"r“u(r)2||32+a dr di
o oo,1
00,1 ’
0 % 0 %
T

T

T
SC//IIe*“*’>Ar°‘v(r)2||Bz+a drdr
0,1
0
T

SC/ ||TaU(T)2||Bl+a dtdt
00,1
0

T

<CllvllLe(0.7;L%) / vl gise dr.
0
We also have on the norm of L!(0, T; Béo 1 (R)) from the maximal regularity estimate in Bgo 1(R) and the bilinear
estimate ||v2||B1 ) < C|lvllreellv] g . that
IIUIILl(O’T;BéOJ) < Cllv(())lll;ggl + C||U||L°°(O,T;L°°)||U||L1(()‘T;Bcl)o‘])'
The above four estimates and ||v(¢)|| L < & yield that
o .

Iz v(t)”L[I (O,T;B;;‘i‘) + v () ||L1(O’T;B;O,l) @7
. a . . ’
<ClvO g0, +C3(I vl gy 07,415 + VOl 1o 751 )

Here taking § such that C§ < 1/2, where C is a constant appearing in the above estimate, we obtain
1 VO 0,71y + 10Ol o 7,1, < 2C IO g forany 7> 0.

Hence the integrability in (4.6) is verified and we finish to prove Proposition 4.3. O
Based on the lemma and the propositions, we prove the large time behavior.

Proof of large time behavior (1.5). Let u be a global solution, which is obtained by (i) of Theorem 1.1 and the global
regularity, with initial data u¢ satisfying (1.4) and ug € L' (R). We see that u(z) € Bgo,1(R) forany s >0, t > 0, since
we can have regularity as much as it is needed thanks to the analyticity and the global regularity. Once u(r) € L' (R)
for all ¢ near O is proved, we are able to apply Lemma 4.1 and Propositions 4.3 by regarding the initial data as u(#y)
for time 79 > 0 near 0 to obtain the decay estimates (4.5) and (4.6), which proves the large time behavior (1.5) in the
same argument of the paper [24] (see the proof of (1.4)). All we have to do is to prove that u(r) € L' (R) for all
near 0.

Put ug v := Svug, where Sy = (¥ + Z?[:] ¢;)*. We denote by uy, u the solutions with the initial data ug v, uo,

respectively. It follows from ug y € L'®R)N Bgo’l (R) and Lemma 4.1 that uy satisfies the energy identity in L*(R)

t
2 ) A% 2 g < 2
lun(@Il; . + IA2Zun|;2dT < lluo,nll; 2,
0

and hence,

2 2 2
lun (172 < lluonll72 < lluolly .

Since L*(R) is a Hilbert space, we can take a subsequence of {u ~N(D)}F_,» denoted by the same, uy (¢) converges to
an element #(7) of L2(R) in the weak topology of L2(R). On the other hand, we can prove that uy (¢) tends to u(t)
in §'(R) for almost every ¢. In fact, it follows from the same proof of (3.4) that for ¢ = oo
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||MN —u ”ZZ(O,T;B;Q‘L)

<C eftCA u —u - -

= ” ( oO,N O)”Lz(OsT;Booéq) (48)
+C(llunll_ 1l L Yy = il et
( L2(0.TB,00) Lz(o,T;Bgo,oo)) L2(0.7:By)

We note that

tim (suplluwll 4 lull oy )=0

o\ L2(0.T:B%, 00 L2(0.T:B%,0)

which is assured by that ug y is defined by restricting the frequency of uo. Hence, by taking T = Tp > 0 sufficiently
small, the inequality (4.8) yields that

1
—1cA 2
lun — u”ZZ(O,ToiBo_ol?oo) <2Cl|le e (Snuo — MO)sz(O,To;BO_OS = 2CT()2 lluo,n — uOHBO—O‘SOO -0

,oo) -

as N — 00. So up(t, x) converges to u(f, x) as N — oo in D'((0, Tp) x R). Therefore for almost every ¢, u(t) = u(t)
in §&’(R) and uy (¢, x) tends to u(z, x) for almost every x € R by the weak convergence in L2(R) of un (¢) to u(t). By
applying the Fatou Lemma, we have that

l(@) ||z <liminf [|upn ()] 1 <liminf lug vl 1 < Clluollp 1 < oo,
N—oo N—o0

where we have used the maximum principle in L'(R), namely, [uy (1)] 1 < |luo,~|l;1 obtained by multiplying the
equation by u/|u|, integrating and the integration by parts. Therefore, u(¢) € L'(R) for almost every ¢t < Ty and
the smoothness of u assures that u(r) € L' (R) for all + < Tp. We complete the proof of the large time behavior in
Theorem 1.1. O
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