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Abstract

We study differentiability of solutions of quasistatic problems for perfect elasto-plastic plates. We prove that in the isotropic
case bending moments has locally square-integrable first derivatives: M € L*°([0, T]; Wllo’c2 (£2; ngx,,%)). The result is based on
discretization of time and uniform estimates of solutions of the incremental problems, which generalize the estimates in the static
case of perfect elasto-plastic plates.
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1. Introduction

In this paper we study the regularity of the bending moments of the quasistatic evolution of clamped perfectly
elasto-plastic plates under the action of a time-dependent transversal body force. Before introducing the regularity
result, we describe the mechanical model. The reference configuration is a bounded open set £2 C R? with Lipschitz
boundary and the elastic domain K is a bounded closed convex subset of M?;jnz (the space of symmetric 2 x 2 matrices)
with nonempty interior, whose boundary 0K plays the role of the yield surface.

Given a scalar valued function f (¢, x) defined for ¢ € [0, T] and x € £2, which represents the transversal body
force, the strong formulation of the evolution problem consists in finding a scalar valued function u(z, x) (the vertical
displacement) and three matrix-valued functions e(#, x), p(t, x) and M (¢, x) (the elastic and plastic curvatures and
the bending moments) such that for every ¢ € [0, T], for every x € 2 the following conditions hold:

(1) kinematic admissibility: Dzu(t, x)=e(t,x)+ p(t,x)in 2, u(t,x) =0, %(z, x)=0o0n a2,
(2) constitutive equation: M (¢, x) = Ce(t, x),

(3) equilibrium: divdiv M (¢, x) = f(¢,x) in £2,

(4) moment constraint: M (¢, x) € K,

(5) associative flow rule: p(¢, x) € Nx(M (t, x)),
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where v(x) is the outer unit normal to d£2 and C is the rigidity tensor. The symbol Nk (&) denotes the normal cone
to the set K at the point £ in the sense of convex analysis. The problem is supplemented by initial conditions at time
t=0.

The boundary conditions # = 0 and g—ﬁ =0 on 942 reflect the mechanical assumption the plate is clamped.

For the regularity we restrict ourselves to the isotropic case where K is a ball and C is a multiple of identity
tensor 1, which can be reduced to considering

K=B80), C=1.

Existence of weak solutions to problems in perfect plasticity has been extensively studied during last decades (see,
for example, [1,3-5,8,21]). Since the variational formulation of the problem used in the definition of weak solutions
involves an integral with linear growth in D?u, the natural functional spaces for the problem are BH (£2) of functions
with bounded Hessian for the vertical displacements u, and L?($2; M?}fnz) for the bending moments M.

We observe that the question of regularity of weak solutions to the problems in perfect plasticity was first addressed
in [19], where the higher differentiability results have appeared for the first time.

However, in a similar problem for Prandtl-Reuss perfect plasticity it was shown in [2,6] that the stress (which is
the counterpart of the bending moments) belongs to Wli)’cz(.Q; Mf,;;nz) (see also [8,14—19] for similar results for some
static models).

In the present paper we study the spatial regularity of the bending moments M (¢, -) for the quasistatic problem for
prefect elasto-plastic plates. The main result obtained (see Theorem 2.2 below) for the model under consideration is

M e L=([0, TT; W2 (2, MZE2)). (1.1)

c sym

As in [6], our strategy for an evolutionary quasistatic problem relies on a regularity result for an analogous static
problem, obtained in [16], where it was shown that in a static situation the bending moments enjoy the following
differentiability condition:

1.2/ 5. n2x2
M e W,,-(2; My,,)-
We discretize time by points (tM)V_,
O=té\7<t1N<~-<TNN=T

and we approximate the original quasistatic problem by a sequence of incremental “static” problems, finding for each

r=1,..., N the updated values of (ufv, efv, pfv, M,N), provided that (ufv_l, efv_l, pi\'_l, MrN_l) is already found.
Shortly, the main idea is to generalize the estimates of [16] in order to take into account the influence of the previous
steps.

To be more precise, following [7], we apply the standard method of constructing piecewise constant approximations

(un(@).en(®), pn @), My@®) = (u e, pN, MY) fort) <t <t}

with 0 <r < N, of the continuous-time energy formulation of rate-independent processes (see [11] for the survey of
this approach). Our aim is to get a uniform estimate of the form

Vo O by <€ 1
which clearly implies (1.1).

To get (1.2) we consider the updated values of (uf\’ , ef’ , pf\' , M,N ) as saddle points of some minimax problem,
similar to the one considered in [8,16] for static cases in perfect plasticity. The main difference from the purely static
problem is the presence of a term which takes into account the outcome of the preceding step. Approximating each
incremental problem with a sequence of regularized problems, depending on a real parameter « € (0, 1), we obtain that
their solutions M converge to M, a solution to the corresponding incremental problem, weakly in L*(52; M3x7),
as o — 0. Then one can show, that for every incremental problem the bound

sup ||M;¥ ||W1'2(9/;M3‘?;ﬂ2) g Cr
a>0 5)

holds for any domain 2’ € 2, where the constant C, depends on the discretization step and on £2’. Thus, M} is itself

in Wlf,’f(.Q; Mfyxmz), and the compactness of Sobolev embedding improves the convergence of M¥ to M,N . Then we

do some analytical work to make the last estimate uniform in » and N, and we obtain (1.2).
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Notice that all the arguments used below are purely local, and cannot be used for studying the behavior of bending
moments up to the boundary 952 (see [13] for the discussion of the global regularity issues in an analogous case of
Hencky perfect plasticity). As far as we know, the only global regularity result in perfect plasticity was obtained in [9]
for Hencky perfect plasticity.

The paper is organized as follows: in Section 2 we introduce the notation and state the main result. We present a
weak formulation of the problem and prove a time-continuity result in Section 3. A minimax formulation of incre-
mental problems in spirit of [8,16] is presented in Section 4. In Section 5 we introduce some regularized problems,
depending on a real parameter o € (0, 1), whose solutions are smooth and “approximate”, as « — 0, a solution
!, eN, pN, MY) of the corresponding incremental problem. We obtain W[L’Cz estimates of the solutions of regular-
ized problems in Section 6, and conclude that

Jup [ MO 12010252 < CN. £27)

for each 2’ € £2 and N € N. Section 7 contains some analytical estimates, that will be used for making Wli’cz estimates
uniform with respect to N. Finally, in Section 8 we apply the results of Section 7 to obtain the uniform estimates of
Sobolev norms and to conclude the proof of Theorem 2.2.

2. Preliminaries
2.1. Notation and definitions

We adopt the following notation:

R” denotes the n-dimensional Euclidean space,

M?;;nz denotes the space of all 2 x 2 symmetric matrices, equipped with the Hilbert—Schmidt scalar product o: & =
0ij&ij»

ji'IQ b stands for the symmetrized tensor product of two vectors a,b € R", given by the formula (a © b);; =

%(a,’bj +ajb;),

LP(£2; R™) is the Lebesgue space of functions from £2 into R™, having finite norm ( f o lfIP dx)l/p,

WHP(§2;: R™) is the Sobolev space of all functions from §2 into R” with the norm

l 1/p
||f||z,p;g:=(/Z|V“f!”) :

o =0

L£? stands for the Lebesgue measure on R?,

H! is the one-dimensional Hausdorff measure,

M,;,(£2; R™) is the space of all bounded Radon measures on £2 with values in R”.

For 1 € M, (£2; R™), we denote its total variation by ||, which is an element of M}, (£2), with ||| o= 1] (£2),

while by u® and u® we denote its absolutely continuous and singular part with respect to £2,

BH(£2) is the space of all functions in L'(£2) such that Du € BV(£2; R?), with norm lull21.0 = llulli .o +
ID%ull1.0,

(+]-) denotes a duality product depending upon the context.

Remark 2.1. We refer to [21, Chapter III] for the main properties of BH(§2) and for the definition of weak™ conver-
gence in BH(§2). Remark, that for u € BH(§2) we have the following embedding:
ueC(2), VuelLl?*(2;R%).

Let us introduce the notation

S(2)={M e L*(2: My;}): divdivM € L*(2)},

sym

K(2) = {m e L*(2; M2)7): m(x) € K for ace. x € 2}.

sym
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2.2. The main result

We impose the following assumption on the data of the problem:
feAC(10, T; L*(2)) N L=([0, T]; W2 (£2)). 2.1)
We also assume the so-called uniform safe-load condition:

there exists a function m!' € AC([0, T1; L?(£2; MZ2?2)), such that

sym
divdivm(t) = f(¢) in §2 forevery ¢ € [0, T], and
|m1(t,x)| <(1—A) forsomeO0<A<l1,ae.xe82, foreveryte[0,T]. (2.2)

Here and in the rest of the paper div always denotes the divergence with respect to space variables.
The main result of the paper is the following regularity theorem.

Theorem 2.2. Suppose that the set K is a ball and C is a multiple of the identity, and that assumptions (2.1), (2.2) are
satisfied. Then for the solution (u, e, p) of the quasistatic problem, see Definition 3.4 below, we have

M € L(10, T1; Wil (25 ME2),
with M (¢, x) = Ce(t, x).

Remark 2.3. As already mentioned, we consider the case K = B;(0) and C = 1. It means, that M = ¢, and we will
be using both notations M and e for the same object.

3. Weak formulation of the quasistatic problem

Below we give the possible definition of weak solution to the quasistatic problem. The formulation we use (see [7])
is expressed in terms of energy balance and energy dissipation.

3.1. Weak formulation: quasistatic evolution

Now we give the definition of a kinematically admissible triple. The first condition describes the additive decom-
position, the second one gives the boundary conditions for u#, while the third one reflects the boundary conditions for
Du in a relaxed form, which is typical in the variational theory of functionals with linear growth.

Definition 3.1. A triple (1, e, p) € BH($2) x L*(£2; Mfyxmz) X Mp(£2; Mfy;}) is called kinematically admissible, if the
following conditions hold

Du=e+p ing2,

u=0 onos2,

p=—Vuo® vH! ondg.

Definition 3.2. For a kinematically admissible triple (1, e, p) and M € S(£2) we define a measure [M : p] € M, (£2)
by putting

[M:pl=M:p*+[M:D*u]'=[M:D*u]—M:e ing2,
ad
[MZP]:—%M,‘jU,‘UjdHl ona.Q, (31)
where the measure [M : D?u] is defined in [5].

Thus, a duality pairing between S(£2) and I1(£2) is defined by
(M|p) =M : pl(£2). (3.2)

One can prove the following integration by parts formula (see [7, Proposition 2.8]).
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Proposition 3.3. For a kinematically admissible triple (u, e, p) and M € S(§2) with divdiv M = f € L?(£2) we have

[M:p](ﬁ) =/ufdx — /(M:e)dx. (3.3)
Q

2

Let us define the functionals which appear in the energy formulation of the problem. The quadratic form
Q: L*(£2; M2X?) — R, corresponding to the stored elastic energy, is defined by

sym

Q()—1 red

@—5 e.eax.
2

Since in our case the function H considered in [7, Section 2.1] reduces to the norm in M?;jnz the dissipation in any
time interval [s, t] C [0, T'] is defined by

M
D(p;s,t)=sup{ Yot —pai-0)5:s=t0<--<tmy=t, MeN.
j=1

Now we are in a position to give a variational formulation of the quasistatic problem. In the following definition
(-,-) denotes the scalar product in L2(£2).

Definition 3.4. A quasistatic evolution is a function 7 — (u(t), e(), p(t)) from [0, T] into BH(§2) x L>(£2; M2X?) x

Mp(£2; Mfyfnz) which satisfies the following conditions: o
(gsl) forevery ¢t € [0, T'] the triple (u(z), e(t), p(¢)) is kinematically admissible and
Qe®) = {f (), u@) <2 + g — p(t)Hl;g —(f@).v) (3.4
for every kinematically admissible triple (v, 1, q);
(gs2) the function ¢t — p(¢) from [0, T] into M} ($2; ngxmz) has bounded variation and for every ¢ € [0, T']
t
Q(e(®) +D(p; 0,1) — (f (1), u(t)) = Q(e(0)) — (f(0), u(0)) — /(f'(S), u(s))ds. (3.5)

0

3.2. Existence result and time-discretization
The following theorem establishes the existence of a solution to the quasistatic problem in perfect plasticity.

Theorem 3.5. Let a kinematically admissible triple (uo, eo, po) satisfy the stability condition
Q(e0) — (£ (0),u0) < Q) + llg — polly.g — (£ (0), v),

for every kinematically admissible triple (v, n, q). Then there exists a quasistatic evolution
(u (), e(t), p(0)),

such that

u(0) = uo, e(0) = eo, P(0) = po.

Moreover, the elastic part t +— e(t) of D2u(t) is unique and a quasistatic evolution (u, e, p) as a function from [0, T']
to BH($2) x L*(£2; ngxmz) X Mp($2; Mfyﬁf) is absolutely continuous in time.

In [7] this theorem is proved by a discretization of time. We divide the interval [0, 7] into N equal parts of length
T/N by points (tV),—o... n.Forr=0,..., N we set

.....

Fr=f6Y) ana (') =m (). 35)
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For every N we define u”, eV and p by induction. We set

(”(/)V’ e(/)v, P(/)V) = (uo, €0, po),

while for every r =1, ..., N we define (u£V R eﬁv , pﬁv ) as a solution to the incremental problem
min {Q(e) +lr-p"0l5 _/erudx}, (3.7)
(u,e,p) ’ J

where the minimization is carried out over all kinematically admissible triples (see Definition 3.1).
Remark 3.6. We note, that (u, e, p) is a solution to (3.7) if and only if one of the following conditions holds:

(1) for every kinematically admissible triple (v, , g) one has
—lgll.g < (e.m) = (£N.v)<llgll. g
(2) e € S(2)NK with divdive = —fN.

Forr=0,..., N we set MrN = eﬁv and for every ¢ € [0, T] we define piecewise constant interpolations

un@® =ul, en@)=e, pn)=pY, Myo)=MN,  fne)=fN,  mh@)=m"HY,

where r is the largest integer such that trN < t. By definition (un(t), en(t), py(2)) is kinematically admissible for
every t € [0, T].
In the proof of the existence, it was shown that for approximate solutions one has the estimate

sup [len (). + Var(py: 0, T) + sup llunlla1.0 <C, (3.8)
t€l0,T] ’ tel0,T]

which is uniform with respect to N, and it was established that these functions converge pointwise (with respect to #)
to a solution of the quasistatic evolution problem.

3.3. Continuity estimates of solutions of the incremental problems

In [7] it was established that the quasistatic evolution is absolutely continuous in time. However, as we will deal
precisely with the solutions of the time-discretized problems, we would need the continuity estimates of solutions at
the level of incremental problems.

The following notation will be often used below: given a function 4 :[0, T] — X,

ShY :=h(tN) —n(t),). 3.9)
We also consider the increment of the data of the problem, defined by
N ._ I N
DY = [6(n") g + 165 |- (.10)
By (2.1) and (2.2), after time reparametrization, we may assume that
£ €Lip([0, T1; L2(£2)) N L®([0, T; W2 2(£2)),
and

m' € Lip([0, T1; L*(£2; M257)).

sym

Indeed, every absolutely continuous function can be made Lipschitz just by time reparametrization, and this leads
to a corresponding reparametrization of the solutions, the problem being rate-independent. In other words, we may
suppose, that

C

DN < e (3.11)
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Theorem 3.7. For solutions of the incremental problems (uN ﬁv , pﬁv

”‘SEN“zQ"'”(SPr ||1.Q+”8”N“21.Q DN (3.12)

) the following inequality holds:

where Bhﬁv in understood as in (3.9) and D;V denotes the increment of the data of the problem, defined by (3.10).

Proof. As the triple

(”ﬁv—l’ eiv—lv va—1)
is kinematically admissible, the minimality condition (3.7) and the integration by parts formula (3.3) imply
Q) = [[(n!)) sel dx+ o = o= {0 2 = ) < Qe ) = [ )Y s
2 Q

Developing the quadratic form in the right-hand side we arrive at:

1 1
E/M,N:eﬁvdx—E/Mrj\i1 :efvfldx—l—H(pfv—infl)
2 2

<A p = o) ) sl ) s ax. (313
2 2

Now consider the functions

q ZP;V —Piv—l-

Since (v, n, ¢) is kinematically admissible and (uﬁv_1 , efv_l , pﬁv_l) is a solution of the corresponding minimum prob-
lem at the previous step, we obtain, by means of Remark 3.6 and the integration by parts formula (3.3)

[ e [ (e e ()Y = o) <M ). G
2

By combining (3.13) and (3.14) we get the following

1 1
N N N. _ N N . _N N . N N
Q(er _erfl)ZEer ey dx — E/MF] .erildx—/Mril.(er —eril)dx
2 2 2

<) = o) = [ sl ) sl ax

2 2
nN (N _ N N N N
o) (e = e = () o = ) (315
2
where (-,-) is the duality defined in (3.2).
Let us apply the integration by parts formula (3.3) to compute ((m")N, pV — pnj\Ll):
"N NN
()2 =) == [ (e = e ant [ 616
2 2

A similar formula holds for ((ml)r 1 pr - pr 1
Putting (3.16) into (3.15) we end up with the estimate

Qe —ey) < /(er =) @) —wly)de+ | £ = Y ”29”“9/ —upy HZ,];Q' (.17
2
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Now let us estimate || pﬁv - pfv_ 1ll1. 5 in terms of the data of the problem. First of all, the safe load condition yields
N N N N NN N N
)””pr _pr—l||1;§<H(pr _pr—l)_((m )r » Pr _pr—l>'
Now, the relation (3.13) and the boundedness of (|0} [loo: 2. le) |2:2 and || pY || . imply
N N N __N N
”pr _pr—1||l;§<c(“er _er—1||2;.Q+DF ) (318)
Taking into account the inequality

' =l < C(lel = eilg + oY = Palg):

proved in [7, estimate (3.9)], the estimate

N N N _ N N
[P = plillig + e —etilhe <€D (3.19)
follows now from (3.17), (3.18) and the application of the Cauchy inequality.
To prove
|D*u} — D*ul |,., <CDY, (3.20)

we recall the additive decomposition D?u = e + p and make use of (3.19).
Finally to show the validity of (3.12), it remains to estimate ||u£V — uﬁv_l Il1.52. By the Poincaré inequality for BH
the result follows from (3.11), (3.19), (3.20) and the latter inequality. O

4. Minimax problem

In this section we briefly discuss the minimax formulation of the incremental problem. We follow the general
scheme, described in [8], which was applied in [16] for studying the regularity of solutions of static problems in the
theory of perfect elasto-plastic plates.

We refer to [8, Chapter 1] for the complete exposition of an abstract theory and to [6, Section 4] for its short
presentation. The following calculations follow closely [6, Section 5], making use of constructions developed in [16].

Recall that the time-discretization procedure, that provides us a way of constructing approximate solutions to the
quasistatic problem for perfect elasto-plastic plates, leads one to solving a sequence of the following incremental
problems:

min (@00 + [ = o g~ 17 ) @1

where the minimum is taken over all kinematically admissible triples (see Definition 3.1), with pﬁv_l be a solution of
the corresponding incremental problem, obtained at the previous step.

4.1. Functional setting of the problem

We set
Vo=Wo'(@),  U=W;(8),
U* is the dual space of U.If 1 < p < 400, the space L?(£2), is embedded in U* by the usual identification

(f,u):/fudx for any u € Wy*(£2).

2
Put
P=L"(2: M) P*=L>(2: M)
We have the following

the embedding of Vj into U is continuous,
Vo is dense in U. 4.2)
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Let us introduce the functionals G: P — R and £:U — R by

G(m):/g(m—i—eﬁv_l)dx, meP,

2
E(v):—/f,N~vdx, velU.
Q

Thus, G and £ are continuous and it is easy to see that the Legendre transform of G is

G*(M) :/(g*(M) - M:eiv_l)dx, for M € P*.
2
Here g:M2X? — R has the form

sym
sim?,if im| <1
m| =3, if Im| > 1,

gm) = go(iml) == {

2x2

while its Legendre transform g* : M{7" — R is given by the formula

M2, ifIMI< T,
+o00, otherwise.

g M) = {
4.2. Saddle-point problem in its strong formulation

Introduce the continuous linear operator A: Vo — P as
Av:= D2v, v e V.
We define the Lagrangian £:V x (£2) — R by
L(v,m) = /(D2v m4+m: e?vfl)dx — f g*(m)dx + L),

2 2

and consider the following minimax problem

find a pair (u, M) € Vy x K(£2) such that
Lu,m) <L(u, M) <L(v,M), forallve Vy,meK(£).

The minimax problem (4.6) generates a pair of dual problems, the primal one

find sul € Vj such that
1(8uN) =inf{I (v): v € Vo),

where the functional 7 is given by

1(v>=G(Av)+c<v)=/g(D2v+e;v—1)dx_/f,N.vdx,
Q 2
and the dual one

find M}V € Q ;v N K($2) such that
R(M,Y) = sup(R(m): m € Q ;v NK(£2)},

where

R(m) = £(0,m) = f_Q(m : eﬁv_l —g*(m))dx, me erN NK(£2);
= oo, m¢ Qv NK(R),

with O Iy being defined as
Qv ={meS(): divdivm = N

form € K(52),

2145

(4.3)

(4.4)

4.5)

(4.6)

4.7

(4.8)
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The following theorem (see [8, Chapter 1]) shows that under very mild assumptions the dual problem (4.8) has a
solution and one can exchange inf and sup signs.

Theorem 4.1. Suppose that the following two conditions hold
C:= inf{I(v): vE Vo} eR, 4.9)
there exists uy € V such that G(Auy) < +00, L(uy) < +o0
and the function p — G(Au1 + p) is continuous at zero. (4.10)
Then problem (4.8) has at least one solution and the identity
C = sup{R(m): m € P*}

is valid.

Condition (4.10) is obviously satisfied. It is easy to see, that the safe load condition (2.2) yields condition (4.9) and
the coercivity of the functional / with respect to the norm of V. However, as the space Vj is not reflexive, one needs
to construct a suitable relaxation of the variational problem (4.6), (4.7).

4.3. The relaxed problem

We construct a variational extension of the problem. To this aim we construct a relaxation of problem (4.6). We
will make use of an auxiliary space D, defined in the following way: a function m belongs to D if and only if there
exists u* € U* such that

fu* vdx = /m : D*vdx forallv e V.
2 Q
Thus,
D ={M e P*: divdivM e U*}.
According to the general procedure (see [8, Chapter 1]) we define an extension V. of the space V as

V+={veU: sup /vdivdiVde<+oo}.
IMlloc:2 <1, MED 2

In particular, taking the test fields M € C(‘)’o(.Q; Mfyxmz) we conclude that v € BH(S2).
Introduce the relaxed Lagrangian

L(v,m) = /(divdivm — f]f,)vdx +/m : e;\,—ldx — /g*(m)dx
2 2 2
for v e V4 and m € K(§£2) N D. Consider the minimax problem for this relaxed Lagrangian L:
{ find a pair (u, M) € V4 x (K(£2) N D) such that
L(u,m)<Lu,M)<Lw,M), forallveV,,meK(£2)ND.
Arguing as in [8, Chapter 1] and [6, Section 5] we conclude that the following result holds (see Theorem 4.2

below): there exists a saddle point u € V; and M € K(§2) N D of the Lagrangian L on the set V. x (K(§£2) N D). In
this case the tensor M is the unique solution of the problem (4.8) and w € V, is a solution of the problem

find w € V, such that
@ (w) =inf{@(v): ve Vi),

A.11)

4.12)

where
@ (v) := sup{L(v,m): m € K(£2) N D}.

The precise result is expressed in the following theorem, which is a consequence of [8, Theorem 1.2.2] (see also
[16, assertions (2.7)—(2.9)] for a similar construction in the static problem).
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Theorem 4.2. Suppose that er € L2(2) and condition (2.2) holds. Then there exists at least one solution (Suﬁv , MrN )
to the minimax problem (4.11) in V4. x (K. N D). Moreover, M, ,N is the unique solution to the dual variational prob-
lem (4.8) and 814?’ is a solution to (4.12). The identity

o (3ul) = R(Y)
holds. Finally, every minimizing sequence of the problem (4.7) contains a subsequence which converges to some
solution of (4.12) weakly in U and strongly in W&’p([); R?) for 1 < p <2.

We note, that the following approximation result holds for the functions from S(£2). Remark, that the proof pre-
sented in [21], Chapter III, contains an error. A correct proof was proposed by G. Seregin [20], and we present it here
for completeness.

Lemma 4.3. Let §2 be a bounded Lipshitz domain in R? and let M € S(2) N K(82). Then there exists a sequence
My € C®(2; M2X2) N K(2) satisfying

sym

My —> M in Lp(.Q; Mfyﬁ), for any p < 00,

divdiv My — divdivM  in L*(£2),
Mo < C|IM| . (4.13)

Proof. Denote the space LZ(SZ; M2>2 % R) of vector-valued functions by L. Let D be a subspace of L2(£2) such that

sym

(m, divdivm) € L. Let Dg be the closure of C*®(£2; M2X2) in the norm of the space L.

sym
Assume that there exists an element (m,, divdivm,) € D\ Dy. As Dy is closed and convex in L, by Hahn—Banach

theorem there exists a pair (11, u) € L2(2; M22) x L2(2,R) (i.e., simply from L) such that

sym

/(m* cup+udivdivmy)dx =1
Q

and
/(m:m +udivdivm)dx =0
2

for any m € Dy. The last identity shows that u; = u. So, u € W22(.Q) and u has usual traces on 982 (u and v - Vu),
where v is the normal to 9£2. Those traces of u are zero that follows from the second identity. So, if the domain 2 is
not bad, for example Lipshitz, u belongs to the closure of Cf)’o (£2) in W22(9) (see [10]). This means that there exist
function v € C§°(§2) such that

/(m* V2 + vdivdivm*) dx >1/2.
Q
The left-hand side vanishes by definition of div div, which leads to a contradiction. O

4.4. Saddle points generate solutions of the incremental problems

Let us show, that if we interpret a saddle point (8u£\' , M,N ) of (4.11) as the increment of u and the updated value
of M, then we get a solution to the incremental problem (4.1).

Theorem 4.4. Let (SulY, MN) € Vi x (D N K(2)) be a saddle point of the relaxed Lagrangian L. Then the triple

(uﬁv , eﬁv , pﬁv ), constructed as

pr=D2uN—e£V in §2,

=-—vul ovH' onoe
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is kinematically admissible and is a solution to the incremental problem (4.1).

Proof. First of all, kinematic admissibility of the triple (1, ", pV) is obvious by its construction. Let us prove that

it solves (4.1).
As (8u£v, M,N) € V4 x (DN K(82)) is a saddle point of L, we have

L(su),m) < L(su) , MN)<L(v,M}), forallveVyandm e (DNK(R)). (4.14)
Since MrN € DN K(£2), we already know that MrN € K(£2), while the second part of (4.14) implies

divdivM = N e L2(2). (4.15)
The first part of inequality (4.14) yields

/[divdivM,N Sull —g*(MN) + MY MY | ]dx > /[divdivm Sul —g*(m) +m: MY | ]dx (4.16)

2 2

for every m € K(£2) N D.
For (Suf’ € BH($2) with Suﬁv =0on 082 and m € S(£2), the integration by parts formula [5, Proposition 2.3] takes

the form

fdivdivm.auﬁvdx =[D*(sul) : m](£2) — /
ko) 082
Thus, from (4.16) we deduce

ddul)

mijv,-vjdHl.

l\)lH

(D*(8u)),m — M) - /|m|2 Al dx+/(m—M,N):M,N_1dx
2

2

adul
/ @u) mi; — Mij)vv; dH' <0

a0
By taking 7t = MN + a(m — M) € K N D and letting « — 0 one obtains

N
(020 = m) = [[n = ma2) e ax — [ 200
$2 92

(mij — Mij)])iv]' dHl < 0,

that is
(8p/.m — MY} <0

for all m € D N K(82). Hence, by [7, Proposition 2.3]
[0 1. = (80" M),

and we have

la+ép" 1.0 = l8p7" . — g M) = 0

for every kinematically admissible triple (v, 1, ¢). The latter inequality and (4.15) imply that (1, eV, p) is a solu-

tion to problem (4.1). O
5. Approximations
In this section we show that some solutions of the relaxed minimax problem (4.11) can be approximated by more

regular functions in a way that allows us to get higher regularity of bending moments.
We also prove some technical lemmas to be used in the rest of the paper.



A. Demyanov / Ann. I. H. Poincaré — AN 26 (2009) 2137-2163 2149

5.1. Regularized problems

As in [16, Section 3] and [6, Section 6] we consider the family of variational problems, depending on a positive
parameter o € (0, 1]:

find u% € Wg'(£2) such that 5.0
Iy (u®) = inf{I, (v): v e Wy ()}, '
where
I,(v) = %/|D2v + MY Pdx+ 1)
Z%/|D2U+MN1| dx+/ (Dzv+Mﬁ1)dx—/ervdx. (5.2)

2 2

It is easy to see that problem (5.1) has a unique solution u¥ € WO2 ’2(9), which satisfies a nonlinear system of
PDEs:

/Mf‘ :D*vdx = / fNvdx forallve CP (), (5.3)
that is
divdivM* = £, (54
where
3
M® =a(D2u + MY ) + 8—f(D2uf + MY ). (5.5)

Lemma 5.1. Under conditions (2.1), (2.2) and (4.5) the following estimates hold
“/a“”[rx ”2 2zt ””? ”2 e T H”? “1 2zt H”f ”oo;Q <G,

where the constant C = C(||fN l2: 25 ||MN 1 ||2 o szz) does not depend on the parameter «.
Proof. The safe-load condition (2.2) implies

/f&u‘fdx:/ml:Dzu‘rxdx,
2 2

and using definition (5.2) of I, we deduce the estimate

11(0)>Ia(uf‘)2/{%|D2ua+M’Vl| + (D2 + MY _c|D2ua|}
2

The claim now follows from the embedding theorems. O

Lemma 5.2. Under the conditions of Lemma 5.1 we can find subsequences, denoted by u® and MY, such that as
o — 0 we have

M —~ MY weakly in L2(Q MZx2), (5.6)
ur — 8uﬁv strongly in W P(2), for1 < p <2, (5.7)
ud — 814?’ weakly in W(} 2(.Q), (5.8)

r r

Vu® X vsul weakly* in BV(.Q; Rz), (5.9
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af|D2u“+MN1| dx — 0, (5.10)
3g 2 * .
Mg = E(D ul + MY )=~ MY weakly* in L(£2; M2%2). (5.11)

where the pair (8uﬁv, M,N) is a solution to problem (4.11).

Proof. Assertions (5.6)—(5.9) and (5.11) follow from (5.5), Lemma 5.1 and embedding theorem:s.
Thus, it remains to prove (5.10) and that the pair (Sufv , MrN ) is a solution to problem (4.11).
As Mg € K(£2), the convergence (5.11) yields that MrN € KC(£2). Hence, from the Euler equation (5.3) and the

convergence (5.6) we conclude that MrN € erN NK($2).
The duality relations imply that

MG (D*u® + MY ) = g(D*u® + MY )+ g*(M§) ae.in 2.

Therefore, by using the Euler equation (5.3) we can rewrite the functional I, as

Io(u)) = /[Mf‘ —a(D*u® + MY )] (D*u® + MY |)dx

r

2
_/g*(Mg)dx—/fu dx + — /\Dzua+MN1| dx
19) Q 2
:_%/Wu‘:+M,N_1|2dx—/g*(M3)+/M;’:MrN_ld)C-
2 2 2

By Theorem 4.1 applied to problems (4.7) and (4.8), we get

sup{R(m): me Q gy OIC} =inf{I(v): vE V()} < I(u‘,’) < Ia(uf)

=_%/|D2u“+M’V1| dx—/g*(M3)+/Mf' FURRYES (5.12)
2

2

- [y [ mY i = r(u).
2 Q
by making use of convergence (5.6) and (5.11) it follows, that

lim 7, (u%) < R(M}) — limsup = /|D2u°‘+MN1| dx.
a—0

a—0
According to (5.12) we have

sup{R(m): m € Qpn NK}=inf{I(v): ve Vo} < limi(r)lfl(uf‘)

. N . o 2 N N
<JTOIQ(M?)<R(Mr )—llznjng/|D uy + M, 1| dx < R(M)),
which implies the relation (5.10) and ensures that M, rN is a solution to problem (4.8).
Moreover, the identity
lim I(uf) = inf{I(v): vE Vo} (5.13)

a—0

yields that 4 is a minimizing sequence for problem (4.7), and therefore it converges to a solution of problem (4.12)
as in Theorem 4.2. O
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5.2. Convergence of variations

Now we show, that the approximating sequence enjoys better convergence properties, than those stated in
Lemma 5.2.
Lemma 5.3. We have
|D2u® + MY || = | DX (6ul) + MY || in My(R2). (5.14)

Proof. By Lemma 5.2, Theorem 4.2 and (5.13) we have
lim @ (uf) = lim 1 () = Jnf 1(v) =inf @) = @ (sul),

so that
/go(|1)2u“+1\4N1 dx—>fg0 (ID*(8ul) + MM ]). (5.15)
2

The sequence |D2u‘} + MrAi || is bounded in M;(82), therefore there exists a nonnegative measure A € Mj(£2), such
that

|D2u® + MY 1| —~ A weakly* in M, (£2), as o — 0. (5.16)

Thus, A > |D2(8uN )+ M, N " ;| in Mj(£2), and the inequality holds true also for L£2- absolutely continuous and singular
parts:

a
I

|D2(sul) + MM || (5.17)

By the weak™ lower-semicontinuity of convex functionals of measures, and using the explicit form of the recession
function of gg, which is ggo (t) =t, we obtain

lirrb/go(|D2u‘r"+MrN_1|)dx>/g0(k)=/go(ka)dx+ks(!2). (5.18)
¢ Q Q Q
On the other hand we have
im [ (%5 4 ax = [[ao|D2(5u) + 12X ) dx+ 02 (0u) 4 a2 (. 5.19)
o
Q Q

As the function gy is strictly monotone increasing, from (5.15)—(5.19) we conclude that
rA=|D*(ul) + MY |

Now the result follows from (5.16). O
5.3. Technical estimates

By the definition (5.5) of M we have
D?u® + MY |, if |D?u® + MY || <

M =a(D*u® +MN )+ preimy ) (5.20)
r T ey lf'D2“?+Mﬁ1|>1-
According to the chain rule of [12] the following expression for the derivatives of M7 is valid
3%g
My =e(DPuf i+ MLy ) + o= (D2uf + ML) (D2l + M) ). (5.21)

Ak 2
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Here and henceforth the subscript ; denotes the partial derivative with respect to x.
In what follows we adopt the notation

= D*u® + MY |. (5.22)
Let us introduce two bilinear forms, that depend on « and implicitly on the point x € £2:
g gD goUTtED N\t et 1
E%e, )= —2(t%e ) i ==22"T" "¢ 5+ [ o/(|z%]) — 222 " r 5.23
1( ) (atz(r) ) |T;€1| g0(| r|) |.L.ra| |'C;x| |T;x| ( )
and
E3 (e, %) =ae:x+ Ef (e, x). (5.24)

Below we establish some technical inequalities to be used in the remaining sections.

Lemma 5.4. The following relations hold true:

Mgy e = ES (17 %), (5.25)
%, if g <1
E§ (e, 0) <alx| 5.26
5 Ot ) S olx| +{% if %] > 1 (5.26)
for any x EM%;;,%.

Proof. Identity (5.25) and inequality (5.26) follow from (5.20)—(5.24) and the expression of gg as in (4.5). O

Corollary 5.5. The following estimates are valid

N o[ Mok M iflgl <1 .
E ,M <aM® + . .
2( r.k r.k ) rk r.k |1°4\Ma .M,(,xk» lf|‘l,';¥| > 1. ( )
In particular, we have
ES (M, M) <+ )M - MY, (5.28)
Lemma 5.6.
e ( ) M { —Mffk : Mffk +aE‘2’(rffk, rz‘k), iflte] < 1 (5.29)
2\Trk Trk rk kS —lTH My s MYy 4l T | ES (t8, To), i 1T ] > 1. :
Proof. Suppose, [t7| < 1. Then M¥ =« ¥ + t7, and thus
T = MY (er ) e MY T = = M MY+ a B (1, 7). (5.30)
Now let |[t¥| > 1. Then M¥ =a 7% + %, and hence
.L.Ol
MP =atl + |:|r°‘|:| (5.31)
Expressing 7%, from the latter relation we get
T T
e =T (M —a ) + 1 |
r
which yields
.EOl . O(k
roCr, .
—Mak Trk——|f | kMgk+a|Tg’Mngzk—WMsz;¥

S—[r M M+ a| T | My T (5.32)
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where (5.31) and the orthogonality of [I%‘I]'k and 7 was used:
[ F S ¥\ 2
— MY T = —« £ <0.
T e )

The claim now follows from (5.30) and (5.32). O

6. Wl})’cz estimates of bending moments in the incremental problems

In this section we deduce some iterative estimates for the L? norms of the gradients of the functions M?, defined
by means of (5.5), and we show that for every given r and N we have M rN € WZIO’CZ(Q; MZ2%2) We note that for the

sym
moment we are concerned only with the problem of regularity of each M, that is, we do not care about the uniformity
of estimates with respect to r and N. Having obtained the L? bounds, we conclude that the approximate solutions My,
which were known to converge to MY weakly in L%(£2; Mfyxmz), actually converge strongly.
Remark that in what follows C, will denote a constant independent of «, which may change from line to line. This
constant may depend on r, N, and, in case of local estimates, on a domain 2’ € §2. We will use the notation C only
when this constant does not depend on r and N.

For the moment, our objective is the following estimate:

/M;’jk: @ dx <C(r N, 2"), 6.1)
Q/

valid for any 2’ € £2.
Suppose, by induction, that we have already proved that M rN_ | € WIIO’CZ(Q; Mfyxmz). To simplify the notation, in this
section we sometimes omit writing the index N for the solutions of the incremental problem (4.1). Let us examine

the regularized problem (5.1). Since u? is a solution of the nonlinear elliptic system (5.4) with er € L%(£2) and

efv_l IS Wl},’cz(.Q; Mf,;;f), one can show, by working with difference quotients, that

us € WISO’C2 (.Q; M2X2),

sym

M2, D*u? € W2 (2, M2:2). (6.2)

sym

By using formula (5.25) , estimate (5.28) and the definition (5.22) of ¥ we obtain

M MY = ES (2, M) < [Eg(fzk»fgk)]l/z[Eg( oy ffk)]l/z

1 1
<§Eg(fffk’ffk)+§Eg( Yo M)

1 l «
gEMffk:tffk—i-(——i-—) ok MY

2 2
< 1 a . n2,a 1 a . agN 1 o o Lopg0 6
X EMr,k'D ur,k_’_EMr,k 'Mr—l,k+ §+5 rk ke (6.3)
By applying the Cauchy inequality to M}, : MrN_ 1.k We get
(I —o)M M <MY, oMY | +2M%, : D2u®,. (6.4)

1

loc(§2) of the second summand of

Thus, it remains to prove the boundedness in L
Let us introduce the notation

M =My, f= er, u® :=u?

ro

omitting index m for further convenience. Let ¢ € CS (£2) be an arbitrary cut-off function, such that ¢ = 1 on £2’, and
suppy C §2” € 2. By (6.2) we can put the function

v=¢* u’
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into the Euler equation (5.3).
We start by

/Mf’,‘( : D2(¢4u?§<)dx =/¢4Vf-Vuadx.
2 2

This equality can be expressed in the following way

J? ::/<p4Mf’;{:Dzuf"kdx:/<p4ﬁkuf"kdx—Z/Mf‘j’kgof‘j u?’kidx—/Mfyj’k(pft-ju?‘kdx.
2 2 2 2

Thus, we have
JESIE IS+ 18,

with

Estimate of I7.

17| <N f il 2

ull 20 < Cr-

Estimate of I3. Let us introduce the matrices S ®) = (Si(j]?)) defined by

k
S() _§0]lxlk[

Then by using (5.25), (5.27), (5.22) and the fact that || M, N " lloo;2 < 1 we obtain

Iy = _2/M1qj,k(p,4j ul; dx :8/¢3E§‘(t2‘k,5(i))dx
2 2

1
< 100 (p4E‘2’ (r,‘)fk, rr"fk) dx + C, / <p2Eg(S(k), S(k)) dx
2 2

1 2152
< — ¢4Mffk:rfk+aC,/<p2|S(k)|2dx+C, / ¢2|S(k)|2dx+cr / %dx
r

100
Q Q S j¢]>1

! 4 4 N
100<J“+/<p Mffk:Mffkdx—i-/gp MY oMY dx
2 2
21p2,9)2
2112 a2 @~ | D7uy| 2 w2
+c,/“¢|ouﬂdx+q./ E x| D
[t¥ <1 [t |>1

1 4 N 2
100<J“+/<p Mﬁfk:Mffkdx—i-/ MY MY 1kdx)+C/|D u?|dx + Cy.
2 2

Estimate of 7. Using (5.25) and Lemma 5.1

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)
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I3 = _/ij,k‘!’ﬁ'j”?k dx = —4f‘/’3 u%ES (0. V2g) dx — 12/ u}E3 (1. Vo ® Vo) dx

2 2
1 2
100 o EY( rk,rr"fk)dx+Cr/|Vu°‘| (92 ES (V0. V29) + ES (Vo ® Vo, Vo ® Vo)) dx
2
1
100(1“ /<p4M;’fk: ;’fkdx+/¢4M,N : MY 1kdx>+Cr. (6.11)
2 2

So, (6.5), (6.6), (6.8)—(6.11), and the regularity of M rN_ | proved at the previous step, imply that

2 2
J;"gC, 100 , +m (,04M;,)fkl ffkdx.
2

Therefore, (6.4) allows us to conclude that (6.1) holds for every k = 1, 2, and thus
limsup|| VMY |,.,, < C(r, N, 2"). (6.12)
a—0 ’

Remark 6.1. Inequality (6.12) and the convergence MY — MrN in L2(£2; M2%2), see (5.6), imply that

sym

MY € Wyl (2: M32).
M~ MY inw)2(2;M2%2), and

sym
MY — MY in L7, (2, M252), (6.13)

sym

2x2

where the strong convergence in L?(£2; My,,;) is guaranteed by Sobolev embedding.

7. Auxiliary estimates

In this section we prove a fine convergence estimate for the approximate solutions of regularized problems (Lem-
mas 7 1 and 7.3) and get analytic estimates, which are the core of the proof of the uniform boundedness of M} in

2(£2; M2%2) (Lemmas 7.4, 7.5 and Corollary 7.6).

loc sym
In these estimates it is crucial that the constants C does not depend on r and N, although they might depend on ¢.

In the rest of the paper w,(«) will denote a generic function, converging to 0 as « — 0, which may change from
line to line and may depend on r and N.

7.1. Fine properties of approximating sequence
Lemma 7.1. For any function y € Co(82) with 0 < ¢ < 1, we have

C
y(|D%u® + MY || — |MN | |)dx < ~ For@, (7.1)

[te|>1

where the constant C and the quantity w, () may depend on the properties of V.

Proof. As |MrN_1| < 1, we have
v(|D%uf + M) | = ML ]) dx
|t¢|>1

= [ o = s = [ (D2 Y| = | ). 7
2 |7e|<1
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Equality (5.20) implies that on the set {|7| < 1} one has M¥ = o t* + t¥. Thus, by (5.20), (5.22), Lemma 5.1, (6.13)
and (3.12) we obtain

= [ (0t = (Y s

(S

< [ (- w2 alear < [ulag - Y| dx+ ca

C
<[¢|M,N—M,N_1|dx+/1/f|Mﬂ—M;*|dx+Ca<ﬁ+wm(a).

On the other hand, by (5.14) and (3.12)

(ould) + 01 | = 122 £2) < D2 (eu) () <

=l

tim [ (D% + 3%, = b ) dx = .
o—>
Q
The estimate (7.1) follows from last two estimates and (7.2). O
As a corollary, we prove a local estimate for |D2u$‘|.

Corollary 7.2. We have

f ¥ |D*u?| dx < + wy () (7.3)

for every function ¥ € Co(§2) with O < < 1, where the constant C and the quantity w, (o) may depend on .

Proof. Introduce the notation
Bi={lel<1).  @={1<el)

Now we divide the integral over §2 into two integrals over 51', i = 1,2, and estimate each one of them, as in (7.3).

Estimate over 571 According to (5.20) and (5.22) in the region !31 we have
D*u® =M% — MY | +at?,
and hence, by (6.13) and (3.12) we obtain

/1p|D2 “ldx < /w|M°’ MrN1|dx+a/1ﬁdx = + (). (7.4)

2
Estimate over 52. By (5.20) and (5.22) in 52 one has

DX u® = M2 (|7 = 1) — (MY, — M¥) —at?|zf|. (1.5)
Again, by (5.20) and (5.22) we get

v ||| < el + | D7

and the triangle inequality |[M| > |MN 1| — |MN | — M| yields
2] < [ |- e,

By the last two estimates, the relation (7.5) becomes

/w|D2u‘;‘|dx</w(}D2u“+MNl|—| ) dx+2/¢}M[Vl M dx+2a/|r > dx.
9 2 Qz .QQ
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Using (7.1), (5.10), the convergence (6.13) and (3.12), by the last estimate we conclude, that

C
/w]uzuﬂdx <y Tor@. (7.6)
@2

Now the claim (7.3) follows from (7.4) and (7.6). O

Lemma 7.3. The following estimate holds:

C
f1p2|v”‘;’|2dx <43 tor@). (7.7)
2

for any function ¥ € C(z)(.Q) with 0 < ¥ < 1. Remark, that the constant C and the quantity w,(«) depend upon
||1//||2,oo;.(2~

Proof. We begin by defining the functions vy :=u®¥y € Wg ’2(.{2), which satisfy the following equalities:

Vol =y Vul +ur Vi,
D*v¥ = Y D*u® + 2V O Vu® + u® V3. (7.8)

Then, by using (7.8), the Sobolev embeddings W2l(2) — W2(2) and Wh1(22) — L%(£2), and the Poincaré
inequality for Wg 1 (£2) we can estimate the integral considered as follows

/yww‘;‘yzdx<2/ywu';‘+u$vw|2dx+2/|ufwf|2dx
2 2 22

<c [Ivufav+c [llac <ol o+ clufl g
2 2
2
< fiomglax) +clul? e
2

2
<c</w|D2u7|dx+f|vug|dx+/|uf|dx> +Cluf ]} g (7.9)
2 Q Q

Now we use (7.9), the estimate (7.3), the convergence u® — 8u£v in Wh1(£2), as in (5.7), the embedding
BH(2) — Wl1(£), and (3.12) to obtain

2
[vvitas<c( [ vioular) +clutl} o < o+ Clou e, + 0r@) < g5 + ort@.
2 2

The claim is proved. O
7.2. Analytic estimates
Lemma 7.4. The following inequality holds for J defined in (6.5):
o o 4 o 1 4 po(,.a o c
IS =2 | M elulidx+ | @ ES (T %) + 5 tor@. (7.10)
2 2

Proof. Recalling (6.6), we have J* < I + I + I3 with I, i =1, ..., 3, defined in (6.7). We show, that I* and I5
are of order % when o — 0.
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Estimate over I7. Since er € Wli’cz(.Q), one can employ the convergence (5.8) to pass to the limit in /{*, and use the
estimates (3.12) of ||<3u£V |BH(2) to obtain

1
11| < C(”f||L°°([O,T];W1v2(9”)))N + o (a). (7.11)

Estimate over I;‘. First of all, remark that the function

0(ES (V0. V29) + ES (Vo ® Vo, Vo ® Vi)
is bounded and has a compact support, which is a subset of supp ¢. Let us choose a function ¥ € C§°(£2), such that

¥ =1 onsuppp and suppy¥ C 2”7,

/ k(plj,ukdx——4/ ‘;"kEg(rf"k,Vap)dx— 12/<p2u‘r)ka‘2"(r;’fk,¢®<p)dx
2 2
< N/go“Eg(rgk,r;fk) dx+CN/1/f2|Vu‘r"]2dx, (7.12)
2
with ¥ chosen above, using the fact that

9(E$(V?0, V?0) + ES (Vo ® Vo, Vo ® Vo)) < Cyr.
Thus, by (6.6), (7.11), (7.12) and (7.7) we obtain (7.10). O

Lemma 7.5. The following “iterative” estimate holds true:

2
(1 - N>/¢4Eg(fgk’rgk)dx
2

IN—-1

100 4 1 4
/Mﬁ‘k il 1kdx+z +10 M My dx = oo / O ES (1%, 1) dx
|72 [<10
4350 4 N ¢
+N oM dx+— M," MY 1kdx—l— + wp (), (7.13)
where Fs, s =1,...,9N — 1 is defined by F; _{1+H—1 <|t¥| < +%}.

Proof. By (5.25), (5.22), (6.5) and (7.10)

1 C
(1—N>/¢4E2( Tk Tr) dX < /Mu k?. “kzdx+/‘ﬂ4Mffk:MrN—1,kdx+—+wr(°‘)

N
2 2
C
=B?+B§+B§“+B§+[¢4M5k:M,N_Lkdx+ﬁ+w,(a), (7.14)
2

where

BY :=8/¢3Mffk:5(k)dx, i=1,...,4,
£2;
with S® defined in (6.9) and
1

a={ll<ih @=fielm<iegl

93={1+%<yz;¥|<10}, 24=1{10<|t7|}. (7.15)
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Estimate of By . According to (5.20) and (5.22), in the region £2; the following identity holds:

Du® =M% - MY | —at’
Hence, by (6.9)

2 2 2 2

IS9P < | P <oz - [P+ ol ),

and we have
2 2

/¢2|S(k)| dx < Ca® +C|MF = MY |5 o0

2
Thus, from the convergence (6.13) and the increment estimate (3.12), it follows that

1

1 C
By < N/g04 MY M2 dx + CN/¢ZyS<k>|2dx < N/‘”4 My My dx + — + o (@), (7.16)
21 2, 2

Estimate of B}. We remark, that (5.20) and (5.22) yield that for |7 > 1 one has

DR = M2 (58] = 1) — (MY | — ME) — xS, .17
so that in the region £2, we have

> o2 C 2 N 2 2 a4

P < M clg — m P cole

By the inequality |S®| < C|D?u|, see (6.9),
1
8(p3Mffk :5® < N(p4Mffk CMP + CN(p2|D2u‘r"|2,

so that by the former estimate, the boundedness of 7~ and M} on £2; (see (5.20)), (6.13) and (3.12) we have

1 C
B§ < N/¢4Mffk:Mffkdx+N+wr(a). (7.18)
2,
Estimate of B. Using the notation Fy = {1 + % <|r¥| <1+ %} fors=1,...,9N — 1, we write
9N—1
BY=8Y" /¢3Mffk:5(k)dx
s=1 F,
IN—-1 1 5
darsa | g 21 n2,,a
< ; [m/<p Mr’k.Mr’kdx—I—C(stlO)/q) |D2ul| dxi|. (7.19)
- Fs Fs

Now we show, that the last summand can be bounded by % + wy(a).
Thanks to (7.17) on Fy; we have

4

|D2uﬁ‘|2 )

9
<Mz P(|ee | = 1) |y — M el
so that by (6.13), (3.8), (3.12), and the boundedness of M and 7* on Fy (see (5.20)) we have

IN—-1

Z (s + 10)/g02 |D2uﬁ‘|2dx
s=1 Fy

IN—-1
< 3 [ (2T sl 1) g P over ) as
s=1 F,
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, + CNa?. (7.20)

<c [ g (fes] - ax+ enfu - MY

23
By (5.20) and (5.22) we have | M¥||t¥| < o|t] 12+ |D2u°‘ + MN ' 1|, and by the triangle inequality | M| > |MN =

MY | — M¢| we have also —|M%| < —|M" ||+ MY | — M?|. Therefore using (6.13) and (3.12) we can bound the
right-hand side of (7.20) by

¢ [ (D24 MY |- MY + 5§+ o,
23
Thus, by (7.1) we conclude that
9N 1
/ ¢*M%, M® dx + < +or(@). O (7.21)
2(s + 10) " " N

Estimate of By. Applying the Cauchy inequality

1
0" B3 (0. 80) < 155 0 S (7 1) + CoPES (59, 59),
and using (5.25), (5.26), (6.9) and (5.10) we obtain
. 1 2| 2ua|2
Bg:/(p E§ (%, S®) dx < 100/(p ES(t8. T rk)dx—i—C/ ﬁdx—l—wr(a). (7.22)
T
o o fod "

To show that the last summand is of order %, we first note that on the set £24 the inequality

|D*ug|?

IT7|

<10(|D*u® + MY || - |MN,)) (7.23)

holds. To prove it, we multiply both sides by |t | = |D2u°‘ +M, N " {|. Using the inequality | M, 1| < 1, which follows
from MVAL 1 € K, the right-hand side of (7.23) can be bounded from below by

1001 0% "+ 2% - MYy + [ M) [P = M || D2+ )Y )
> 10(|D%u?|? = 3|MN || D>u?]) > 10| D?u®|* — 30| D2u?|.
Using again |M," N 11 < 1, in the region £24 we have that |D?u%| > 9, which yields that
10| D2u|” — 30| D2u?| > | D> |* + 51| Du®| > |

and (7.23) is proved.
From (7.22), (7.23), and (7.1) we have
1 4 C
By < 100 0 EY (tﬁk, rr”"k) dx + v + (o). (7.24)
24

Collecting (7.14), (7.16), (7.18), (7.21), and (7.24) we obtain

IN—1
1 4 4
(1—ﬁ>/€0 ES (v, 7y ) dx _/GOMrk MY 1kdx+2m/¢ i My dx
2 2

1o, A c
+100 | ¢ Eg(rfk,rgk)dx+ﬁfw My f,‘kdx+ﬁ+wr(a),
24

or, by easy transformations,



A. Demyanov / Ann. I. H. Poincaré — AN 26 (2009) 2137-2163

9 1\ [,
(100 5?)./1¢ £ (e )
2

2161

9N—1
1
4 ) 4
/go M MY 1kdx+ Z 26 +10)f<p ffkdx——loo / @ ES (17 1) dx
£21U82,U823
. o C
N (p r‘kdx—i—ﬁ—i—a),(a).

The claim (7.13) now follows by multiplying the last inequality by - 100

By using Lemmas 5.4 and 5.6 we can express (7.13) in a different form, which is more suitable for our uniform
estimates of M7, .

Corollary 7.6. The following estimate holds

%/ﬁES‘(fﬁk,fﬁk)dH%f@v“E‘ﬁ‘( re M) dx
2 2
< (i 29996 +— ¢ +a),(ot)>/ M7 M7 dx + (i 19090 + £>/¢4MN MmN Cpxdx
2 2
C
+ 5t or@. (7.25)

Proof. We consider each of the domains £2;, i =1, ..., 4, defined in (7.15). First, remark, that (5.29) yields

—ES(t%. t%) < —(1+ o (@) M%, : MY, (7.26)

on §21 U §25. We apply (7.13), dividing the integral over §2 into three integrals over the domains just defined.

11 1
(5 - N) /¢4E§(Trufk» T) dx + §/¢4Eg(Mffk’ My, ) dx
Q 22

1

1 100 C
4 4 .
<§/</’ E?(Mgk!Mgk)deFZ'(@JFN)/(D My MYy dx
2 2

11 1 IN—-1
4
-3 f ¢Eg(rgk,rgk)dx+§ E
21U82,U823 s=1

4 .
L (100 CY [ oy c
+4—1 5 +N MY MmN 1kdx+N+a)r(a) (7.27)
2

Estimates over £21 U £2,. By (5.28) and (7.26) the sum of the integrals over §2; U §2; corresponding to the first three
terms in (7.27) is bounded by

1 100 1 1 1 C 4o o
Z.E—i_i_i @‘f‘ + o, (o) (er,k:Mr,kdx

£21U82,
296 C 4
< ( 99 + w, (o) + N) / oM M dx. (7.28)

$21U82,

Bl
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Estimates over £23. The integral over 23 is estimated by considering the integrals over the sets F;, defined in (7.13).
Using (5.26), (5.29), the bounds
10
T | < :
s+ 1 s
on each Fy, and the inequality
1 s+1 1 1 s4+10 1 1 1 98

+ — . < - —
2 s+10 2 99 s+1 2 s+10 2 99
valid for s € N, the sum of the integrals over F; corresponding to the first four terms in (7.27) is bounded by

9N—1

I 100 1 s+1 11 S~|—10 1 1 C
§ |:<_._+§. _ + - +wr(a)+ﬁ>:|~/<p4Mffk:Mffkdx
s=1

4 99 s+10 2 99 s+1 2 s+10
Fs
1 296 C
<(Z i +w,<a)> f oM M dx. (7.29)

£23

Estimates over £24. By (5.26) and the lower bound |r| > 10, the sum of the integrals over §24 corresponding to the
first three terms in (7.27) is bounded by

1 100 1 C 1 296 C
<4 99+ + or (@) + >/¢4Mffk:Mffkdx<(Z 99 + wr (o) + >/¢4Mffk1Mffkdx~ (7.30)

2 2

The claim now follows from (7.28)—(7.30). O

8. Uniform WY

loc estlmates of approximate solutions

To carry out the proof of the uniform boundedness of | My||, . (©.T): W) we will make use of the refined

1,2 2x2

- ($2;Migm )
version of iterative estimate (6.4), deduced in the previous section, Wthh Tesults in a discrete analogue of Gronwall
inequality. To this aim, we need to estimate the last term of (6.4). To make the estimates uniform, we will use the
convergence of u% to 8us as in (5.7)—(5.9), and the convergence of MY to M,N as in (6.13).

So, the goal of this section is to prove the following inequality first

C C c
(1—N>f¢4Mn’V,:dex<<1+ﬁ>/ oM MY Ldx + (8.1)
2 2

with C independent of N, and then to deduce Theorem 2.2.
We begin as in (6.3), using (5.22) and (5.25):

1 1
/<P4Mffk: Pk dx < §/€04E3(Tﬁkﬁfzk)dx+§/ ¢ ES (M. M) dx.
2 2 2
Thus, (7.25) yields

1 100 C
Z 9—6—N+wr((¥) k Mrkdx

1 100 S N ¢
<L ldeN/ N MY d @), (8.2)
2

Now, to deduce (8.1) it remains to pass to the limit with respect to « in (8.2), to use (6.13) and the lower semicon-
tinuity of the norm, and to sum the resulting expressions with respect to k.

Proof of Theorem 2.2. Iterating (8.1) we get the following forevery r =1,..., N



A. Demyanov / Ann. I. H. Poincaré — AN 26 (2009) 2137-2163 2163

N i—1
AN N (1+C/N)N/‘ 4 2C ~— (14+C/N)!
MY MV dx < ——— Mo o0 dx +—) —— L~
[(P rl ri 4X ( —C/N)N ¢ Moy :oordx + N Z (1-C/N)
2 2 -
<e* / @ Mo : Mo dx +2Ce*C. (8.3)
2

Thus, we obtain

My (t . <C Q/ .
;l]p ts[u’p]” N( )”1,2,.(2 ( )
2)(2

and the conclusion follows from convergence of My () — M(¢) in L2($2; Msym

)foreveryte€[0,T]. O
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