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Abstract

In this paper we consider a three components system of nonlinear Schrodinger equations related to the Raman amplification
in a plasma. We study the orbital stability of scalar solutions of the form (2% ¢, 0,0), (0, €2, 0), (0, 0, e2®! ), where ¢ is
a ground state of the scalar nonlinear Schrodinger equation.

© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans cet article, on s’intéresse a un systeme de trois équations de Schrodinger qui modélise le phénomene d’amplification Raman
dans les plasmas. On étudie la stabilité orbitale de solutions scalaires de la forme (ezjwt(p, 0,0), (0, ezi‘”’w, 0), (0,0, e2iw’<p), ou ¢
est I’état fondamental d’une équation de Schrodinger scalaire.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we investigate the stability properties of solitary waves for a Schrodinger-type system related to the
Raman amplification in a plasma. The study of laser-plasma interactions is an active area of interest. The main goal is
to simulate nuclear fusion in a laboratory. In order to simulate numerically these experiments we need some accurate
models. The kinetic ones are the most relevant but very difficult to deal with for practical computations. The fluids ones
like bifluid Euler—-Maxwell system seem more convenient but still inoperative in practice because of the high frequency
motion and the small wavelength involved in the problem. This is why we need some intermediate models which are
reliable from a numerical point of view. In [5], a new set of equations describing nonlinear interaction between a
laser beam and a plasma has been derived. This model describes the Raman process which is a nonlinear instability
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phenomenon. The physical situation is the following. When an incident laser field enters a plasma, it is backscattered
by a Raman type process. These two waves interact to create an electronic plasma wave. The three waves combine to
create a variation of the density of the ions which has itself an influence on the three preceedings waves. The system
describing this phenomenon is composed by three Schrédinger equations coupled to a wave equation and reads in a
suitable dimensionless form:

b? )
(i(a; +vcoy) +Ol18}2, +Ol2AJ_)AC = ?nAC —y(V- E)AReile, (1.1)
. bc )
(10 +vrdy) + B3] + P& 1) AR = —nAg =y (V- EDAce", (12)
. b * i0
(18,+81A)E:§nE+yV(ARACe ), (1.3)
@7 —viA)n=aA(|EP* +blAcl* + c|Arl?), (1.4)

where Ag, Ag and E are complex vectors and are respectively the incident laser field, the backscattered Raman field
and the electronic plasma-wave whereas n is the variation of the density of the ions and 6 = (k1y — wit) where
w] = k%&l. For a complete description of this model as well as a precise description of the physical coefficients, we
refer to [5] and [6]. In [5], it is proved that system (1.1)—(1.4) is locally well-posed in suitable Sobolev spaces. It is then
natural to investigate the global well-posedness theory. The existence of global solutions is still an open problem since
no suitable conservation laws have been yet derived to handle this question. From this point of view, solitary waves
play a crucial role and the study of their dynamics represents an important step toward the global well-posedness. The
study of their behaviour is the main motivation of this paper. Unfortunately, we are not able to perform such analysis
on (1.1)—(1.4). We will study a subsystem that includes the spacial dynamics and that is obtained as follows.
Writing E = Fe'® and taking n = 0, (1.1)—(1.4) reads

(i3 +vcdy) + @10y + @A )Ac = —yV - FAg —ikiy FAg, (1.5)
(i@ + vrdy) + B19; + PaAL)Ag = yiki F*Ac —yV - F*Ac, (1.6)
(i0; + w1 + 81 A+ 2ik1dy — 81k7)F = ikiy AR Ac + y V(AR AC). (1.7)

Now, in the right-hand side, we neglect the V terms in front of ik; (it is an envelope approximation). In the left-hand
side, we neglect the longitudinal dispersion terms 8)2, in front of the transverse ones A . We also use the dispersion

relation w; = k]281 in (1.7) and we study some stationary version d; = 0. The system reads
({vcdy +ax A )Ac = —yiki FAR,
(ivgdy + B2A1)AR = yiki F*Ac,
(2ik10y +81A ) F = ik])/A}Ac.

Let us introduce w) = Ac, w2 = A% and w3 = F, letting the coefficients to 1 (note that vg < 0 and vc > 0) leads to

@y +Apwy = —ingwik,
@iy +ApDwy = —iyw3w>f,
{0y + ADwsz =iywiws.

Taking v; =iw; for j =1,2,3 gives

(idy + A)v = —y 305,
(idy + A )vy = —yvavy,
(idy + A)vy =—yviv).

In order to model nonlinear effects, we add some nonlinear terms and we switch to the usual notation using ¢ as
evolution variable instead of y. The system that we consider in this paper is the following simplified system of
nonlinear Schrédinger equations:
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iduy = —Auy — |ur|P " uy — yusing, (1.8)
idur = —Auz — |uz|P " uy — yusi, (1.9)
ideus = —Auz — |u3|” " uz — yuiua, (1.10)

for (t,x) e R x RN where N =1,2,3,1 < p<14+4/N,y >0,and uy, up and usz are complex valued functions of
(t,x) € R x RV, We assume furthermore that y > 0. Indeed, the case y < 0 is obtained by replacing u3 by —u3 in
system (1.8)—(1.10). Note that the values of N corresponding to physical cases are N =1 or 2.

Here and hereafter, we put it = (u1, uz, u3). We introduce the following quantities

3
E(i) = Z(%nwjniz - ﬁuujn{jll) —y% f wyusir3 dx,
J=1 RN
Q1Gi) =lurll7, + llusll3, and  Qa2(h) = lluzll3, + llusll3..
where N(z) denotes the real part of a complex number z. Note that (1.8)—(1.10) can be written as
Qi (1) = —i E"(i (1)),
and that
E(euy, e®uy, ' Otus3) = EG),  E(id(-+y)) = EG),

for any (01,6,) e R?, y e RN and u € H'(RY, C3). The Cauchy problem for (1.8)-(1.10) is globally well-posed in
HY (RN, C3) (see [2]).

Proposition 1. Let N =1,2,3, 1 < p<1+4+4/N, y >0, and iig € H' (RN, C3). Then there exists a unique global
solution it € C(R; HY(RN, C3)) to system (1.8)—(1.10) satisfying ii(0) = iig. Furthermore, the solution ii(t) satisfies
the conservation laws

E(ii(1)) = E(iio). (1.11)
Q1 (i(1)) = Q1(io), 0> (ii(1)) = Q2 (iio) (1.12)
forallt e R.

Forw > 0,letp € H I(RN) be a positive radial solution of

—Av+20wv—|v|P'v=0, xeRV. (1.13)
It is known that ¢ is unique (see [15]). Then, we see that
(€“'¢,0,0),  (0,e"9,0),  (0,0,e"¢) (1.14)

solve (1.8)—(1.10). Note that u, (1) = e*“' ¢ is a standing wave solution of the single nonlinear Schrodinger equation
idu=—Au—ul”'u, @t,x)eRxR", (1.15)

and it is well known that for @ > 0, u(?) is orbitally stable if | < p <4/N. When 1 +4/N<p<1+4+4/(N —2),
u,(t) is strongly unstable in the sense that for any A > 1 the solution w; (¢) of (1.15) with initial data w; (0) = A¢
blows up in finite time (see [1,3,18,21] and also [2,20,12,13]).

The purpose in this paper is to study the stability properties of the solitary wave solutions (1.14) for the coupled
system (1.8)—(1.10). We first introduce the following definition.

Definition. We say that the solitary wave solution (et ¢,0,0) of (1.8)—(1.10) is orbitally stable if for any ¢ > 0
there exists § > 0 such that if g € H' (RN, C3) and ||iip — (¢, 0,0)| ;1 < 8, then the solution #(t) of (1.8)~(1.10)
with #(0) = ug satisfies

- =N (0
f§896ﬂ£,22R~|‘”(’) (€0 +),0,0)] ;1 <e.

Otherwise, (¢*“'¢,0,0) is called orbitally unstable. The orbital stability and instability of (0,e*“'g,0) and
0,0, e2iwt @) are defined analogously.
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Here, we remark that when 1 +4/N < p < 1 +4/(N — 2), the solitary wave solution (eZi“’tgp, 0,0) of (1.8)—(1.10)
is strongly unstable, since for any A > 1, (w;(¢), 0, 0) is a solution of (1.8)—(1.10) and blows up in finite time, where
w;, (¢) is the blowup solution of (1.15) with w; (0) = A¢p. By the same reason, the solitary wave solutions (0, e2ioty ()
and (0,0, %' ) of (1.8)—(1.10) are also strongly unstable when 1 +4/N < p <1+ 4/(N — 2). Thus, in what
follows, we consider the case 1 < p < 1+4/N only. The main results of this paper are the following. The first one is
concerned with the stability of the first two solitary waves (¢%® ¢, 0, 0) and (0, % ¢, 0), and reads as follows.

Theorem 2. Let 1 <N <3, 1 <p< 1+4/N, y >‘O, w > 0, and let ¢ be the positive radial solution of (1.13). Then,
the solitary wave solutions (e**' ¢, 0,0) and (0, e%“' ¢, 0) of (1.8)~(1.10) are orbitally stable.

The proof of Theorem 2 is very classical and follows the argument introduced in [3], the key point being the
variational characterization of the ground states (eZi “g . 0,0) and (0, e2ior ¢, 0) given in Lemma 4. The second result
deals with the third wave (0, O, 2ot ¢). For this case, the analysis is much more delicate. Indeed, it is proved that
there exists a critical value y* of y such that the solitary wave is stable for 0 < y < y*, whereas the wave is unstable
for y > y*. We notice that we do not prove any result for y = y*, and we leave this question as an open problem.

Theorem 3. Let | <N <3, 1 <p<1+4/N, w>0, and let ¢ be the positive radial solution of (1.13). Then, there
exists a positive constant y* satisfying the following.

() If0 <y < y*, then the solitary wave solution (0,0, e%®' @) of (1.8)~(1.10) is orbitally stqble.
(ii) Assume further that N <2 and p > 2. If y > y*, then the solitary wave solution (0,0, e*“¢) of (1.8)—(1.10) is
orbitally unstable.

We give the outline of the proof. First of all, the variational method used to prove Theorem 2 does not apply to the
case of Theorem 3(i), because the conservation laws (1.11)—(1.12) are not the suitable ones. To prove Theorem 3(i), we
first introduce the action S (see (3.1)) associated with system (1.8)—(1.10), so that the third solitary wave (0, O, e p)
is a critical point of S. Following the general theory developed by Grillakis, Shatah and Strauss in [12], the proof is
based on a carefull study of the linearized operator S”. The key point is to show that S” is an elliptic operator on
H'(RN, C?) which is a sufficient criteria to obtain the stability of (0, 0, e%®¢). For that purpose, we decompose S”
into two parts B1 and B; (see (3.2)) where 53] depends on v; and vy whereas 3, depends only on v3. The operator 5,
is elliptic under some orthogonality conditions (see Lemma 5). In Lemma 7, we prove that 3; is elliptic if y is less
than a critical value y*, y* being closely related to a minimization problem (see Lemma 6). The end of the proof is
classical and follows the arguments proposed in [12].

The proof of Theorem 3(ii) is more delicate. Since system (1.8)—(1.10) is symmetric with respect to u# and u;, we
first perform the change of variable (4.1) to obtain system (4.2). The main idea is to construct an unstable direction
z, = (&, 0) that is if vs is the solution of system (4.2) with the initial condition v5(0) = §z, where § can be choosen
arbitrarily small, then vs does not stay in the orbit of the third solitary wave (0, O, e2iowt ¢). This contruction is based
on a careful study of the spectrum of the two linearized operator £; and £, (see (4.3)—(4.4) for the definition of
L1 and L£;). More precisely, we show in Proposition 11 that if y > y*, then the upper bounds of the real part of
spectras of £ = (£», L) and L are equal and that it is an eigenvalue of £ and L. Then the unstable direction is
constructed from the corresponding eigenvector. We have to notice that the critical value y* is that of Theorem 3(i).
This comes from the fact that y* is closely related to a minimization problem (see Lemma 7). Forall 0 < y < y*, we
have A, + @ > 0 whereas if y > y* then A, + w < 0 (see Lemma 10). This explains why the behaviour of the third
solitary wave (0, O, giot ¢) is different between part (i) and part (ii) of Theorem 3.

Remarks.

(1) The additional assumption N < 2 and p > 2 in Theorem 3(ii) is related to the regularity of the nonlinearity
|u|?~'u, and it is needed to estimate the nonlinear terms of the linearized equation (4.2) in Lemmas 12 and
13 essentially. Note that when N > 2, the function z |z|1’_lz is not so smooth under our assumption p <
14 4/N < 3. The nonlinear estimate for the case N =2 and 2 < p < 3 in Lemma 13 is due to Kenji Nakanishi
and Tetsu Mizumachi.



M. Colin et al. / Ann. I. H. Poincaré — AN 26 (2009) 2211-2226 2215

(2) The study of the form and the orbital stability of the general standing waves of system (1.8)—(1.9) is a difficult
question to deal with. Our aim is to proceed step by step and so to begin with the particular cases described here.

The paper is organized as follows. In Section 2, we prove Theorem 2, the orbital stability of the first two solitary
waves, using the variational method by Cazenave and Lions [3]. In Section 3, we prove the first part of Theorem 3
concerning the stability of the third solitary wave for y small, whereas in Section 4, the orbital instability of this
solitary wave is established for large y.

2. Proof of Theorem 2

In this section, we prove Theorem 2 using the variational method by Cazenave and Lions [3]. We put

1 1 1
Eow) = 5[ Vullj> — ﬁ”“”i;"

We recall the variational characterization of the positive radial solution ¢ to (1.13) (see [3]).

Lemmad.let N > 1,1 <p<1+4+4/N, > 0, and let ¢ be the positive radial solution of (1.13). Then,
Eo(p) = inf{ Eo(v): v e H'(RY), [0l 2 = ll¢ll 2}
Moreover, if {v,} C HY(RY) satisfies
lvallzz = llelli L2, Eo(vn) = Eo(p),
then there exist a subsequence {v,, } and a sequence {(6k, yr)} in R x RY such that "% Un, (- +Y6) = @ in H! (RM).
Diwt

Proof of Theorem 2. Suppose that (e~'“’ ¢, 0, 0) is not orbitally stable. Then, there exist a constant § > 0, a sequence
{ii, (1)} of solutions of (1.8)—(1.10) and a sequence {¢,} in (0, co) such that

|in (0) = (¢.0,0)| ;1 — O, 2.1)
. > 1] _
et ine) = (€0 +).0.0) [y =5, (2.2)

We denote i, (1) = (uy1 (), un2(t), un3(t)). By (2.1) and the conservation laws (1.11) and (1.12), we have

ltn2 @) |32 + [un3 @) |32 = |2 (O |32 + |un3©)] 32 — 0, 23)
||un1(tn)||Lz + ||un3(tn)||Lz = ||un1(0) ”Lz + ||un3(0) ”Lz = llll2,. (2.4)

E(iin(tn)) = E (iin(0)) > E(9,0,0) = Eo(¢p). (2.5)

Since {ii, (t,)} is bounded in H' (RY, C3), it follows from (2.3)—(2.5) that
lun2@)|| 2 =0, Junz )|, =0, (2.6)
luni @) 2 — II¢IILz, 2.7
Eo(un1(tn)) + Z||wn] (t)|32 = Eo@). (2.8)
/ =2

Then, by (2.7), (2.8) and Lemma 4, we have

Eo(p) < liminf Eo(un1(tn)) < limsupEo(unl(tn))

< nlgn Ey Mnl(tn) Z” Vun] (tn)“Lz} = Eo(¢p),

which implies
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Eo(un1(tn)) = Eo(g), (2.9)

| Vuna @) — 0. |Vuns ()| ;2 — 0. (2.10)
By (2.7), (2.9) and Lemma 4, there exist a subsequence {u,, 1(#,,)} and a sequence {(6, yx)} in R x R¥ such that

e 1ty + y6) — @]y = O (2.11)
Moreover, by (2.6) and (2.10), we have

luna @) || 1 + | 4n3 @) || g = 0. (2.12)

By (2.11) and (2.12), we have

QeRi,I)lli]RN ”ﬁnk (tny) — (eig(p(' + .0, 0) HH' — 0,

which contradicts (2.2). Hence, (ezjw’ ¢, 0,0) is orbitally stable. The stability of (O, e2iot ¢, 0) can be proved in the
same way. O

3. Proof of Theorem 3(i)

In this section, we prove the first part of Theorem 3. We put @ = (0, 0, ¢). We regard @ as a critical point of the
functional S defined by

S@)=E@)+wQ®), (3.1)
Q@) = Q1) + Q2(@) = [vil17, + 0217, +2[lv3l3

for v € HY(RY, C3). Then we have §'(®) =0 and a direct computation gives
(S"(®)V, V) = Bi(v1, v2) + Ba(v3) (3.2)

for ¥ = (v1, v2, v3) € HY(RYN, C3), where

2
Blm,vz)=Z(||Vv,-||iz+w||vj||iz)—2M/<pv1vzdx
Jj=1 RN
for (vi, v2) € H'(RY, C?), and
Bo(v) = [|Vull7, + 20v]7, — p f P~ Otv)? dx — f o~ (Sv)? dx
RN RN
for v = Mo + iSv € H' (RN, C), where 3(v) denotes the imaginary part of v. The following positivity of B; is

well-known.

LemmaS.Let N> 1,1 < p<144/N, w> 0, and let ¢ be the positive radial solution of (1.13). Then, there exists
a constant 8y > 0 such that B,(v) > 82||v||i11 forany v e HI(RYN, C) satisfying W(v, )2 =0, R(v,ip)2 =0 and
R(v, Vg);2 =0.
Proof. We put

Li=—A+2w— ppP™, L_o=—-A+20—¢P !
Then one has

By (v) = (L4 R, Rv) + (L_Jv, Jv),
and the result follows from Proposition 1 in [14] and Lemma 4.2 in [10] (see also [22, Section 2], [12,13] and
[9, Section 3]). O

In order to prove the positivity of 31, we first need the following.
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Lemma6.Let N > 1, 1 <p<1+4+4/(N —2), >0, and let ¢ be the positive radial solution of (1.13). For y > 0,
let

A, =inf{B, (v): ve H'(RY,C), |lv] 2 =1},

B, (v) = ||Vv||iz—yf¢|v|2dx.
RN
Then we have

() —vllelie < Ay, <UVelZ, —ylel3 )/l , for any y > 0.
(ii) If Ay <O, then there exists x,, € HY(RN) such that Ixyllpz2=1and —Ax, —vex, = Ay xy.
(iii) If0 <y1 <y2and Ay <O, then Ay, > A,,.

Proof. (i) Since ¢ € L®(R"), we have

B,(v) > —y / ol dx > —yllpll < vl
RN

for any v € H'(RYN), which shows Ay = —vllllL~. Moreover, since ¢ is positive, we have

2 3
¢ 1Vel2, — vllel,
Ay <By< ) < 3 .
lell2 lel2,

(i1) See Lieb and Loss [16, Section 11.5].
(iii) Since A, < 0, by (ii) there exists x,, € H L@RNY such that By, (xy,) = Ay, and | xy, | 2 = 1. Then, since
v1 <y2,wehave Ay, < By, (xy,) < By, (xy,) =4y,. O

We are now able to prove the positivity of B; for small y.

Lemma 7. Under the same assumptions as in Lemma 6, let

y* =inf{y > 0: A, < —w}. (3.3)
Then, 0 < y* < 00. Moreover, if 0 <y < y*, then there exists a constant 81 > 0 such that By (vy, v2) = 8| (vy, vz)||%1l
for any (vi,v2) € H' (RN, C?).

Proof. By Lemma 6, we have
Vol?, + o 2
o e Vel 3 lol2,
lollzo lell?,
which shows 0 < y* < 0o. Moreover, if 0 < y < y*, then by Lemma 6 and (3.3), we see that A, + > 0, and
B, (v) + 0lv]3, = (4, + 0)|v]]3,

for any v € H'(RY, C), from which it follows that there exists 8; > 0 such that B, (v) + a)||v||2L2 > 61 ||v||311 for any
ve HY(RY, C). Thus, we have
2
Bi(wi.v) =Y {B, () +olvjll7.} +vy / lvy — D3|° dx
Jj=1 RN
> 81 (v1, v2)||i,1

for any (vi, v2) € H'RY,C?). O

Using Lemmas 5 and 7, one can prove that under suitable restrictions, the linearized energy S”(®) controls the
H'-norm.
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Proposition 8. Ler | <N <3, 1 <p<1+44/N, w>0, and let ® = (0,0, ¢), where ¢ is the positive radial solution
of (1.13). Assume 0 <y < y*, where y™* is the positive constant defined by (3.3). Then, there exists a constant § > 0
such that

(8"(®)v.8) = 811311,

for any v = (v1, v2,v3) € H! (RN, C? satisfying R(v3, @) 2 =0, R(v3, i) 2 =0and R(v3, V)2 =0.
As a consequence, we state the following lemma which is at the heart of Theorem 3(1).

Lemma 9. Under the same assumption as in Proposition 8, there exist positive constants C and ¢ such that
E@) - E(P) > Cd(©, ®)*
forany v e H' (RN, C3) satisfying d(V, @) < & and Q(V) = Q(P), where we put

- _ . oo i .
d(v,q>)_0€R{r;f€RN||v (0.0.¢p(+ )| 41-

Proof. This result follows from Proposition 8. Since it is classical, we refer to Theorem 3.4 in [12] for a complete
proof (see also [14, Proposition 3] and [10, Lemma 2.1]). O

Proof of Theorem 3(i). We repeat briefly the argument of the proof of Theorem 3.5 in [12]. We use the notation in
Lemma 9. Assume that the conclusion of Theorem 3(i) is not true, then there exist a sequence of initial data {ii,, (0)}
in H', i € (0, ¢) and {#,,} in (0, +00) such that

|iin(0) — @ ;1 — O, (3.4)

d(ﬁn(t,,),tp):u. (3.5
By the conservation laws (1.11)—(1.12), and by (3.4) and the continuity of £ and Q on H I we have

E (iin(tn)) = E(iin(0)) > E(D), (3.6)

O (itn(tn)) = Q(iin(0)) > Q(®). (3.7)

Here we put v, = (Q(®)/ Q (i, (t,)))/%ii, (t,). Then, by (3.7), (3.5) and (3.6), we have Q(v,) = Q(P), d(V,, P) < ¢
for large n, and E (v,) — E(®). We then apply Lemma 9 to obtain

Cd(¥y, ®)? < E®[®y) — E(@) — 0.

Thus, we have d (i, (t,), @) — 0, and this contradicts (3.5). O
4. Proof of Theorem 3(ii)

In this section, we prove the second part of Theorem 3. For that purpose, we make a special change of variables

() = (¢ v (@), € 1 (1), € (9 + v2(1))) 4.1
in (1.8)—(1.10). Note that (1.8)—(1.10) is symmetric with respect to u; and u;. Then, the equations for (v{, v7) read

dv1 = Ly + Fi(vi, v2), dv2 = Lovz + F2(v1, v2), (4.2)
where the linear terms £v and L,v, are given by

Liv=—i(—Av+ wv — ypv), 4.3)

1 —1
Lov = —i <—Av + 200 — %(pp_lv — pT<pP—15), (4.4)

and the nonlinear terms Fi(vy, v2) and F>(vy, v2) are given by
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Fi(vi,v2) =i(yorv2 + [v1 1P~ vy),

Fbunﬂn)=i{yv%+ﬁw-%vﬂpWw—%vﬂ-—wp—-gf;iwpH&—-p;_lwpWE}.
We also write (4.2) as
9, v=Lv+ F(v), 4.5)
where v = (v, v2), LV = (Lv1, Lov2), and F(v) = (F (v, v2), F>(vy, v2)). It is convenient to let
Liv=(A4+o+yo)Sv—i(—A+w—yp)Nv,
Lov=(—A+20— " HIv —i(—A + 20 — pe? HRv.

We consider £1 and £, as linear operators in L>(RY, C) with domains D(L;) = D(Ly) = H>(RY, C). It is known
that the spectrum o (L£,) of £, satisfies o (L) CiR if p <14 4/N (see, e.g., [4, Summary 2.5]). Furthermore, we
define

Q=—-A+w—-yo, P=-A+w+vye.

Note that
(Qu.v) =B, (v) +wlvl?,, veH'(RY),

and the operator P : H 1 RNy > H —L(RNY is bounded, and there exist positive constants ¢1 and ¢, such that
cllvllz < (Pv,v) <ealvll?,. veH'(RY).

Thus, the inverse P! : H=L(RY) - HI(RYN) exists and is bounded, and there exist positive constants ¢3 and ¢4 such
that

allfI2 <A P )<l fIR . feH ' (RY). (4.6)
Lemma 10. Let
" =inf{M' ueH‘(RN)\{O}} 4.7)
4 (P=ly,v)’ ’ ’

and y* defined as in Lemma 1. If y > y*, then —00 < iy, < 0, and there exists &, € H?(RN) \ {0} such that

Q‘i‘_y = MyPiléy'
Proof. By definition (3.3) of y* and Lemma 6(iii), we see that if y > y*, then A, < —w < 0. Then, by Lemma 6(ii),
there exists x, € H'(RV) such that lxyllp2=T1and (Qxy, xy) = By (xy) + ol xy ||%2 = A, +w < 0. Thus, we have

(QXys Xy)
(P_lea Xy)

Moreover, for v € H'(RV), by (4.6) we have

< 0.

Yy

y/go|v|2dx<y||so||Loo||v||’i2<y||<o||Loc||v||H-1||v||H1
RN

<z (IVol7, + olvl7,) + C(P~ v, v), (4.8)

N =

which implies
0<(Qu,v)+C(P v, 0),
and then ), > —00. Next, by the definition of ., there exists a sequence {v,} in H L(RN) such that

<P71Unvvn):17 (Qvnvvn>_)ﬂ)/~
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Then, by (4.8), we see that
1 2 2 -1
S (1901152 + 0llvall}2) < (Qua, va) + C{P™ v, va).

and so {v,} is bounded in H!(RN). Thus, there exist a subsequence of {v,} (still denoted by v,) and w € H RN
such that v, — w weakly in H!(RV). Then, we have

f¢|vn|2dx» /<p|w|2dx

RN RN
(see [16, Section 11.4]), and

(Qw, w) < liminf(Qvy, vp) = uy <0, 4.9)
n—>oo
(P~'w, w) <liminf(P~ vy, v,) = 1. (4.10)
n—oo

By (4.9) and (4.10), we see that w # 0 and
(Qw, w)

(P~ lw, w) = Hr

Since w € H'(RN) \ {0} attains the infimum in (4.7), it is easy to see that w satisfies Qw = uyP’lw, and w €
H>RMN). O

In the next proposition, we study the upper bound of the real part of spectra of £ and L.

Proposition 11. Let (1), be in Lemma 10. If y > y*, then A, := \/—[i, is a positive eigenvalue of L1 and L, and
sup{Rr: A€o (L)} =sup{Rr: A€o (L)} =1,.

Proof. We use the same notation as in Lemma 10. Since u,, < 0, we have A, = ./—u,, > 0. Let

ny=?»yP_1$y, gy:§y+i’7y~

Then, we see that Pn, = A,§,, Q§, = —Ayny, and ¢, € H*RN, ), so that L1ty = Py, —iQ&, =X, ¢, and
¢y # 0. Thus, A, is a positive eigenvalue of £ with eigenvector £, , and it is also an eigenvalue of £ with eigenvector
(&y,0). It is known that the essential spectrum oess(L£1) of L satisfies oess(£1) C iR, and that 0 (L) \ Oess(L£1)
consists of finitely many eigenvalues. Let A € C \ iR be an eigenvalue of £; with eigenvector w € H>(RV, C). Then,
we have

—22w=—L}w=PO%w +iQPw.
Since P and Q are self-adjoint operators in L>(RY), we have

—)L2||w||iz = (PORw, Rw) 2 + (QPIw, Jw) ;2 + i (QPIw, Rw) ;2 — i (PORw.Jw) 2
= (0%w, PRw);2 + (PSw, O3w) 2 +1(PSw, QRw) 2 —i(QRw, PIw);>2
= (O%w, PRw);2 + (PSw, QJw);2.
Since w # 0, we see that 22 € R. Moreover, since A ¢ iR, we have A € R\ {0}. Thus, by £;w = Aw, we have

PIw = ARw and OQNw = —AJw. Then, we have fw # 0 and P QRw = —A?>NRw. Since P is invertible, we have
ORw = —22P~'9%w, and

12 (@, 3w
=P w, Rw) . T

Therefore, we have A < /=i, = X,,, which shows sup{ix: A € 0(L1)} = X, . Finally, since o(£2) CiR if p <
14 4/N, we see that sup{Rir: L € o (L)} =sup{Rr: Aeo(L1)}=1,. O
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Next, we prove the orbital instability of (0, 0, ¢%®¢) using Proposition 11. The proof is based on the argument in
Section 6 of Grillakis, Shatah and Strauss [13] (see also [7,8,17]).

For the nonlinear term F(v) in (4.5), we have the following estimates. We remark that the additional assumption
N <2 and p > 2 in Theorem 3(ii) is needed here. Especially, for the case N = 2, we need a technical Lemma 13

below, which is due to Kenji Nakanishi and Tetsu Mizumachi.

Lemma 12. Assume that N <2 and2 < p <1+44/N. Let

. fp—=2 1 1 if N =1,
o = min , =t = . “4.11)
4 2 l+¢ ifN=2,
where ¢ is a number such that
-2 -2
ALY 4.12)
2(p—1) 2
Then, there exist positive constants Co and po such that
IF™)| s < CollvIlE> (4.13)

forany ve HS (RN, C?) satisfying ||V|l s < po.

Proof. We put f(z) := |z|?~!z for z € C. Since p > 2, the function f : C — C is of class C? in the real sense. For
z € C, the R-linear map f’(z) : C — C is given by

f(z)w——f<z>w+—f< = ”;H |P—1w+”T_1|z

for w € C, and the R-bilinear map f”(z) : C x C — C satisfies

|p—322w

Clz —w|P~? if2<p<3,

14 _ 1/ <
7@ = 1w {C<|z|"—3+|w|f’—3>|z—w| it p>3

for z, w € C. We also put

gw) = fle+v)— f(@) — '@, veH (RY,C).
Then, by the embedding H* (RN) — L®RN), we see that

|Fii,v2) | e < Cllorllas lvallas + lonllfs), (4.14)
| Fai,v2) | gy < C(I0ill7gs + g2 1 115) (4.15)

for any (v, v2) € HS (RN, C?).
For the estimate of ||g(v)| gs, we divide the proof into two cases N = 1 and N = 2. We first consider easier
case N = 1. Since

1

1 1
g(v) = / (/@ +00) — f(p)lvdo, = / f F7(0 +01020) (v, )61 d6, d,
0 0

0

we have

e, < CM,lvI3, (4.16)
for any v € H' (R, C) satisfying lvll g1 < p, where we put

M, =sup{|f"@)|: |zl < ll@llr= + Csp}

and Cj is the best constant of the embedding H'!(R) < L*°(R). Moreover, we have
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dag)={f"(@+v)— f'(@}0x¢ + 3:v) — f"(9) (09, v)
1 1

=/{f”(<ﬂ+9v)—f”((p)}(ax%v)d9+ff”(<p+9v)(v,8xv)d9,
0

0

and

1 —1 .

Clv|® if2<p<3,

/{f’/(¢+9v)—f”(w)}(axw,v)de <{ Hzl bl b

4 2 LGl + vl ) if p=3.
Thus, we have

—1
|8 2 < C(VIET + 0150) + CM, vl (4.17)

forany v € H'(R,C) satisfying |[v] g1 < p. By (4.14), (4.15), (4.16) and (4.17), we obtain (4.13) for the case N = 1.
Finally, the case N =2 follows from the following Lemma 13, which is due to Kenji Nakanishi and Tetsu Mizu-
machi. O

Lemma 13 (due to Kenji Nakanishi and Tetsu Mizumachi). Let N =2, 2 < p <3, f(z) = |z|’" 'z, and let g(v) =
flo+v)— f(@)— f (p)v. Then for all ¢ satisfying (4.12), we have the following estimate

le@) | e SN + T0I22

where the implicit constant is determined by p, € and ||¢|| 2.

Note that for 2 < p < 3 we have

-2 -2 1
P P <= 1<§<p—1<2.

0< < ,
2(p—1) 2 2

Proof. Let ¢ € (1, 00) be given by 1/g = 1/2 — &/2. Then we have the Sobolev embedding H'*¢ qu C L. We
use the difference representation of the Besov norm:

N oo
ol ~ 175+ D 28, Vol 7
P1:P2 ;
k=1 j=1
where &y ; denotes the difference operator defined by
Sk jv) =v(x +277e) —v(x),
and ey, is the kth unit vector. Note that H'!*¢ = lefge. By the Taylor expansion we have

1

Vg() = /(f”((/) +0v) — f (@) (Vo v)db

0

11
+//f”(cp+919zv)(v,Vv)91 do do»
00

+ | (¢ +6v)(v, Vv)odo. (4.18)

o— _

We apply the above difference norm to the right-hand side, using the Leibniz rule for the difference operator and
pulling the integration in 6, out of the norms by Minkowski. We will neglect spatial translations involved in the
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Leibniz rule because they will not affect when we apply the Holder inequality. Hence the second term is estimated in
the same way as for the last one. For the last term of (4.18), the difference hitting f” is bounded pointwise by

18172 |v]| Vol + [8v]P~2|v]| V. (4.19)
For the second term we use that

I8k, jvllLe 2771 Vvllze S 277 vll e (4.20)
By Holder we have

-2 -2
l18vIP =20V 2 <lI8vIIF, TIVUllLalvlies.
where s € (2, 00) is determined by

1 -1 1
—=p—+—. (4.21)
2 q s

Note that (p — 1)/q < 1/2 is equivalent to ¢ > (p — 2)/(2(p — 1)), which is one of the assumptions. Hence the
contribution to the Besov BZHZ'"3 norm is bounded by

—p+2)j p-1 I4
|26 vl v lles Sl

where the sequence norm is finite since ¢ < p — 2. The first term in (4.19) is estimated in the same way and thus
bounded by

-1
Il e 10127
The difference hitting v is bounded by
_ -2
g +0vIP"260Vv| 5 < (llellee + Ivllze)” N80l L2 | Vvl Lo (4.22)

and so its contribution to the Besov norm is bounded by

p—2
(@l g2 + Nvllgree) " loll g

Il

where the second last norm is also bounded by the last norm, since H e Bf , for all s € [2, oo]. The difference
hitting Vv is bounded in L? similarly by
-2
(lellzoe + lvlle)’ "Il 18Vl 2, (4.23)

and so the contribution to the Besov norm is bounded again by

p—2 2
(el g2 + 1ol gree) 0l e

Next we estimate the first term on the right of (4.18). The difference hitting v or ¢ is bounded in the same way as
for (4.22) or (4.23). For the difference hitting (¢ + 6v) — f”(¢), we use interpolation of two estimates:

I3[ f" (@ 4+ 0v) — f"@]| S [8f" (@ +0v)| + |3 (9|
<1897+ |8v]P 2,
and

1
8L (@ +0v) = @] S D[ (0 +0v) — /(@) (x + 2/ aer)|

a=0

1
< Z |v|p72(x + Zjaek).
a=0
By using the first bound and (4.20), we have

15[ (@ +6v) — @]V, v) | ;2 S 27D [l 2 + Wl e P IVl s 0]l 2,
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where s € (2, 00) is determined by
1 p-2 1

2 q s
By using the second bound we have
-1
18[£" (@ +60v) = f" @] (V. v) | 2> S vl 1Vell 2.
Taking the geometric mean of these two estimates, we get
_ ; -2)/2 2
18[1" (@ +6v) — £ @] (Ve 0| 2 S 2772 il g2 + ol s [P 2 gl g2 0l 272

and since ¢ < (p — 2)/2, its contribution to the Besov norm is bounded. O
Next, we estimate the growth rate of C?-semigroup e’ L,

Lemma 14. Assume N <2and2 < p <1+ 4/N. Let a and s are numbers defined by (4.11). Let L., be the positive
eigenvalue of L given in Proposition 11. Then, there exists C1 > 0 such that
V| e < Cret M v s

forallt >0andv e H* (RN, (C2).

Proof. By the spectral mapping theorem by Gesztesy, Jones, Latushkin and Stanislavova [11], we have o (ef)y=e" D),
Thus, by Proposition 11, the spectral radius of oL is e, and by Lemma 3 of [19], there exists C; > 0 such that
|e"“v] > < CaeM T |yl 2 (4.24)

forall 7 >0and v e L2(RY, C2). Since (£ — ia)v||;2 is equivalent to ||v|| ;2 for a sufficiently large a > 0, it follows
from (4.24) that there exists C3 > 0 such that

|e“v] n < C3eTTOM 1y o (4.25)

forall# >0and ve HZRY, C?). By interpolating (4.24) and (4.25), we obtain the desired estimate in H*(RY). 0O

Lemma 15. Assume N <2 and2 < p <1+ 4/N. Let o and s are numbers defined by (4.11). Let 1, be the positive
eigenvalue of L given in Proposition 11, and z,, = (¢, 0) be the corresponding eigenvector with ||z, || gs = 1. Let

. ahyllzy 12 ) >
= | — . 4.26
€0 mm{po ( 4CoCy (4.26)
For § > 0, let
1 £0
Ts = — log —, 4.27
"=, s (4.27)
and let v5(t) be the solution of (4.5) with v5(0) = z,,. Then we have
[vs@®)] s <287, (4.28)
3
[vs() — 8™z, || s < Ee)‘VtHZVH 12 (4.29)

forall 0 <t < Ts.

Proof. Note that 28¢*7 s = g, and that vs(7) satisfies the integral equation
t
vs(t) = 8™z, + / e"EF (vs(1)) dr. (4.30)
0
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Let T be the supremum of 7" such that (4.28) holds for all 0 < ¢ < T'. Suppose that T < Ts. Then, for 0 <t < T, we
have ||vs(®)||gs < €0 < po, and by (4.13), (4.26) and Lemma 14, we have

t t
/e“—”ﬁF(va(r))dr gcoclf (Ha)dy (t=D) v, (t)nl”“dr

0 H* 0
t

g Cocle(l-'ra))uyl(z(s)l-f—za/ealyf dt

0
< 2§icl (28 Ayt ) (Sekyt < ge)tyt”Z)/”Lz'
y
Moreover, for 0 <t < f’, we have
t
35O < 62,y + | [ R (vace)) e
HS

0

8 3
<8 |z | s + Zeanyan 286)‘V <28eM,

This contradicts the definition of 7. Thus, we have Ts < T, and by the above estimates, we see that (4.28) and (4.29)
holdforall 0 <t < Ts. O

Proof of Theorem 3(ii). We use the notation in Lemma 15. For § > 0, let vs(¢) = (vs,1(¢), vs,2(t)) be the solution
of (4.5) with v5(0) =z, = §(¢,, 0), and let

iis (1) = (¢""v5 1 (1), €' v5,1(1), € (9 + v5.2(1))).
Then, ii5(t) is the solution of (1.8)—(1.10) with ii5(0) = (0, 0, ) + 3(¢y, ¢y, 0). By Lemma 15, we have
T s g 2. < 52 22y Ts 2
”VB( 35) — de Zy ”LZ X Ze ”Z}/”L2a

which provides, by expanding ||vs(T5) — Setr TSZV ||i2

o 3 3
Eﬁ(v,g,](Tg), CV)LZ = 3L(V5(T5),Zy)L2 = §5262AVT6 ||Zy||iz = ﬁ”é}/”iﬁ%;

and by the Schwarz inequality we have

, ) . 3
eeRl,r;feRN liis(Ts) — (0,0, o+ )| 1 = |vs.1 (T5) | > ﬁ“@}/”[}g%-

Since [|z25(0) — (0,0, )|l g1 =8|l &y, ¢y, 0)]l g1 — 0 as & — 0, this means that (0, 0, eZi‘”’(p) is orbitally unstable. O
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