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Abstract

We study the Cauchy problem for the generalized elliptical and non-elliptical derivative nonlinear Schrodinger equations (DNLS)
and get the global well posedness of solutions with small data in modulation spaces M%y | (R™). Noticing that B;j"/ 2 - M‘ZY’1 -
Bi | are optimal inclusions, we have shown the global well posedness of DNLS with a class of rough data. As a by-product, the
existence of the scattering operators in modulation spaces with small data is also obtained.
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1. Introduction

This paper is a continuation of our earlier work [33] and we study the Cauchy problem for the generalized derivative
nonlinear Schrddinger equation (gDNLS)

iy + Aqu=F@,u,Vu, Vi), u(0,x) =ugx), (1.1)

where u is a complex valued function of (¢, x) € R x R”,

n
Asu=>Y"gd}, ee{l, -1}, i=1...n, (1.2)
i=1
V=0, ..., 0x,), F: Ct2 5 Cisa polynomial series,
F(2)=F(z1,...,20n42) = Z cgz?, cpeC, (1.3)

m+1<|B|<oco
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2<m <oo,meN,supglegl| < 0o.! A typical nonlinear term is the following
F(u,it, Vu, Vii) = [ul*x - Vu + u’fi - Vii + |ul?u,

which is a model equation in the strongly interacting many-body systems near criticality as recently described in terms
of nonlinear dynamics [27,10,8]. Another typical nonlinearity is

o0
F(u,it, Vu, Vi) = (1 F |u|2)*] \VulPu=Y"£ul*|Vulu, |u] <1,
k=0

which is a deformation of the Schrodinger map equation [9].

A large amount of work has been devoted to the study of the local and global well posedness of (1.1), see Bejenaru
and Tataru [2], Chihara [3,4], Kenig, Ponce and Vega [14,15], Klainerman [18], Klainerman and Ponce [19], Ozawa
and Zhai [22], Shatah [23], B.X. Wang and Y.Z. Wang [33]. When the nonlinear term F satisfies some energy structure
conditions, or the initial data suitably decay, the energy method, which went back to the work of Klainerman [18] and
was developed in [3,4,19,22,23], yields the global existence of (1.1) in the elliptical case A1 = A. Recently, Ozawa
and Zhai obtained the global well posedness in H*(R") (n > 3, s > 2+ n/2, m > 2) with small data for (1.1) in the
elliptical case, where an energy structure condition on F is still required.

By setting up the local smooth effects for the solutions of the linear Schrddinger equation, Kenig, Ponce and Vega
[14,15] were able to deal with the non-elliptical case and they established the local well posedness of Eq. (1.1) in H®
with s > n/2. Recently, the local well posedness results have been generalized to the quasi-linear (ultrahyperbolic)
Schrodinger equations, see [16,17].

In one spatial dimension, B.X. Wang and Y.Z. Wang [33] showed the global well posedness of gDNLS (1.1) for
small data in critical Besov spaces lejn/ 2=2/m BzHl_n/ =M (R), m > 4. In higher spatial dimensions n > 2, by using
Kenig, Ponce and Vega’s local smooth effects and establishing time-global maximal function estimates in space-local
Lebesgue spaces, B.X. Wang and Y.Z. Wang [33] showed the global well posedness of gDNLS (1.1) for small data in
Besov spaces BE,I(R”) withs >n/2+3/2,m>2+4/n.

Wang and Huang [32] obtained the global well posedness of (1.1) in one spatial dimension with initial data in
lejl/ " m > 4. In this paper, we will use a new way to study the global well posedness and scattering of (1.1) and
show that (1.1) is globally well posed in M‘2" | (R™) for the small Cauchy data. Our starting point is the smooth effect
estimates for the linear Schrédinger equation in one spatial dimension (cf. [7,13,14,24,34]), from which we get a series
of linear estimates in higher dimensional anisotropic Lebesgue spaces, including the global smooth effect estimates,
the maximal function estimates and their relations to the Strichartz estimates. The maximal function estimates follows
an idea as in Ionescu and Kenig [12]. These estimates together with the frequency-uniform decomposition method
yield the global well posedness and scattering of solutions in modulation spaces M5 |, s > 5/2 (s > 3/2if m > 3).

1.1. Modulation spaces M ,

In this paper, we are mainly interested in the cases that the initial data u( belongs to the modulation space Mil for
which the norm can be equivalently defined in the following way (cf. [11,30-32]):

1fagg, = D G 1Z Flli2cgps (1.4)

keZ

where (k) =1+ |k|, Qr =1{&: —1/2 <& — ki <1/2, i =1,...,n}. Modulation spaces M;,l are related to the

Besov spaces and there holds the optimal inclusions B;y/lzﬂ C M5, C B3, (cf. [28,26,32]). So, comparing M3 ,

with B;t"/ 2, we see that M | contains a class of functions u satisfying ||u/| M, K 1 but ||u|| g2 =00 (and hence
N s d 2,1

[t || grs+n/2+e = 00, for any & > 0).

1 1n fact, cg is not necessarily bounded, condition supg |cg| < oo can be replaced by |cg| < clAl,
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1.2. Main results

For the definitions of the anisotropic Lebesgue spaces Lp ! Lf; s Lp 2(R!*7) and the frequency-uniform decom-

position operators {Jx}xez, one can refer to Section 1.3. Denote for k ki, ..., kp),

n
llaellxy = Z Z (ki)*™ 1/2” Dku“L°°L2 LZ(RH") + Z Z ”axsz”||L;ﬂl_L(°§j)#iL?°(R‘+”)’ 1.5)

i=1kezn, |ki|>4 ie=1keZn
n
lullsy = (K02 Tkt oo 2y 20m gty (1.6)
S L L2NL2E" (RI+m)
(=1kezr
n
1
o = S 3 Dku 0O T2AT376(MRI+nYs (1.7)
”“”a (k) L®L2AL3LE(R1+n)
t=1keZr
lullxs = lleell xs lullss = lluellss lull g = el g - (1.8)
5 H 3 33
a=0,1 a=0,1 a=0,1

In the sequel we will always assume that X}, S;, Sg and X*, S%, S are as in (1.5)—(1.8), respectively. The following
are our main results.

Theorem 1.1. Let n > 2, 2 <m < 0o, m > 4/n. Assume that ugy € M2/l and ||u0|| 2/2 < 8 for some small § > 0.

3/2

Then (1.1) has a unique global solution u € C(R, M5"[)N X32n 832 and lull 320532 S < 8. Moreover, the scattering

operator of (1.1) carries a zero neighborhood in C(R M2 | ) into C (R, M3/2)

In Theorem 1.1, if ug € M‘2Y y with s > 3/2, then we have u € C(R, M‘; - If m =2, we need to assume the initial
data have stronger regularity:

Theorem 1.2. Let n > 3, m = 2. Assume that ug € M2 1 % and ||u0|| 52 S < 8 for some small § > 0. Then (1.1) has a

unique global solution u € C (R, M ) N X52N 852 and ||”||X5/20S5/2 < 8. Moreover, the scattering operator of
(1.1) carries a zero neighborhood in C(R M2 1 ) into C (R, Ms/z)

When the nonlinearity F has a simple form, say,

n
i+ A= 30y, (w0, u(0, x) = up(x), (1.9)
i=1

we obtained in [32] the global well posedness of the DNLS (1.9) for the small data in modulation spaces le/ 1'(' in one
spatial dimension. In higher spatial dimensions n > 2, we have

Theorem 1.3. Let n > 2, k; > 2, k; > 4/n, k; € N, A; € C, m = min| ;< k;. Assume that ug € M2/1 and

||u0||M1/z < 8 for some small § > 0. Then (1.9) has a unique global solution u € C (R, M1/2) N X3/2 N S3/2
2,1

and ||u|| 32 < 8. Moreover, the scattering operator of (1.9) carries a zero neighborhood in C(R, M, 1/ 2) into

C(R, Ml/z)

ﬂS

We remark that in Theorem 1.3, the same result holds if the nonlinear term 9y, ukith is replaced by 0y, (|u]“ u)
(k; € 2N).
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Theorem 1.4. Let n > 3, k; €N, X; € C, m = min; ;< k; = 2. Assume that ug € M23/12 and ||u0||M3/z < § for some
’ 2,1
small § > 0. Then (1.9) has a unique global solution u € C (R, M23/12) N Xg/z N 5‘(5)/2 and ||u ||X5/zn§5/z < 8. Moreover,
’ 0 0

the scattering operator of (1.9) carries a zero neighborhood in C(R, M;’/lz) into C(R, M23’/12).

Using the embedding H$T¢1"/% M; |, we see that if ug € H 5+1/2  then the same results hold in Theorems 1.1—
l4fors >3/2,s >5/2,s >1/2and s >’3/2, respectively. When m = 1, Christ [5] showed the ill posedness of (1.9)
in any H*® for one spatial dimension case. For general nonlinearity in (1.1), we do not know what happens in the case
m =1 in higher spatial dimensions.

1.3. Notations

The following are some notations which will be frequently used in this paper: C, R, N and Z will stand for the
sets of complex number, reals, positive integers and integers, respectively. ¢ < 1, C > 1 will denote positive universal
constants, which can be different at different places. a < b stands for a < Cb for some constant C > 1, a ~ b means
that @ < b and b < a. We write a A b = min(a, b), a V b = max(a, b). We denote by p’ the dual number of p €
[1,00],ie., 1/p+1/p" = 1. We will use Lebesgue spaces L? := L?(R"), || - ||, := || - [, Sobolev spaces H* =
(I — A)~%/2L%. Some properties of these function spaces can be found in [1,29]. If there is no explanation, we always
assume that spatial dimensions n > 2. We will use the function spaces L LY (R"*!) and LY L7 (R"*1) for which the
norms are defined by

”f”L;’L)’Z(]RnH) = ” ||f||L§(Rn) L?(R)’ ||f||LfL;7(Rn+l) = “ ”f”L?(]R)| LY ®ny

LY (R"Yy .= LYLY(R"™!). We denote by LY'LP?

(xj)jﬁL,’72 = LY'LP?  LP*(R'™") the anisotropic Lebesgue

(xj) i
space for which the norm is defined by

I Mgrege =00 e |y (1.10)
It is also convenient to use the notation LY LY LI .= L2} LZ{ZJ_)#I LP* Forany 1 <k <n, wedenoteby Zy,
the partial Fourier transform:

(Pt I EL o B Xkt Xn) = f eTINEEEUE) £ () dxy . dxy (1.11)

Rk

Dy = (—Bfi)s/ 2= f&_ ! |&1* Z,, expresses the partial Riesz potential in the x; direction. s, = 3“51 (iéi)_l,ﬁzxi. We
will use the Bernstein multiplier estimate; cf. [1,29]. For any r € [1, o0],

.....

|7 o7 f|, <Cllelusl fllr. s>nj2. (1.12)

We will use the frequency-uniform decomposition operators (cf. [30-32]). Let {0k }xcz» be a function sequence satis-
fying

or(§) = c, VE € Ok,

suppoy C {&: |§ —k| <+/n},

Y onE)=1. VEeR", (1.13)
keZm"

|D%0k(§)| < Cm, V& €R", Ja| <meN.
Denote
T = {{ow}kezr: {ok}kezr satisfies (1.13)}. (1.14)

Let {0k }xez» € T be a function sequence.
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Op:=F \ovZ, kelZl, (1.15)

are said to be the frequency-uniform decomposition operators. One may ask the existence of the frequency-uniform
decomposition operators. Indeed, let p € ./(R") and p : R" — [0, 1] be a smooth radial bump function adapted to the

ball B(0, «/n),say p(§) =1as || < /n/2,and p(§) =0as |&| > 4/n. Let oy be a translation of p: pr(§) = p(§ —k),
k € 7. We write

-1
nk(s>=pk<5)<2pk<s>> . keZ". (1.16)

keZn
We have {ni}rezn € 7. It is easy to see that for any {ni}xezr € 7,

1 agg, ~ D R N0k fll 2y

keZl

We will use the function space ZID’S (Lf7 L’.(I x R")) which contains all of the functions f (¢, x) so that the following
norm is finite:

1 s ey = D R NS 11 cmny- (1.17)
kez"

For simplicity, we write EID(LfL; (I x R")) = E\ljo(LfL; (I x R")).

This paper is organized as follows. In Section 2 we state the global smooth effect estimates of the solutions of
the linear Schrodinger equation in anisotropic Lebesgue spaces, whose proofs will be left to Appendix A. In Sec-
tions 3 and 4 we consider the frequency-uniform localized versions for the global maximal function estimates, the
global smooth effects, together with their relations to the Strichartz estimates. In Sections 5, 6 and 7 we prove our
Theorem 1.3, Theorem 1.1 and Theorems 1.4 and 1.2, respectively. In Appendix B we generalize the Christ—Kiselev
Lemma to the anisotropic Lebesgue spaces in higher dimensions.

2. Anisotropic global smooth effects

Recall that in [20], Linares and Ponce considered the linear estimates for the following problem:

id,u — Bﬁyu =F(t, x,Yy), u(0,x)=0. (2.1)
Let u be the solution of the above question. Linares and Ponce obtained that?
1/2 itd2,
|| Dx/ elt x"’d)“Lf@oL%L%(R}) ,S ||¢||L2(R2)v ||8xu||LgoLt2L§(]R3) S_, ||F||L§,L3L£(R3)‘ (22)
Denote

t
. . n 2
Sy ="t = TN TG Z ot x) = / St —1) f(z,x)dr.
0
In two spatial dimensions, S(f) and <7 f can be reduced to the semigroup e oy and the solution of (2.1) by a simple

transform, respectively. Using the one order smooth effect estimates in one spatial dimension as in [14], in higher
spatial dimensions, we have

Proposition 2.1. Forany i =1, ..., n, we have the following estimate:
1/2 <
H Dx,- S(t)MOHLOOL% ) LIZ(RH'”) ~ ||u0||2 (23)
N
||3x,-£{f”LooL2 L2(R1+m) 5 ”f”Ll L2 L2(R1+n) (2.4)
Ny NGy

2 The authors are grateful to the referee for his/her pointing out the work [20] after they finished the first version of the paper.
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We leave the proof of Proposition 2.1 to Appendix A. The dual version of (2.3) is

Proposition 2.2. For any i =1, ..., n, we have the following estimate:

12
||8xidf||L,°°L%(Rl+”) 5 ” Dx,- f” L}(,Lz L2(RI1+n):
’ i) i

3. Linear estimates with Oz -decomposition

(2.5)

In this section we consider the smooth effect estimates, the maximal function estimates, the Strichartz estimates
and their interaction estimates for the solutions of the linear Schrodinger equations by using the frequency-uniform

decomposition operators. For convenience, we will use the following function sequence {0y }xez:

Lemma 3.1. Let n; : R — [0, 1] (k € Z) be a smooth-function sequence satisfying condition (1.13). Denote

ok(€) ==k (E1) -k, (Bn), k= (k1. k).

Then we have {oy}rczn € T.

3.1)

Recall that in [31], we established the following Strichartz estimates in a class of function spaces by using the

frequency-uniform decomposition operators.
Lemma 3.2. Let2 < p <oo, ¥y 22V y(p),
2 (1 1 )
—=nl-——).
y(p) 2 p
Then we have

||S(t)(p”EE(LV(R,LP(R”))) 5 ||(P||M2,1(R"),
17 Fll oty . Lo @oynnel oo 2oy S W lle v @,r @oy)-

In particular, if 2 +4/n < p < 0o, then we have

” NI |’g[lj(L£X(R1+zl)) 5 ||§0||M2,1(]R"),

I Flles e @empnebwerz@iony Sy gy

The next lemma is essentially known, see [29,30].

Lemma 3.3. Let 2 C R" be a compact set with diam §2 < 2R, 0 < p < g < 00. Then there exists a constant C > 0,

which depends only on p, q such that
£ g <CR™VP=VD| £, V€L,

where LY, = {f € S'(R™): suppf C 2, || fll, < oo}.

In Lemma 3.3 we emphasize that the constant C > 0 is independent of the position of §2 in frequency spaces, say,

in the case £2 = B(k, \/n), k € Z"*, Lemma 3.3 uniformly holds for all k € Z".

Lemma 3.4. We have for any o e R and k = (ky, ..., ky) € Z" with |k;| > 4,

o Ly @RI

Replacing DY by 97, (o € N), the above inequality holds for all k € Z".
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Proof. Using Lemma 3.1, one has that

1
=AY / (e (e EDIEN)) ) (Orie) (i = yi) dyi.

t=—13

Using Young’s inequality and noticing that ||ﬁ:§1 ki +¢EDIEN N 1wy S (ki) one has the result. O

Ionescu and Kenig [12] showed the following maximal function estimates in higher spatial dimensions n > 3:

S 20K Ao | 2 ey - (3:2)

| AkS@uo ”L}Ci L2 LRI S

X)) j#

We partially resort to their idea to obtain the following

Proposition 3.5. Let 4/n < g < 00, g > 2. Then we have

ok S @)uo IILZ_L(OO @i S (ki) /4 Oraeoll L2 gy - (3.3)
i) jti
Proof. For convenience, we write X = (xy,...,X,—1). By standard dual estimate method, it suffices to show that
(see [12])

1 irlEl2 =
|7~ " @O @) o2 o gy S ).
In view of the decay of [z S(¢), we see that (cf. [31])
—1 it|E|3 £ —(n—=1)/2
|7 e R e E) | oo nry < (1 111) :
1 g2 —-1/2
|75 @l oy < (L 101) ™72
On the other hand, integrating by part, one has that for |x| > 4|t|(k;),
1 g2 _
|7 e e (ED)| S |2
Hence, for |x;| > 1,

|7 e e EDmeE)| < (1 + 1)) 7> + (k)2 () + 1)) ™",

So, we have

271 i, M@ a2 e gy S 1 )™ (k) + e l) ™2 gy < (k).

This finishes the proof of (3.3). O

Remark 3.6. We conjecture that (3.3) also holds in the case p =4/n if n = 2. Using similar way as in [33], one can
show that (3.3) is sharp.

The dual version of Proposition 3.5 is the following

Proposition 3.7. Let 2 < g < 00, g > 4/n. Then we have for any k = (ky, ..., k,) € Z",

34

SkNYUNORfN 1 :
LPLI(RHM) L Lo b BRI

Dk/S(t —1)f(r)drt
R
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Proof. Denote

Dk—ZDk+e, KGZ : suppakﬂsuppakJrg;é@}.
teA

Write

Li(f.¥) = ‘/(Dk/S(t—T)f(T)dT, I/f(t))dt
R

R

By Proposition 3.5,

LeCF) <Ok Fly

IRl
X (x ) Lt R +n)

Ok / S(t — )y () dt
R

L L L;>°(1R1+")

Xi (\'

<o s ki) W 1 2 oy

q 71
LX,L(X 3 i L (R1+n)

By duality, we have the result, as desired. O
In view of Propositions 2.1 and 2.2, we have
Proposition 3.8. We have for any k = (ky, ..., k,) € Z",
1060 fllizors | pprmy SIS ey 22 oy

150y, fllerz o S ) PITf Iy 12 ey
i ) jti

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Proof. By Proposition 2.1, we immediately have (3.8). In view of Proposition 2.2 and Lemma 3.4, we have (3.9) in

the case |k;| > 3. If |k;| < 2, in view of Proposition 2.2,

”Dk%ax,' f”Ll?CL2 R+ S ||D Dkﬂax,‘f”l‘tocL%(RPrn) SJ ”Dkf”L)l([L(Zx_)_#_L[Z(Rlﬂl)y
“JIF

which implies the result, as desired. O
By the duality, we also have the following
Proposition 3.9. Let 2 < g < 00 g > 4/n. Then we have

) < (1 \1/2+1/q
”Dkdax, f”Lzl L?;)j)j# LPRI+1) N (ki) ”Dkf”L;lci L%xj)j# L,Z(RH”)'

Proof. By Propositions 3.7, 3.8 and Lemma 3.4,

ﬁk(axl f’ Il/) <

Ok / S(—0)d, f(2)d

Ok / S(—t)y(¢)drt
R

L2(Rn L2(R"
R (R™) R™)
< 1/2 1/q =
~ (k1) ”Dkf”L}‘lL«zrz,.u.antz(RHn) (k1) ”Dkwanlle L}(]R"*"’)
< 1/2+1/q
SN0 Ny 1y ey gy

Again, by duality, it follows from (3.11) and Christ-Kiselev’s Lemma that (3.10) holds.

(3.10)

@3.11)
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Proposition 3.10. Let 2 <r < o0, 2/y(r)=n(1/2 —1/r) and y > y(r) VvV 2. We have

| oS @uol| 1y 1 iy < IBku0 ] L2 ). (3.12)
”DkJZ{fHL?CLgmL}’L;(RHn) 5 ”Dkf”Lgl,L;’(]R”")’ (3-13)
10k B flly 1 reny S ki) N0 Sy g2 L LRI (3.14)
i)t
A1/2 ,
10000 Fllgerz, | saron S D10 e g, (3.15)
andfor2<q<oo,q>4/n,a=0,1,
o na+l1/q
|owsray f ||Lzl_L(o;j)#iL?c<RHn) S NDS Ny ey (3.16)

Proof. From Lemma 3.2 it follows that (3.12) and (3.13) hold. We now show (3.14). We use the same notations as in
Proposition 3.9. By Lemmas 3.2, 3.4 and Proposition 3.8,

< (ki)17? - /
Lic@x £ S Kid N0y 12 2@ IRV Ny

5 (k >1/2||Dkf||L1 L2 L%(RH")”w”LZ/L"/(RH—n)' (3.17)

By duality, it follows from (3.24) and Christ—Kiselev’s Lemma that (3.14) holds. Exchanging the roles of f and ¢, we
immediately have (3.15) in the case r > 2. If r = 2, (3.15) is a straightforward consequence of the 1/2-order smooth
effect of S(z). By Lemmas 3.2, 3.4, Proposition 3.7, and Christ—Kiselev’s Lemma that we have (3.16) in the case
g >2,0rg=2andr > 2. In the case ¢ =r = 2, in view of the maximal function estimate, we see that (3.16) also
holds. O

Corollary 3.11. Let 4/n < p < 00,2 < g <00, ¢ > 4/n. We have

| Dy DkS(t)uoHLooLz YYYYY 2@ S 100l 2y, (3.18)
[oe8@uolg e rpeqrony S i) ITk0l 2. (3.19)
|| Ok S(Huo ||Li§”ﬂL$°L§(R1+") s ||DkM0||L2(Rn), (3.20)
||Dk«£2f3x1f||LgoLgC ______ LRI S ”Dkf”L}q 13, LRI (3.21)
10k 00, Fllps ps ageamiony S COZNOC Ny 12 pagisns (3.22)
10K fll o2 24n reny S KO NOF Ly 12 r2qersn)- (3.23)
10K 0 [Nl sziony S tkr) ”nukf||L;?;p)/<l+,,>(Rl+n), (3.24)
10600, Fllig ns peaereny S )OS @smrasm g, (3.25)
||Dk42ff||LocLzﬂL2+p(R1+n) 1Ok £l Lepiasn i) (3.26)

In (3.22), g > 2 is required. Moreover, replacing L xtp by L?Lg, the results also hold.
4. Linear estimates with derivative interaction

In view of (3.21) in Corollary 3.11, the operator ./ in the space Li‘l’Lﬁz’_'_, antz(RH'") has succeed in absorb-

ing the partial derivative d,,. However, it seem that &/ can not deal with the partial derivative d,, in the space
LifL%Z L2(]R1+") So, we need a new way to handle the interaction between L°°L2 X L2(R'*™) and dy,.

..........

We have the following
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Proposition 4.1. Leti =2,...,n,2< g <00, g >4/n. Let2<r <00, 2/y(r)=n(1/2—-1/r), y 2y (@), y > 2.
Then we have

—1

”Dkaxi%f”L;TLJZQ,---,Xn L%(R1+71) 5 H axi axl Dkf”L)]flL)zfz YYYYY - L%(RH'")’ (41)
—1/2

”Dkax"ﬂf”LfTL-%szcn L2(R!+m) S ” 8x; Dxl Dkf”L}//L;,(Rl‘FH)? 4.2)

1/2 1
10k3e 7 fll re | poequreny S ) 20 NSy 42 | LR (4.3)
i)

”Dkaxiﬂf‘”LZlL;g 4444 XnLtOO(RH»)L) S (ki)(kl>l/q||Dkf||L}/’L;/(Rl+n)c (44)
In (4.3), g > 2 is required.
Proof. (4.1) is a straightforward consequence of Proposition 2.1. We have
L(Ox, f, ) = '/(/ S(t —1)oy, f(1)dT, w(t)> dt
R R
< -1/2 1/2
< S(—=1)0x, Dy, ' f(x)dT Dy, S(—=t)y () dt (4.5)
R L2(R") R L2(R")
By the Strichartz inequality and Proposition 2.2,
-1/2
L@ ) S 0D " Fll o guon 1Ly 12, 2eny- (4.6)

By duality, (4.6) implies (4.2) in the case r > 2. In the case r = 2, in view of the 1/2-order smooth effect of S(z), we
see that (4.2) also holds true. Similarly, in view of Propositions 2.2, 3.7 and Lemma 3.4,

L2(R") L2(R")

LOwOf V) < H [ sopkor@ar o [ seovwa
R R

< (k)20 2 2 k)Y e /
S0 PIBS gz o 0B g e

1/2 1
,S (k) / (k1) /q||Dkf”L)ICzL%xj)i#erZ(RPrn)”w”Lz; L,{‘z,....xnl‘tl RI4n)’ 4.7

By duality, (4.3) follows from (4.7). Finally,

ﬂk/S(—t)w(t)dt

LZ(R") LZ(R”)

L(0x,0cf, ¥) < H/S(—T)axzﬂkf(f)df
R

< (k) (k)| (4.8)

qu Il ”Ltl (RI+n) I Dkf”LZ,L;./(RH").

XX, X

If r >2org>2,(4.8) and Christ—Kiselev’s Lemma imply (4.4), as desired. If » = g = 2, in view of Proposition 3.5,
we have also (4.4). O

Lemma 4.2. Let v : [0, 00) — [0, 1] be a smooth bump function satisfying ¥(x) =1 as |x| <1 and ¥ (x) =0 if
|x| = 2. Denote ¥ (§) = ¥ (62/281), ¥2(§) =1 — ¥ (62/281), § € R". Then we have for o =0,

—1
E (ki >0 ”g\i:l’gzlpﬁlcgszlejkaxzﬂf‘”Lg?ng N L2(RI+1)
---- n
keZ", |k1|>4

S 2 RTNOS iy 2 e (4.9)
keZn, k| >4

and for o > 1,
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Z (ki) ”J& Szwz‘/xl X2 Dkaxzdfu Lo
keZ", |k |>4 X1 7X s n

< o
S D kIO 2 e (4.10)
keZr, k| >4

Ltz(RH'”)

Proof. For simplicity, we denote
-1
I: ||c?§-l gzl//]yxthDka)QuQ{f”LooLZ XnL’Z(RIJrn)v

= |75 V2T Ok [ | oo 2

2 .
X1 7X s anl (RH—’I)

Let g be as in Lemma 3.1. For k € Z", |k{| > 4, applying the almost orthogonality of Ok, we have

&\ &
1S Y |%a. < 1—[ i+ () Fxy 0, Ok Ox, A f : 4.11)
0111621 <1 %)6 2, LELY, LRI
Denote
(f ®128)(x) = / fx1 = y1, %2 = y2, %3, ..., X2)8(t, y1, y2) dy1 dys. (4.12)
R2
We have for any Banach function space X defined on R!*",
If ®12gllx <lgllzy @2 sup [ £Cr =y =2 )y (4.13)
Vis)2
Hence, by (4.11) and (4.13),
&
s Y |7, ( ) [T mre G 10k  fllpoora  p2gien)- (4.14)
1], le21<1 i=1.2 L'(R?) e
Using Bernstein’s multiplier estimate, for |k;| > 4, we have
_ & r§2
Fi 1//( > M+, 60) <Pt M+ (60) Sl 4.15)
H §1,6 2§ 1_1[2 L1(R?) |a2<:2 251 1_[ L2(R?)
By Proposition 3.8, (4.14) and (4.15), we have
TSNOf Iy 2,z kil 24, (4.16)
Next, we consider the estimate of /1. Using Proposition 4.1,
II/S Hygl,]gz(SZ/&I)WZyxl,xQDkaLI L2 AAAAA o LE(RI1+nm)
- ) 52
5 Z ygl lgz 1- d’( 1_[ Nk +¢; &) ”Dkf”Ll L2 L2(R141)+ 4.17)
MASLE 26 i=1,2 L'(R?) e

Notice that supp o C {&: &2 = 2|&11}. If k1| > 4, we have |k2| > 6 and |kp| > |k1| in the summation of the left-hand
side of (4.10). S0, Y ez 1ty =4 k0TI < Y pezm gy 1-a(k2)® k)L

Hﬂg,‘gz(l - w(zif ))gz [T s @

i=1,2 L'(R?)
o 1 & &
SMZQ D [9& S2(1 "’(251)) H M4, (a} .
< (ko) (k)" (4.18)

(4.17) and (4.18) yield the estimate of /1, as desired. O
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Lemma4.3. Let2 < g < 00, g > 4/nand (y,r) be as in Proposition4.1. Letk = (k1, ..., k), kmax := maxigi<a kil

Then we have

! .
..... LY LY (R1+n)

Proof. It follows from (4.4) that (4.19) holds. O

(4.19)

Lemma 4.4. Let k = (k1, ..., k), kmax := maxiiga ki| and g > 2V 4/n. Then we have for o >0 and i, o =

1,...,n,

o
Do RN fllg iy
keZl, |k |=kmax >4
SO k)OI 2 g
o)) e
keZm, |ky|>4

Proof. First, we consider the case o = 1. In view of (3.22) and |k{| = kmax > 4,

y{l,lsi <§.—i’7ki+l,- G+, (51))

X ||\:|k3x1ﬁf||Lf{|L;gwantoc(RHn)

S Wk )™ k) YO f Ny e

,,,,,, 1(R2
[€1],1€:1<1 L'(R?)

y,LIZ(RH—n)

5 X)

1/24+1
5 (kl) 2+ /q”l:‘kf”Ll,l L%z antZ(Rl+n)«

(4.20)

4.21)

(4.21) implies the result, as desired. Next, we consider the case o = 2. Notice that |kz| = max; ;< |ki| > 4. By (4.3),

Fie, <§_2 M+ EDMo 62 @2))

1(R2
[e2].1€:1<1 LI(R%)

X “Dkamdf”LZlL;; g LRI

S ki) (ko)™ k) EENOG f Ny g2 e

1/2+1
S ) O Ny 1y, -

The other cases « = 3, ..., n is analogous to the case &« = 2 and we omit the details of the proof.

Remark 4.5. From the proof of Lemma 4.4, we easily see that

o RO fllpg ae g
kEZN, ko |=kmax >4 I
SO k)T 12 @i
) jka
keZn, |ky|>4

5. Proof of Theorem 1.3

Proof of Theorem 1.3. We now give the details of the proof of Theorem 1.3. Denote x = min(kq, . ..

n
pwy=y Y k)0l gerz | 12y

i=1 keZn, |k;|>4

’ Kn)’

(4.22)

(4.23)
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n

1/2—1

p2() =" Y ) PV Op e g peogien.
i=1 kezr D

_ 1/2
p3) =Y () 210kl oo 2y 2 1)
keZn

We give a brief explanation to p;(u). In view of the smooth effect as in Proposition 2.1, pj(u) is applied

for handling the derivative in the nonlinearity. p>(x) arises from the nonlinear estimates |[u* +1 1 g2 12 <
X1 77X, xp T

lul LpL3, L3 ||u||'£Q Lo e Since the smooth effect is a worse estimate for the low frequency part, we need
seenn X X1 n

to use the Strichartz estimates to deal with the low frequency part and so, p3(u) is introduced. Put

3
X = {u e (R™™): Jlullx := Zpi(u) < 30}.

i=1

We consider the following mapping:

T u(t) = Stug — i%(Zk,-axiu’”H).

i=1
For convenience, we denote
lully = > kalOkull o2 | p2ien).
keZn, ki | >4 S
In order to estimate o1 (1), it suffices to control || - ||y,. By (2.3) and Plancherel’s identity, we have

Is@uolly, S 3 w0 [oeDE Puo] 12
keZn, |ky|>4

<Y k) I 0kuoll L2y -
keZ

By (3.3), Lemma 3.2, we have

pi(SMuo) S Y k) 10wl 2y, i =2.3.
kezZn

Denote
SUp = [(k D, k€D e () T P v v RSP > 4],
SEy = {(k M, kD) e () kD v v D < 4],

Using the frequency-uniform decomposition, we have

MK“LI = Z Oyl ... Dk(Kngl)M
k(l),...,k("Z“)eZ"
= Z OrwU ... Opicprnu + Z OrU .. Opeg+1 U 5.1
(@) (i)
Szl,l Szl,z

Using (3.21) and (3.24), we obtain that

||dax1uK1+l||Y1 Sf Z (kl>Z” Dk(Dk(l)M...Dk(x1+1)u)||L1 L2 L2(R1+n)
keZ, |k1|>4 Sili X1 52X xn

3/2
+ Z (k1) ZH Or Qg U - .. Opte+1) 1) ||L§_2X+w/<1+x>(R1+n)
keZn, |ky|>4 Sf;

=1+I1I (5.2)
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In view of the support property of Sz, we see that

Ok (Ot - .. O sn) =0, if [k — kD — ... —gC+D| > ¢, (5.3)
Hence, by Lemma 3.4,
s Y k) Iowu... OarenullLy 12 2@t Kok g tD)<c (5.4)
keZn, |ky|>4 s
1,1
By Holder’s inequality and ||OkullLee S [|Oguell 12 uniformly holds for all k € Z", we have
1Owu. .. Oprenttllpy p2 2@
Kk1+1
< ||Dk<1>”||L;><l>L§2 _____ o LARIH) l_[ ||Dk(i)bi||L§I L LNLELAR):
i=2
Since [k —k® —...— kit < C implies that |k —kil) — -—kiK'+l)| < C,weseethat [k1| <Cmax;—1 . . +1 Ikii)l.
We may assume that ka])| =max;—1, . +1 |k§l)| in the summation ZS(“ in (5.4) above. So,
1,1
k1+1
(eY]
I's Z (k1 )”Dk“)u||L§<1>L}2_”_YML,2(R1+”) Z 1_[ IBkoullie Lo, Lonrer2@i+n
kDezn, |k{1)|>4 k@, . kkitDezn i=2
S p1)(p2w) + p3))*. (5.5)
In view of (5.3) we easily see that |k1| < C in II of (5.2). Hence,
< Z Z IOmu... Dk(Kl+l)u”L)((Z:rk)/(l+K)(R|+n)Xlk_k(l)__“_k(/cﬁrl)Igc
keZn, |ki|>4 (1) '
1,2
< Z IO mu... Dk(K1+])u||L;%?—K)/(]+K)(R1+n)
s
1,2
Kk1+1
1
SO T Imoull s 2 reny S 030" (5.6)
s i=1
1,2
Hence, we have
|78 u 1}, S p1@)(p20) + p3)) + p3() . (5.7)
Next, we estimate ||« ax2ukz+‘ ly,. Let ¥; be as in Lemma 4.2. For convenience, we write
—1 .
P; =§S1’&w,’ﬁxlm, i=1,2. (5.8)
We have
Ky+1 Kk+1 Kk2+1 o
|00 |y, < | P s |, 4 | Pl =1y, 69
Using the decomposition (5.1),
1l < H Py, Y (Ot ... Opupsntt) | + H Pidg, @ Y (Ol ... Opiapsiy )
Yy gl
Sh1 S
=111 + 1I>. (5.10)

Applying Lemma 4.2 and then following the same way as in the estimate to (5.4),
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I < k Ok(Opyu...0 u
1S Y. k)Y |ok@ K2 +D) )“L}ILEZ
kezt kil>4 g

< 1) (p2 () + p3(u))*. (5.11)

For the estimate of I1I>, noticing the fact that suppyr; C {&: |&| < 4]&1]} and using the multiplier estimate, then
applying (4.2), we have

. L%(ﬂgl#—n)

s X

I, < Z <k1)3/2 Z” Ok (Ogmyte . .. Oper+ntt) ||L’(v2x+)()/(1+)()(R1+n)
keZ", |ki|>4, k2| Slki | st
< pa) e, (5.12)
We need to further control V. Using the decomposition (5.1),
1V < ’ P28X2ﬂ2(uk<.>u o Dk(“Z“)u) + ‘ P23x2,527 Z(Dk(l)u . \:‘k(Kz-H)M)
@ Y @ gl
SZ.I SZ,Z
=1V +1V,. (5.13)
By Lemma 4.2,

IV < Z <k2>ZHDk(Dk“)u"'Dk(’(ﬁl)u)”L}qL%z (5.14)

LZ(RH—n)'
n =t
keZ, ko |>4 s@

2,1

,,,,, X

By symmetry of kD k®+D  we can assume that |k§1)| = Max| < i+l |k§i)| in Sgi. Using the same way as in

the estimate of I, we have

(1
Vi S Z (k> )IIkau...Dk<nz+1>ullLi]ng’”lez(RHn). (5.15)
S ey 1>4

By Holder’s inequality,

IOmu... Dk<K2+””“L}1 L«%2~-~-y«*’n L2(RI1+n)

1/2 1/2
< ”Dk(l)u|Dk(2)u...Dk(,(2+1)u| / ”L%,(RH-") O u ... Ope+nul / ”Lf L
x, 1%

i L?O(Rl-#n)
ko+1 ko+1
S [T 15w [T 15w
~ ”D"“)””Li‘z’L%.,X3....,x,,Lzz(R1+”> o “Dk(')u||L§§L)?T,x3,.,,,xnL?O(RH”) ) ”Dk(’)M”LE%L;E ’’’’ x,,LzOO(RH")' (5-16)
1= 1=

i 3 3 K 0o 00 00 K2 1 oo 00 H :
In view of the inclusion LYy LF> . L°NLY, C Ly LY L, we immediately have

Vi S p1) (p2() + p3()) . (5.17)
Noticing the fact that suppyr, C {£: |&| > 2|&1]} and applying (4.2), we have

3/2
v, < Z (ko) / Z“ Ok (Ot ... E\k<,<2+1)u) ||L§2;~K)/(1+K)(R1+n)
keZn, |ky|>4 sf; '

S 2 2lm@ou . genn | eromo g
keZ",ka|>4 g Lo ( :
n
ez, |ka|> 82,2

< o3yt (5.18)

The other terms in p;(-) can be bounded in a similar way. So, we have shown that

P (ﬂf ( Dk 3»«#”"“)) S Y (p1@)(p2() + p3 ) + p3 () ). (5.19)
i=1

i=1



2268 B.X. Wang et al. / Ann. I. H. Poincaré — AN 26 (2009) 2253-2281

We estimate p;(-). Denote

1/2—1
lullz, = E (k)" /K”Dku”L;Lm L (RI+n)-
Py i) ki

We have

n n
(o)) 5
j=1

n
M(Zkiaxiqu+l>
i=1

i=1 Z_]'

Due to the symmetry of Z1, ..., Z,, it suffices to consider the estimate of || - || z,. Recall that kyax = k1] V - -

We have

1/2—1/k
PR (D DR D [ e Tt
keZl, kmax >4  k€Z, kpmax <4

=T1() + I (v).

In view of Lemma 4.3 and Holder’s inequality,

Fz(%(ikiaxiuki—i_l)) < Z
i=1

n
DM(ZM@MKI-H)

K€D, kmax <4 i=1 L€ LS, LRI
n
SZ Z IOpmu ... Ope+null 244
i=1 (), ki+Degn L ®14m)
n
SY D ool e gy - N0l 2 g1
i=1gm, kki+D) cgn '
n
<Y st

i=1
It is easy to see that

1/2—1/k
Ii(v) < ( > ot > )(k> IBkvllzg Lo e+
keZ, |k |=kmax >4 keZ, |ky|=kmax >4

=1 () + - + I (V).
Using (5.1), Lemmas 4.3 and 4.4, we have

n n
Fll (ﬂ(;kiaxiuki+1>) 52 Z (/q)Z”Dk(mk(l)u...Dk(ki-%—l)u)HL)l(l L,%z,m.x,,er(RH")
=

i=1keZr, |ki|>4 s®
1,

n
3/2
+ Z Z (k1) Z” Ok (Op - .. Opte+n 1) ||L;?;Ki)/(l+Ki)(Rl+n).
i=1keZn, ky|>4 s
i,2
Using the same way as in (5.5) and (5.6), one easily sees that

o (% ( Zkfaxiu“l)) S D (o1 (p2() + p3))* + p3u)' ).
i=1

i=1

We estimate F]2(~). By Lemmas 4.3 and 4.4,

(5.20)

(5.21)

V [k .

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
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F12 (;z%(ZMBx,-uK,-H)) < Z Z (k) 1/2= 1/ ” Dk(daxiu"i+l)|
i=1

i=1keZ", |ka|=kmax>4

n
S Z Z (k2) ZH Dk(Dk(””"'Dk“f“)”)”L;ZLZ o LARI+)

X15X3 500y
i=1 kel kal=km >4 5@
1,

LK LSS, LRI

n
3/2
+ Z Z (ko) / Z ” Ok (Or U - .. Opt+n 1) ||L§2X+K,~>/(1+K,-)(R]+n). (5.27)
i=1 keZn, |ka|>4 52 '
L,

This reduces the same estimate as F]I (-). We easily see that I’li (+) for 3 <i < n can be controlled in a similar way as
1"12(-). Hence, we have shown that

n
i=1

For the estimates of p3 (2 0y, u¥it1), we have from (3.13) and Lemma 3.4 that

<3 (P1@)(p2) + p3(a) + pa(a) ). (5.28)
Z i=1

”Dk%axif”L,OOL)Z(ﬂL,Z:K(RIJr") S ||Dk8-xif||L1(‘2jK)/(l+K)(RI+")

< <ki>”Dkf||L;2+K)/(1+K)(R1+n)- (5.29)
Hence, using (5.1), (3.26) and (3.23), we obtain that can be controlled by the right-hand side of (5.25).
p3( 3 u1 1) < Z (k1)3/? Z ok (@rou ... O+ 1) ]|L§;X+K)/<1+K>(R1+n)
keZn, ki |<4 kO, kD egn
+ Z <k]> Z” Dk(Dk(l)u~ . '\:|k(l(1+l)’/[)HL.’lc1 L,%Z AAAAA N nLIZ(Rl+n)
kezr | |ky|>4 s '
1,1
+ Z <k1>3/zz||gk(mkmu...mkmmu)||L§;X+K>/<1+K>(R1+,1). (5.30)
kezn, |ky|>4 s
1,2
By (5.5) and (5.6), we have
n
p3 (7 0, ) S (01 () (p2(u) + p3)) + p3 () ). (5.31)
i=1
Hence, we have shown that
n
T4k
| Zullx < uoll 2+ D lull ™. (5.32)
' i=1

Using a standard contraction mapping argument, we can finish the proof of Theorem 1.3. O
6. Proof of Theorem 1.1

Roughly speaking, we will prove our Theorem 1.1 by following some ideas as in the proof of Theorem 1.3. How-
ever, due to the nonlinearity contains #“*!, and (Vu)" and u*(Vu)" as special cases, the proof of Theorem 1.3 can
not be directly applied. We construct the space X as follows. Denote

@)
0, (u)= Z <ki>||Dk“||L;l?L%x_), LA(RI+n)
keZn Jki|=4 JJ#

(@) 1/2—1
0y wy="Y (k)" /'"||mku||Lmj

o LtOO(RIJrn) 5
kezn 7

)j

@) _ A\1/2
03 )= k) 20kl 2tmey oo 2 e
keZn
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Put

= Jue s (R"): ulx —ZZ > o o u) <8

=1a=0,1i,j=1
Considering the following mapping:
T u(t) > SWuo — i F(u,u, Vu, Vir),

we will show that .7 : X — X is a contraction mapping.
Since ||u||x = ||u| x, we may assume, without loss of generality that

F(u,ii, Vu, Vi) = F(u, Vu) := Z Centt® (V)Y
m+1<k+|v|<oo

v V, .
where (Vu)” =u x} .uy, . For the sake of convenience, we denote

V] ==V =U, VU]l =" Vetv =Uxps ooy Utp|—vp+1 = 200 = Uy = Uy, -
By (2.3), fora =0, 1,

o (0% SMuo) S Y (k) ) I Tkuoll 2y < ol
keZn, |k;|>4

By (3.19), (3.20), we have for « =0, 1,
0y (85, S(Huo) + 03 (35, S(1)uo) < lluoll,2
Hence,

”SU)MOHX S lluoll 32

In order to estimate Qii)(dagj(vl e Uegp)s 1, J =1,...,n, it suffices to estimate Qil)(ﬂaﬁ‘l (vy...
1)(.;2%8 (V1 ... Veqpv)))- Similarly as in (5.1), we will use the decomposition
Ok (V1 - . Vg o) = Z Ok (@ry V1 -+« Opetivd Vi pu)) + Z Ok (Ory V1 -+« Ogetivd Vie-[u])»
) g
1 2
where
Sgi) — {(k(l) ) k(K-HVD) |k(l)| NIV, |ki(x+|vl)| . 4}’
S = {60, KDY (D] [ <4,
In view of (3.8) and (3.15),
1
o (A0 1 o) S Y k)Y | ok@vr -

keZ", |k |>4 (e9]
[ky > S|

+ Z <k1)3/2Z||Dk(Dk(1)U1 Ot Ve o) | e

..... Xn

2
4 L)Z(Z Lt (RH'”)

n L, "+|V‘ (R1+n)
keZn, ky|>4 5
=1+1.
Similar to (5.5),
1
IBS Z (kl )”Dk“)vl||L)°(<1’L%2Y___vx"L,2(R1+ﬂ)

kVezn, [k{V]>2
K+|v|

X Z 1_[ ”Dk(l)vl“ KHV\ 1L°° LRI

kD, kk+vhezn i=2 T

Vietpv))) and

6.1)

(6.2)

(6.3)
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By Holder’s inequality and Lemma 3.3,

_m l——m
oy oy | K HIVIET o k+Hv[=1
” Dk(’) V; ”LET‘V‘_ILSO AAAAA o L?O(an) < ”Dk(z)Ul ”L"‘nl L?ﬁ,..,,xn L?C(RH”) ”Dk(t)vz ||L§?,(RH”)
AT e
< . e Fvl= . . K+v|—
~ ” Opov; ||L¥ll ngw,)rn L?O(RI-HI) ” Oro vi ||L$°L%(R1+’1)' (64)
Hence, noticing that v; = u or v; = Uy, WE have from (6.3) and (6.4),
K+|v
LS ult 6.5)

Similar to (5.6), we see that |k;| < C in the summation of 7I. Again, in view of Holder’s inequality and Lemma (3.3),

K+|v|
1O v1 - Ogtetivd VeIl el < H IOk Vi ll etivitt gisny
LT @i
K+|v|
S 1_[ ”Dk(i)vi||L)2(tmﬂL,°°L§(Rl+’l)' (66)
i=1
Hence, using a similar way as in (5.6),
K+|v|
IS ully™ . (6.7)

We now give the estimate of le)(da)‘g‘z (V1 ... Vc4))). Since we have obtained the estimate in the case o =0, it
suffices to consider the case « = 1. Let ; (i = 1,2) be as in Lemma 4.2 and P; =.% ~'y;.%. We have

Qil) (A 3, (V1 ... Vegp))) < Z (ki) H P10k (4 9y (V1 - . . Ve ) HLQOL% 2
keZm, |k |>4 X] XX
+ > kPO @1 v e 2
keZ, ki |>4 X1 TX e Xn
=1I+1V. (6.8)

Using the decomposition (6.1),

11 < Z (k1) Z ” Py Dk(dan (\:‘k(l) vl... Dk(K+\u|)UK+\v|)) H L2
keZ' l>4 g R

* Z (k1>2” Ple(da}CZ(Dk“)vl"'Dk(K+|V\)UK+|U|))HL°°L2 w7
keZn, |k |>4 S(zl) x1 xp.xn
=111 + 1II,. (6.9)
By Lemma 4.2,

sy, Y koo -~-Dk(K+\VI>UK+\v|)”Li1 12,
s\ keZ" [k |>4

L2 (6.10)

..... Xn

By symmetry, we may assume |kil)| = max(|k§l) [,..., |k§'€+|v|) |) in S(ll). Hence,

K+|v|
1SS Z <k§1)>||Dk(l>vlllL;TL§2 2 l_[ 10k vill it oo L
50, 11D |4 [ ! 2o
Kk+|v|
<o) T (8w + 05" wn) < lull™™. (6.11)
i=2

Applying (4.2) and using a similar way as in (5.12),
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3/2
1, < Z (k1) Z”Dk(mk(l)vl---Dk(KHvI)UKHvl)”ngm)/(H"’)(RHn)
keZn, |ky|>4, k| Skt S;l)
K+|v|
(1 K+l
< TT e @ < uli™. (6.12)

So, we have shown that
< u)iM. (6.13)

Now we estimate /V. Using the decomposition (6.1),

IV < Z (kl)ZHszk(daxZ(Dk(])vl...Dk(K+|v\)Ux+|v\))HLwL% L2
keZl, |k |>4 S(lz) xpExy

+ Z (k1>2||1’25k(£/3;c2(l3k(1)vl Dk(KHVUUK-‘r\W))”LooL%z ..... L2
ke Jal>4 GO

=1V +1V;. (6.14)
By Lemma 4.2,
Vi < Z Z (k) | Ok @rarvr - O Ve ) | 11 2 2 (6.15)
X1 5X9,.xn
S@ keZn, |ky|>4
1
In view of the symmetry, one can bound IV} by using the same way as that of 7IT; and as in (5.14)—(5.17):
vy < ™, (6.16)
For the estimate of IV,, we apply (4.2),
v, < Z (k1) (k) Z || POk (O vy« « .« Ogetvh Vit [v]) ||L§%:'m)/(1+’”)(]Rl+n)
keZr, |ki|>4 s@
2
SZ” Opm vy ...Dk(x+\u|>v,(+‘v|||L§?Afm)/(1+;11)(Rl+n) ||I/t||K-HV| (6.17)
@
2
Hence, in view of (6.16) and (6.17), we have
v < u)™. (6.18)
Collecting (6.5), (6.7), (6.13), (6.18), we have shown that
n .
Yo o (@ (u (Vi©)) Sl (6.19)
a=0,1i,j=1
Lemma 6.1. Let s >0, 1 < p, pi, ¥, i < 00 satisfy
1 1 1 1 1 1
—_= et —, —_ =t —. (6.20)
p D PN Y Y1 YN
Then
N
Dk o um) | g griny S 1‘[( Y k) okl i (RH")) (6.21)

keZn i=1 “keZ
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Proof. See [31], Lemma7.1. O
Next, we consider the estimates of Qél)(%(uK (Vu)’)) and le)(%(u" (Vu)?)). In view of (3.26) and (3.16),

Y oA (W (Vi) £ D0 2|0k (V)| 2em (6.22)

1+ 1
=23 kezr LI ey

We use Lemma 6.1 to control the right-hand side of (6.22):

>0 o v | 2

1 m n
P @RI
m+1 k=+|v]
1/2 1/2
S (Z(k) / ||Dkv,-||Ltzyn(RHn)) I1 <Z<k> / ||mkvi||ng<R1+n>)
i=1 “keZn ' i=m42 NkeZr
m+1 K+|v]
1/2 1/2
S <Z< ) ||ukv,||Lz+m(R1+,,)) I1 (Z< N ||mkv,||LooLz<Rn+n>>
i=1 “kezZ" i=m+2 “keZ"

x

+v]

(Zg?(vl ) e (6.23)

We estimate 03" (7 8y, (u* (Viu)")). Recall that knax = [k1| V-V [ky|.

i=1

Qél)(ﬂaxl(vl "-UK+\V|)) 5 Z <k>1/2_1/m ||Dkd8x1 (v .'-UK+\V|)||L;n1 1o© L®(RI+M)

X9 5ees X
keZm, kmax >4

1/2—1/m
+ Z <k) || Dk«daxl (Ul ce UK+‘V|) ||L§‘nl ng,....xn L?O(RI+")
keZ, kmax <4

=V + VI (6.24)
By (3.16) and Lemma 6.1, we have

VIS Y ok v | i < ™. (6.25)
kezn +m (RH' )

It is easy to see that

\% S, ( Z 4.4 Z )(k)l/Z—l/m HDka{axl(U] -.-UK+|U‘)}

L LY o L@
keZn, ki |=kmax >4 keZn, lkn | =kmax >4
=11W) + -+ T (u). (6.26)
Applying the decomposition (6.1) and Lemmas 4.3 and 4.4, we obtain that
NS Y k)| D@ Opern ver) | 11 g2 L2RI+n)
X1 5xp,s xp “t
kezn k>4 g
1
+ Z (ky)*/ ZH Ok (Og V1 - - - Optetiod Ve o) || sttt ; (6.27)
keZr, |k |>4 Sg]) L} Iz (RI+m)
which reduces to the case @ = 1 in (6.2). So,
T, < K+|U| 2
1) S llully (6.28)

Again, in view of Lemmas 4.3 and 4.4,
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ECENDY UQ)ZHD"(D"“’UI"'Dk(”'“DUKJrlv\)HL; L2 o o LERI)
keZ, |ky|>4 S(lz) 2 Bxyxg
K|l +1 ) (6.29)

3/2
+ Y kD o @avr - Oy Vet o) | it
K v
keZn, |ky| >4 s@ Ly, RI+m)

which reduces to the same estimate as 77(u). Using the same way as 72(u), we can get the estimates of
3(u), ..., Y, (u). So,

oSV ( 0, 1+ v o) S uell (6.30)

We need to further bound Qél)(,@fé)xi(vl...v,(ﬂﬂ)), i = 2,...,n, which is essentially the same as

le)(maxl (V1 ...Vc4v))). Indeed, it is easy to see that (6.24) holds if we substitute d,, with d,,. Moreover, using
Lemmas 6.1, 4.3 and 4.4, we easily get that

03" ( (9 (01 - veyo)) S el (6.31)
By Lemma 3.4, (3.13), we see that

10k 0, f | oo 2 2m iy S KOOI 22m . (6.32)
t t,x Lr]:—m (R1+n)

Hence, in view of (3.24) and (3.14), repeating the procedure as in the estimates of p3(#) in Theorem 1.3,
le)(;zf Ox; (V1 ... Ueq|v))) can be controlled by the right-hand side of (6.27) and (6.25). Summarizing the estimates
as in the above, we have shown that3

17ullx < Clluollyen + Y "F2CHullk. (6.33)
m+1<l<oo

Applying a standard contraction mapping argument, we can prove our result.

7. Proofs of Theorems 1.4 and 1.2

Proof of Theorem 1.4. For convenience, we denote

n
_ 2
pw=3 >, ()0 Iz, e
i=1keZn, |k;|>4
n
p2(u) = Z Z I|DkulngiLg)fﬂj#L,w(RHn)v
i=1 keZ"
3/2
p3) = Y (R 0kul oo 203 0 gtny-
keZn
Comparing the definitions of p; (1) with those of Section 5, we see that here we drop the regularity (k;)!/2~1/% in p ()
and we add 1-order regularity in p; (1) and p3(u). The estimates for p; (7 u) and p3(.7 u) can be shown by following
the same way as in Section 5. (It is worth to notice that in Section 5, when we estimate p1 (-7 u) and p3(Z u), we can
replace p (1) defined here to substitute that in Section 5.) We also need to point out that forn >2,2/3 <n(1/2—-1/6)
and so, || - || L3L6 (RI+m) is a modulation Strichartz norm. Moreover,

10kl 260 S N0k e 203 i

uniformly holds for all k € Z" and 2 < p < o0.

3 Notice that lepl < clAl,
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Noticing that in the proof of Theorem 1.3, we do not know if the following two inequalities hold for m =2,

”Dk%axl f”LTl L;g,.“,xn L?O(Rl-%—n) S <k1)1/2+1/m “Dkf”L,ltl Lz%z.“. o L%(Rl+’1)’ (71)
1/2 1
NOkDey 7 [l 1 recisny S )20 ™ 10k f 2 L B®): (72)
..... n Xj X_j i

So, in the case m = 2, we need to find another way to estimate p (7 u). Our solution is to apply the following estimate
as in (3.16):

1/2
106 Flliz nos pgeqieny S k02 IBR N 1 g2 oony- (7.3)

It follows that for any « > 2,

Z || Dk%axiuk+l ||L§l LX® o L,OC(RH'") 5 Z (k>3/2 “ DkuK+l HLtl L%(RH—n)' (74)

X9,
keZ kezn

Using Lemma 6.1, one has that

K+1
1 3/2
Z ”\:‘kv‘yaxiulcJr | L%] L . L (RI+m) S ( Z (k) / ”Dku”L’t‘“Li("H)(RH’”))

keZ kez"

Kk+1
3/2
g < Z (k> / ”Dku”L?LgﬂLiﬂ(RH”)>
kezZ"

Szt (7.5)
Using (7.5), the estimates of p(-7u) is also obtained. O

Proof of Theorem 1.2. We can follow the proof of Theorems 1.4 and 1.1 to get the proof and we omit the details of
the proof. O
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Appendix A

Proof of Propositions 2.1 and 2.2. First, we show the 1/2-order smooth effect for the Schrédinger semi-group. By
Plancherel’s equality and Minkowski’s inequality,

e
| S@uo ”Lg;LZ g LRI S |- M T (P 10) ”ng ,,,,, g, L LT @RI (A

Recall the half-order smooth effect of S(¢) in one spatial dimension (cf. [13]),
—1 irg? —1/2
”gzg el QXMOHL;CL,Z(RHI) < |Dx / ”0||L2(R)' (A.2)

Hence, in view of (A.1) and (A.2), using Plancherel’s equality, we immediately have the result, as desired. Proposi-
tion 2.2 is the dual version of the half-order smooth effect of S(z).
Denote

_ 1
u:cﬁt’xl—f
1§13 — 7

We can assume, without loss of generality that | |2i = 512 + 52&22 +- g = 512 + € |2i. By Plancherel’s identity,

Fix f- (A.3)
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_ &1
ull; o 2t < || Fl —2—— 7, ) (A.4)
Wiz, o viwien S H B ER -t ! L2, LPL2RI+
1 Evbn X1 T
By changing the variable T — u + |€ |i, the right-hand side of (A.4) becomes
-1 & _it|E 2
o' T T )| - (&.3)
El— LY o LS LRI
Recalling the smooth effect estimate in one spatial dimension (cf. [13])
yf_glziytxf S, ”f”Lle(Rl“)’ (A.6)
S LgoLtZ(RIH) ot
we have from (A.4), (A.5) and (A.6) that
Jull s S e EEZ, o f] (A7)
L,:VXIJL,% """" - L (Rl+n) ~ X2yeens Xn ng ‘‘‘‘ 6 L,lvl L%(Rl+’1)' .
Using Minkowski’s inequality and Plancherel’s equality, we immediately have
flu ”L;TLJZQ,---.Xn L2(RI+m) SIS ||L)]c1 L L2(RI+m): (A.8)

Noticing that dy,.o/ f = u — 9y, S(t) ffooo S(s)sgn(s) f(s)ds, we see that (A.8) also holds if one replaces u by
o, f. O

Appendix B

In this section, we generalize the Christ—Kiselev Lemma [6] to anisotropic Lebesgue spaces. Our idea follows
Molinet and Ribaud [21], and Smith and Sogge [25]. Denote

e} t
Tf(t) = f K, t)f@)Hdt, T f(t) = / K, t)f@)Hdt. (B.1)
— 00 0

IfT:Y; — X implies that T, : Y1 — X1, then T : Y| — X is said to be a well restriction operator.
Proposition B.1. Let T be as in (B.1). We have the following results.

(1) If/\?=1 pi > (\/?=1 4i) V (q193/q2), then T : LI L2 LB (R?) — LY L2 LI (R?) is a well restriction operator:
2) Ifq1 < /\?:1 pi, then T : LI' L2 LB (R3) — LT LY LY (R3) is a well restriction operator.

3) If p1 > (\/?:1 qi) VvV (q193/q2), then T : LZ{ ng L;B (R3 > Lfl LflszZ; (R3) is a well restriction operator:

4) If/\?=1 pi > (\/?=1 4V (q193/q2), then T : LI L2 LB (R?) — LY2LE LI (R?) is a well restriction operator:

Let f € LI L LT (R?) so that ||f||Lz{ L2105 @) = 1. Define F : R — [0, 1] by
t 1/q3 a1
F(t):= H( / | f(s,0|® ds> (B.2)
“00 LELE

Lemma B.2. Let I C [0, 1] is an interval, then it holds:

a2 1 1 1

A A
”XF_I(I)f”LZiLZ%L;B(RxR% < ||ns a e s (B.3)
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Proof. Forany I = (A, B) C [0, 1], there exist t{, t; € R satisfying

n 1/q3 /) 1/q3
A:H( [|f(s,x)|q3ds> , B:H( /|f(s,x)|"3ds>

and F~'(I) = (11, 2). For x = (x1, x2), we define J (¢, x) and E(t, x1) by:

; Vs 1/q2
J(t,x)=< /|f(S,x)|q3ds> : E(t,xl):</1(t,x)q2dx2> : (B.4)

It is well known that fora > b > 0,

q1 792 q1 792
LX1 sz Llexz

r¢ —s% < C(rb — sb)(r”_b +s”_b), 0<s<r, (B.5)
and for 0 <a < b,
r”—s“<(rb—sb)a/b, 0<s<r. (B.6)

We divide the proof into the following four cases.
Case 1. g3 > g2 > q1. From (B.5) we have

IxF-10) f )] ‘f;,} S (J (2, )P = J (11, X)) J (00, x) B2, (B.7)

Recalling the assumption || f| 41, 42,9 =1, by (B.7), (B.4), (B.5) and Holder inequality, we have
Xl .’Cz t

(RxR2)

a1
J(J1rapseonl )™ ax
a1

n o2
f;/(/(](tz,x)‘ﬂ _ J(tl,x)112)q3 ](oo’x)(!h 9245 dxz) a dxy

93—42)491

é/(E(tz,xl)qz—E(tl,xl)qz)%(E(OO,xl)) 3 dx (B.8)

q1 @2—q1)4q1 @3—492)91

5/(E(l2,x1)’“—E(tlvxl)ql)E(E(OO,xl)) 5 (E(co,x1)) 5 dx

q1 (93—491)91
< (E@, x)? = E@ty, x1)?) % HLq3/q1 |E(o0, x)~ ”Li/u—ql/qp (B.9)
Xl 1

Eal 1
< (F(r2) = F(1) B F(00) ~1/% <115 (B.10)
Case 2. g3 2 q2, g2 < q1. From (B.8) and (B.6), we have

a1
([l snseonlfsan)* ax
@3—92)41

5/(E(t2,X1)q2 —E(tl,m)qz)%(E(OO,xl)) 3 dx

@3—42)41

g/(E(tz,xl)’ﬂ—E(tl,xl)ql)%(E(oom)) Bodx

[ (@3—q2)q;
<(E(r, xp)? = E(1, x)?) HLq3/qz |E (o0, x1)" ”Ll/(l—qz/q3>
X1 X1

a2 1 a2
< (F(t) — F (1) % F(00)! 72/% < |1]5. (B.11)
Case 3. q3 < g2 < q1. From (B.6), we have

[xe-1yf G| s < (T2, )% = T, 2)%2) (B.12)
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: ]

4

0

Fig. 1. Whitney’s decomposition in the triangle.

Using (B.6) again, we have

a1
@ a
/(f’|XF‘(I)f(‘7X)|’ZZEI3 dx2> dx; < f(E(tz,X1)q2 — E(t;, x))®) 2 dx (B.13)

</(E(t2,xl)q1 — E(t1, x)") dx
=F(n) — F(n)=|I]. (B.14)
Case 4. g3 < q2, g2 > q1. From (B.13), (B.5) and Holder inequality we have

q

a1
/(/”XF—'([)f(wx)”?n dxz) " dn < /(E(lz,xl)q2 — E(11,x1)%) 2 dx

q q192—41)

<f(E<tz,x1>‘“—E(n,xl)ql)qu(oo,xo " dx

<(F(t) - F) e = 1% (B.15)
From (B.10), (B.11), (B.14) and (B.15) we get

1 1 q2

1
A=A A
q q q qa14
LI L2 LB RxRY) SC|[n" 2 a3’ a4, (B.16)

|| XF*I(I)f|

which yields (B.3), as desired. O

We will use Whitney’s decomposition to the triangle {(x, y) € [0, 1]> : x < y} (see Fig. 1). First, we divide [0, 1]?
into four congruent squares, consider the square with side-length 1/2 in the triangle region and decompose it into
four dyadic squares with side-length 1/4, then remove the left-upper three ones in the triangle region. Secondly,
considering the remaining region, we can find three squares with side-length 1/4 in the triangle. We decompose each
square into four dyadic squares in the same way as in the first step. Repeating the procedure above to the end. So, we
have decomposed the triangle region into infinite squares with dyadic border. Let I and J be the dyadic subintervals
of [0, 1] in the horizontal and perpendicular axes, respectively. We say that [ ~ J if they can consist the horizontal
border and perpendicular border of a square described above, respectively. From the decomposition above we see that

@G) |[I|=|J| and dist(Z, J) > |I| for I ~ J.
(i) The squares in {(x, y) € [0, 11%: x < y} are pairwise disjoint.
(iii) For any dyadic subinterval J, there are at most two / with I ~ J.
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Proof of Proposition B.1. First, we show the result of (1). We have
t
Tref (t.%) = / K@) f@hydl'= Yy T Qe -
5 {1,J: I~J)}

It follows that

o0

”Tref”Li’ll Lﬁzerp3(R3) < Z
j=1

Z xr-1 T X1 f)

(1,J: I~J,|I|=2"7}

LY L LY (®Y)

For any p > 1, we easily see the following fact:

Z XF—'(J)T(XF_'(I)f)‘

(1,J: I~J, |[I|=277}
Hence, in view of (B.18) and (B.19) we have

. 1/p3
( Z ”T(XF_I([)f)”LfU(R))

{1: [11=274)

p
])
Le® g in=2ig

o
IToe fll 1723 sy < >
J:

— LYTLY2 (R2)

If p < g, by Minkowski’s inequality, we have
1/p 1/p
(Shoenlze) | < (Sl wlizys)
j y j
pr>q,inviewof(a+b)9 <a? + b forany 0 <6 < 1,a,b > 0, we have
1/p 1/q
(Shaenty) | <(Shoenliy,)
j y j

We divide our discussion into the following three cases.
Case 1. p1, p2 = p3. By (B.20), using (B.21) twice, we have

o0

1/p3
p.
||Tref||L;;L¢22L,p3(R3)<Z( > ||T(xF—lu)f)||L211L522Ltp3(R3)) :

J=1 {I:|1|1=2"7}
Case 2. p1 < p2 < p3. By (B.20), using (B.22) twice, we have

o]

1/p1
p
||Tref||Lg;11Lf2zL;3(R3)<Z( > HT(xF1<,>f>||L};}Lf§Ltp3(R3)) :

J=1 M1 [ 11=277}
Case 3. p» < p1 < p3. By (B.20) and (B.22), then applying (B.21), we have

o0

1/p2
p
||Tref||L§11 szzL,P3(R3) < Z( Z H T(XF*I(])f) ” LE’ll szsz_z(Rs)) .

J=1 “{I: |I|=2"/}

Denote pmin = min(pq, p2, p3). It follows from (B.23)—(B.25) that

[} L

Pmin92 , Pmin o Pmin A Pmin \ Pmin

I Tre fll 2 oo S :( > ooqrpas e e ) "
X1 Fxp Tt

J=1 I | 1|1=2-7}

3

TR PR SN SN S |
< E 2 j((fn%A%quA'n) l’min) < 0.
j=1

~

The proof of (4) is almost the same as that of (1) and we omit the details of the proof.

<2 ) /XF—l<11>|T(XF—1<11>f)|pdf-

2279

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)
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Next, we prove (2). We have

oo
”Tref”Lf’l Lf%Lﬁ;(RXRZ) g Z Z XF—](J)T(XF—I([)f)

L' L2 LG (R3)

J=1N1L T I~ |1|=277}) 2
o

< ZZ Z XF—I(J)”T(XF—I(I)f)”Lflsz;(W) Py
J=1NT: 11=2-7) L ®)

Using the same way as in (B.19),

o0 » 1/p1
< B 1
”Tref”L;’l Lflszg(R3) ~ E ( E 4 ”XF l(I)f”LZ{LgL;B (]R3)> >
J=1 {I: |1|1=2-7/}

So, we can control || Tye f| ;1 2 p3 ®3) by the right-hand side of (B.26) in the case ppin = p1.
t Fxp g
Finally, we prove (3). We define F(t) as follows.

t
Fi(t):= / Hf(S,xl,x2)||ilquq3 ds. (B.27)
Xl Xz
—0o0

From the definition of Fi(z), it is easy to see that
” XFI—‘(I)(S)f(s)”L?‘ LPLERxRY) = 1. (B.28)

Hence, replacing (B.3) with (B.28), we can use the same way as in the proof of (1) to get the result, as desired. O
We can generalized this result to n dimensional spaces:
Lemma B.3. Let T be as in (B.1). We have the following results.

(1) If min(p1, pa, p3) > max(qi, 92, 43, q193/q2), then T - LELE o LE R — LYLY o LR is a
well restriction operator.

@) If po> (\Vi_,4i) V (q193/q2), then T : LLLE . LP@®"™) — LPOLPY LY (R"™) is a well restriction
operator.

3) If go <min(p1, p2, p3), then T : L?OLz} Lz’; (R — szll L)ICZZ”__,X"Lf73 (R™*1Y is a well restriction operator.

(@) If min(py, p2, p3) > max(qi, 92,43, q193/q2), then T : LLLY o o LE®"™) — LYLE o L7 R™) is
a well restriction operator.
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