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Abstract

In this paper we consider the Schrodinger equation with power-like nonlinearity and confining potential or without potential.
This equation is known to be well-posed with data in a Sobolev space H* if s is large enough and strongly ill-posed is s is below
some critical threshold s.. Here we use the randomisation method of the inital conditions, introduced by N. Burq and N. Tzvetkov,
and we are able to show that the equation admits strong solutions for data in H* for some s < sc.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans cet article on s’intéresse a 1’équation de Schrodinger avec non-linéarité polyndmiale et potentiel confinant ou sans potentiel.
Cette équation est bien posée pour des données dans un espace de Sobolev H¥ si s est assez grand, et fortement instable si s est
sous un certain seuil critique s.. Grice a une randomisation des conditions initiales, comme 1’ont fait N. Burq et N. Tzvetkov, on
est capable de construire des solutions fortes pour des données dans H* avec des s < se.
© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we are concerned with the following nonlinear Schrodinger equations

{iB,u+Au::|:|u|r_]u, (t,x) e R x R4, (L.1)

u(0, x) = f(x),
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and
{iB,u+Au—V(x)u=:|:|u|’_lu, (t,x) e R x R4, (12)
u(0, x) = f(x),

where r is an odd integer, and where V' is a confining potential which satisfies the following assumption.
Assumption 1. We suppose that V € COO(Rd ,R4), and that there exists k > 2 so that:

(i) There exists C > 1 so that for x| > 1, £(x) < V(x) < C(x)k.
(ii) For any j € N, there exists C; > 0 so that |3 V (x)| < C; (x)*~ 1L,

In the following, H will stand for the operator,
H=-A+V(Xx).

It is well known that under Assumption 1, the operator H has a self-adjoint extension on L2(R?) (still denoted by H)
and has eigenfunctions (e,),>1 which form a hilbertian basis of L*(R?) and satisfy

He,=)2e,, n>1, (1.3)
with A, — 400, when n — +400.
For s € R and p > 1, we define the Sobolev spaces based on the operator H
WP = WP (RY) = {u € S'(RY): (H)2u e L”(RY)},
and the Hilbert spaces
H =H (RY) = W2 (RY) = {u e S'(RY): (H)2u e L2(RY)}, (1.4)

where (H) = (1 4+ H?)?.

In our paper we either consider the case k = 2 in all dimension or the case d = 1 and any k > 2. As we will see,
we crucially use the L? bounds for the eigenfunctions e, which are only known in these cases.

Our results for the Cauchy problem (1.1) will be deduced from the study of (1.2) with the harmonic oscillator,
thanks to a suitable transformation.

Let’s recall some results about the Cauchy problems (1.1) and (1.2).

1.1. Previous deterministic results

Here we mainly discuss the results concerning the problem (1.2). The numerology for (1.1) is the same as (1.2)
with a quadratic potential (k = 2). See [14] for more references for the problem (1.1).
Assume here that d > 1 and k& > 2.
The linear Schrodinger flow enjoys Strichartz estimates, with loss of derivatives in general and without loss in the
special case k = 2.
We say that the pair (p, ¢) is admissible, if
2 d d
—+-=5, 2<pg<oo, (d p.q)#27200). (1.5)
p q 2
Let 0 < T < 1 and assume that the pair (p, g) is admissible, then the solution u of the equation

idu—Hu=0, u©,x)= f(x), (,x)eRxR?,

satisfies

||M||Lp(o,T;Lq(Rd)) S ||f||Hn(Rd)7 (1.6)
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with loss

0 if k=2,

%(%—%)—{—n, forany n >0, ifk>2. (47

p=p(p k)= {
In the case k = 2, these estimates follow from the dispersion properties of the Schrodinger—Hermite group, ob-
tained thanks to an explicit integral formula. Then (1.6) follows from the standard T7* argument of J. Ginibre and
G. Velo [10], and the endpoint is obtained with the result of M. Keel and T. Tao [11].
In the case k > 2, the result is due to K. Yajima and G. Zhang [18].
Thanks to the estimates (1.6), K. Yajima and G. Zhang [18] are able to use a fixed point argument in a Strichartz
space and show that the problem (1.2) is well-posed (with uniform continuity of the flow map) in H* for s > 0 so that

d 2 (1 n 1
a2 k)
The next statement shows that the problem (1.2) is ill-posed below the threshold s =
k =2, the well-posedness result is sharp.

d 2 .
5 — 777 In particular when

Theorem 1.1 (Ill-posedness). (See [7,14].) Assume that % — 2 >0andlet0 <o < % — 2. Then there exist a

r—1 r—1-
sequence f, € C*°R?) of Cauchy data and a sequence of times t,, — 0 such that

| fulle = 0, whenn — +o0,

and such that the solution u, of (1.1) or (1.2) satisfies

o
||Mn(tn)||Hp—>+OO, When}’l—)+00, fOrall,OE]m,O’}.
7370

Remark 1.2. Indeed we proved this result in [14] for the laplacian without potential. But the counterexamples con-
structed in the proof are functions which concentrate exponentially at the point O, so that a regular potential plays no
role.

This result shows that the flow map (if it exists) is not continuous at # = 0, and that there is even a loss of regularity
in the Sobolev scale. For this range of o, we cannot solve the problems (1.1) or (1.2) with a classical fixed point
argument, as the uniform continuity of the flow map is a corollary of such a method.

The index s, := % - % can be understood in the following way. Assume that u is solution of the equation

idu+Au=u"""u, @t x)eRxR?, (1.8)
then for all A > 0, uy : (¢, x) — u)(t,x) = kﬁu‘(ﬂt, Ax) is also solution of (1.8). The homogenous Sobolev space
which is invariant with respect to this scaling is H* (R?).

Hence, for s < s., we say that the problems (1.1) and (1.2) are supercritical.
Now we show that we can break this threshold in some probabilistic sense.

1.2. Randomisation of the initial condition

Let (£2, F, p) be a probability space. In the sequel we consider a sequence of random variables (g, (®)),>1 which
satisfy

Assumption 2. The random variables are independent and identically distributed and are either

(i) Bernoulli random variables: p(g, =1) =p(g, =—1) = %, or
(ii) complex Gaussian random variables g, € N¢ (0, 1).
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A complex Gaussian X € Mg (0, 1) can be understood as

2
X(w)= %(Xl(w)‘f‘iXZ(w)),

where X1, X2 € Mg(0, 1) are independent.
Each f € H* can be written in the hilbertian basis (e,),>1 defined in (1.3)

fE)=) anen(x),
n>1
and we can consider the map
o> fOx) =Y angn(@)en(x), (1.9)
n>1

from (£2, F) to H* equipped with the Borel sigma algebra. The map (1.9) is measurable and f® € L?(£2; H*). The
random variable f* is called the randomisation of f.

The map (1.9) was introduced by N. Burq and N. Tzvetkov [5,6] in the context of the wave equation. More precisely
the authors study the problem

(Btzu—A)u—i—Lﬁ:O, (t,x)eRx M,
(40, x), 3u(0,x)) = (f1(x), fr(x)) € H (M) x H (M),

where M is a three-dimensional compact manifold.

(1.10)

This equation is H P x H? critical, and known to be well-posed for s > % and ill-posed for s < % Using that
the randomised initial condition (f;”, f;”) is almost surely more regular than (fi, f2) in L? spaces, N. Burq and
N. Tzvetkov are able to show that the problem (1.10) admits a.s. strong solutions for s > % (resp. s > %) ifoM =0
(resp. OM # ().

Some authors have used random series to construct invariant Gibbs measures for dispersive PDEs, in order to get
long-time dynamic properties of the flow map, see J. Bourgain [1,2], P. Zhidkov [20], N. Tzvetkov [17,16,15], N. Burq
and N. Tzvetkov [4]. See also our forthcoming paper [3]. However, to the best of the author’s knowledge, [5,6] is the
first work in which stochastic methods are used in the proof of existence itself of solutions for a dispersive PDE. But
above all, it is the only well-posedness result for a supercritical dispersive equation.

In this paper, we adapt these ideas to the study of the problem (1.1).

1.3. The main results

1.3.1. The cubic Schrodinger equation with quadratic potential
Our first result deals with the case V (x) ~ (x)2 in all dimension, for the cubic equation

{ia,u +Au—V(@)u==£ulPu, (t,x)eRxRY,
u(0,x) = f(x).
Theorem 1.3. Let V satisfy Assumption 1 with k = 2.

Assume that d > 2. Let o > % —1- d+—3 and f € H° (R). Consider the function f© € L?(£2; H° (R)) given by

the randomisation (1.9). Then there exists s > % — 1 such that: for almost all w € S2 there exist T,, > 0 and a unique

solution to (1.11) with initial condition f of the form

u(t,y=e "M roe(0. T, H(RY) () LP(10.T,1: WH(RY)). (1.12)
(p.q) admissible

(1.11)

More precisely: For every 0 < T < 1 there exists an event 27 so that

p2r)=1-ce T, C,c.5>0,

and so that for all w € 27, there exists a unique solution to (2.12) in the class (1.12).
In the case d = 1, the same conclusion holds for o > —% withan s > 0.
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Remark 1.4. Our method allows to treat every power-like nonlinearity. The gauge invariance structure of the nonlin-
earity plays no role, as we only work in Strichartz spaces.

Remark 1.5. As is [5], we can replace Assumption 2 made on (g,),>1 by any sequence of independent, centred
random variables which satisfy some integrability conditions. However the event £27 in Theorem 1.3 will generally
be of the form

p(2r)>1—-CT°.

Remark 1.6. Let ¢ > 0 and s € R. If f € H* is such that f ¢ H*T¢, then for almost all w € £2, f® € H* and
f® ¢ H*t¢, hence the randomisation has no regularising effect in the L? scale. See [5, Lemma B.1] for a proof of this
fact.

1.3.2. The cubic Schrodinger equation
We are also able to consider the case of the cubic Schrodinger equation without potential

{ia,u + Au==+ulu, (¢, x)eRxRY,
u(0,x) = f(x).
Denote by H* (R¥) the space defined in (1.4) when V (x) = |x|? (the harmonic oscillator). Then we have

(1.13)

Theorem 1.7. Let d > 2. Let o > % —1- ﬁ and f € H° (R). Consider the function f® € L*(£2; H° (R)) given

by the randomisation (1.9). Then there exists s > % — 1 such that: for almost all w € $2 there exist T,, > 0, ug €

C([0, Tp1; H® (R)) and a unique solution to (1.13) with initial condition f® in a space continuously embedded in
Y, = uo +C([0, T,]; H (RY)).

In the case d = 1, the same conclusion holds for o > —% withan s > 0.

Remark 1.8. In fact uq can be written ug(¢, -) = Le 12 f“, where L is a linear operator defined in (6.1) and (6.4),
and H, = —A + |x|? is the harmonic oscillator.

Remark 1.9. Denote by H*(R¢) the usual Sobolev space on R?. For s > 0, we have H*(R?) C H*(R?), hence our
result cannot be compared to the classical deterministic well-posedness results. However, in the case of the dimensions
d = 1,2, we obtain a result for initial conditions with negative regularity. Moreover we can observe that H*(RY) C
H* (R) for s < 0, therefore we can read the previous result in the usual setting.

1.3.3. The Schrodinger equation in dimension 1
Our second result concerns the case V (x) ~ (x)¥, in dimension 1.
{ia,u +Au—Vxu==xu""'u, ¢ x)eRxR,
u(0,x) = f(x).

(1.14)

Theorem 1.10. Let V satisfy Assumption 1 with k > 2. Let r > 9 be an odd integer. Let o > % - %(% + %) - ﬁ

and f € H° (R). Consider the function f® € L*(£2; H° (R)) given by the randomisation (1.9). Then there exists

s > % — %(% + %) such that: for almost all w € $2 there exist T,, > 0 and a unique solution to (1.14) with initial
condition f® in a space continuously embedded in

Yo =" £+ (10, T,); H' R)). (1.15)
More precisely: For every 0 <& < 1 and 0 < T < 1 there exists an event 27 so that
p(2r) > 1-Ce™ /T’ C.co.8 >0,

and so that for all w € 21, there exists a unique solution to (1.14) in the class (1.15).

Remark 1.11. In the case r = 3, r =5 or r =7, the gain of derivative is less that ﬁ We do not write the details.
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1.4. Notations and plan of the paper

Notations. In this paper ¢, C denote constants the value of which may change from line to line. These constants
will always be universal or uniformly bounded with respect to the parameters p, g, k, €, w, .... We use the notations
a~b,a<b if b <a < Cbh,a< Cbrespectively.

The notation L’T7 stands for LP(0, T), whereas LY = L4 (R?), and LY LY = LP(0, T; LY(R?)). For 1 < p < 0o, the
number p’ is so that + + L =1.

The abbreviation r.v. is meant for random variable.

In this paper we follow the strategy initiated by N. Burq and N. Tzvetkov [5,6].

In Section 2 we recall the L? estimates for the Hermite functions and we show a smoothing effect in L? spaces
for the linear solution of the Schrodinger equation, yield by the randomisation. We also show how some a priori
deterministic estimates imply the main results.

In Section 3 we recall some deterministic estimates in Sobolev spaces.

In Section 4 we prove the estimates of Section 2 in the case k = 2, and conclude the proof of Theorem 1.3.

In Section 5 we consider the case d = 1 with any potential under Assumption 1 and conclude the proof of Theo-
rem 1.10.

In Section 6 we are concerned with NLS without potential.

Remark 1.12. In our forthcoming paper [3], thanks to the construction of an invariant Gibbs measure, we will show
that the following Schrddinger equations

{i8,u+Au—|x|2u=/<o|u|r_1u, (r,x) eR xR, (L16)
u(0,x) = f(x),
with (kg = —1 and r =3) or (ko = | and r > 3) admit a large set of rough (supercritical) initial conditions leading to

global solutions.
2. Stochastic estimates

In the following we will take profit on the L? bounds for the eigenfunctions of H. This result is due to Yajima and
Zhang [19] in the case (d, k) = (1, k) and to Koch and Tataru [12] when (d, k) = (d, 2).

Theorem 2.1. (See [19,12].) Let k > 2. Then the eigenfunctions e, defined by (1.3) satisfy the bound

k.d
lenll Loty S An " @D llenll 2y @.1)
where 0 is defined by

iG—D if2<q <4,
1 .
sz —nforanyn >0 ifqg=4,

0@k =37 . (2.2)
7= 3(1 )(1—;) if4<q <oo,
& ifq = oo,

and
1 1 . 2(d+3
174 f2<q < (d+1)’
L —nforanyn>0 ifq=2

e(q’ 2’ d) = l 1 2(d+3) 2d (23)
I-4G-D = <4< 7=
1—d(———) ifm\61<00.
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Notice that 6 can be negative, but its maximum is always positive, attained for

2(d + 3)
*dz * =
g+(d)=q dr1

Let f € H? and consider f“ given by the randomisation (1.9).
Observe that the linear solution to the linear Schrodinger equation with initial condition f* is

2.4)

» 2
uf(t,x) ="M fx) =" angn(@)e e, (x).
n>1

Now we state the main stochastic tool of the paper. See [5] for two different proofs of this result, one based on
explicit computations, and one based on large deviation estimates.

Lemma 2.2. (See [5].) Let (8,(w))n>1 be a sequence of random variables which satisfies Assumption 2. Then for all
r>2and (cp) € 2(N*) we have

Z cngn()

n>1

1

5¢7<Z|cn|2>2.

L7 (£2) a1

Thanks to this result we will obtain

Proposition 2.3. Letd > 1,2 <g<p<r<oo, 0 €eRand0 < T < 1. Let f € H? and let f® be its randomisation
given by (1.9). Then

He—itHfa) ’

where 0(q) = 0(q, k, d) is the function defined in (2.2).
As a consequence, if we set

1
L’(Q)LP(O,T)WH(‘I)+‘T~‘7(Rd) s \/7T p ”f”'H“ (Rd)’ (25)

Ek,f(pv q, U) = {w € ‘{2: ||e_[twa ||L1)(0’T)W0(q)+o,q 2 )"}7

then there exist c1, ¢y > 0 such that forall p > q > 2, all A > 0 and f € H®

2 Cz)»z
p(Ex.s(p.q.0)) <exp <61pT" - 3 ) (2.6)
I f 11540

Remark 2.4. The previous estimate can be compared to the known deterministic estimate

0@k iy
I ™2™ £l L @20,y S Il 2@)s 2.7)

which is proved by K. Yajima and G. Zhang in [19].

Proof of Proposition 2.3. Let f =}, - aye, € H?. Then we have the explicit computation

. a2, . 0@t
e MO = anga(@)e 0] e
n>1

0(g)to
2

Then by Lemma 2.2 we deduce

0(q)+o
2

||<H> e*iTHfa)|

1
200(q)+ 2
@ §W<Z P25 ")|en|2) :

n>1

Now, for 2 < g < r take the LY (Rd) norm of the previous estimate. By Minkowski and by the bounds (2.1), we obtain
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|e=itH po Yg)to

e—itHfa)|

L (Q)We@+oq(Rd) = ” (H) L7($2)L4(RY)

< [omy = it

fe ”Lq(Rd)L’(.Q)

2(0 :
SV ( > o2y 7T ||en||%q)

n>1

1
gﬁ(DaMi(’) = VIl flle (2.8)

n>1
For 2 < g < p < r we now take the L? (0, T') norm of (2.8), and by Minkowski again

||e—itHfa) —itH

w
L7 (2)LP (0, TYWe@+o.q S ”e f “LP(O,T)L"(Q)WMHM

1
SVT? | flines

which is the estimate (2.5).
By the Bienaymé-Tchebychev inequality, there exists Cy > 0 such that

1 r
Coﬁ”llfllw)
- .

0(g)+o

P(Ewf(p.q.0))=p(|(H) = e fo ”rLP(O,T)L‘I(R) >) < (

Either A > 0 is such that

A 1
— < CopT e, 2.9
I f e

then inequality (2.6) holds for ¢; > 0 large enough.
Or we define

A 2
ri= <41 ) Zp, (2.10)
CoT 7| fllpe

then
_r cA?
P(Erf(p.g,0))<e =exp|——3— ),
112,

hence the result. O

Recall the notation (2.4) and define the event
E, r=Ex (M, qx,¢), (2.11)

where M is a large positive number which will be fixed in Sections 4 and 5.

We now show how the proof of the local existence of the Cauchy problem (1.2) with randomised data can be
reduced to a priori deterministic estimates.

In fact we want to solve the equation

idu—Hu=u""u, (@ x)eRxR?,
o o , (2.12)
u(0) = f© e L*(2; H%),

where o € R and the operator H satisfies Assumption 1.
This problem has the integral formulation

t

u(t, ) =uf(t) =i / e T (. ) dr,
0

where 1 stands for e itH fo
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Write u = u‘}’ + v. Therefore, v satisfies the integral equation

1
u(t, ) =—i / e_i(t_’)H|u? + v‘r_l (ujﬁ +v)(t, ) dr,
0
thus we are reduced to find a fixed point of the map
t
K¢ v —i/e*"(t*’)HW? + v|r71(u‘]‘3 +v)(z, ) dr.
0

Indeed the next proposition shows how a priori estimates on K imply the local well-posedness results.

Proposition 2.5. (See [5].) Let0 < T < land o € R. Let f € H® and f® € L*(82; H°) be its randomisation. Assume
there exist s > o and a space XST C C([0, T]; H®) and constants k > 0, C > 0 so that for every v, v, vy € XST, A>0
and w € E)Chf we have

|7

x SCT (0 + vl ). (2.13)
and

|KS @) — K¢ (va)]

- -1 —1
xg SCT o= vallg (771 ol + lleall - (2.14)
Then for every 0 < T < 1 there exists an event 21 so that

p(27)>1—Ce /T’ C.co,6>0,

and so that for all w € §27, there exists a unique solution to (2.12) of the form
u(t, ) =e "M o4 x5

Proof. Here we can follow the proof given in [5].
Let O < u < 1 be small. Define § = r% where « is given by Proposition 2.5, and let 0 < 7' < 1 be such that T < “.
Take also w € E;f

In a first time, we will show that the application K is a contraction on the ball B(0,2CA") in X3, for A = uT =8
(= 1), if u is chosen small enough, depending only on the absolute constant C.
By (2.13) and (2.14), to have a contraction, it suffices to find i > 0 such that the following inequalities hold

CTE (! + (X)) <2007 and T (42000 T <,

which is the case for u < u(C), with our choice of the parameter A > 1.
Now define

Qr=E_ o7, md Z=]J 21,

nz=ng
where ng is such that ny 8 < w. Then we deduce that

P21 =>1—Ce 9T and p(Z)=1,

which ends the proof of Theorem 1.3. O
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3. Deterministic estimates in the space YW*:P
We will need the following technical lemmas.

Lemma 3.1 (Sobolev embeddings). Let 1 < q1 < g2 < 00 and s € R. The following inequalities hold

1 1
Ivllze S lvllywsar fors =d<— - —), when g3 < 00, 3.1
q1 q2
d
vl S lvlwsar fors > P (3.2)
1

The results (3.1) and (3.2) are classical and left here.
We will also need the following lemma. See [13, Proposition 1.1, p. 105].

Lemma 3.2 (Product rule). Let s > 0, then the following estimates hold

luvllywea S lullpa vllyysar + lvllze lullyysa, (3.3)
withl <q <00, 1 <q1,q2 <ooand 1 < q1,q2 < o0 so that

1 1 1 1 1
—=—t==—+ =
9 49 491 92 g2
In particular
luvliwsa S lullpelvliwse + vl lullysa, (3.4)

forany 1 < q < oo.
4. Proof of Theorem 1.3

In this section, we consider the cubic Schrodinger equation with quadratic potential.
In the case k = 2, there is no loss of derivative in the Strichartz estimates (1.6). Then, thanks to the Christ—Kiselev
lemma, we deduce that the solution to the problem

{iatu—Hu:F, (t,x) e R x R,

u)=feH’,
satisfies
lull L 0,701 ey S N fllws + ”F“Lpé(o’T;Ws,qﬁ(Rd))’ 4.1
where 0 < T < 1 and (p1, q1), (p2, g2) are any admissible pairs, in the sense of (1.5).
Denote by
X5 =C([0, T]; H') N LP([0, T]; W*1), (4.2)

where the intersection is meant over all admissible pairs (p, q).

Recall that £,y = Ej (M, g«, o) which is defined in (2.11). Then for M large enough, independent of A and T
we have the following proposition.
Proposition 4.1. Let 0 < T <1,d > 1 and o > % —-1- ﬁ Let f € HC. Then there exist s > % — 1, « >0 and
C > 0 so that for every v, vi,v2 € X7, A>0and w € Ei,f we have

| K7

3 3
X5 <CT*(x +||v||XST), (4.3)

and

|KG i) — K¢ (wa)]

xo SCT o = w2l (A2 + o113 + llealls ). (4.4)

For the proof of Proposition 4.1, we distinguish the cases d =1,d =2 and d > 3.
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4.1. Cased >3

Denote by g4 = %, so that (2, g4) is the end point in the Strichartz estimates (4.1). Then the resolution space X3,
defined in (4.2) reads

X5 =C([0, T1; H*) N L*([0, T1; W*44).
Let g, be defined by (2.4), then as 2 < g < g4, the following inclusion holds
X5 C LP+([0, T1; W*9+),

with p, > 2 so that (px, g4) is an admissible pair, i.e. p, = @.

Proof of Proposition 4.1, case d > 3. In this proof, we will write u = u‘;

The term |u 4 v|>(u + v) is a homogenous polynomial of degree 3. We expand it, and for sake of simplicity in the
notations, we forget the complex conjugates. Hence

|u+v|2(u+v)=(9< Z ujv3_j). 4.5)
0</j<3

2d

By (4.1), we only have to estimate each term of the right-hand side in LITHS + LZTWS’qt/i, with ¢/, = i

Let ¢ > 0 so that
d 1

o=—-—1

2 ' Tax3 e

Recall that 6(g,) = d—}r3 — n, for any n > 0. In the following we choose n = ¢/2 and we set

d €
s:@(q*)—}—U:E—l—}—E. (4.6)

With this choice of s, by (3.2), the following embedding holds
) 1
lullLao S Nullyysas,  with go = gd(d +3). 4.7

Moreover, as s > %, by (3.2), it is straightforward to check that there exists x > 0 so that
||v||L%Loo N TK”U”LZWMM ST ||v||X‘T (4.8)
Now assume that w € Ei / and turn to the estimation of each term in the r.h.s. of (4.5).
e We estimate the term v> in LlTHS = LITWM. Use the inequality (3.4) with g =2

[0 < Mol Dollzes
and thus by (4.8)

3 < 2 < TK 3
v ||L1THS S ||U||L%Lw||v||L?OH° ST vl - 4.9)
e We estimate the term uv? in LLH*. By (3.3)

2 2 2
v [y S el [0 fypnar + 0% o Nl
S lullza ol v llyysar + 1017 2, lullyyss-
Define A1 = [lufl o 0]l 1V lyyr-

We choose g1 = 2d, then gq] = dZle. Observe that 2 < g1 < g4 and for d > 3, g1 < qo, where qo in given by (4.7).
Therefore by (4.8) we infer

lA1lL, S TMvl 2 o 0] Tx ) (4.10)

_ <
L;l Ws,rﬁ ~

where pj is such that (p1, g1) is admissible.
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2
Define By = [0, lull s

We choose g2 = g«. Then g =d + 3, and by (4.8),
1Billy, S T 4wl @.11)
From (4.10) and (4.11), we deduce
2 2
Juv HLITWS,2 < T'(A||v||XsT. (4.12)
e We estimate the term u?v in LLH*. By (3.3)

[l s S 1 oy WO lyynar + H0lsz [? [y

Define Ay = ||u?|| a1 lvllyps.ar and choose g1 = gq. Thus g1 =d. As d > 3, 2d < qo, and by (4.7)
142l g S lFs a0l 2 pymaa S T*32 011y (.13)

Define By = ||v|| 1.4 ||u2||WJ,‘5. We choose ¢ = 00, and for all q% + q% = %, by (3.3) we obtain

By S lvllzeellullLas llullypys.as -
We take g3 = g«. Thus g3 = d + 3. To conclude, we only have to check that g3 < go, which is satisfied when d > 3.
Therefore

IB2ll 1 S T2 M0l 2 e S TR0l (4.14)
and by (4.13) and (4.14) we have

||u2U||L1TWS.2 < TKA2||U||X;. (4.15)

e We estimate the term u> in LZTWS"!Q. By Lemma 3.2

21y S N Neellywsas = el oz Nuall s

with
1 1 1 d+2 d+1 2d +3

& ay 4« 2d  2d+3) dd+3)
Observe that 2g, < qo (where g is defined in (4.7)) for d > 2. Hence by Holder we deduce

Nz ST (4.16)

Collect the estimates (4.9), (4.12), (4.15) and (4.16), and by the Strichartz estimate (4.1) we obtain (4.3).
The proof of the contraction estimate (4.4) is similar and left here. O

Ju

4.2. Cased =2

In this case, the resolution space (4.2) reads
Xy = C([O, T]; HS) N LP([O, T, WW),

with intersection over all admissible pairs (p, q), i.e. Ly é = % with 2 < p < oo. In particular, for © > 0 small
enough, denote by (p,, g,) the admissible pair so that

11 1 11 1
—=——Uu, — =, _/=_+Mv —ZI—M (417)
pu 2 du Py 2 du

1 10

Notice that in the case d = 2, we have g, = TO With the notations of (4.6) and (4.7), s = % and go = 5.
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Proof of Proposition 4.1, case d = 2.
e The estimate
3 3
1]y S T 01

still holds.
e We estimate the term uv? in LI;“WS"IL. By (3.3)

[ s T IV g P LT

2
s ”””W&% (A

where =10 M By time integration we deduce

0] ey, ST M

4 ’
e We estimate the term u2v in L;" WS4 By (3.3)

[l s S MN[0+ ]

< Mlue)?

v S,
Lo lvlwsa
L0 vlwsa,

1 _ 4 _
where Z =10

== . Again we conclude
ol

2
ST vl

Py

0
e The term 3 will be estimated in Ly Wg

[t S T2l el o STl g
and

Hu ”LIGOW 10 §TKA3.

The estimates (4.18)—(4.21), and the Strichartz estimate (4.1) yield the result (4.3)
The proof of (4.4) is left. O

4.3. Cased =1

When d = 1 we work in the space

Xr =X =C([0, T1; L*) N L*([0, TT; L™).
Now we have g, = 4.

8
Proof of Proposition 4.1, case d = 1. We can estimate the term |u + v|?>(u + v) in L}L% Indeed, by Holder

[l +vP@+v)] s 4 <o’ 5 + 107 5
LlL3 LlL L; L3
= Jlull® 5 +||v||324

L, L4 L L

ST + v, ),
hence the result. O

(observe that the pair (10/4, 10) is admissible). By (3.3)

2397

(4.18)

(4.19)

(4.20)

421
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5. Proof of Theorem 1.10

This proof is in the same spirit as the proof of Theorem 1.3. Here we are in dimension d = 1, with k£ > 2. However,
the difference is that we have to deal with the losses in the Strichartz estimates (1.6).
Let V satisfy Assumption 1 and 0 < T < 1. As in Yajima and Zhang [18], we define the space X% by

X4 =C([0, T1; H*) N LP([0, T1; W),
with (p, ¢) admissible, i.e. p, g > 2 with % + ; =1, and

1 2 1 2/(1 1
p>r—1 and ———=—<s<s——<———>. 5.1
2 p g p

Under the conditions (5.1), for T > 0 small enough, it is possible to perform a contraction argument in the space X3,
in order to show that the problem (1.2) with d =1 is well-posed in H* for

12 (1
> - — -+
ST oI\ Tk

In particular, for § > % — % = é by (3.2), lvllz> S lvll ;5.4 and by Holder in time, there exists ¥ > 0 so that
K
Il oo S T MVl - (5.2)

Now notice that here g, (1) = g, = 4 (defined in (2.4)) and that 6(4) = ﬁ —n, for any n > 0 (see (2.2)).
Again, we will show that the map

t
K}” v — —i/e_"(’_f)H|u‘]‘i + v|r_l(u‘}’ + v)(r, ) dr,
0

is a contraction in X7..
Indeed for M (independent of A and T') large enough and Ej s = E; (M, 4, o) which is defined in (2.11) we
have the following proposition.

Proposition 5.1. Let V satisfy Assumption 1, let r > 9 be an odd integer, and 0 < T < 1. Let 0 > % — % (% + %) — 21_k
+

Let also f € H°. Then there exist s > % - %(%
e Ef r we have

%), k > 0 and C > 0 so that for every v, v1, vy € XST, A >0and

|7 @

wy SCT( + Ivllyy), (53)

and

| K1) = K@)y < CT v = vallxy (A + lor ! + vl ) (54)

The first step of the proof of Proposition 5.1 is the following result.

Lemma 5.2. Under the assumptions of Proposition 5.1, there exist s > % - %(% + %), k > 0 and C > 0 so that for

everyve X5, A >0and w € Eif we have
g o] 0+ 0) [ 1 S TG+ I0Is)-

Proof. In this proof, we will write u = u‘}’

The term |u + v|"~! (u 4 v) is a homogenous polynomial of degree r. As in the proof of Proposition 4.1 we expand
it, and forget the complex conjugates. Hence
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|u+v|r1(u+v)=(’)( Z ujvrj>,

0<jsr

and we have to estimate each term of the right-hand side in LITHS.
Now assume that w € EY o f

Recall that ¢, =4, 0(g4) = 2k — 1, for any n > 0. Let ¢ > 0. We choose n = ¢/2 and

12y 1
Ty o\ ) T T

Then we set

AU B B A B A UE N N A AR
S=EVg o= T\ ) T2 T2 i\ k)T

Therefore as s > %, by the Sobolev injection (3.2) we have

lull Loy S Nullyysay,

fact which will be used in the sequel to estimate all the terms containing u/ .
Now we turn to the estimation of (5.5) in LITHX.

e For j =0, use the inequality (3.4) with g =2

[0 4y S 0N 0l
and thus by (5.2)

v ||L pree SO I lere ST Tl

e For 1 < j <r—1,by(3.3)in Lemma 3.2 we have

iy ] R L P

—jm
S lull] ol IIvllwsz+IIv||L4<r ol Nullyyss

r— ]—

Sl s (1007 ol + 0150 ).

By interpolation, and by the embedding W*2 c L* (as s > 4) for 1 < j <r —1 wehave

j
||vI|L4(r b Shvllizslvld S lvllws2 vl
Therefore (5.7) becomes

S r—j—1
v =7 g S Nl a0 0l
By time integration and Holder we obtain

r—j—1

w7, Hssnun vl s b oo IVl

LPJWV 4

r— _/—
ol Mol ez,

=l 1y
with p = %‘ Now, by (5.2)
[/ ™y STX ol

e We now estimate the term u”. From (3.3) we deduce

[ gy S T palluellyyss = Hull o laellyyss S Hullfy s
and thus

2399

(5.5)

(5.6)

(5.7)

(5.8)
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||u’ || LIT’HS 5 ”M ||2'TW°4 ,S TK)\.r. (59)

Collect the estimates (5.6), (5.8) and (5.9) to deduce the result of Lemma 5.2. O

Similarly we have

Lemma 5.3. Under the assumptions of Proposition 5.1, there exist s > % — %(% + %) and k > 0 so that for every

v,€Xy, A>0andwe Ei’f we have
[ 0| p 1) = Jup o2l @S+ 02) [ g S TS M0r = w2y (7 ol + 2l ).

Proof. We have
%+ v \r_l(uf‘; +or) — |uf + vz\r_l(uf}’- +v2) = (1 = v2) Pt (u, 4G, v1, U1, 02, 12)
+ @1 = 02) Q1 (uf, %, v1, U1, 02, 2),

where P._1, Q,_1 are homogenous polynomials of degree r — 1. It is straightforward to check that we can perform
the same computations as in the proof of Lemma 5.2. O

Proof of Proposition 5.1. Firstly, as e/’ is unitary, we have

T
| K7 oope < / [+ o] ™ (@4 + ) (. ) |3 (2. ) T
0
= [ug o 7 @+ o)y (5.10)

Secondly, for every admissible pair (p, g) and s which satisfy the condition (5.1), in virtue of the Strichartz estimates
(1.6)—(1.7), we have for all F € H*

||e_itHF” L?Wip 5 ||F||HJ9

therefore we obtain
T

IO s < [ i @ ol )02y
0
S o 7 @+ 0) | 1 .11)

Hence (5.10), (5.11) together with Lemma 5.2 yield (5.3).
The proof of the inequality (5.4) follows from Lemma 5.3. O

6. The nonlinear Schrodinger equation without potential

In this section, we show how (in our context) the study of the problem (1.1) can be reduced to the study of the
problem (1.2) with harmonic potential.

In this section, the space H* = H* (R?) is the Sobolev space defined in (1.4) when V (x) = |x|? is the harmonic
oscillator. Let 0 < T < 1 and consider the linear applications

Lo:C([0, Arctan T']; H* (RY)) — C([0, T1; H* (RY)),
ur Lou,

given by

Lou(t,x) =

d

4u<Arctant,
(1+12)%

iﬁL
- 2)e LR 6.1)
+1t
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and for 8 > 0 the time-dilation
Dgu(t,x) =u(Bt, x).

The operator £ has been used in different nonlinear problems, especially for L2-critical Schrodinger equations. See
R. Carles [8,9] and references therein.

We can check that the map L is an isomorphism and has the following property.

Assume that vy € C([0, Arctan T']; H*) solves the Cauchy problem

1 1

i1 + S Avy = E|x|2v1 =£(1+) v vy, (1, x) eRx RY,
v1(0,x) = f(x) e H’,
where o = %(r — 1) — 1. Then u; = Lov; € C([0, T]; H®) solves

1
i+ 2 Auy =" ur, (r,x) eR xR,
u1(0,x) = Lov1 (0, x) = f(x) e H'.

Thus if v € C([O, % Arctan(T /2)]; H®) is the solution to the problem

idv+ Av—|x[Pv=£2(1+42) " v, (t,x) e R x RY, 62)
(0, x) =277 f(x) € H, '
then the solution u € C([0, T']; H*) to the equation
idu—+ Au==xu""u, (t,x)eRxRI, ©3)
u(0,x) = f(x) e H’, '
will be given by u = Lv with
C =2ﬁDZLOD%, (6.4)

Denote by H, = —A + |x |2 the harmonic oscillator.

Proposition 6.1. Let r = 3.
Assume thatd > 2. Let o0 > % —1- d+—3 and f € H° (RY). Consider the function f© € L*(§2; H° (RY)) given by

the randomisation (1.9). Then there exists s > % — 1 such that: for almost all w € §2 there exist T,, > 0 and a unique

solution to (6.3) with initial condition f® in a space continuously embedded in
Y, = Le 2 fo 4 ([0, T,1; HE (RY)).

In the case d = 1, the same result holds with o > —% and an s > 0.

Proof. According to the previous remarks, it is sufficient to solve the problem (6.2) with initial condition 272 fee
LZ(Q; ‘H?) (the randomisation of 2_% f). Observe that for any admissible pair (p, g) and F € L’Tj L7 we have

|2(1+42)°F| S|IF|

/ /
Ly Ld ~ Lyrd”

hence we can follow step by step the proof of Proposition 4.1 with the space X7, defined in (4.2). This completes the
proof of Theorem 1.7. O
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