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Abstract

We study the Dirichlet problem —div(|Vu|p(x)_2Vu) =01in £2, with u = f on 952 and p(x) = oo in D, a subdomain of the
reference domain £2. The main issue is to give a proper sense to what a solution is. To this end, we consider the limit as n — oo of
the solutions u;, to the corresponding problem when p;, (x) = p(x) An, in particular, with p, = n in D. Under suitable assumptions
on the data, we find that such a limit exists and that it can be characterized as the unique solution of a variational minimization
problem which is, in addition, co-harmonic within D. Moreover, we examine this limit in the viscosity sense and find the boundary
value problem it satisfies in the whole of 2.
© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The goal of this paper is to study the elliptic problem

_ - N
{ Apoyu(x) =0, xe€R2CRY, (1.1)

u(x) = f(x), x €082,
where A, u(x) :=div(|Vu(x)|? =27y (x)) is the p(x)-Laplacian operator and the variable exponent p(x) verifies
p(x)=+00, x€D, (1.2)

for some subdomain D C §2. We assume that 2 and D are bounded and convex domains with smooth boundaries, at
least of class C'!. On the complementary domain §2 \ D we assume that p(x) is a continuously differentiable bounded
function.
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On the variable exponent, apart from (1.2), we also require that
p—:= inf p(x) > N, (1.3)
XER
so that we will always be dealing with continuous solutions for (1.1); to fix notation, we define
p+:= sup p(x).
xe2\D

The boundary data f is taken to be Lipschitz continuous.
Our strategy to solve (1.1) is to replace p(x) by a sequence of bounded functions p, (x) such that p, (x) is increas-
ing and converging to p(x). For definiteness, we consider, for n > N,

pn(x) :=min{p(x),n}.

We will use the notation (1.1),, to refer to problem (1.1) for the variable exponents p;, (x).

Since p(x) is bounded in 2 \ D, we have, for large n, specifically for n > p.,
p(x), x€L\D,
n, xeD.

pn(x) = {

Moreover, still for large n, the boundary of the set {p(x) > n} coincides with the boundary of D and thus does not
depend on n. This fact is important when passing to the limit.
Using a variational method, we solve (1.1),, obtaining solutions u,,; if the limit

lim u, (1.4)

n—oQo

exists, we call it u. It is a natural candidate to be a solution to (1.1) with the original variable exponent p(x).
A crucial role in this process will be played by the set

S={ue W' (2): ulg 5 € WP R\ D), [Vulrxmp) <1andulyo = f}
and by the infinity Laplacian
du du 0u

dx; 0x; 0xix;
ij=1 """ T

Asolt := (Dquu) -Vu =

Our main results are contained in the following theorem.

Theorem. There exists a unique solution u, to (1.1),. If S # @, then the uniform limit

Uoo := lim u,
n—oo

exists and is characterized as the unique function that is a minimizer of the integral
|V |PO)

e o

2\D
in S and, in addition, verifies
—Axlloo =0 in D,

in the viscosity sense. Moreover, uso is a viscosity solution of

—Apyu(x) =0, xeR\D,
—Asou(x) =0, xeD,
9
sen(|Vul(x) — 1) sgn(a—u(x)> —0, xedDNRQ,
v
u(x) = f(x), X €382,

where v is the exterior unit normal vector to 0D in §2.
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Finally, if 32 N D # @ and the Lipschitz constant of f lyonp is strictly greater than one, then S = ) and we have

.. [Vu,|" %
lim inf dx > 1;
n

n—oo

hence, the natural energy associated to u, is unbounded.

Remark 1.1. The boundedness of £2 is used to ensure compactness of minimizing sequences for (1.5), while the
convexity of £2 and D guarantees that the Lipschitz constant of W > functions coincides with the L> norm of their
gradients, which will be instrumental in some of the proofs.

Remark 1.2. The characterization of the non-emptiness of S is an interesting open problem that strongly depends on
the geometry of £2 and D, and on the boundary data f. When 82N D =, S is always non-empty. When 32 N D % ,
the condition that the Lipschitz constant of f|,,~7 is less than or equal to one is necessary but, in general, it is not
sufficient (cf. Section 4).

Partial differential equations involving variable exponents became popular a few years ago in relation to appli-
cations to elasticity and electrorheological fluids. Meanwhile, the underlying functional analytical tools have been
extensively developed and new applications, e.g. to image processing, have kept the subject as the focus of an intensive
research activity. For general references on the p(x)-Laplacian we refer to [10], that includes a thorough bibliogra-
phy, and [14], a seminal paper where many of the basic properties of variable exponent spaces were established. The
delicate regularity properties of p(x)-harmonic functions have been established in [1] and [2].

In the literature, the variable exponent p(x) is always assumed to be bounded, a necessary condition to define a
proper norm in the corresponding Lebesgue spaces. To the best of our knowledge, this paper is the first attempt at
analyzing a problem where the exponent p(-) becomes infinity in some part of the domain. For constant exponents,
limits as p — oo in p-Laplacian type problems have been widely studied, see for example [7], and are related to
optimal transport problems (cf. [3]).

Organization of the paper. The rest of the paper is organized as follows: in Section 2 we show existence and
uniqueness of solutions with p(x) = p,(x) = p A n using a variational argument; moreover we find the equation that
they verify in the viscosity sense and prove some useful independent of n estimates; in Section 3 we pass to the limit
in the variational formulation of the problem and we deal with the limit in the viscosity sense; in Section 4 we discuss
necessary and sufficient conditions related to the non-emptiness of S and present examples and counter-examples.
Finally, in Section 5 we present a detailed analysis of the one-dimensional case.

2. Weak and viscosity approximate solutions
To start with, let us establish the existence and uniqueness of the approximations u, in the weak sense.

Lemma 2.1. There exists a unique weak solution u,, to (1.1),, which is the unique minimizer of the functional

|Vu|pn(X) |Vu|" |Vu|1’(x)
Fy(u) = 2.1
) Cp()
2\D
in
Sp={u e Whrn(2): ulye = f}. (2.2)

Proof. Although the exponent p,(-) might be discontinuous, functions in the variable exponent Sobolev space
WP (2) are continuous thanks to assumption (1.3). Indeed, for n sufficiently large, we have p,(-) = (py)- >
p— > N and the continuous embedding in

w0 () whr-(2) c C(2) (2.3)
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follows from [14, Theorem 2.8 and (3.2)]. That the boundedness away from the dimension is not superfluous when
the exponent is not continuous is shown by a counter-example in [11, Example 3.3].

We can then take the boundary condition u|3 = f in the classical sense (recall that f is assumed to be Lipschitz)
and the results of [12] apply since the jump condition (cf. [12, (4.1)—(4.2)]) is trivially satisfied by the variable expo-
nent because p,(-) > N. This is a sufficient condition for a p, (-)-Poincaré inequality to hold in Wé P ”(')(.{2) which,
in turn, is instrumental in obtaining the coercivity of the functional. The lower semi-continuity is standard as is the
strict convexity, that also gives the uniqueness.

It is also standard that the minimizer of F,, in S, is the unique weak solution of (1.1),, i.e., u, = f on 952 and it
satisfies the weak form of the equation, namely,

/ |Vin|P" P "2Vu, - Vodx =0, VYoeCP(R2). O (2.4)
2

Lemma 2.2. Problem (1.1),, can be rewritten as

_Ap(x)“n(x) =0, X € Q\B,
—Ajuy(x) =0, xeD,
Y Y 2.5)
Vi () T ) = Va0 (), xeaD N2,
v v
un(x) = f(x), x €08,

where v is the exterior unit normal to 9D in S2.

Proof. Just notice that the weak form of this problem is exactly the same as the one that holds for (1.1),,. This follows
since after multiplying by a test function and integrating by parts one arrives at (2.4) for both problems. 0O

Next, we investigate the problem satisfied by u;, from the point of view of viscosity solutions.
Let us recall the definition of viscosity solution (see [9] and [6]) for a problem like (2.5), which involves a trans-
mission condition across the boundary 9 D N §2. Assume we are given a family of continuous functions

Fi: 2 xRN x SVN 5 R,
The associated equations

F; (x, Vu, Dzu) =0
are called (degenerate) elliptic if

Fi(x,€,X)< F;(x,&,Y) whenever X >7Y.

Definition 2.3. Consider the problem

Fi(x, Vu, D*u) =0, in2\D,

F>(x, Vu, D*u) =0, in D, (2.6)
with a transmission condition

B(x,u,Vu)=0, ondDNL, (2.7)
and a boundary condition

u=1f, onas2. (2.8)

A lolver semi-continuous function u is a viscosity supersolution of (2.6)—(2.8) if u > f on 92 and for every ¢ €
C2(£2) such that u — ¢ has a strict minimum at the point xp € §2, with u(xg) = ¢ (xg), we have
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Fi(x0. Vo (x0), D¢ (x0)) >0 if xo € 2\ D,
F>(x0, Vo (x0), D*$(x0)) =0 if x9 € D,

Fy(xo0, Vo (x0), D?¢ (x0))
max 3 F»(xo, Vo (x0), D*¢(x0)) § =0 ifxoedDN L.

B(x0, ¢ (x0), Vo (xp))

An upper semi-continuous function u is a viscosity subsolution of (2.6)~(2.8) if u < f on 32 and for every ¥ €
C2(£2) such that u — ¥ has a strict maximum at the point xg € §2, with u(xo) = ¥ (xp), we have

Fi(x0, Vi (x0), D*¥r(x0)) <0 if x9 € 22\ D,
Fy(x0, Vi (x0), D*¥(x0)) <O if xo € D,

Fi(xo, VY (x0), D*¥ (x0))
min { F,(xq, Vi (xo), D21//(xo)) <0 ifxgedDNS2.

B(xo, ¥ (x0), V¥ (x0))

Finally, u is a viscosity solution if it is both a viscosity supersolution and a viscosity subsolution.

In the sequel, we will use the notation as in the definition: ¢ will always stand for a test function touching the graph
of u from below and ¢ for a test function touching the graph of u from above.

Proposition 2.4. Let u,, be a continuous weak solution of (1.1),,. Then uy, is a viscosity solution of (2.5) in the sense
of Definition 2.3.

Proof. To simplify, we omit in the proof the subscript n. Let xo € £2 \ D and a let ¢ be a test function such that
u(xg) = ¢(xp) and u — ¢ has a strict minimum at xo. We want to show that

— A iy (60) = —| Vo (x0) |" Y T2 A (x0) — (p(x0) — 2) [V (x0)| " T Ao (x0)

— [V (x0) " In(1V9]) (x0) (Vb (x0), V p(x0))
>0.

Assume, ad contrarium, that this is not the case; then there exists a radius r > 0 such that B(xo, 7) C £2 \ D and

—Apd @) == Vo) [PV Aag(x) — (p(x) —2)| Vo )" A (1)

— Vo) " In(1Ve]) (0)(Ve (x), Vp(x))
<0,

for every x € B(xo, r). Set m = inf|y_yy= (4 — ¢)(x) and let @ (x) = ¢ (x) + m/2. This function @ verifies P (xg) >
u(xgp) and

—Apny® = —div(|[VP|PD2VP) <0 in B(xo, r). (2.9)

Multiplying (2.9) by (@ — )™, which vanishes on the boundary of B(xo, r), we get

VO P2V . V(P —u)dx < 0.
B(xo,r)N{®>u}
On the other hand, taking (@ — u)™, extended by zero outside B(xo,r), as test function in the weak formulation
of (1.1),,, we obtain
[Vu|PP=2vy . V(P —u)dx =0,

B(xg,r)N{®>u}
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since p,(x) = p(x) in £2 \ D. Upon subtraction and using a well-know inequality, see for example [15], we conclude

0> / (IVePO2V D — [Vu P 2Vu) - V(S — u)dx

B(xg,r)N{®>u}

WV

c / VO — VulPX dx,

B(xg,r)N{®>u}
a contradiction. Here c is a constant that depends on N, p™~ and sup, ¢ gy, ) P(X)-
If xo € D the proof is entirely analogous, albeit simpler due to the absence of the logarithmic term, and we obtain
) —4
~ A (x0) = =V (x0) | A (x0) — (n = 2)|V (x0) " Acod (x0) = 0.

The constant ¢ in this case depends on N and n.
If xo € 9D N £2 we want to prove that

- Ap(x0)¢ (XO)
max § —A, ¢ (x0)
IV (x0)" 292 (x0) — |V (x0) [P0 2 22 (xg)

If this is not the case, there exists a radius r > O such that

WV
o

—Ap)¢(x) <0 and —Au¢(x) <0,

for every x € B(xo, r). Set m = inf|y_yy= (4 — ¢)(x) and let @ (x) = ¢ (x) + m /2. This function @ verifies P (xp) >
u(xo),

—Ap® <0 in B(xg,r) N (2\ D) (2.10)

and
—A,® <0 in B(xg,r) N D. 2.11)

Moreover, we can assume (taking r smaller if necessary) that
2 0P 20D
Vo (x)|" 28—(x) — Vo )|’ za—(x) <0 in B(xo,r)NdD. 2.12)
v v
Multiplying both (2.10) and (2.11) by (@ — u)™, integrating by parts and adding, we obtain

/ VO [PV . V(d —u)tdx + / IVO|" 2V - V(® —u)T dx

B(x,r)N2\D B(xq,r)ND
oP oP
< / VO " 2—— — |V |PW2— ) (@ —u)*" ds,
av av
B(xg,r)NoD

taking also into account that the test function vanishes on the boundary of B(xg, r). Using (2.12), we finally get

/ VO |PO2YP . V(P —u)dx + / VO "2V - V(P —u)dx < 0.
B(x0,r)N(2\D)N{®>u} B(xo,r)NDN{®>u}

On the other hand, taking (@ — u)t, extended by zero outside B(xg, r), as test function in the weak formulation
of (1.1),,, we reach a contradiction as in the previous cases. This proves that u is a viscosity supersolution.
The proof that u is a viscosity subsolution runs as above and we omit the details. O
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We next obtain uniform estimates (independent of n) for the sequence of approximations (uy ).

Proposition 2.5. Assume the set
S={uew"? () ulo\p € WLPE @2\ D), | Vullpeop) < 1 and ulye = f)
is non-empty. Then uy, the minimizer of F,, in Sy, satisfies

|Vu |/?n(X) |Vv|” /- |vv|p(X)d
) p(x)

Fy(un) =
\D
for every v € S. Hence, the sequence (F,(un)), is uniformly bounded and the sequence (u,), is uniformly bounded

in WhP~(§2) and equicontinuous.

Proof. Recalling (2.2), the definition of S,,, observe that S C S,,, for every n. Since u,, is a minimizer, we have
Fo(up) < F(v), YveSs.
Hence, picking an element v € S # @,
\VJ Pn(x) Vouvl|Pr (x)
[Vuy| v < [Vl dx
Pn(x) Pu(x)

Vol Vo|PW)
/I o, / Vol
px)

2\D

[Vy|P)
< |D[+ / ———dx =C,.
px)

Fu(uy) =

£2\D

In order to estimate the Sobolev norm, we first use Poincaré inequality and the boundary data, to obtain

”uﬂ”leP—(_Q) < llup — f”W(;,p—(_Q) + ||f||w1,p—(g)

C|[Vun - f)HLP—(Q) + 1 lwree (@)
ClIVunliLr-2) + (C+ DIl fllwroo(g)-

We proceed, using Holder inequality and elementary computations, to get

1
p—
VunllLr-(2) = <f |V, |P~ dx)
2
1
_ p—
< </|Vu”|p‘ dx) +< / |Vu,,|p‘dx)
D 2\D
= </|Vun|p‘ dx)
D
o
+< / [Vu|P- dx)

(2\D)N{|Vuun|>1})

1 1
<|D|P— (/Wunln) +|9|+</ |V, |”(x)dx)

2\D

<
<

ﬁ'_

et ( / Vi, |- dx) "

(2\D)N{|Vuun| <1}

=



2588 J.J. Manfredi et al. / Ann. 1. H. Poincaré — AN 26 (2009) 2581-2595

Since we have the bounds

1 1
n Vu,|" n 1
(/qun|n> =n%</%dx) < (Fuun))" <20,
D D

and

(o) |Vun|p(x)
[Vu, | dx < py W dx < p+Fy(uy) < p1Cis,
2\D 2\D

we conclude that the sequence (), is uniformly bounded in WP~ (£2) and, recalling the embedding in (2.3), that it
is equicontinuous. O

3. Variational and viscosity limit

We first analyze the case in which 82 N D # @ and the Lipschitz constant of f lsonp 1S greater than one. Note
that, in this case, S = #J since any Lipschitz extension « of this datum to D verifies || Vul|p oo (py > 1.

Theorem 3.1. Assume that 32 N D # @ and the Lipschitz constant of f lyonp IS strictly greater than one. Then, we
have

1
liminf(Fn(u,,))” > 1;
n—>0oo

hence, F,(u,) — oo and the natural energy associated to u, is unbounded.

Proof. Consider the absolutely minimizing Lipschitz extension (AMLE) of f|,,p to D, which is well defined even
if the datum f|,,~7 is not given in the whole 9 D. In this case, the AMLE is characterized, as proved in [16] and [8],
as the unique solution of the problem

—Asou(x)=0, xeD,
u(x) = f(x), xe€edND,

0
M=o, xedD\ Q.
av
Let A > 1 be the Lipschitz constant in D of this AMLE. Suppose that
1
liminf(F, (un))" =B < A
n—oo

and consequently that

1
Vil \7
1iminf</ﬂdx> <B.
n—o00 n
D

Fix m > p_ and take n > m. By Holder’s inequality,

1 1 1
" f Vi, | "
(/IVunl’”> <|D|H<f|wn|") <|D|Hni(/' d dx) .
n
D D D

Taking the limit in n, we conclude

lirninf</ [Vu, |’”>
n—oo
D

S|—

1
< [D|m B,
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so, for a subsequence, there exists a weak limit in wlm (D), that we denote by us.. This weak limit has to verify the
inequality

([rer)

for every m. Thus, taking the limit m — oo, we get that us, € W1’°°(D) and, moreover,

s|-

1
< |D|m B

[Vuso| < B, ae.xeD.

But this is a contradiction since A is the Lipschitz constant in D of the AMLE of f|,,5 to D. We conclude that
1
liminf(F, (u,))" > A
n—oo
and the result follows. O

Remark 3.2. The AMLE problem has been extensively studied in the literature: see [4,13], the survey [5], and the
recent approach using tug-of-war games of [8,16] and [17].

Remark 3.3. If 92 N D = @, then S # (J; indeed, we can consider a function that is constant in D and coincides with
f on 352, and extend it as a Lipschitz function to the whole of £2, thus obtaining an element of S.

We now focus on the main case S # (. Recall that solutions to (1.1),, are minima of the functional

|Vu|pn(x)
F,(u)y= | ——dx
Pn(X)

in
Su={u e Whr(Q): ulse = f}.
The limit of these variational problems is given by minimizing

|Vu|PO)
F(u)= / —dx (3.1)
p(x)

2\D
in
S={uew"? () Ulo\p € WhPO (2\ D), |Vul oy < 1 and ulyp = f}.
Theorem 3.4._Assume that S # () and let u, be minimizers of F,, in S,,. Then, along_ subsequences, (u,), converges
uniformly in 2, weakly in W™ (D), for every m > p_, and weakly in WP®) (22 \ D) t0 uss, a minimizer of F in S.
Moreover, the limit us is 00-harmonic in D, i.e.,
—Axlloo =0 in D,

in the viscosity sense. Finally, the limit uso is unique, in the sense that any other minimizer of F in S that is co-
harmonic in D coincides with u .

Proof. We use the estimates obtained in the previous section. Since the sequence (i), is equicontinuous and uni-
formly bounded, by Arzela—Ascoli theorem it converges (along subsequences) uniformly in §2; the weak convergence
in the space W1 (D), for every m > p_, is obtained as in the proof of Theorem 3.1 and the weak convergence in
w1-PX) (2 \ D) follows from the estimates in Proposition 2.5.
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Also as before, we get that us, € wloo(D), with [Vuso| < 1, a.e. x € D, thus concluding that us, € S. On the
other hand, also from Proposition 2.5, we get

f |Vun|p(") / |Vv|”(x)
—————dx < Fy(uy) < Fp(v) — dx
p(x) Cp)

2\D £2\D

and we conclude that

Vida |PX) Vo|PW)
Flitag) = f Wl ™2 e [ N Py, woes
p(x) p(x)

o2\D 2\D
so that u is a minimizer for F in S.
That a uniform limit of n-harmonic functions is co-harmonic is a well-known fact (cf., for example, [7] or [13]).
To prove the uniqueness, suppose we have two minimizers in S, u; and u». Then, considering

uy+uy
2
we obtain that they coincide in £2 \ D since F is a strictly convex functional in S. Using the uniqueness of solutions

of the Dirichlet problem for the co-Laplacian in D (note that u; coincides with u on the whole of 9 D), we conclude
that u1 = uy also in D. We conclude, in particular, that the whole sequence u,, converges uniformly in £2. O

v= e s,

Our next task is to pass to the limit in (2.5), the problem satisfied by u, in the viscosity sense, to identify the
problem solved by u.,. We are under the assumption S # @ and we recall that

Up = Ueo

uniformly in £2.

Theorem 3.5. Every uniform limit of a sequence {u,} of solutions of (1.1), is a viscosity solution of

—Apyu(x) =0, xeR\D,
—Asou(x) =0, xeD,

3.2
sgn(|Vu|(x) — 1) sgn(%(x)) =0, x€dDNK, -2
u(x) = f(x), x€df.

Proof. Since u,(x) = f(x), for x € 082, it is clear that u(x) = f(x), for x € 052.
Let u~ be a uniform limit of {u,} and let ¢ be a test function such that us(xg) = ¢ (xo) and us, — ¢ has a strict
minimum at xp € §2. Depending on the location of the point xo we have different situations.
If xg € D, we encounter the standard fact the uniform limit of n-harmonic functions is co-harmonic.
Ifxp € 2\ D, consider a sequence of points x, such that x, — xo and u,, — ¢ has a minimum at x,,, with x,, € £2'\ D
for n large. Using the fact that u,, is a viscosity solution of (2.5), we obtain
Apn(x,q)‘f’(xn) >0

Now we observe that p, (x) = p(x) in a neighborhood of xo and hence, taking the limit as n — 0o, we get

Ap(xo)d)(XO) >0

That is, un is a viscosity supersolution of —A ,(x)teo =01in £2 \ D.
If xg € 0D N 2, we have to show that

— A p(xp) @ (x0)
max § —Axe® (x0) = 0.
sgn(|Ve|(xo) — 1) sgn( ? (x0))
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Again, since u, converges to u uniformly, there exists a sequence of points x, converging to xp such that u,, — ¢ has
a minimum at x,. We distinguish several cases.

Case 1. There exists infinitely many n such that x, € D.

Then we have, by Proposition 2.4,
-2 —4
—An¢(xn) == |V ()" AP (xn) — (1 = 2)|V ()" Anop(xs) = 0.
If Vo (xo) =0, we get —Axo¢p(xg) = 0. If this is not the case, we have that V¢ (x,,) # 0, for large n, and then

— Ao (xn) = n—i2|V¢>(xn)|2A¢(xn) —0, asn— oo.

We conclude that
—Aoo (x0) = 0.
Case 2. There exists infinitely many n such that x,, € £2 \ D.

Then we have, by Proposition 2.4,

_Apn(xn)¢(xn) 2 0

Proceeding as before, we get
- Ap(xo)(ls (x0) = 0.
Case 3. There exists infinitely many n such that x, € 3D N §2.

In this case, we have

n—2 a¢

() \w(xn)\”("")‘za—"’(xn) >0.
) v

|V (x)|
Hence, we get

¢ ”7P(xn)%

0
8_v(x") < |V¢(-xn)| 3v (xn).
Taking n — oo, we deduce that
¢
IVol(xo) >1 = a(ﬂfo) >0,
and
¢
IVol(xo) <1 = g(xo) <0.
That is

0
sgn(|Vel(xo) — 1) sgn(a—fuo)) >0.

This concludes the proof that u, is a viscosity supersolution.
The proof that u is a viscosity subsolution runs as above and we omit the details. O



2592 J.J. Manfredi et al. / Ann. 1. H. Poincaré — AN 26 (2009) 2581-2595

4. More on the set S
We have already observed the following two facts concerning the non-emptiness of the set S:

(1) If 02 N D =, then S # 0.
(2) If 382 N D # @ and the Lipschitz constant of f|,,~5 is greater than one, then any Lipschitz extension u of this
datum to D verifies ||Vu| r=(p) > 1 and, consequently, § = @.

The question naturally arises of whether the condition that the Lipschitz constant of f|,,~5 is less than or equal
to one is, not only necessary, but also sufficient to guarantee that S # .

Suppose we are given a Lipschitz boundary data f such that the Lipschitz constant of f|, 5 is less than or equal
to one. A natural attempt to construct a function in S would be the following:

e consider the unique AMLE of f|,,~p to D, which is such that the L°°-norm of its gradient is less than or equal
to one;

e extend it to the whole of £2 using any function in W17 (£2 \ D) that coincides with it on 3D and with f on
0£2.

The boundary datum on 8(§2 \ D) that one has to extend is given by f on 352 \ D and by the restriction of the AMLE
to 9D N £2. The problem is that the extension to §2 may not always be possible. However, if this boundary data on
d(£2 \ D) is Lipschitz, then we could indeed consider a Lipschitz extension to £2.

We first give an example of a particular geometric configuration for which this is the case. Therefore the condition
that the Lipschitz constant of f1,,~75 is less than or equal to one does indeed suffice to guarantee that S # §. Let
£ = B(0, 1) in R? and let

D=BO,1)N{x >0}

be the right half-ball (here, (x, y) denote coordinates in R?). We still denote by f the obtained boundary datum on the
boundary of the half disc B(0, 1) \ D, which is Lipschitz on dB(0,1) N {x <0} andon dD = {(x,y): x =0, -1 <
y < 1}, and continuous on the whole boundary. Let (0, y) € aD N B(0, 1) and (z, w) € 9B(0, 1) withw >0andy >0
(the other possible cases would have to be considered separately). Adding and subtracting f((0, 1)) in the numerator
we obtain

£, ) — f(G@w)l _ 1fCQO,y) — fQO. )] £z w) — £(O, D)

< +2 <C,
100, y) = (z, wl 100, y) = (0, D] 10, 1) = (z, w)|

since [|(0, y) — (0, D)|| < 11(0, y) — (z, w)|l, (0, 1) — (z, w)|| < 2]|(0, y) — (z, w)|| and f is Lipschitz on d D and 952.
This shows that f is Lipschitz on the whole boundary of B(0, 1) \ D.

This construction does not always work since it may happen that the obtained boundary data is not a Lipschitz
function. Here is a counter-example: let £2 = B((0, 0), 1) and D = B((1/2,0), 1/2) in R2. These two balls are tangent
at the point (1, 0). Now let f be given in polar coordinates by

101, 0<10l<m/2,

0) =
F©) {n—|9|, /2 <0 <m.
This function is Lipschitz on d£2. The unique AMLE of f|(1,0) to D is given by u = 0. Now, we have the function

r _ f(x)s X € 8B((O’ O)v 1)3
Jo= {o, X €dB((1/2,0),1/2),

defined on 9(£2 \ D). Observe that there are points on d D of the form r(6) = cos(6), with 6 ~ 0. For 6 > 0,
i f(cos(@), sin(0)) — f(cos(@)(cos(@), sin(0))) lim 6—0
= 1 _— =
6—0+ ||(cos(@), sin(f)) — (cos(B)(cos(F), sin(A)))|| -0+ 1 —cos(H)

hence the function is not Lipschitz.

+OO,
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5. The one-dimensional case

In this section, we analyze with some detail the one-dimensional case, which is easier since the equation reduces
to an ODE.
Let 2 = (0, 1) and assume p(x) = oo for x € (0, &). Then the problem at level n reads

(|u:1 p”(x)izu;)/(x) =0,
1y (0) = £(0),
uy (1) = f(1).

To simplify, we assume that f(0) =0 and f(1) > 0. Then, integrating the equation, we get

/

n 72
|l |2l (x) = €.

n

Assuming that u, > 0, we get

1
up,(x) = (Cp) e T,

Thus
X
1
e =/<61>W ds
0

and the constant C; (that must be positive and depends on n) verifies

1
F)= f(cl)wﬁ ds.
0

Since f (1) is finite, we conclude that C1 must be bounded; if not,
lim u,(x) =uxc(x) =+00
n—0o0

in the whole interval (&, 1] and this contradicts u, (1) = f(1). Therefore, we can assume (taking a subsequence if
necessary) that

lim Ci(n) = Ceo.

n—o0
Case 1. When C, > 0, we conclude that the limit of u,, is given by
X, x €0, &],

£+ [ (Co) T ds, x el 11,

As u, (1) = f(1), we realize that the constant C, is determined by

Uoo(X) = nlggo up(x) = [

1
s+/<coo)v<ﬁ ds = f(1).
&

This case, Cs > 0, actually happens when f (1) > &. Since C is uniquely determined, we obtain the convergence
of the whole sequence u;,.

Note that in this case we can verify that us, is a minimizer of the functional F' given by (3.1). Indeed, since
lu | (x) < 1, for x € [0, £], we have that uo, € S and since u is a solution of

(P72 ) =0, u@ =% u)=f(),
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we have that it minimizes the functional F, which in this case is given by

p(s)

1
C p()—1
( OO) ds

Fus) = 2(s)

among functions that verify u(§) =& and u(1) = f(1).
Now, for any function w € S, we have |w’|(x) < 1, for x € [0, £], and we get w(§) < &. Let z be the solution of
(1Z1PD72) =0,  2&=w®&<E 2= fD).

Then we have
F(w) 2 F(z) 2 F(u).

To see that the last inequality is true just use the monotonicity of the function

with respect to C.

Case 2. When Cy = 0, we have that

. _ ) Kx, xel0,§&],
nlinéo””(x)_{Ks, x e[&,1].

Here K < 1 is given by
1
K = lim (C1 (n))"
n—>oo
(recall that we are taking p,(x) = p(x) A n).
As u, (1) = f(1) we get that the constant K is given by

K& = f(1).

This case actually happens when f(1) <&. Since K is uniquely determined, we obtain the convergence of the whole
sequence uy,.

Note that in this case the limit u, is not differentiable, but it is Lipschitz. Also note that it is easy to verify that u
is a minimizer of the functional F given by (3.1). Indeed, F' (1) =0 and F(w) > 0, for every w € S.

Acknowledgements

We thank Peter Hésto for conversations on variable exponent Sobolev spaces related to Lemma 2.1 and the referees
for carefully reading the manuscript, and making various suggestions that helped improving the exposition.

Part of this work was done during a visit of JDR to University of Pittsburgh. He wants to thank for the friendly and
stimulating atmosphere found there.

JIM partially supported by NSF Award DMS-0500983. JDR partially supported by project MTM2004-02223,
MEC, Spain, by UBA X066 and by CONICET, Argentina. JMU supported by CMUC/FCT.

References

[1] E. Acerbi, G. Mingione, Regularity results for stationary electro-rheological fluids, Arch. Ration. Mech. Anal. 164 (2002) 213-259.

[2] E. Acerbi, G. Mingione, Gradient estimates for the p(x)-Laplacean system, J. Reine Angew. Math. 584 (2005) 117-148.

[3] L. Ambrosio, Lecture notes on optimal transport problems, in: Mathematical Aspects of Evolving Interfaces, Funchal, 2000, in: Lecture Notes
in Math., vol. 1812, Springer, Berlin, 2003, pp. 1-52.

[4] G. Aronsson, Extensions of functions satisfying Lipschitz conditions, Ark. Mat. 6 (1967) 551-561.



J.J. Manfredi et al. / Ann. I. H. Poincaré — AN 26 (2009) 2581-2595 2595

[5] G. Aronsson, M.G. Crandall, P. Juutinen, A tour of the theory of absolutely minimizing functions, Bull. Amer. Math. Soc. 41 (2004) 439-505.
[6] G. Barles, Fully nonlinear Neumann type conditions for second-order elliptic and parabolic equations, J. Differential Equations 106 (1993)
90-106.
[7] T. Bhattacharya, E. DiBenedetto, J. Manfredi, Limits as p — oo of A pip = f and related extremal problems, Rend. Semin. Mat. Univ.
Politec. Torino 1989 (1991) 15-68.
[8] F. Charro, J. Garcia Azorero, J.D. Rossi, A mixed problem for the infinity Laplacian via tug-of-war games, Calc. Var. Partial Differential
Equations 34 (2009) 307-320.
[9] M.G. Crandall, H. Ishii, PL. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. 27
(1992) 1-67.
[10] L. Diening, P. Hésto, A. Nekvinda, Open problems in variable exponent Lebesgue and Sobolev spaces, in: FSDONAO4 Proceedings, Drabek,
Rakosnik (Eds.), Milovy, Czech Republic, 2005, pp. 38-58.
[11] P. Harjulehto, P. Hésto, A capacity approach to the Poincaré inequality and Sobolev imbeddings in variable exponent Sobolev spaces, Rev.
Mat. Complut. 17 (2004) 129-146.
[12] P. Harjulehto, P. Héstd, M. Koskenoja, S. Varonen, The Dirichlet energy integral and variable exponent Sobolev spaces with zero boundary
values, Potential Anal. 25 (2006) 205-222.
[13] R. Jensen, Uniqueness of Lipschitz extensions: Minimizing the sup norm of the gradient, Arch. Ration. Mech. Anal. 123 (1993) 51-74.
[14] O. Kovicik, J. Rakosnik, On spaces LP®) and W1P(), Czechoslovak Math. J. 41 (116) (1991) 592-618.
[15] P. Lindqvist, Notes on the p-Laplace equation, Report, University of Jyviskyld, Department of Mathematics and Statistics, 102, University of
Jyviskyld, Jyviskyld, 2006; available on line at: http://www.math.jyu.fi/research/reports/rep102.pdf.
[16] Y. Peres, O. Schramm, S. Sheffield, D.B. Wilson, Tug-of-war and the infinity Laplacian, J. Amer. Math. Soc. 22 (2009) 167-210.
[17] Y. Peres, S. Sheffield, Tug-of-war with noise: A game theoretic view of the p-Laplacian, Duke Math. J. 145 (2008) 91-120.



	p(x)-Harmonic functions with unbounded exponent in a subdomain
	Introduction
	Weak and viscosity approximate solutions
	Variational and viscosity limit
	More on the set S
	The one-dimensional case
	Acknowledgements
	References


