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1. STATEMENT OF THE PROBLEM AND THE RESULTS

Global weak solutions to the system of one-dimensional elastodynam-
ics
u; — v, =0,
(1.1)
v —o(u)y, =0,

for (r,x) e R* x R, (u,v) € R? and o strictly increasing and convex

(or o with one inflection point) are obtained in a well known article of
DiPerna [7]. There, following a general conjecture of Tartar, the theory of
Young measures and Tartar's commutation relation in [18] are success-
fully exploited to establish a compactness framework for approximate so-
lutions to the equations of elasticity. In turn, this framework is also used to
construct global weak solutions to (1.1) via viscosity approximations [7,
12,17], relaxation approximations [19,15], and numerical schemes (see,
e.g., [7,8]). Further references to related work are given in the article [2],
in which large time behaviour of solutions is analysed.

Here we investigate an alternative approximation scheme, appropriate
for certain evolutionary systems (of parabolic or hyperbolic type) with
an associated variational structure. The scheme proceeds by solving
variationally the time discretised version of the equations with time step
h > 0 for j > 1. This admits a variational formulation: assuming that the
first j — 1 iterates are known, thgh are the solutions of the minimisation

problem
. . (U _ vh,jfl))Z
nf w —1d
(u,v)leHl(R)Z/< () + 2 o

on the sef{(u, v): u = hv, + u™7~1} (restricting to periodic functions).
Solutions of (1.1) are constructed as limits of this iteration process as
h — 0. This scheme is also useful in higher dimensional problems [6] and
is potentially useful in the construction of new computational schemes
for conservation laws. It produces a regularisation whichdmissible

in the sense that it obeyntropy inequalitiesthe emerging approximate
solutions converge subsequentially almost everywhere to a classical weak
solution (u, v) of (1.1) which decreases all convex entropi€s, v), that
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is,
9m(u,v) + 9xq(u,v) <0 (1.3)

for all n strictly convex withVyV f = Vg and f (u, v) = (—v, —o (u))".

Our analysis using time-discretisation also partially justifies recent
approaches to the existence of measure-valued solutions to non-convex
evolutionary equations for which classical weak solutions do not, or are
not known to exist, for example the forward-backward heat equation in
[10], the non-monotone case of (1.1) in arbitrary spatial dimension in
[4], and the equations of three dimensional polyconvex elastodynamics
in [6]. The technique has also been recently used in [5] and [14] to study
systems with a combination of hyperbolic and dissipative character.

STATEMENT OF RESULTS

By time discretisation we show the existence of a classical weak
solution to (1.1), under various sets of assumptions and constitutive
relations ono, W, corresponding to physically appropristgess-strain
laws of elastic models: foihardening elastic responseorresponding
to assumptions (2.1)—(2.4), ftwngitudinal motionsunder assumptions
(3.1)—(3.5) and finally forshearing motions with softening response
under assumptions (3.20)—(3.23). In the first case we prove:

THEOREM 1.1 (Weak solutions for 1-d elastodynamics with harden-
ing response). -Assume thatu, vo) € L (R)? are periodic with period
IT, of zero mean, and that € C3(R) satisfieg2.1)—(2.4) Then there ex-
ists a sequenceu”, v") obtained uniquely via time discretisatiqt.2)
and there is(u, v) € L>(R?)?, (periodic in space), such that subsequen-
tially (u”,v") — (u,v) a.e. and inL?, forall 1< p < oo, ash — 0.
Furtheremore(u, v) satisfieq1.1) and the entropy inequalities

O, v) +0,qg(u,v) <0 inD, 1.4)

for all entropy pairsn, g with n convex. The initial data are attained in
H 1(R)?, ast — O*.

The method of proof consists first of solving variationally the discre-
tised equations id.”. We show that the iterates satisfy discretised entropy
inequalites for all convex entropies and, using a class of exponentially
growing entropies constructed by Dafermos [3], we strengthen the esti-
mates to uniform ones ih*>. Then this allows application of the theorem
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of DiPerna which yields a classical weak solution. Although the theory
of approximate solutions of DiPerna applies to general systems of two
conservation laws;; + f(z), = O (i.e. the vector components g¢f need
not be potential gradients), the variational approach to time discretisation
adopted here requires additionally that the system possess a variational
structure. The proof of Theorem 1.1 is the content of Section 2.
Subsequently we generalise this result in Section 3.1 to longitudinal
motions for certain stress-strain laws and then in Section 3.2 to shearing
motions with softening elastic response. Regarding longitudinal motions,
recall that a particular requirement in elasticity theory is that the energy
blows up as the deformation gradient loses invertibility which here
corresponds ta — 0. To obtain estimates in this case we show that the
entropy construction of Dafermos [3] can be generalised to incorporate
such singularities and then show that the same conclusion as in Theorem
1.1is valid. The precise statements in this case appear in Lemma 3.2 and
Theorem 3.1 which we here summarise:

(Weak solutions for longitudinal motiong)nder the hypothes€8.1)—
(3.5), there exist convex entropies, defined only on the half line,
exponentially growing at zero and infinity, and by time discretisation
there exists a classical weak solution(thl) and the conclusions of
Theoreml.1hold.

In the last Section 3.2 we outline the extension to the case of shearing
motions with softening elastic response.

In closing we note that (1.1) is Hamiltonian; in fact, letX,Y) =
(X, JY),2 be atwo-form on the spade, v) e H = H* @ L? and

= (5 o)

so thatw is a symplectic structure. Letting

2
H(y,v) = /(W(m + "3) dx,
R

then

dH(X) = 0(En. X) = / (=0 (n)x X1+ vX2) dx
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for any vector fieldX = (X1, X»), whereéy = (v,0(y.),). In fact,
considering

J:DH)=L°®dH'CcH'®L°=H*>H

we havety = JdH, asd H € H*. It would be of interest to determine if
the Hamiltonian structure affects the convergence of the present scheme.

2. WEAK SOLUTIONS FOR HARDENING RESPONSE

Assumptions. In this section it is assumed that the functiene
C3(R) satisfies:

oc'u)>2y >0 VuekR, (2.1)
uo”(u) >0 Vu#0. (2.2)

The latter implies genuine nonlinearity of the conservation lavufgrO.

The model (1.1) with the stress-strain law (2.1)—(2.2) describes shearing
motions of elastic materials with hardening response. It is also assumed
that the strain energy functioW (1), such thatW’ = o, satisfiesW e

C*R; R*) and the growth restrictions

(cxlul” — c2) " < W(u) < Calul” + Ca, (2.3)
lo )| + |ullo’ ()] < C3+ Calul? ™, (2.4)
for some positive constants, C; andp > 2.

Notation. Throughout this article we use the following spaces of
functions: for 1< p < oo denote byL? the Lebesgue space of real
valued, measurableth-integrable functions oR which arelT-periodic
satisfyingu(x + IT) = u(x) almost everywhere, and @aéro mean, i.e.,

I

/u(x) dx =0.

0

For p = oo the space.* is the space of essentially bounded functions
of zero mean which satisfy(x + IT) = u(x) almost everywhere. We
denote byWw'” the space of absolutely continuofsperiodic functions

of zero mean whose almost everywhere derivative lies i, and
w-Lr' = (Wtr)y. Below we denote byH! the spaceW'2. Finally,

0 =R* x R and the space&.”(Q), WH?(Q) are the corresponding
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spaces of functions af, x) which are periodic and of zero mean in the
x variable only.

The first and second difference operatér$? are linear operators
acting on sequencese [*(Z"; X), X any vector space, given by

Gy =y =yt () =y — 2Ty (2.5)
The parentheses will be omitted henceforth.

2.1. The discretisation and iteration

We now develop the regularisation (1.2) introduced in the introduction
and solve it variationally. We work with the equivalent second order
equation

Ver — (U()’x))x =0 (t,x)e0. (2.6)

If u =y, andv = y, this reduces to the system (1.1). Note that starting
with IT-periodic data and by subtracting a rigid motiBKy) = agt + bg
with ag, by constants we may assume that the initial data of (2.6)

y0) =y and y(0) =

are IT-periodic and of zero mean. In accordance, the déba= uy and
v(0) = vg of (1.1) are also taken to b@-periodic and of zero mean.

The time discretisation method amounts to replacing (2.6) by the
discrete dynamical system

yh,j _ 2yh,j—l + yh,j—2
h2

= (o (V1)) (2.7)

Fix a time stepz > 0; assuming the iterateé-* are known fork < j then
y"J/ is obtained as the solution to the minimisation problem

L[] = }Tg} I, [yl

) (y o 2yh,j—l + yh,j—2)2
_ W, dx. (2.8
5‘2}51]!( 00+ o x. (28)

We show for eactk > O the existence of a sequenge= {y"/}%:
7+ — WL, solutions of (2.7). We derive the basic properties of the
iterates, and make use of suitably growing entropy pairs to oldt&in
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bounds, uniformly im. It is convenient to define

1

hj _ hij— . '
A and u" =y, (2.9)

h

o =

in terms of which and (2.5), (2.7) may be written as

svhd §2yhd :
=7 =o (), (2.10)

The initial values ("9, y*»~1) € Wt> x L™ are determined from
(u(0), v(0)) as follows: letyy be the periodic function of zero mean such
that (yo), = #(0) and set

YO=yo, Y=y — v (0).
This ensures that for all > 0

"0l o+ 0" e = 152 + 10" e S M <00, (212)
whereM = [[u(0) ||z + [[v(0) || L=.

2.2. Existence of the iterates

Let y"7=2, y"i-1 be assumed to be given. By assumptions (2.1)—(2.4)
the functional

-2 h,j—1 h,j—2\2
(y—2y +y"I7e) >dx (2.12)

I1
vl = | (W(yx>+ -
0

is strictly convex, co-ercive, and weakly lower semicontinuousior?

so that its infimum there is attained atumique minimum y”-/. By

the growth (2.4) and regularity assumptions Wit follows by direct
computation that the functional — I[y] is Gateaux differentiable on
WP so that the minimiser satisfies the Euler—Lagrange equation which
in integral form implies

17 . . .

. hj _ oyh.i=1 h,j—2
/(U )+ Y Y +y ;) dx =0, (2.13)
0
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for all ¢ € Wt? (where the boundary terms vanish by the periodic
conditions ony™/, ¢). In view of this it follows that (2.7) holds if ~7".
This implies further regularity properties of the iterates as follows.

To start with y*1 lies in W1? by construction and so foj > 1 we
may assume that-/—2, y"/~1 poth lie in L?. Express (2.7) as"/ — a
=o(y."), wherea e L?. Since y"/ € W7, the growth condition
(2.4) and Poincare’s inequality imply that(y"/) € W and hence
is continuous. Sincer~! exists and is globally Lipschitz and? by
(2.2), it follows thaty™/ = o=Y(o (y"/)) is itself in C° N WP, This
implies thaty”/ € W?? and in turn that(u™?!, v"1) € Wtr @ wtr,
(u"7 v"7y e WP @ W27 for all j > 2 and the Euler—Lagrange equation
(2.13) holds a.e. These estimates depend and#: this situation will
be remedied in Section 2.3 where it is proved that the iter@ates, v"/)
satisfy L>° estimates uniformly ik, ;.

Remark (Constrained minimisation) As an alternative to the minimi-
sation process described above, the successive iterates can be generated
in turn as solutions to a constrained minimisation scheme, as appears in
the introduction. Thus if«"/~*, v»/~1) are known consider the problem

of minimising
_ oy j—1N2
/(W(u) + (””f)) dx (2.14)
in the space ofu, v) € L? @ L? such that the constraint equation holds

weakly,i.e.,for all ¢ € C* of zero mean and -periodic,

/(W%Mdﬂrmpx) dx =0. (2.15)

Consider (u',v') a minimising sequence: by co-ercivity we may
assume boundedness IiY @ L? and so there exists a subsequence,
also labelled agu’, v'), converging weakly tau,v) € L? @ L?. The
condition (2.15) is closed and the functional (2.14) is weakly lower
semi-continuous under weak convergence in the spdee L”, so the
minimum value is attained &, v). Now let(iz, v) be smooth and related
by

U=hv,;

then we know that

/ (o) + (v — "I ~Y)5) dx =0, (2.16)
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and so
. _ o hj-1
/ (o(u)x — %)T)dx =0 (2.17)

for all smooth v. Combined with (2.15) this shows thdi, v) =
(u"7,v"7). This observation is used in extending the scheme to higher
dimensional problems involving polyconvex energy integrands as in [6]
for three dimensional elastodynamics.

2.3. Uniform estimates for the iterates

In this section entropy pairs are used to obtain unifatd bounds
for the iterates whose existence was just proved. An entropy pair for the
system (1.1) is a pair of function(g, ¢) which are classical solutions of
the system fofu, v) € R?

qu(u,v) + 0/(’/‘)7711(14’ v) =0,
(2.18)

QU(Ms v) + nu(u, v) = O.

If the entropyn is convex (respectively strictly convex), ¢) will be
said to be a convex (respectively strictly convex) entropy pair. An entropy
n = n(u, v) satisfies the equation:

Nuu — Ul(u)nvv =0. (219)

It is straightforward to check that ifu, v) is a smooth solution of the
system (1.1) theiw, ¢) = (n(u, v), q(u, v)) satisfies

On(u, v) + dxq(u, v) =0.

An example of a strictly convex entropy pair is provided by

E(u,v)= W)+ %vz, F(u,v) =—vo (1), (2.20)

wherekE is the energy density anél the power produced by the contact
forces. Now given an entropy pdin, ¢) define, momentarily supressing
the dependence an

nj:n(uj,vj), qj:q(uj,vj). (2.21)



720 S. DEMOULINI ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 711-731

LEMMA 2.1 (Discrete entropy inequalities). ket (1, g) be a convex
entropy pair and assume the sequenges v/) lie in Wt7 forall j > 1
and satisfy(1.2) with initial data satisfying(2.11) Then pointwise a.e.,

1 . . )

~(n) =07 +4] <0 (2.22)
and consequently,

sup [ n'dx < /nodx. (2.23)

j>0

Furthermore there exists a positive numlset c(y) such that

> |[8ul ([, + ||8v7 |72 < cE (u(0), v(0)), (2.24)
j=0

and there exist3/ = M (M) > O (independent of) such that

sup([|u[[ Lo + [0/ ]| ) < M. (2.25)

izl

(Here and henceforth we often write for pajrs v) € W7 instead of
(u,v) e Wt @ wtr))

Proof. —Introduce the notatiore/ = (u/, v/) so that (1.2) may be
written as

%w‘ — (f(2)).. (2.26)

where f(z) = f(u,v) = (v, o (u)), and as explained above this equation
holds pointwise a.e. The defining relations for an entropy pair become

qu == _VZT] . sz. (2.27)

The proof depends upon the following calculation: setting, (forr) €
[0, 1]2

2 =724 5(2 -2,

Z =2 s+l -9) (2 -2,

S

then
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1
n’ — n"‘l=/Vzn(Z§)5Z"' ds
0

1
— Vn(2/) 620 — / (Van(2)) — Van(20)) 827 ds.  (2.28)
0
Sincej > 1 we have(u/, v/) e WL?, by the chain rule, (2.26) and (2.27)
we have the identity, valid pointwise a.e.,

V(@) 57 = V(@) (£ (1)), = ~a:2] = ~a!.

Now apply the fundamental theorem of calculus again, to deduce

11

o (0 — ') gl =—h / / (1—5)(82') V2 (2] ,) 82/ dsdr. (2.29)
00

Let (n, ¢) be a convex entropy pair, then (2.29) implies (2.22) immedi-
ately. Integration of (2.22) gives (2.23), while the strict convexity of the
entropyE, (which holds since’ > y), gives (2.24). O

Next we will apply (2.23) to the entropy pairs described in the
following lemma, a generalisation of which is given in Lemma 3.2.

LEMMA 2.2 (Dafermos, [3]). —Assume thair € C?(R) satisfies
(2.1)—(2.2) Then for allk > 0 the functiory; onR? defined by
e (u, v) = Yy (u) coshkv,

where
Y/ () =k*o' )Y, (w), Yi(0)=1, Y/(0)=0,
is a positive, strictly convex entropy which satisfies

u

coshkv) coshtk /yu) < ni(u,v) < cosk(kv)exp[k /
0

Vo'

|

Substituting these entropies into (2.23) gives
7

/cost‘(kv/) cosh(k/yu’) dx

0
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\:

n
< n‘,idx / ,?dx
0

Jj

0

n
/cost'(kv exp[
0

< e eMelez,

wherec, = ¢2(M). Therefore

|

1/k

(/ cosh(kv’) cosh(k./yu’) dx) < ceMe?
0

independent of, thek — +o0o limit of which gives (2.25).
2.4. Proof of Theorem 1.1.

The strategy is to construct interpolates from the iterates and then show
that the Young measure which they generate is a Dirac measure (whose
centre of mass is the desired weak solution). This crucial final step is
carried out by the following lemma of DiPerna:

LEMMA 2.3 (DiPerna, [7]). et (u", v") € L>*(Q) and suppose that
for all convex entropy pair$n, ¢) the quantities

atn(uh, vh) + 8xq(uh, vh) (2.30)

are precompact inH,(Q). Then there exists a subsequerige— 0
along which (x", v") converges to a pair(u, v) € L>(Q), almost
everywhere and i.; . for all p < oco.

As in the case of the scalar law in [18], the proof hinges on the div-curl
lemma to show that the Young measurgenerated byu", v) satisfies
Tartar's [18] commutation relation

<V, mqa — 772611> = <U, 771><V, 612> - <V, 772><V, 611)

for all entropy pairs. It was conjectured by Tartar that these relations
should be effective in proving that the weak limit is in fact a weak solution
of the conservation law, and in [18] this was proved to be so for scalar
conservation laws. In the present case of the system (1.1) the reduction



S. DEMOULINI ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 711-731 723

of the measure was effected in [7] when (1.1) is genuinely nonlinear or
wheno has one inflection point. The proof is based on a detailed analysis
of the above commutation relation for a class of entropies constructed in
[11].

Next we construct time-continuous, piecewise linear interpol#tes
out of the iterateZ’/ weakly converging te, and then show that the
Young measure generated by " is a Dirac measure supported nrthe
classical weak solution to (1.1). We define,

1—h(j-=D

S PRI

j=1

("7 — zh»fl)), (2.31)

where x"/ is the characteristic function of the intervd} := [(j —
Dh, jh). Compute for(z, x) € J; x [0, IT]

h, j

6z
at’?(zh) + 0vq (Zh) = VZU(Zh) 29 (Zh)axzh

which by (2.26) and (2.27) is equal to
=V (2", f(Z")8, 2" + V.q(2")8,.2"

- (Vzn(zh) - Vzn(Zh*j))Sz_M

+0:(¢(2") —q(2")).
Apply the fundamental theorem of calculus and rewrite this as

an(Z") +0.q(2") =1} + 17,
where

17 =" x" ()t - hj)

j=1

/VZ ( i 4 a=hp,, )dr (62’1’/’ 62’1’/)’
h h h

Iy =9, (Z K" (q(2") - CI(Z’”)))

j=1

The first term is bounded ih'(Q) independently of:, while the second
term converges to 0 i ~1(Q) ash — 0 by (2.24) and the fact that
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g is globally Lipshitz on the range dictated by (2.24). Also it is clear
from (2.24) that the left hand side is bounded#it->(Q). Now by the
lemma of Murat [13] (see also [18]) this implies ttay(Z") + 3,.q(Z")

is precompact ir,,}(Q) and so DiPerna’s lemma implies the existence
of a subsequenck, — 0 along whichZ» generates a Young measure
which is Dirac and the sequence converges almost everywhere. The limit
z = (u, v) of this subsequence is a weak solution of (1.1): to see this
apply the entropy calculation just given to the cagés v) =« andv in
which 1! =0 and 4 — 0 in H,,}. Furthermore, this weak solution will
satisfy the entropy inequalities (1.4) becagse hj)x"/(t) € (—h, 0] so

that forn convexI! < 0 while again/y — 0. This completes the proof

of Theorem 1.1.

3. OTHER MODELS

Time-step discretisation can be used to construct entropy weak solu-
tions for other models of one-dimensional elastic response, always based
on (1.1). Recall that under hypotheses (2.1)—(2.4) the system (1.1) de-
scribes one-dimensional shearing motions for elastic materials with hard-
ening response and that in this contexdescribes the shear strain and
the velocity in the direction of shearing. In this section we explain how to
generalise the results above to two other types of constitutive relations.

3.1. Longitudinal elastic motions

The same system (1.1) describkmgitudinal motionsof a one-
dimensional elastic rod, with the velocityandu thelongitudinal strain.
For this model to be meaningful must be stricly positive. Typically
for solids there is a constamfy > 0 such thats” (1) > 0 for u > uq,
and o” () < 0 for u < ug, manifesting respectively theensile and
compressiveesponse of the material.

We obtain for this model the same result as in Theorem 1.1 under
a modified set of assumptions en To achieve this it is necessary to
generalise the entropy construction of Dafermos to produce entropies
which blow up at a known (exponential) rate bothias> co and as
u — 0T, The previous assumptions (2.1)—(2.4)coare now replaced by

(2.3)—(2.4) hold fom > 0, (3.1)
o € C3((0, 00); R), (3.2)
oc'uy>y >0 Vu>0, (3.3)
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o"(u) >0 if u>ugp,
(3.4)
o"(u) <0 if0<u<up,

o(u) — —oo asu — 0 in such a way that

ug - |((6/)—1/4)//| (35)
/\/ CT/(S) ds = +o00 and lim SUDW < Q.
u—07t o
0
Notice that the last assumption holdsrit= —u~* for somep > 1 on an
interval (0, §] in which case

W(u) — +oo asu — 0.

THEOREM 3.1 (Weak solutions for longitudinal motions). Under
the hypothese@.1)—(3.5) the conclusions of Theoreil hold.

For W, o satisfying (3.2)—(3.5) the minimiser exists and has been
shown to beC?! on its domain, to satisfy the Euler-Lagrange equation
and the constrainy, > 0, see [1, Theorems 1 and 2] and references
therein. Thus we conclude as in Section 2.2 tffat ¢ W37, The proof
of Theorem 3.1 is carried out in the same way as that of Theorem 1.1,
except that we need to obtaimiform estimates of the form

minu/"(x) > 6 >0 (3.6)
xeR

in addition to theL* estimates. This is done by a construction of
entropies analogous to that of Dafermos (see Lemma 2.2 and [3]) for
o satisfying (3.1)—(3.5). Define

u

a(u) =+/o'(u), A(u) = /a(s) ds (3.7)
uo
then the assumptions (3.4)—(3.5) translate to
a'(u)>0 foru> uo, (3.8)
a'(u) <0 forO<u < uo, (3.9

A(O):—/a(s) ds = —0o0, (3.10)
0
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—1/2\n
Iimsup% < oo, (3.11)
u—0t a

Note that ifa(u) = u=f for somep > 1 whenu is small compared to 1
then (3.10)—(3.11) are satisfied.

LEMMA 3.2 (Construction of convex entropies defined only on the
half line). — For k > 0 the functions

Mk (u, v) = Yy (u) coshkv), (3.12)

whereY; is the solution of the initial value problem

Y () = k2a®(u) Yy (),
Y (o) = 1, (3.13)

Y (uo) =0,

are strictly convex entropies. Moreovey, satisfy the following bounds:

coshlk/y (u — ug)) coshikv) < ni(u, v) < 4™ coshikv)
foru > ug, v eR, (3.14)
ne(u, v) < e @ coshkv) foru <ug,veR, (3.15)

and for anys > O there is akq(¢) such that ifk > kg

1/2
(cil((b;o))) cosh((k — &) A(u)) coshkv) < i (u, v)

foru <ug, veR. (3.16)

Given this lemma, we obtain the bound (3.6) as well adtttebounds
as an immediate consequence of the non-increase of integrals of convex
entropies:

/nk(uj,vj)dx g/n(uo, vo) dx.

Indeed this implies, as in the proof of (2.24), a unifofift estimate for
eA®l which gives (3.6). The proof of Theorem 3.1 is completed in a way
identical to that of Theorem 1.1.

Proof of Lemma 3.2. Fhe proof follows [3] except for estimate (3.16).
Let Y, be the solution of (3.13) and lej; be defined as in (3.12).
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A direct calculation shows that strict convexity pfis equivalent to the
inequalities

Y, (u) >0, 3.17)
—ka)Yy(u) <Y (u) < ka(u)Y;(u) (3.18)

for 0 < u < o0. Clearly solutionsy, of (3.13) satisfy (3.17). Also, setting
Xk =kaY, — Y] then

Xi + kayy =ka'Yy
which is positive fox > ug and negative for & u < ug, and
Xk (uo) = ka(uo) > 0.

Thereforey, > 0 for 0 < u < oo. The remaining part of (3.18) follows
similarly.

The right side inequalities in (3.14)—(3.15) follow by integrating
(3.18). Also by (3.3) and (3.13),

Y/ > kKy Y,
with Y (uo) = 1 andY; (uo) = 0, whence
Yi(u) = cosh(k./y (u — ug)).
To conclude we show (3.16). The change of variables
Ye) =a@)?F(p), p=Aw)

transforms (3.13) to

Fp,,—(kz—q(p))F(p):O for p e R,
F(0) = a(ug)*?, (3.19)
F,(0) =0,

where

(a—1/2)// B
9(p) = 55— 0 A" (p).

By (3.2) ¢ is a continuous function and by (3.11) is uniformly bounded,
lg(p)| < M for p € (—o0,0]. Also, by (3.10), the range of interest
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u € (0, ug] is mapped ontg € (—oo, 0]. Fix ¢ > 0. The function
f(p) = a(uo)*’*cosh((k — &) p)
satisfies fork > “22*—8’”) the differential inequality

for = (2 —=q(p)) f = a(uo)*'?(—2ke + & + q(p)) coshtk — ) p < 0.
As a result,

(f=F)pp— (K —q(p)(f —F)<0 forpeR,
(f =F)O =(f, — F,)(0)=0.
We conclude that
f—F <0 on(—oco,0)

which, once transformed to the original variables, implies (3.16).

3.2. Shearing models with softening behaviour

Consider now the system (1.1) for a stress-strain constitutive relation
satisfying, forsome & y < I' < 400,

o e C3R), (3.20)
+oo>I>0'(u)>y >0 VueR, (3.21)
o"u)#0 VueR, (3.22)
", 0" € LN L®R). (3.23)

If in addition ¢”(1) > 0 Vu € R then this law describes hardening
response foru > 0 and softening response far < 0. In [17] the
convergence of viscosity approximations of (1.1) is obtained for such a
model. (In fact this work applies to a somewhat larger class of constitutive
laws; see also [16] for a model with stress-strain relation having one
inflection point.)

We briefly describe the steps required to construct a weak solution
via time-step discretisation. The construction of the iterates is done in
exactly the same way: the problem (2.8) is solved in energy norm, which
is L? x L? under (3.20)—(3.23). Furthermore, energy non-increase (as
in (2.22)—(2.23)) implies that the iteratés/, v/) are bounded in this
norm uniformly in j. Let (u", v") be the continuous piecewise linear
interpolates given by (2.31). Under the present hypotheses dnis
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no longer possible to obtaih™ estimates for(u", v"). This situation

is remedied in the following way. In [17] two classes of entropies, with
growth controlled by the wave speeds at infinity, are constructed and used
to show that the support of the (generalised) Young measure is a point
mass. Under the assumption (3.21) of uniform boundedness of the wave
speeds, it suffices to establish that

an (", v") + ,q (", V")
€ a precompact subset H,,X([0, [T] x [0, T]),  (3.24)
for all entropy pairs with

s Qs N> N> > Nuw @NAN,, € L(R?). (3.25)

The same steps as in Section 3 provide (3.24) for entropy peip)

with growth as in (3.25). This class contains enough entropies to allow
the reduction of the generalised Young measure to a point mass and hence
to show the existence of a subsequehgce> 0 along which

(", ") — (u,v) ae.andinl) Vp<2. (3.26)

The limit (u, v) is a weak solution of (1.1).

Since the convergence is ity,., with p < 2, we can only show that
the solution(u, v) satisfies a weak form of energy dissipation. Note that
by (2.22)—(2.23)

I7 I
/E(uh, vy dx < /E(uo(x), vo(x)) dx,
0 0
whereE (i, v) = W(u) + ”—22 and thus by Fatou’s lemma

m ol
/E(u(x,t), v(x, 1)) dx < /E(uo(x), vo(x)) dx, (3.27)
0 0

for all > 0. On the other hand it is easily seen, also from (2.22)—(2.23),
that

9, v) +0,q(u,v) <0 inD (3.28)

for any convex entropy pait;, ¢g) with subquadratic growth as|, |v| —
+00.
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