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Large deviation asymptotics for Anosov flows
by

Simon WADDINGTON

SFB 170, Mathematisches Institut, Bunsenstr. 3-5,
37073 Gottingen, Germany.

ABSTRACT. — We derive precise asymptotic formulae for large deviation
probabilities for suspensions of subshifts of finite type. As a corollary, we
give a stronger version of the Central Limit Theorem. We apply our results
to transitive Anosov flows, giving a result describing fluctuations in the
volume of Bowen balls and an asymptotic large deviation formula of a
homological nature involving Schwartzmann’s winding cycle.

0. INTRODUCTION

Let M be a compact C° Riemannian manifold and let ¢, : M — M be a
C' flow. Let m be a fully supported, ¢-invariant, ergodic Borel probability
measure. According to Birkhoff’s Ergodic Theorem, for any real-valued
F € LL (M),

1 T
T/ F((]Sty)dt—»/de as T — oo
0

for m almost all y € M. We shall be interested in studying the large
deviations from this limit.
According to Ellis [E], such a process is said to satisfy the large deviation
property if there exists a function I : R — [0,00], called an entropy
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446 S. WADDINGTON

function, such that

(@) I is lower semicontinuous on R,
(b) I has compact level sets,

T—00

: 1 e :
(c) hmsupTlogm{y EM: T/o F(¢wy)dt € K}S —;gf{[(a)

for each non-empty closed subset K of R, and

o1 i :
(d) thllo%fflogm{yEM'T/o F(qﬁty)dteG}Z ——;ggl(a)

for each non-empty open subset G of R.

(If properties (a)-(d) are satisfied then the entropy function is uniquely
determined).

The Large Deviation Property has been studied extensively in hyperbolic
dynamics, both for flows and diffeomorphisms. (See for example [D], [Ki]
and [Y], which also contain many further references). We shall be concerned
with the case that ¢ is a transitive Anosov flow. We will show that, under
certain conditions on ¢, m and F', the entropy function satisfies higher
regularity properties, (in fact it is real analytic) and statements (c) and (d)
can be replaced by a much stronger asymptotic formula. These results for
flows extend earlier results of Lalley for diffeomorphisms [Lal]. Our main
theorem also yields medium deviation results, such as the Central Limit
Theorem of [Ra].

Using work of Bowen, we can reduce large deviation problems for
Anosov flows to the level of symbolic dynamics. The asymptotic formulae
we obtain are essentially based on a careful description of the spectrum
of the Ruelle operator, [Rul]. We introduce a new complex function in
dynamics, which is the Laplace transform of the moment generating function
of the process {F' o ¢ }+>0, with stationary probability m. Using the now
well established ‘zeta function’ technique in dynamics, (see [PP], [Po2},
etc.), information on the spectrum of the Ruelle operator is used to analyse
the analytic domain of this complex function, and the asymptotic formulae
are deduced by applying an appropriate Tauberian theorem.

We use our results to study fluctuations in the volume of Bowen
balls and give a large deviation result of a homological nature involving
Schwartzmann’s winding cycle.

In section nine, we state a more general multidimensional large deviation
result which can be proved by the same method.
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LARGE DEVIATION ASYMPTOTICS FOR ANOSOV FLOWS 447
1. PRESSURE AND THE RUELLE OPERATOR

Throughout this section, we let A be a k x k, zero-one aperiodic matrix,
and we define

Th= {:1: € H{l,...,d} : A(Tp, Tpy1) =1 forall n > O}.

n=0

For any a € (0,1), we can define a metric d* on I} by d¥(z,y) = o,
where n is the largest positive integer for which z; = y;, for 0 < ¢ < n.
With respect to this metric, ¥} is a compact space. The continuous map
o : Xt — X1 given by (0x), = T, is called a (one-sided) subshift of
finite type. In fact, o is a bounded-to-one, local homeomorphism.

For g € C(X};C), define

varn(g) = sup{lg(e) — g(y)| : & = 9 for 0 <i < n},

and for any 0 < a < 1, define a norm |.|, by

o= {0 50}
an
The space F,(C) defined by
FHC)={g € C(Z};C) : |g|la < 00}

is a Banach space when endowed with the norm |[|g]la = [9]a + ||9]lcos
where ||.|[oc is the uniform norm. Let F}(R) denote the subspace
C(Z1;R) N FH(C) of FF(C).

Two functions f, g € F(C) are said to be cohomologous (written f ~ g)
if there exists a continuous function w such that f = g+ woo — w. A
function f is called a coboundary if it is cohomologous to the function
which is identically zero. Given g € C(X1;R), we define a real number
P(g), called the pressure of g by

P(g) :sup{h(v)—l— / gdv : v is a o-invariant Borel probability measure},

where h(v) is the entropy of o with respect to the measure v. When
g € F}(R), the supremum is attained by a unique measure p = p,, (i.e.
P(g9) = h(p) + [ gdp) called the equilibrium state or Gibbs state of g.
(See [B2], page 31). If f,g € F}(R) are functions such that f — g is
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448 S. WADDINGTON

cohomologous to a constant function, then f, g have the same equilibrium
state.

For f € F}(C), we define the Ruelle operator L; : F+(C) — F(C) by
(Lrg)(@) = Y efWg(y),

ocy=zx

where the summation is over the finite set {y € X1 : oy = z}. The

properties of the Ruelle operator which we shall require are summarised
in Propositions 1 and 2.

ProposiTION 1 ([Rul] parts (i)-(iii), [Pol] part (iv)). — Let f = u+ v €
F¥(C) be given.

(i) There is a unique simple positive maximal eigenvalue e*™) of L., with
corresponding strictly positive eigenfunction h = h,, € F.} (R). Further, the
remainder of the spectrum of L, : F(C) — F(C) is contained in a disc
of radius strictly less than eF(),

(ii) There is a unique probability measure v = v, such that Liv, =
eFWy,.

(iii) efc,yf;; — hy [ kdv, as n — oo exponentially fast, uniformly for all
k € Fx(C), and furthermore, [ h,dv, = 1.

(iv) p(Ly) < eP™ and for 0 < a < 2, €™ s an eigenvalue of L;
iffandonlyif v—a+woo—w e C(X};2rZ), for some w € C(T};C).
If Ly has no eigenvalues of modulus e¥'™) then p(Lf) < 2™,

For u € F}(R), the equilibrium state y1,, and the measure v, given by
Proposition 1 are related by the formula

dp,
v 1.1
du, fru (1.1)

where L,h, = eF®h,, and h, € FI(R).
Let LY (R) denote the set

{f € FX(R) : f + ¢ is cohomologous to a function in C(X};272)
for some ¢ € [0,27)}.

Let L}(C) denote the set {f € FF(C): Imf € LY(R)}.
We also define a set I} (R) by

IIR) = FIR)\ L} (R),
and similarly, let

IJ(€) = {f € F}(C) : Imf € IJ(R)}.
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Note that there is a natural inclusion F,J(R) C L} (C).
We can extend the definition of pressure to LT (C) by

P(g) = P(u)+c¢

whenever g € LY (C), g = u + v, u € FF(R) and v is cohomologous
to 2rM + ¢ for some M € C(X%;Z) and c € [0,2r). Similarly, we can
define hy = h, and v, = v,.

For each g € LT (C), there exists an open neighbourhood of ¢ in F.} (C),
denoted by N(g), such that the maps g — ¢F¥) and g — h, have analytic
extensions to N(g), such that £;h = ePY)h; holds for all f € N(g).

We define P(f) to be the principal branch of log(ef(f)), for each
f € N(g). Also the map LT (C) — M(X}) defined by g — v, can be
extended to a weak-*-analytic map on a neighbourhood of L} (C) in F(C)
by f — vs such that Ljvy = PPy and [hydvs = 1 hold for all f in
this neighbourhood. (Weak- *-analytic means that for each v € F}(C), the
map N(g) — C given by f — [wvdv; is analytic).

The following proposition is a reformulation of Corollary 1 and
Proposition 4 in [Lal], or alternatively Propositions 5-7 in Appendix 1
of [La2].

PROPOSITION 2. — Let g € LT (C) and let B C F}(C) be compact.
(i) Let K1 C N(g) be compact. Then there exists 61 > 0 such that

(14 6)"

— 0 asn— oo,

(a3

Lk

uniformly for f € K, and k € B.
(ii) Let Ky C I} (C) be compact. Then there exists 63 > 0 such that

<75,

(1+65) enP(Ref)

— 0 asn— oo,

uniformly for f € Ky and k € B.

We now define the notion of o-independence.

DerINITION 1. — Two functions fi, fo € FS(R) are said to be o-
independent if whenever there are constants ¢, t3 € R such that ¢; f; + 5 fo
is cohomologous to an element of C(X};27Z) then t; = 0 = t,.
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450 S. WADDINGTON
2. SUSPENDED FLOWS

As in section 1, we assume that A is a d x d aperiodic matrix with
entries O or 1, and we define

Ya= {:n € H{l,...,d} tA(Zp, Tpg1) =1 forall n € Z}.

For this space, we define a metric d, (for a given 0 < a < 1), by
d(z,y) = ", where n is the largest positive integer for which z; = y;, for
—n < 1 < n. The homeomorphism ¢ : ¥ 4 — ¥ 4 defined by (0Z)n = Tny1
is called the (two-sided) subshift of finite type.

We shall denote the real and complex Banach spaces of Holder continuous
functions by 7, (R) and F,(C) respectively, which are defined analogously
to those for the one-sided shift. We can also define pressure and equilibrium
states for functions in C(X 4;R) in complete analogy with the one-sided
shift. We refer the reader to [PP] for further details.

Hoélder continuous functions defined on the one and two sided shift spaces
are related as follows. If f € F,(C), then there exist g,w € F,1/2(C) such
that f = g+ w —woo and g(z) = g(y) whenever z; = y; for i > 0, (so
that we may regard g as an element of 1, ,(C)).

For a strictly positive function r € F,(R), we define a new space by

Yi={(z,t) eTaxR: 0t <r(z)}/ ~,

where the equivalence relation ~ identifies the points (z, r(z)) and (oz, 0),
for each z € Y 4. The space X7, inherits the product topology from
Y4 and R. We define the suspended flow " : ¥, — ¥, locally, by
oy(z,s) = (z,s +t), taking into account the identifications.

The flow " : ¥ — X7 is called topologically weak mixing if there is
no non-trivial solution to F o o] = e**F with F € C(X7,) and a > 0.
The case that 0" is not topologically weak mixing reduces to studying
the technically much easier case the the shift map o. Large deviations for
subshifts of finite type were considered in [Lal], so we will not make
further reference to them here.

For F' € C(X7;C) or C(X4;R), let F2(C) and F7(R) denote the
respective spaces of functions which are Lipschitz continuous. Define
f € C(24;C) by

(=)
@) = / F(x, t)dt.
0
Note that if F' € F/(C) then f € F,(C).
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We now define the notions of pressure and equilibrium states for flows.
For F € C(X7%;R), define the pressure P(F') of F by

P(F)

=sup{h(m)+ / Fdm : m is a ¢" invariant Borel probability measure},

(where h(m) is the entropy of o] : X} — 2;’1 with respect to
m). If F € F-(R), there is a unique measure m = mp such that
P(F) = h(m) + [ Fdm, and this measure is called the equilibrium

state of F'. Such a measure takes the form m = Xdl , where p is
n

the unique equilibrium state of f — P(F)r € Fo(R), (ie. 4 = prs_pryr)s
and [ is Lebesgue measure on R. More explicitly, this means that for any
H e Cc(Zy;0),

/ " H(z,t)dtdu(z)

/Hdm: 24 0
/rdu

Further, ¢ = P(F) is the unique real number such that P(f —cr) = 0, [BR].
A continuous function H € C(X7;C) is called continuously
differentiable with respect to o” if for each y € ¥7,,

‘m H(o}y) — H(y)
t—0 t

H'(y)=1

exists and is continuous. Two functions F, G € C(X7; C) are cohomologous
if there exists a continuously differentiable function H € C(X7;C) such
that F — G = H'. For functions F,G € F.(R), if F — G is cohomologous
to a constant function then F, G have the same equilibrium state.

For any F,G € F.(R), define a map 8 : R — R by B(t) =
P(G + tF) — P(G). It is not difficult to verify that 3 is real analytic.
Furthermore,

ﬂ/(t) = /deG+tF>

and
”(t) = 0mg+tp (F)7

o2, (F) )= lim —{/ Fooldt—T /de} < 00
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452 S. WADDINGTON

by [La2], section 5. Furthermore, o2,(F) = 0 if and only if F is
cohomologous to a constant function, and otherwise o2,(F) > 0.

We now assume that F' is not cohomologous to a constant. Then the map
t — ('(t) is strictly increasing. Let I'r be defined by

Tr={f(t):tcR}.

Then for each a € T'p, there exists a unique p(a) € R such that
B'(p(a)) = a. The function p : I'r — R is strictly increasing, surjective
and real analytic. We let v : I'r — R be defined by

~(a) = —sup{at — B(t) : t € R}.
Standard properties of the Legendre transform then give

ot = {20 e

By the Inverse Function Theorem,

, _ 1
@) = Zomy

Thus we have that
v (a) = B'(p(a))p'(a) — ap'(a) — p(a) = —p(a),

and in particular, 7'(a) = 0 if and only if @ = | Fdmg. Furthermore,
v"(a) = —p'(a) < 0 since p is strictly increasing. We conclude that
is a strictly concave, non-positive function with a unique maximum at
a = f F dmg.

Notational comments. — We shall adopt, wherever possible, the notational
conventions of [PP]. In particular, for g : ¥4 — C, we let

ney_ ) g@) +gloz) + g(o?z)+ ...+ g(e™tz) forn>1
g"(z) =
0 forn = 0.

We introduce an analogous notation for flows. For F' € C(X7; C), we define
T
F = [ Ferm
0

We now extend the ideas of independence in section one to suspended
flows. First we remark that there is an obvious analogue of o-independence
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LARGE DEVIATION ASYMPTOTICS FOR ANOSOV FLOWS 453

for functions in F,(R), in the sense of Definition 1. For suspended flows,
we define a notion of flow independence in Definition 2.
First let G € F7(R), and define a skew product flow SE on S x 7, by

S, y) = (27C+T W), g7 (y)).

DeriNITION 2 [La2]. — Given a suspended flow ¢” and a function
F € FI(R), F and o" are flow independent if the following condition
is satisfied. If tg,¢; € R are constants such that the skew product flow
SG . St x ¥, — S x X7, where G = to + t1F, is not topologically
ergodic, then ¢y = 0 = t;.

The following proposition contains some useful simple observations.

ProrosITION 3. — If F and o" are flow independent then the functions f
and r are o-independent, where f(z) = for(z) F(z,u)du. Further, if either
of these two conditions hold then the following two statements are true.

(i) The flow o" is topologically weak mixing.

(i1) The function F' is not cohomologous to a constant function.

3. STATEMENT OF RESULTS FOR SUSPENDED FLOWS

Let o : X7, — X7, be a suspended flow and let F' € F/(R). We suppose
throughout this section that F' and ¢" are flow independent. Fix G € F_(R)
and let m = mg denote the equilibrium state of G. Our main result for
large deviations for suspended flows is the following. ‘

THEOREM 1. — For every b > 0 and a € T'f,

m{y : FT(y) — Ta € [0,b]}

0 21" (p(a)) VT

as T — oc. The constant C(a) is given by (4.12). Furthermore, for any
compact set J C I'p, the convergence in (3.1) is uniform in J.

In the statement of Theorem 1, we have used the standard notation
A(t) ~ B(t) to mean

——= —1 ast— oo.

The proof of Theorem 1 will be given in section 5.
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454 S. WADDINGTON

Remarks 1. — (i) In the terminology of large deviations, the function
I:Tr — R given by I(a) = —v(a) is called the entropy function, [E],
[T1], and is therefore real analytic.

(ii) By the variational principal stated in section two, for any a € I'p,

v(a) = P(G + p(a)F) — P(G) — ap(a)
= h(mg+p(a)F) + / (G = P(G))dmgp(a)F-

(iii) In Theorem 1, we can replace the assumption that F,o" are flow
independent by the assumption that f,r are o-independent.

(iv) We can replace the interval [0, ] in the statement of Theorem 1 by
any compact interval K C R, to give

Ty(a)
m{y: FT(y) = Ta € K} ~ (/ e—P(a)tdt) C(a) €
K

V2" (p(a)) VT

as T'— oo. The convergence of uniform on compact subsets of I'p.

We now deduce some corollaries of Theorem 1.

COROLLARY 1. — For every b > 0 and a € T'p,
1
T logm{y : FT(y) —aT € [0,b]} — v(a) as T — <.

CoROLLARY 2. — If p(a) > O then

C(a) 1 eT(a)

pa) \2rB"(p(a)) VT

m{y: F7(y) > Ta} ~

as T — oo.

The proof of Corollary 2 will be given in section 6.

We can now formulate a result which more closely parallels the notation
used in the introduction.

CoROLLARY 3. — Let J C R be a closed interval which does not contain
the point | Fdm. Let a € T be the unique point for which

I(a) = inf I(b).

beJ
Then
 FT(y) _ Cla) 1 e~ TI)
m{y' T GJ} p(a) /218" (p(a)) VT

as T — oc.
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The following corollary extends part of Theorem 2 in [Lal] for subshifts
of finite type.

COROLLARY 4. — For any c € Rand b > 0,

m{y : FT(y)—T/de—C\/T € [O,b]} \/2__7:;_,;((%_\/1_ as T — oo.

Proof. — From section two, we have that

7</de) =0=7’(/de>,
S

By the real analycity of -,

(e ) UE5 o)
+

2 1

T3/2
0 1
“267(0) T (’T_?’/'f)

By making the simple observation that
m{y : FT(y) — T/de —/Te [O,b]}

= m{y : FT(y) —T(/de+ ——\%) € [O,b]},

we can apply Theorem 1 to deduce the result. (This uses the uniformity
on compact subsets of I'r). >

The Central Limit Theorem now follows easily from Corollary 4.

CoroLLARY 5 (Central Limit Theorem). [Ra], [DP]. — For every ¢ € R,

m{y: FT(yy—T [ Fdm

1 /c 1.2
<ecp — —— e 2% du as T — oo.
VB (0OVT - } V21 J_o
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Remarks 2. — (i) It will be interesting to see whether it is possible to
estimate the rate of convergence in the Central Limit Theorem using our
techniques. Such results are known for discrete processes such as subshifts
of finite type, [CP], [GHI].

(ii)) One can derive similar results to those in this section when F,o"
are not flow independent, but where o” is still assumed to be topologically
weak mixing. In particular, we obtain the Central Limit Theorem for any

topologically weak mixing flow. We hope to analyse these other cases in
a future article.

4. THE MOMENT GENERATING FUNCTION

We first give some basic notation and definitions. Let F' € F~.(C),
G € FL(R), and let

r(x)
f(z) = /0 F(z,t)dt € Fa(C),

and ()
g(z) = /0 G(z,t)dt € Fo(R).

Let m = mg denote the (unique) equilibrium state of G and let E denote
the expectation operator

EG(H):/Hde7

for each H € C(X",). Define the moment generating function, M = Mg r
by
M(T) = Eg(e").

The Laplace transform Z(s) = Zg r(s) of M is given by
Z(s) = / e *TM(T)dT (4.1)
0

for s € C, whenever the integral converges.
Substituting (—iw + p(a))(F —a), where F € F/(R) and a € I'r, we let

Z(s,w, a) = ZG,(—iw+p(a))(F~a)(5) (42)
where w € R, whenever this is well defined.
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PROPOSITION 4. — Suppose that F' € F[(R) and o™ are flow independent.
Let a € U be arbitrary. Then the following statements hold.

(i) Z(s,w,a) is analytic for (s,w) € {s: Re(s) > v(a)} x R.

(i) There exists an open neighbourhood U of (y(a),0) in C? such that
for each (s,w) € U,

C(a) [ rdp
(s, w,a) = 7— eP(g+(-iw+p(a)f)(f—ar)—(s+P(G))r) + (s, w.a)

where C(a) # 0 depends only on a and Jy(s,w,a) is analytic for all
(s,w) € U.

(iil) Z(s,w,a) is analytic for (s,w) in an open neighbourhood V of
{s : Re(s) = 7(a),s # v(a)} x {O}.

(iv) For each w € R\ {0}, Z(s,w, a) is analytic for (s,w) in an open
neighbourhood W of {s : Re(s) = v(a)} x {w}.

Moreover, if J C I'p is any non-empty, compact set, and for any a € J,

U'=U-{(7a),0)}, V' =V-{(v(a),0)}, W' =W —{((a),0)}

(where X — {y} = {z—y:z € X}, for X C CV, y € CVN), then
U, V', W' and € can be chosen to depend only on J.

We will require the following elementary lemma in the proof of
Proposition 4.

Lemma 1. — If K € F(C) then

N @)
k(z) = / K =0dp e F (C).
0

Proof of Lemma 1. — We will use the elementary inequality

et —e*?| < |z; — z2|e|zll+'z2| for all 2,25 € C.
Suppose that K € F.(C), and note that
|k(z) — k(y)]
@) O
- / K @0 g9 _ / w0 gy
0 0

r(z) 0 .
S/ 1K @0) _ oK' w0)|4p 4

@)
/ X W0 gp
(v)

< PlIrl= Kl / / K (2, u) — K (y, u)|dudf

+ elK =l () = 7(y)]
< Cd(s,y)
for a constant C' > 0, since r € F,(R). Thus k € F,(C) as claimed. b
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458 S. WADDINGTON

Proof of Proposition 4. — Given real numbers T,6 > 0, there exists a
unique choice of n > 0 and v € [0,7"(x)) such that T + 6 = v + r™(z).
For this choice of n,v we have the identity

eFT+0(m!0) - eF'u-{-r"(m)(z’O)‘

An alternative, shorthand way of expressing this is to use a modified version
of a technical device employed in [Po2], p. 418. This is the identity

o

r(c"z) n
eFT+9(z,0) IZ (/ eFv+r (T)(z’0)5(9+T —y— T”(x))d’u), (4-3)
0

n=0

where 6 denotes the Dirac Delta Function. Note that only one term in
the summation in (4.3) can be non-zero. Equation (4.3) can be interpreted
rigorously as described above.

From section 2, the equilibrium state m = mg of G may be expressed

as m = fT where u = py_p(g), is the equilibrium state of g — P(G)r.

Hence we have,

ngp(s)

0o r{z)
- ! / e=sT (// eFT(”’G)dOdu(w)> ar
/ rdp 1 0
Y e @) e 0
= / e T // eF T @O-F @0 g0, () |dT. (4.4)
/’rdu 0 0

Substituting (4.3) into (4.4) gives

ZG,F(S)
/'rdy,n 0

e_Fg(z’O)dOdu(z))

00 r(c™z) n
(e[
/ 0

rdy n=0
r(z) .
x/ e F (m’o)dﬁ}du(x))
0
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Z(/ e~ (z)+f (z){/ e—sv+F' (o z,O)dv
0

/'rdp, n=0
(@) ,
X / e F (z"’)do}du(x))
0

__1! i( / e_srn(”)+f"(”)Bl(s,anz)Bz(s,z)du(x)) (4.5)

where

r(z)
Bi(s,z) = / exp{—sv + F*(z,0) }dv
0

and ®
Ba(s,z) = / exp{s6 — F*(z,0)}db.
0

We can now legitimately make three further assumptions. For some
a > 0, these assumptions are as follows.

(a) By adding a coboundary to r, we can assume that r € F}(R), (cf.
section 2). In particular, this leaves invariant the topological conjugacy
class of o".

(b) By adding a coboundary to g, we can assume g € F(R).

(c) We can assume that F' € F(R) does not depend on z; for all 4 < 0
by first approximating F' by functions depending on only finitely many
¥ 4-coordinates. Thus we may also suppose that B (s,.), Ba(s,.) depend
only on future coordinates for all s € C, and that f € F}(R).

By (1.1), we may write du = hdv, where h = hy_p(c), € F}(R) and
V = V4_p(G)r- Thus by Proposition 1(i),(ii), and (4.5),

Zgr(s)
1 > e—sr"(zj+f"($)B ( ,o'".’z)Bz(S,fL')h( )dz/( )
d nz=0 (/ H o )

»

1 oo
> (/ Ly_pgye{e ™ @@

rdy n=0

—~—

—

x Bi(s,0"x)Bs(s, x)h(z)}dl/(w))
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- /1 >(/ 3@y Br(0,070)Bals, (o)) )

rdy n=0

- /1 >(/f Bu(s.0)L5. oo (Balss (o)) ). (4.

rdp n=0

By Lemma 1, By(s,z) € F¥(C), for each s € C. By (4.2), we therefore
have

Z(s,w,a)
J—— "
= > ( / Ba(s,w, @5 ) Lg4 (it p(a)) (f-ar)~(s4 PG)r
/rdu n=0
{hB4y(s,w,a, .)}du) (4.7)
where

r(z)
Bs(s,w,a,z) = /0 exp{—sv + (—iw + p(a))(F — a)’(z,0) }dv

and
r(z)
By(s,w,a,z) = /0 exp{s8 — (—iw + p(a))(F — a)’(z,0)}ds.

We now proceed to describe the analytic domain of Z(s,w,a). It is
useful here to regard (4.7) as the definition of Z(s,w,a), as the expression
in (4.2) may not have an extension beyond its domain of convergence. For
notational convenience, we take

b(s,w,a) = g+ (1w + p(a))(f — ar) = (s + P(G))r. (4.8)
First let
Y4('57 w, a) = Z (/ B3(Sa w, a, ')‘C?(s,w,a){hB4(s7 w,a, )}dV) (49)

and
B5(3a w, a) = “B3(svwa a, )HOOHhB4(37 w,a, )”00
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Proof of (i). — By Proposition 1(iii), we have for each fixed (s, w, a), for
some « € (0,1) depending on s,a,

|Y4(Sa w, a’)l
< Bs(s,w,a) Z [’;+p(a)(f—ar)—(Re(s)+P(G))r1
n=0 o
< Bs(s,w,a) Y _ exp{nP(g + p(a)(f — ar)
n=0
— (Re(s) + P(@)r}(1 + a™)
< 00

provided P(g + p(a)(f — ar) — (Re(s) + P(G))r) < 0. By the strict
monotonicity of pressure, this is true if Re(s) > v(a). Thus Z(s,w,a) is
analytic for (s,w) € {s : Re(s) > «(a)} x R, for any a € I'p, which
proves (i).

Proof of (ii). — By Proposition 2(i), provided £ > 0 is sufficiently small,
and U is a sufficiently small neighbourhood of «(a) € C, there exists
61 > 0 such that

‘C;:(s,w,a){hB‘l(s? w, a, )}
exp{nP(b(s, w, a))}

- hb(s,w,a)/hB4(saw7a7-)dVb(s,w,a)

(1+61)"

— 0 (4.10)

o

as n — oo, for each s € U, and w € (—¢,¢). From (4.7) and (4.10), we
therefore have that
BG(Sa w, (I)

Z(s,w,0) = T PGy

+ Jo(s,w,a)

where Jy(s,w,a) is analytic for (s,w) € U,. Here, U; is an open
neighbourhood of (y(a),0) € C2. The function Bg is defined by

BG(S,’LU,G)
1
= W/B;;(s,w,a, .)hb(s,w,a)dv./hB4(s,w,a,.)dVb(S,w,a). (4.11)

Calculation of the residue at (s,w) = (y(a),0) gives

Z(s,w,0) = - C(a) [ rdp

T ertGway TH3(sw.0)
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where Js(s,w,a) is analytic for (s,w) € U,, where U, is an open
neighbourhood of (y(a),0). Further, the constant C(a) is given by
Bs(7(a),0,a)
Cla) = ———"~
(a’) f’rdll

where Bg is defined by (4.11). In particular, C(a) > 0 for all a € T'p.
This proves (ii).

(4.12)

Proof of (iii). — Now suppose that ¢ # 0. There are two cases to consider.
Firstly suppose that

b(v(a) +it,0,a) € LE(C),

say Im(b(7y(a) +it, 0,a)) is cohomologous to 2w M + ¢ for some ¢ € [0, 27)
and M € C(X4;Z). By applying Proposition 2(i), as in part (ii), there exists
an open neighbourhood Us of (y(a) + 4¢,0) in C? such that

B7(87 w, a)

Z(s,w,a) = 1 — ePO(s,w,a))

+ J4(8, w, CL),

for (s,w) € Us, for an explicit function Bz(s,w,a). Further, Jy(s,w,a)
is analytic for (s, w) € U;. By Proposition 3(i), 0" is topologically weak
mixing, and hence ¢ # 0. Thus P(b(s,w,a)) # 0 for all (s,w) € Us, and
so Z(s,w,a) is analytic in Us.

Secondly, suppose that

b(y(a) +it,0,a) € I} (C).
By Proposition 1(iv), there exists 7; € (0,1) such that

P(Ly(y(a)+it,0,a)) <1 — 1.

By the upper semicontinuity of the map ¥} (R) — C defined by g — p(L,),
given 72 € (n1,1), we can find €; > 0 and & > 0 such that

P(Lo(v(a)rtitw,a)) <1 — 12
for all || < &, |w| < &1. By Proposition 1(iv) again, the compact set
{b(v(@) + A+ it w,a) ]\ < &, w] < e}

is contained in I} (C). Therefore by Proposition 2(ii), there exists 6§ > 0
such that for s = vy(a) + A + it,

b(s w a){hB4(S w,a)
exp{nP(Re b(s,w,a))}

(1+69)"

H — 0 asn — oo,
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for all [A| < & and w € (—ey,&1). Thus by (4.7) again, Z(s,w,a) is
analytic for (s, w) € (v(a) +i(t — &),v(a) +i(t + €1)) x (—e1,€1).

Combining these two cases shows that, for each a € I'p.the function
Z(s,w,a) is analytic in an open neighbourhood of {s : Re(s) = 7(a),
s # ~v(a)} x {0}, as required. This completes the proof of (iii).

Proof of (iv). — Let w € R\ {0} and ¢t € R be fixed. Again there are
two cases to consider. First suppose that

b(~(a) + it,w,a) € LZ(C),

say Im(b(v(a)+it,w, a)) is cohomologous to 2 M +¢ for some ¢ € [0, 2)
and M € C(X4;Z). By proceeding as in part (ii), there exists an open
neighbourhood Uy of (y(a) + it,w) in C? such that

Z(s,w,a) = n By(s,w, a)

—PoGaway T 55w )

for (s, w) € Uy, for an explicit function Bs(s, w, a). Further, J5(s,w, a) is
analytic for (s,w) € U,. By Proposition 3, f and r are o-independent, and
hence ¢ # 0. Thus P(b(s,w,a)) # 0 for all (s,w) € Uy. Hence Z(s,w,a)
is analytic in Uj.

Secondly, suppose that

b(y(a) + it,w,a) € LL(C).

By duplicating part of the argument for case (iii), we can find e; > 0 and
& > 0 such that the compact set

{b(y(a) + A+ it,w,a) : |A] < &, |w — w| < €2}

is contained in I}(C). Thus by Proposition 2(ii), there exists 43 > 0 such
that for s = v(a) + A + it,

‘C';)L(s,w,a) {hB4(S, w,a, )}
exp{nP(Re b(s,w,a))}

(1 + 53)"

H — 0 asn — oo,
o

for || < &2 and |w — w| < 2. Thus by (4.7), Z(s,w, a) is analytic for all
(55 ’(U) € (7(a) + Z(t - 52)7 7(0’) + Z(t + 52)) X (_52752)-

Combining these two cases shows Z(s,w,a) is analytic in an open
neighbourhood of {s : Re(s) = v(a)} x {w}, for each w € R\ {0} as
required.
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Proof of uniformity. — We consider the proofs of parts (ii)-(iv) again. Let
J C I'r be a non-empty, compact set.

(i) By Proposition 2(i), by choosing U, e sufficiently small, we may
suppose that 6; in (4.10) depends only on J. Thus Uj, U, also depend
only on J.

(iii) In the case Im(b(y(a) + it,0,a)) is cohomologous to 2w M + ¢, for
some ¢ € [0,27) and M € C(X4;Z), we can apply Proposition 2(i), as in
(ii), to deduce that U; = Us — (y(a), 0) depends only on J. In the case

b(y(a) + it,0,a) € I}(C)

for all a € J, we can choose €,{; > 0 depending only on J, by the upper
semicontinuity of the map g — p(L,) and the compactness of J. Then, by
Proposition 2(ii), we can choose d2 > 0 to depend only on J. Combining
these two cases allows us to choose a neighbourhood V' of

{s :Re(s) =(a),s # v(a)} x {0}

such that V' = V — {(y(a),0)} depends only on J.
(iv) This is similar to part (iii). >

5. PROOF OF THEOREM 1
Let A denote the space of C'™ test functions on R, i.e.
A={ueC?R): stgg{(l + [t™)ut™(¢)|} < oo, for all m,n > 0}.
For u € A, let 4 denote the Fourier-Laplace transform of u, defined by
i(z) = /°° e*tu(t)dt (5.1)

— 00

for z € C, wherever the integral converges. If © € A, then the function
R — R given by w — 4(iw) is also in A.

Let (kn)3—, denote the approximate identity whose Fourier transform
is given by

w? )
oy (iw) = {eXP{—m} if [uw] < N,
0 otherwise.
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(One can obtain an explicit formula for ky itself by Fourier inversion).
We remark that the map w — ky(iw) is in A, and that kn(iw) — 1 as
N — oo, uniformly for w in any compact subset of R.

Let J C T'r be a fixed non-empty, compact set. To prove Theorem 1,
it suffices, by standard smoothing arguments, to show that for any
non-negative u € A with compact support,

_ G e e
i) T (62)

uniformly for all a € J.
Let

Equ(FT —aT) ~

Hr(t) =ma{y € X : (FT —aT)(y) < t},
and note that Hp has Fourier transform
I;[T(Z) = /ez(FT'“T)(”)dm(y)
= EG(CZ(FT_aT)).

So we have

Equ(FT —aT)
- / w(t)dHz (1)
1 [ ~
=5 w(iw)Hy(—iw)dw by Parseval’s identity, [Ka], p. 132,
1 .. o .
=5 | Wiw—pla))Hr(=iw + p(a))dw

by translating the path of integration,
= / 'u,(t)e_”(“)td(HT(t)e”(“)t) by the Parseval identity again,

a eTv(a) T
= ZWCIQEI(L(G)) Vi u(t)e p(a)tdq( p)a)( ) (5.3)

(T)

where 9 pa) is a positive Borel measure on R given by
d (T) ( ) V 27Tﬂ”(p(a \/_ p(a)th ( ) (5 4)
I=rta) Cla) M@ :

To justify translating the contour of integration, note that the family
{u(t)e}cck is compact in C(suppu;R), for any compact set K C R.
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Thus the Fourier transforms satisfy 4(iw + ¢) — 0 as |w| — oo, uniformly
for ¢ € K, by the Riemann Lebesgue Lemma.
To prove (5.2), it therefore suffices to show that

| ey 0 — [ et = a-pa) 69

as T — oo, uniformly for all a € J.
We will use the following lemma which is a modified version of Lemma 2

in [Lal], or alternatively Theorem G in [La2], for a continuous, rather than
discrete, family of functions. The proofs are entirely analogous.

LEmMMA 2. — Let (kn)—, be an approximate identity and let J C R be

a closed interval. Let (qéT))ge J be a collection of positive Borel measures

on R, having the property that, for each finite interval I of R, there exists
a constant K; such that

sup sup sup qéT)(I +t) < K;. (5.6)
T>1¢€J teR

Suppose that for each T > 1 and each v € A with v > 0,

lim sup
T—o00 ceJ

/ (kn *v)dg{" — / (kn *v)qu‘ =0 (5.7)

for certain positive Borel measures (g¢)ecg on R. Then for any family
(ug)ecs of non-negative functions in A such that £ — wug is continuous in
the A-topology,

lim sup
T—oo ¢ed

/ uedg{" — / ’U,Edqg‘ =0. (5.8)

First note that, for a function v € A with compact support, the map
'y — A given by a — u(t)e?®* is continuous in the A-topology. To
prove (5.5), it therefore suffices, by Lemma 2, to verify (5.6) and (5.7)
for the measures q(_q;)(a).

First we prove (5.7). Let a € I'r and let v € A be non-negative. Define

Zno(s,a) = / e *TEg(vno(FT — aT))dT
0
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where vn.. = (knepa)) * (Vey)) and e,y : R — R is given by
€p(a)(t) = €?(¥%. Then by Fourier inversion, we have as in (5.3) that

Z N (s, a)
=/ e—sT(i/ EG(e("iw+P(a))(FT—aT))ﬁN,a(iw—p(a))dw)dT
0

2r J_ o

= 2i/ EN(zw)ﬁ(zw) (/ e"STEG(e(_iw""’(“))(FT_“T))dT)dw
T J-co 0
1 [
= 2—/ kn(tw)o(iw)Z (s, w, a)dw
T — 00
T R
= —/ kn(iw)o(iw) Z (s, w, a)dw
2 -N
1 f°.
- / oy (iw)3(iw) Z (s, w, a)dw + i (s) (5.9)
—e
where Ji(s) is analytic in V, where V is an open neighbourhood of
{s : Re(s) > 7(a)}, by Proposition 4(i),(iv), and V — {y(a)} depends
only on J.
By Proposition 4(i),(ii) and (iii), there exists an open neighbourhood U,

of {s: Re(s) > v(a)} x {0} such that for (s,w) € Uy,

C(a) [ rdu
— ePlag+(—iw+p(a))(f—ar)—(s+P(G))r)

Z(s,w,a) = 1 + Ja(s,w,a) (5.10)

where J3(s,w,a) is analytic for (s,w) € Uy, and U] = U; — (v(a),0)
depends only on J.

LEMMA 3. — For any a € T'p,

(1) there exists a function s(w, a), well defined and real analytic in w for
|w| < e, for all € sufficiently small, such that s(w, a) is the unique simple
pole of Z(s,w,a) in an open neighbourhood of (s, w) = (v(a),0),

() 2 Re s(w,a)],_, = 0,

i) 2 1Im s(w,a)|,_, = 0,

2
@) & Re s(w,a)|,o = —B"(p(a)) <0,
2
™ 25 Im s(w,a)|,_, = 0,
(vi) Re s(w, a) is an even function of w,

(vii) Z(s,w,a) has no poles in Uy except s(w,a).
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Proof. — From section 2, we may assume that r, f, g € F.}(R) for some
a > 0. Let
A(s,w,a) = exp{P(g + (—iw + p(a))(f — ar) — (s + P(G))r)}

which is the unique maximal eigenvalue of the Ruelle operator

Lgt(—iw+p(a))(f—ar)—(s+P(G))r)

for |w| < e. Furthermore, we have A(y(a),0,a) = 1. By the Perturbation
Theory for the Ruelle operator, (see section one), A is analytic for (s,w)
in an open neighbourhood of (v(a),0) for each a € T'r, and

oA

5 <0. (5.11)

(s,w,a)=(v(a),0,a)

By (5.11), we can apply the Implicit Function Theorem to find s = s(w, a)
which satisfies

A(s(w,a),w,a) =1, s(0,a) = y(a). (5.12)

Part (i) follows from the representation of Z(s,w,a) given in (5.10).
By differentiating (5.12) with respect to w, we have

O\ Os oA
s 0w + - 0. (5.13)
Thus
123 / /
S =1 [ rdp [ (F = a)dmeyp(a)F-a)
OW | (5 20,0)=(+(a),0,0)

=4 / rdp / (F = a)dmegpa)F
i / rdu (8'(p(a)) - )
= i/'rdp, (a—a)

=0. (5.14)

Also, by differentiation of (5.12) with respect to s,

?A
Os

= - /rdu # 0. (5.15)

(s,w,a):(’y(a),(),a)
Together, (5.13)-(5.15) prove (ii) and (iii).
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To prove (iv),(v), we use the identity

2

WS(O, a) = —o? (F),

MG+p(a)F

a similar version of which occurs in [KS], Proposition 2.1. By hypothesis,
F is not cohomologous to a constant function, and so

o? (F)>o.

MG+p(a)F

By definition, we have the identity
ﬂ”(p(a)) = O',r2nG+p(a)F(F).

To prove (vi), since Z(s,w,a) = Z(3, —w,a), it follows immediately
that s(w,a) = s(—w,a), and hence Re s(w,a) = Re s(—w,a).
Finally, (vii) follows immediately from Proposition 4(iii). b

Now we remark that

1 — ePle+(—iwtp(@))(f—ar)=(s+P(G))r)
lim = /rdu,
(s,w)—(7(a),0) s —y(a)

where [ rdu # 0, (cf. [PP], page 75, for a similar calculation).

Thus, by applying Lemma 3 to (5.10), there exists an open neighbourhood
U, of {s:Re(s) > v(a)} x {0} such that for (s,w) € Uy,

C(a)

(s — s(w,a))
where J3(s,w, a) is analytic for (s, w) € Us, and U, depends only on J.

By applying the Morse Lemma to Re s(w, a), we have by Lemma 3 that
there exists a function y = y(w, a) defined for |w| < € and @ € 'z such that

Z(s,w,a) = + J3(s,w, a) (5.16)

Re s(w,a) = v(a) — y? (5.17)

(A statement of the Morse Lemma in the precise form in which we require
it is given in [KS], Lemma 3.4).

By combining (5.16),(5.17) and the observations concerning s(w,a) in
Lemma 3, we can rewrite (5.9) as

Cla) [¢ kn (iw)d(sw)
21 J_e s —7(a) + y(w,a)? + ig(w, a)

Zno(s,a)= dw+Jy(s) (5.18)
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where Jy(s) is analytic in an open neighbourhood U; of Re(s) > v(a),
depending on &, and where Us — {y(a)} depends only on J. Also,
g(w,a) = Im s(w,a) satisfies

9 _
ow

0%q
0= 522

by Lemma 3(iii),(v).
By a change of variables, we may rewrite (5.18) as
ZN,v('s’a)
_Cla) Vv20(0) ¥ 1+ P(y,a)
2 V IBH(P(G)) —y(e,a) S 7(0’) + y2 + ZQ(ya a)

dy + Ju(s) (5.19)

where P(y,a) is defined by

V20(0)
B"(p(a))

Further, Q(y, a) = Im s(w(y, a),a) is an odd function of y and satisfies

(1+ Ply, @) = h(iu(y, a)i(in(y, ) o (1, ).

2
Q(0,a) = %%(O,a) = %(O,a) =0 forall a € T'p.
(See [Shl1], page 278, for a similar calculation).

The integral in (5.19) occurs in a calculation in [KS], section three. By
duplicating this analysis, we have the following proposition. The uniformity
on compact subsets of I'z follows from (5.19), and a careful examination
of the calculation in [KS]. Intuitively, the uniformity is obvious as the
convergence in Proposition 5 is determined by the convergence in (5.19),
which depends uniformly on compact subsets of I'r.

PROPOSITION 5. — Let a € I'p be arbitrary. Then the limit

1im)<ZN,v(a+it,a)— 0(0)0a) ! > (5.20)

o—(a 26" (p(a)) (o + it — y(a))}/?

exists for almost every t € R, and is in the space W'li’cl (R) of locally
integrable functions with locally integrable first derivatives. Further, there

exists a locally integrable function h(t) such that

#(0)C(a) 1

ZN,v(U + i, a’) - Qﬂ”(p(a)) (o‘ + it — '7(0'))1/2

< R(t)
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for a > ~(a).
Ifa € J C T'r, with J compact, then the convergence in (5.20) is uniform
in J, and h can be chosen depending only on J.

Now we define a function Zy ,(s,a) by a change of variables, namely
ZN,(8,0) = Zn (s +(a) = 1,a)
= / e—(s+7(a)_1)TEg’UN’a (FT - aT) dt
0

= / e Tday , (T) (5.21)
0

where T
anw,o(T) = / (3(_"(““l)tEGvN,q (F* — at)dt.
0

The function Zy , is well defined for Re(s) > 1.

We now require the following Tauberian Theorem, part (i) of which is
stated in [KS], (Proposition 4.2). We have made two slight modifications.
Firstly, we have made the change of variables &? — a(T). (A result
in this precise form was proved by Delange in {lge], but with stronger
hypotheses). Secondly, uniformity on compact sets follows immediately
from the proof given in [KS]. Once more, the uniformity statement is
intuitively clear in the same way as in Proposition 5. Part (ii) requires a
minor modification to the proof of part (i).

ProrosiTION 6. — Let J C R be compact.

(i) Let a : J x R — R be continuous and write a,(T) = a(a,T). Let
a,(0) = 0 and suppose that a,(T) is monotonic non-decreasing, for all
a € J. Let f,(s) be a family of functions, depending continuously on a € J,
such that f,(s) is analytic for all Re(s) > 1 and all a € J. Let a — A, be
a continuous map J — R\ {0}. Suppose that the:identity

Aa * —sT
fa(S) = m - /(; € daa(T) (522)
holds, for all Re(s) > 1 and all a € J. Further suppose that
lim £, (14 6+ it) (5.23)

exists for almost every t € R, and is in VVlzcl (R), independent of a € J.
Further suppose that there is a locally integrable function h(t), depending
only on J, such that

|f(1+6+4t)| < h(t) (5.24)
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for 6 > 0. Then

0 (T) ~ Ao T (5.25)
a ~N —— — OQ, .
VT T
uniformly for a € J.
(ii) Let o : J X R — R be continuous and suppose that o, (T) is non-
negative for all a € J. Suppose that f,, A, are as in part (i), and that

assumptions (5.22)-(5.24) hold. Then

o) =0(42) wr o

where the implied constant depends only on J.

Applying Propositions 5,6(i) to the function Z N,u» as defined in (5.21),
we obtain

9(0)C(a) €T
aNp,o(T) ~ —m—ﬁ as T — oo. | (5.26)

uniformly for @ € J. In order to obtain an asymptotic formula for
Egun,o(FT — aT), we require the following lemma, which is easily
deduced from [W], Theorem 15, page 223.

LEMMA 4. — Let J C R be compact, and let g : J x [0,00) — [0, 00) be
continuous and write g,(T') = g(a,T). Suppose that g, is C* and satisfies

T

94(T) = O(%) as T — o0 (5.27)

for every a € J, where the implied constant depends only on J. Suppose
there exists a continuous map J — R\ {0}, a — A,, such that

9.(T) ~ A as T — oo (5.28)

e
a\/T

uniformly for a € J. Then

9,(T) ~ A, as T — oo

3™

uniformly for a € J.
We will apply Lemma 4 to a , .. First note that 7' +— anw,q(T) is C2.
Furthermore, we may find a non-negative function wy , € A for which the
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map w — Wy .(tw) has support [—N, N], and a constant C; depending
only on J, such that

|0 .o (T)] < e OTC; Bgwy o(FT — aT). (5.29)
The function

(s,a) — / e *TEguy o(FT — aT)dT
0

shares the properties of Zy ,(s,a) stated in Proposition 5. By integration
by parts,

/ e_STd(e("Y(“)“)TEGwN,a(FT —aT))
0

=5 / e eIV E oy o(FT — aT)dT — wy o(0)  (5.30)
0

for Re(s) > 1. Thus we may apply Proposition 6(ii) to the left hand integral
in (5.30). Together with (5.29), this yields

T

oy ,o(T) = O(%) as T — oo, (5.31)

where the implied constant depends only on J. This verifies (5.27).
Condition (5.28) follows from (5.26), so by Lemma 4, we have

9(0)C(a) €T (5.32)
V218" (p(a)) VT .

as T' — oo, uniformly for a € J. Thus from (5.3), we deduce that

EG((kNep(a)) * (vep(a))(FT — aT)) ~

/ b (kn * v)(t)dg™), () — (0) as T — oo, (5.33)

—p(a)

uniformly for a € J. This proves condition (5.7) in Lemma 2.

To complete the proof of Theorem 1, we need also to verify condition
(5.6) in Lemma 2. We use an analogous argument to [Lal], applying our
‘zeta function’ analysis at the appropriate point. We include all the details
for completeness.

Let I be a closed interval in R, and let J C I'r be compact and non-
empty. Choose a non-negative function v € A such that v > 1 on I,
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9(iw) > 0 and such that the map w — ©(sw) has support [~ N, N], for N
sufficiently large. It suffices to show that

oo
sup sup sup/ (T + t)dq(_:’;)(a)(r) < 0.
T>1a€d teR J_co

By Parseval’s identity,

[ " (e + )dg T (1)
_ EFG@) VT [

C(a) eTv(a) _N
By defining formally (;(s,a) by

oo N
Ct(sa a) — / e——sT (/ ﬁ(iw)eithG (e(—iw+p(a))(FT_aT))dw> dT
0

f;(iw)eit“’EG (e(—iw-i-p(a))(FT_aT))dw.

for (s,a) € C x I'p. By analysing (;(s,a) in a similar way to Zx ,(s,a),
we have

N
/ ,l')(iw)eit’wEG (e(—iw+p(a))(FT _aT))dw
-N

eT'Y(a') O(a)
2np"(p(a))
for all T', where K is a constant depending only on I. This proves (5.6).

< K;9(0)

6. PROOF OF COROLLARY 2

Fix an a € I'r such that p(a) > 0. Since the map v : I'r — R is real
analytic, we may choose €; > 0 so that the power series representation of
<y at a converges in the interval (a —e1,a+¢€;). Also, since 8/ : R — 'z is
continuous, surjective and strictly increasing, the set I'r is open. Thus
we may choose €2 > 0 so that (a,a + &3) C I'r. We will choose
e = min{eq, ez},

We will use the inequality

(Te)
m{y : F'(y) 2 Ta} =) m{y: FT(y) - aT € [j,j + 1)}
§=0
+m{y: FT(y) —aT > [Te] +1}. (6.1)
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First we consider the first term on the right hand side of (6.1). For each
0 < j < [Te], we may write

miy: F7(y) = oT € [j,+1)}
- m{y L FT(y) — (a + %;)T e o, 1)}. (6.2)

By our choice of ¢, we may write

'y(a + %) = 1(a) + /(@) + o(%)

— () - p(a)% +0 (%) (6.3)

for 0 < j < [T¢]. Using Theorem 1, (and in particular the uniformity in
a), together with (6.2), (6.3), we have

[Te]
Zm{y :FT(y) —aT € [,5 + 1)}
KON I 1 C(a)
~ e—ir(a) e—Platge ) N/
VT (Z ) ([ ) sz

T~(a) oS}
¢ Cla) (/ e“”(“)tdt> asT —oo. (6.4)
0

T VT 2np(p(a))

For the second term on the right hand side of (6.1), note that

m{y : F*(y) — aT > [Te] + 1} < m{y : FT(y) - (a +&)T > 0}
< Eg (ep(b)(FT—bT)) (6.5)

where b = a + e.
By Proposition 4, Z(s,0,b) is analytic for Re(s) > «(b). As in section 5,
we now define a function

Z(s,0,b) = Z(s +~v(b) — 1,0,b)
= /0 e *Tay(T)dT (6.6)
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where )
ap(T) = e(YOHIT (ep(b)(F —bT))

which is analytic for Re(s) > 1. Integrating (6.6) by parts yields

/0°° e *Tday(T) = s /000 e T ay(T)dT — 0(0)

for Re(s) > 1. Hence, by [W] Theorem 2.2a, page 39, for any ¢ > 0,

Oéb(T)

W—-—)O asT — o

and thus
B (er®F D) =D o a5 T — cc. (6.7)

Combining (6.1), (6.4), (6.5) and (6.7) and the fact that y(b) = y(a +¢) <
v(a) completes the proof of Corollary 2.

7. APPLICATION I: SRB MEASURES FOR ANOSOV FLOWS

Let M be a compact C* Riemannian manifold, and let ¢, : M — M
be a C*! flow. A point y € M is called wandering if there exists an open
neighbourhood U of y such that ¢,U N U = @ for all ¢ > 0 sufficiently
large. The non-wandering set ) is the complement of the union of the set
of wandering points, and is closed and ¢-invariant.

The flow ¢ is called Anosov if TM can be written as a Whitney sum of
three D¢;-invariant continuous subbundles

TM=E®E°®E"

where E is the one-dimensional bundle tangent to the flow, and there are
constants C, A > 0 such that

@ || Dge(v)] < Ce™M|lv||  forv e E*,t >0,

®) ||Dop_t(v)|| < Ce ||v|| forv € E*,t > 0.
We make a further assumption that Q = M, ie. the flow ¢ is assumed
to be transitive.

For G € C(M;R), we can define the pressure P(G) of G in an analogous
way to suspended flows by

P(G)

= sup{h(m) + / Gdm : m is a ¢-invariant Borel probability measure}.
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If G is Holder continuous, then there is a unique measure at which the
supremum is attained, called the equilibrium state of G.

Analyticity of pressure and formulae for its derivatives are completely
analogous to those for suspended flows. Thus, we can also define 3,~, p
and I'r as before. There are also analogous notions of topological weak
mixing, cohomology and flow independence for ¢.

The connection between suspended flows and transitive Anosov flows is
described by the following result of Bowen.

ProprosiTION 7 [B1]. — Let ¢ be a transitive Anosov flow. Then there exists
a suspended flow o] : ¥, — X" and a Lipschitz continuous, surjective,
bounded-to-one map p : ¥, — M such that po] = ¢.p. If m is the (unique)
equilibrium state for the Hélder continuous function G € C(M;R) then
p*m is the (unique) equilibrium state of G o p. Furthermore, p is a measure-
theoretic isomorphism between these two measures. In particular, ¢ is weak
mixing if and only if ¢” weak mixing.

We remark that Anosov flows are examples of Axiom A attractors (see
[PP] chapter 11 for example). Thus, following [BR], for any z € M and
t > 0, the map

D¢y : T,M — Ty, M
and its restriction
D¢t|E;; c By — Eé’m
are well defined. We define a function ¢* : M — R by

.1 u
(o) = lny 7 g 12 D)

We now make the additional assumption that ¢ is C2. Then the splitting
z+— E®E;® EY is known to be Holder continuous, and hence the map
y — ¢“(y) is Holder continuous. We also have that P(—¢*) = 0.

The Sinai-Ruelle-Bowen (SRB) measure m is defined to be the equilibrium
state of —¢", i.e. m = m_g4«, and is therefore unique and supported on M.

Let v denote the normalised Riemannian volume on M. The Bowen-
Ruelle ergodic theorem for C? transitive Anosov flows is given by the
following proposition.

ProposiTiION 8 [BR]. — For any F' € C(M;R),

1 T
T/ F(¢ty)dt—>/de as T — oo,
0
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for v almost all y € M.

The SRB measure is also an ergodic measure for ¢, and so we also have
the following ergodic theorem.

PROPOSITION 9. — For any F € C(M;R),

T
%/ F(¢ty)dt——>/de as T — oo,
0

for m almost all y € M.

A Borel probability measure is called smooth if it is absolutely continuous
with respect to the volume measure v. If ¢ has a smooth invariant Borel
probability measure u, then by Proposition 8 and Birkhoff’s Ergodic
Theorem, we have m = u. In this case, Proposition 9 is a corollary of
Proposition 8.

We now consider large deviations from the limit in Proposition 9. Using
the modelling theory for Anosov flows, described in Proposition 7, we can
reformulate Theorem 1 as follows.

THEOREM 2. — Let ¢, be a C? transitive Anosov flow. Let F' € C(M;R)
be Hélder continuous and suppose that F and ¢ are flow independent. Then
for every b > 0 and a € T'p,

m{y € M : FT(y) — Ta € 0,8}

b Tv(a)
~ / erog | 9D ¢ (7.1)
0 V213" (p(a)) VT
as T — oo. The constant C(a) is given by (4.12) and

v(a) = P(=¢" + p(a)(F — a))

Remarks 4. — (i) Analogous statements of Corollaries 1-5 can also be
given in this context.

(ii) In general it does not seem possible, using our techniques, to give
precise large deviation formulae for the limit in Proposition 8. Some less
precise results are given in [K].

(iii) The results of this section could equally well be formulated in the
more general setting of C? Axiom A attractors, [BR].

(iv) The constant C'(a) in Theorem 2 must be independent of the choices
of Markov sections that we used in the proof, since all the other terms in
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(6.1) are independent of such choices. It may be possible to use ideas in
[Ru2] to give an explicit expression for C(a) in terms of ¢.

Forany e > 0,7 > 0 and y € M, we define the Bowen ball B(y;e,T) by
B(y;e,T)={z € M : d(¢y, prz) < e forall 0 <t < T}.

ProprosiTioN 10 (Volume Lemma) {BR]. — For every € > 0, there exists
a real number D = D(e) > 1 such that

D= - [ ¢t
forall y € M,T > 0.
The following theorem is a large deviation result for Bowen balls.

THEOREM 3. — Let ¢y be a C? transitive Anosov flow. Suppose ¢*, ¢ are
flow independent. Let ¢ > 0 be given. Then for any ¢ € (0, —5(15—)2—) and
a € Iy, we have

eTv(a)
vT

where the implied upper and lower bounds are given by

m{y € M : o(B(y;¢,T)) € [ce™ T, e7T%]} x as T — oo,

log(D/c) C(a)
/ e P@)tgy e e —
—log D V 27rﬁ”(p(a))

(/_ tos(D) e—p(a)tdt> C(a)
log D 2r 3" (p(a))

respectively. The constant D = D(e) is given by Proposition 10. Further,

v(a) = P((p(a) — 1)¢") — ap(a),

and C(a) can be computed from equation (4.12).

and

In the statement of Theorem 3, we have used the standard notation
A(t) < B(t) to mean that there exist constants K, K> such that

A(t)
K, < B_(tj < Ky,

for all ¢ sufficiently large.
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Proof of Theorem 3. — Let € > 0 be given. For any y € M and T > 0,
we have by Proposition 10 that there exists D = D(e) > 1 such that

—log D + (¢")"(y) < ~log v(B(y;e,T)) < (¢*)"(y) + log D.
Hence, for any b > 2log D,

m{y € M : (¢*)"(y) — Ta € [log D, b — log D]}
<m{y € M :o(B(y;e,T)) € [e™" 7%, 7T}
<m{ye M :(¢*)"(y) — Ta € [~log D,b + log D]}
Taking ¢ = e~°, and applying Theorem 2 gives the result. >

Remark 5. — Some less precise results comparing the size of Bowen balls
of flows, for two given measures, were proved in [T2].

8. APPLICATION II: WINDING CYCLES FOR ANOSOV FLOWS

In this section, we continue in a similar setting to section six. In particular,
let ¢, : M — M be a C! transitive Anosov flow and let m = mg be

the (unique) equilibrium state of a real valued, Holder continuous function
G: M- R.

We define a linear functional ®¢ : H'(M;R) — R, called the winding
cycle, by

<I)G((.LJ) = / <w,Z > dmg,
M

where w is a closed 1-form, and Z is the vector field generated by the flow
¢. (This was introduced by Schwartzmann, [Sc]). If w is an exact 1-form
then ®g(w) = 0, so @ yields a homology class in H,(M;R), that is

& € Hom(H'(M;R),R) = H,(M;R).

The ergodicity of the flow gives

— 00

1 T
Oc(w) = lim T/o <w,Z > (Py)dt

for m almost all y € M. We shall give a large deviation result for this limit.
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We define the covariance form 6 : H'(M;R) x H*(M;R) — R by

T 2
b¢(w,w) = lim l/ (/ <w,Z > ($ry)dt — T@G(w)) dmg,
0

which is a positive, semidefinite quadratic form on H'(M;R). In particular,
6(w,w) = 0 if and only if < w,Z >: M — R is cohomologous to a
constant function.

We now suppose that, for some fixed non-trivial w € H'(M;R),
< w,Z > and ¢ are flow independent. In particular, this implies that
¢ is topologically weak mixing and that < w, Z > is not cohomologous to
a constant function, (cf. Proposition 3). Let

Ty = {Pcricw,z>(Ww) : t €RY,
where
Pottcw,z> (W) = / <w,Z>dmgyiicw,z>-
Since 8G4t<w,z>(w,w) > 0 for all t € R, the map ¢t — Pgiicw z>(w) 18

strictly increasing. Thus we may define an inverse map p : I',, — R.
The following theorem is the analogue of Theorem 1 in this situation.

THEOREM 4. — Let ¢; : M — M be a C! transitive Anosov flow and
let w € H'(M;R) be non-trivial. Suppose that < w,Z > and ¢ are flow
independent, where Z is the vector field generated by ¢. Then foranya € T,

m{y € M :<w,Z >T —Ta € [0,b]}

b a
0 V27661 play<wz>(w,w) VT

as T — oo, where
2(a) = P(G+ pla)(< w,Z > —a)) — P(G),
and C(a) is a constant, (given by (4.12)).

Remarks 6. — (i) Analogous statements of Corollaries 1-5 can also be
given in this context.

(ii) The winding cycle can be interpreted intuitively as measuring the
‘average homological direction’ of orbits of the flow. Our result therefore
quantifies the deviations from this average.

Remarks 7. — If ®,,, = 0 then ¢ and < w, Z > are flow independent, for
every nonexact, closed 1-form w. (See [Sh2] for details). For example, if ¢
is a geodesic flow on the unit tangent bundle of a negatively curved surface,
which is of Anosov type, and m is the measure of maximal entropy (i.e.
G = 0), then ®,, = 0. (This fact is proved in [KS], section one).
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9. MULTIDIMENSIONAL LARGE DEVIATIONS

In this section, we state a multidimensional analogue of Theorem 1 for
suspended flows. We refer the reader to [Lal], [La2] for the unproved
results about pressure.

First let o™ : ¥ — X7, be a suspended flow and let F' = (Fy,...,Fy) €
(FL(R))E. For G € FL(R), define a skew product flow S& as in
Definition 2. We say that F, 0" are flow independent if there are constants
t = (t1,...,tr) € R*¥ and ¢y € R, such that the skew product flow S&, with
G = tp+ < t,F > is not topologically ergodic, then ¢t = 0 and ¢, = 0.
In particular, this condition implies that < ¢, F' > is not cohomologous to
a constant for any ¢ € R*.

Define a map 3 : R* — R by

B(t) = P(G+ < t,F >) — P(G)

which is again real analytic. Further,

VB(t) = /deG+<t,F> = (/ Flde+<t,F>,~-,/demG+<t,F>>

and the Hessian matrix V2(3(t) is positive definite at every ¢t € R*. Let
Tr={VA(t): t € R},
which is a subset of R®. The map ¢t — Vf(t) is real analytic. For each
a € T'p, there exists a unique p(a) € R* such that VB(p(a)) = a. The
function p : ' — R is also real analytic and surjective. We define
v:I'r — R by
v(a) = P(G+ < p(a), F — a >) — P(G).

The following theorem can be proved in a totally analogous way to

Theorem 1.

THEOREM 5. — Let 0" : X7 — X7, be a suspended flow. Let m = mg
be the equilibrium state of G € F(R). Suppose that F = (Fy,..., F}) €
(Fr(R))* and o™ are flow independent. Then for any b = (b1,...,bx) €
(0,00)* and a = (ay,...,a) € T'F,

m{y : FX(y) — Ta; € [0,b;) fori=1,...,k}
1 C(a)

T @M (det v28(pla)))

b o~ <to(@)> eT(a)
([ i a) o
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as T — oo, for a computable constant C(a). The convergence is uniform
on compact subsets of I'r. Further, if (p(a)); > 0 for some i € {1,...,k},
then (8.1) holds with b; replaced by oc.
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