Ann. Inst. Henri Poincaré,

Vol. 12, n° 6, 1995, p. 627-671. Analyse non linéaire

A solution to the bidimensional Global
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ABSTRACT. — If Y : R? — M2 is a C! vector field such that Y (0) = 0
and, for all g € R, all the eigenvalues of DX (q) have negative real part,
then the stable manifold of 0 is 2.

Let p € [0,00) and Y : 82 — R? be a C'! map such that, for all ¢ € R2,
the determinant of DY (g) is positive and moreover, for all p € R?, with
|p| > p, the spectrum of DY (p) is disjoint of the non-negative real half
axis. Then Y is injective.
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RESUME. — Si Y : R? — R? est un champ de vecteur tel que Y (0) = 0
et, pour tout ¢ € R?, les valeurs propres de DY (q) ont leur partie réelle
négative, alors la variété stable de 0 est 2.

Soit p € [0,00) et Y : |’ — R? une application C* telle que, pour
tout ¢ € M2, le déterminant de DY (q) est positif et de plus, pour tout
p € R2, avec |p| > p, le spectre de DY (p) est disjoint du demi-axe réel
non négatif. Alors Y est injective.

1. INTRODUCTION

This work is related to the conjecture about global asymptotic stability
which claims that if a C* vector field Y:R" — R" has a singularity p
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and, for every ¢ € R", all the eigenvalues of DY (q) have negative real
part then the basin of attraction of p is the whole ™. This conjecture was
explicitly stated by Marcus and Yamabe [12] in 1960. Also, it somehow
stems from the Aizerman Problem [10], [1] (1949). Barabanov [2] proved
that this conjecture is false if n > 4. Here we prove that it is true if n = 2.

In the bidimensional case, the conjecture above has been solved
affirmatively under additional conditions since Krasovskii’s work [11].
Markus and Yamabe [12] considered the case where one of the partial
derivatives of Y vanishes identically. Hartmann [8] solved the problem
when DY (z) + DY (z)7 is everywhere negative definite, where T' means
transposition. Olech [15] proved the conjecture when there exist constants
6 > 0 and R > 0 such that |z| > R implies that |Y ()| > §. By the work
of Meisters and Olech, the conjecture was known to be true for polynomial
vector fields [14]. The fact that the assumptions in the conjecture are to be
global is completely justified by the examples of [7].

In higher dimensions and under additional hypotheses, there are also
positive answers. There is a rich literature on the subject; we suggest the
reader [13] for further references and history of the problem. Also Hartman’s
book [9] deals with this question. Concerning some recent previous results
we wish to mention the works of Gasull, Llibre and Sotomayor [4], Gasull
and Sotomayor [5], and Gorni and Zampieri [6].

Let us proceed to state, in a more precise way, the results of this paper.

Let p € [0,00) and let Y : 2 — R? be a map of class C!. We say that
Y satisfies the p-eigenvalue condition if, for all ¢ € 22, the determinant of
DY (q) is positive and moreover, for all p € R2,with |p| > p, the spectrum
of DY (p) is disjoint of the non-negative real half axis.

THEOREM A. - If Y : R? — R? is a map of class C' that satisfies the
p-eigenvalue condition, for some p € [0,00), then Y is injective.

THEOREM B. - Let Y : B2 — R? be a vector field of class C* such that,
for all q € R?, all the eigenvalues of DX (q) have negative real part. If Y
has a singularity, say p, then the stable manifold of p is R?.

Theorem B is the solution to the Global Asymptotic Stability Conjecture.

A very interesting results of injectivity of maps, based on spectral
conditions too, have been found by B. Smith and F. Xavier [16].

In Theorem A, we shall assume that Y is at least C2. It is enough to
prove it under these conditions. In fact, first observe that, by the assumptions
and the Inverse Mapping Theorem, non-injectivity is an open condition.
Therefore, if there was a non-injective C* map satisfying the p-eigenvalue
condition, it could be approximated (in the Whitney topology) by a smooth
map that would have both of these two properties.
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GLOBAL ATTRACTORS ON PLANAR FLOWS 629

Theorem B is a direct consequence of Theorem A and the Olech’s
Theorem [15] that states that if the assumptions in Theorem B imply that
Y is injective, then the conclusion of Theorem B is true.

This work contains two more important results, Theorems C and D, stated
at the beginning of Section 2 below. I wish to thank J. Llibre, A. Gasull and
M. Wattenberg for very important comments. I wish also to thank A. Katok,
R. de la Llave, C. Pugh and R. Roussarie for very helpful conversations.
Sometime after the present work was completed, I took knowledge that
Robert Fessler [3] was obtaining similar results.

2. THE HALF-REEB COMPONENTS

Let p € [0,00). Any map Y = (f,g), as above, satisfying the
p-eigenvalue condition, possesses the p-obstruction property: For all
(z,y) € B2, with |(z,y)] > p,

Vf(z,y) ¢ (0,00) x {0}.

Given a smooth regular curve v : [a,b] — R? (resp. a smooth function
f: R - R) and t € [a,b] (resp. ¢ € R?2), we shall denote by ~/(¢)*
(resp. by Vf+(q)) the vector field of 2 having the same length as
v'(t) (resp. V f(p)), being orthogonal to /() (resp. V f(p)) and such that
{¥(#),v ()} (resp. {V£(p), VSL(p)}) is a positive basis of R2.

Let D be a smooth bidimensional submanifold of 982 with boundary and,
possibly, corner 0D. Let v : [a,b] — @D be a smooth regular curve. We
say that D is on the left, or more precisely, on the left side of -y (resp. on
the right of ), if for all s € (a,b), or equivalently for some s € (a,b),
¥'(s)* points inward D (resp. v'(s)* points outward D).

Throughout this work, X = (f,g) : B’?* — R? will denote a C? map
satisfying the p-eigenvalue condition , for some p € [0, 00). Given p € R?,
denote by I}, = Fy(t), t € R, the trajectory of V f+ such that F,(0) = p.
Also, F.f = Fjf(t) and F; = F,7(t), t € R, will denote the positive and
negative half-trajectories of V f*, respectively, starting at p.

Given 6 € R, denote by

cosfl ~—sinf
Hy = (sin& cos § )

In this way

Hy' = (cosH sinH)

—sin® cos#

Vol. 12, n® 6-1995.



630 C. GUTIERREZ

Let Xy = Hyo X o Hy' = (f5,g0).

Remark. — For all § € R, X, satisfies the p-eigenvalue condition and
therefore the p-obstruction property.

In fact, this follows immediately from:

DXy(z,y) = Hyo DXy-1(, )0 Hy "

It will be seen that the proof of Theorem A, depends only on the Remark
above and on the fact that DX (p) is invertible, for all p € 92. For this
reason, it will become clear that the arguments of this work apply, almost
word for word, to give the following more general result:

THEOREM C. — Let Y : R? — R? be a C' map such that, for all p € R2,
DY (p) is invertible. Suppose that there exists v € R2, with |jv]| = 1,
such that the following (directional) obstruction property is satisfied: For
all 8 € R and for all p € R, with |p| > p,

er(P) U F ]Ivfe(l’)”

where, (fg,gg) = HyoYo Ho_l.

Then, Y is injective.

Theorem A is a particular case of Theorem C because if v = (1,0) in
Theorem C, then (for all § € R) Y} satisfies the p-obstruction property.

Given p,q € R?, [p, q] will denote a non-necessarily oriented segment
connecting p and g. If v is a curve and p,q € v, [p, q], (resp. (p, q), ) will
denote the closed (resp. open) subinterval of v with endpoints p and q. The
notation [p, qls, and (p,q)y, will refer to arcs of trajectory of V f;.

Let 4 : (0,2) — MR be a smooth map with p/'(1) = u(1) =0, u"(1) < 0
and p/(z) # 0 for all z # 1 (in particular, 1 is the absolute maximum value
of u). Suppose also that il_r.r%) w(z) = il_.né p(z) = —oo. Let G be the foliation
on [0, 2] x R whose leaves are {0} x R, {2} x PR and the family of the graphs
of the functions y + ¢, where ¢ € fR. This foliation G is usually known as a
Reeb component. We say that A C R? is a Half-Reeb component of V f+
if the foliation on A determined by the trajectories of V f is topologically
equivalent to the foliation G (just defined above) restricted to the manifold
with boundary and corner [0,2] x [0,00) in such a way that if

h: [0,2] x[0,00] = A

is the homeomorphism producing the topological equivalence and if
pi = h((3,0)), then [po,p2] = h([0,2] x {0}) is a smooth segment
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GLOBAL ATTRACTORS ON PLANAR FLOWS 631

transversal to VfL in the complement of {p;} and also, for some
6e{—-,+} F}fo = h({0}x[0,00)) and Fp“z" = h({2} x[0,00)). See fig. 2.1.

V4

F+/\ VF

Py
A
1 # F,

FiG. 2.1

Denote by 91 A the union of the half-trajectories F}fo and Fp;" and the
segment [pg, p2] which will be called edges of A . Observe that A may
not be a closed subset of R2.

The main result of this section is the following

PROPOSITION 2.1. — There is no smooth regular curve 7y : [0,3] — R? such
that the following properties are satisfied:

(a) For some 1 < s <t < 2, v is transversal to V f* at all the points
of [0,1] U [s,t] U [2,3]. :

(b ~([1,8]) and ~([t,2]) are the compact edges of two half-Reeb
components of V fL which are both either on the left of v or on the
right of -.

Sec in figure 2.2 the situation that cannot occur.

ALl |
w1 Wft) ¥(2)
¥(0)

Fic. 2.2

(3>
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632 C. GUTIERREZ

The p-obstruction property is only used to prove Proposition 2.1. For this
reason, it will become clear that the arguments of this work apply, word
for word, to give the following more general result:

THEOREM D. — Let Y : R? — R2 be a C* map such that, for all p € R?,
DY (p) is invertible and, for all § € R, V fi satisfies the same properties
as V f*+ does in Proposition 2.1, where Yy = HyoY o Hy'' = (f4, Go).Then,
Y is injective.

To prove Proposition 2.1 we shall need Lemmas 2.2-2.6.

LEmMA 2.2. — (a) For all p € R?, the function

@(0) = det(Ho(V f+(p)), V f5-(Ho(p)))

satisfies ©(0) = 0 and ¢'(0) = —det(DX(p)), where(Ho(V f+(p)) and
V £+ (Ho(p)) are to be the first and second column vector of the considered
matrix. In other words, for small § > 0 fixed, the speed vector (Hqs(V f*(p))
of the curve t — Hyo(F,"(t)), at the point Hy(p), and V f3-(Hy(p)) form
a negative basis.

(b) Let p € R? and 0 < § < 7 be fixed but arbitrary. The level curves
of fe are transversal to Ho(F,).

Proof. — Given v = (v1,v2),w = (wy,w;) € R2, we shall denote by

w0 (5 3)
(

U1 U2
wy Wz

-(
2 (20)= ()5 o)
()= 7))
Observe that
wivo=(1 %)
(2) and
:_0 9—1“’=°=<—01 (1))
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T @) lo-o = (550 ) (V7))
- (1 3 )
= —Vf(:v,y)

We have that

@ S H(Y £(2,9) om0 = ~V f(2,0)

Moreover, the expression
DXg(l‘,y)IHgODXH (my)oH_
can be rewritten, for all (z,y) € R?, a
er(x,y)) (Vf( Hz, y))) -1
@) (Vge(x,y) PVl () )
Which implies that, for all (z,y) € 2,

Vh(Ho@w)\_ o (V@)
(Vge<HZ<x,y>>)‘H9 (Vg«x,y))) He

and so (by (1)) that, for all (z,y) € R?,

(Ve )=m- (Sh) = (5 )
Hence, by (2),

dd \Vgs (Hy(z,y)) )'*=°

- DEEN6 DG )
-G O N )
¢ -G )
(vvfgléfyy )* Vit )

(=S
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634 'C. GUTIERREZ

That is,

6) (VI Hm ) oo = ~Ve*(a,5) - Vi (z,1)

Therefore, using (3),

(et (Hp(V F-(2,)), V53 (Ho(2,5)) oms

= det(Vf*(z,y), -V f(z,y) — Vg*(z,y))
+det(=Vf(z,y), Vi (z,y))

= det(Vf*(z,y), -V f(z,y) — Vg*(z,y))
+ det(V - (z,9), Vf(z,y))

= det(V f*(z,y), -Vg'(z,y))

(TR (0, )

— —get[ V(@Y \_ _ -
=-d t(vg(m’y)>— det(DX(z,y)) < 0.

The proof of (a) of this lemma is finished. Now we shall prove (b).
Let p € R®? and 6 € (0,7) fixed but arbitrary. Let A : R — F, be
a regular global parametrization of F,. By assumption, for all ¢ € %R,
fA@) = f(p); ie,
(6) For all t € R, the first coordinate of DX (A(t)) - (N(t)), namely
df (A(2)) - (N (¢)), is zero.

Therefore as, for all ¢ € R?, DX(q) is invertible,
(7) For all t € K2, dg(A(t)) - (X(t)), is different from zero

It is easy to see that

fo(Hyg(A(t))) = cos (6) - F(A(t)) —sin (8) - g(A(%)).

Item (b) of this lemma follows easily from this expression, (6) and (7)
above. O

LEMMA 2.3. — Let C be a simple closed continuous curve made up of
an arc of trajectory [p,qls of V [+ and a smooth segment [p,q] which
meet to each other transversally and exactly at {p, q}. Let 7, : R? — %R be
given by 71 (x,y) = x. Suppose that C is contained in the complement of the
compact ball of radius p+1 centered at the origin. If V f points inward (resp.
outward) the disc bounded by C, along (p, q)y, then inf(x1([p, q]¢)) = z2 >
1 = inf(my([p, q])) (resp. sup(m1([p, qls)) = &2 < & = sup(m([p, q])).
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GLOBAL ATTRACTORS ON PLANAR FLOWS 635

Consider only the case in which Vf points inward C' along (p,q);.
Assume by contradiction that inf(7;([p,q]s)) = 22 < z; and take a point
(z2,y2) € [p,qls. See fig. 2.3. By the assumptions, there exists a vector
field Y : C — 2 which points inward the disc bounded by C and
which coincides with V f in the complement of a small neighbourhood V'
of [p,q]. We may take V so small that (z2,y2) ¢ V. As the half plane
{(z,y) € R®? : = < z,} is disjoint of C and Vf points inward C at
(z2,y2) we must have that V f(z2,y2) € (0,00) x {0}. However this is a
contradiction with the p-obstruction property. U

Let S* = {z € C : |z| = 1}, we shall denote by cl(!R?) the
compact space made up of the (disjoint) union of R? and S' and
constructed in the following way: Let ¢ : [0,1) — [0,00) be a smooth
diffeomorphism which is the identity in a small neighbourhood of 0.
Let G : {z € C : |z] < 1} — R? be the diffeomorphism given by
G(z +1y) = o(z® + y?) - (z,y). By identifying (z + iy) with G(z + iy)
and by borrowing from {z € C : |z| < 1} its topology, we shall obtain
the required topology for cI(!R?). Given a half trajectory sz of Vf+, it
follows from the Poincare-Bendixon Theorem and from the fact that V f+
has no singularities that the limit set L(F}) of Ff, as a subset of cl(R?),
is either S' or a nonempty closed subinterval of it. Proper subintervals of
S will be denoted in the following way: given two real numbers 6; < 65
such that 4, — 8; < 2,

[, 6] = {¢ : 6, < 0 < 0}
(ei01,6i02] = {ew 10 <8< 02}

etc.

|
| |
!
{

re

FiG. 2.3

LEMMA 2.4. - Let wy : R2 — R be given by 71 ((x,y)) = x. Suppose that
F;;, F,. and [p1,p3| are the edges of a half-Reeb component C. Suppose
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636 C. GUTIERREZ

that C'is contained in the complement of the compact ball of radius p + 1

centered at the origin. If V f points inward C (resp. outward C) along
FfUF, then

(a) C C{(z,y) € Rz >z = inf(m([p1, ps])}

(resp. C C {(x,y) € B’? : ¢ < 1y = sup(r([p1, p3])}). In particular
(b) (67,0710 105,651 C [-7/2,7/2]

(resp. [67,071U[05,65] C [r/2,37/2]) where

[:(F;) = [eiﬁf,eiﬁf] and  L(FD) = [eieB—,ew;].

p3

Moreover,
(c) 07 > 607 and 07 >6;

(resp. 07 < 0Fand 07 < 65).

Proof. — Consider only the case in which Vf points inward C along
FFUF, \ {p1,ps}. Let v : [1,3] — [p1, p3] be a smooth parametrization
such that v(s) = p,, for s € {1,3}.

Let m; : 2 — R be the projection (z,y) — z. If 1 < s <t < 3 are
such that v(s) and ~(¢) are the endpoints of an arc of trajectory of Vf+
that is contained in C, we may apply Lemma 2.3 to the simple closed
curve [y(s),v(t)]; U ¥([s,t]) to conclude that inf(mi([v(s),v(t)];)) >

inf(m1(([s,]))). It follows from this that (a) and (b) of this lemma are
true.

FiGc. 2.4
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AV

P}[ (1,L)\é'ﬂ-)

S (x4t X=F07 %}
FiG. 2.5

(1) F,} may meet {(z,y) : £ = z1} at most at p;.

Otherwise, if ¢ = (x1,91) € Ft \ {p1}, then, by (a) and () of this
lemma,V f+(g) would be tangent to {(z,y) : T = z;}. By the p-obstruction
property, Vf+(g) € {0} x (—00,0). As C is on the right of F;}, there
would be points of C in the half plane {(z,y) : < z,}. See fig. 2.4. This
contradiction with (a) and (b) proves (1).

Let y(r) = p» = (z,,y-). By what was said above, the union of the
curves {z = z,} and [p1,p,], U F separate their complement in %? into
three open connected components Aq, Ag, Ag where

041 = {z = z,,y <y} U[p1,p.)y UF,
BAz = {'T =Ty > y.,.}U [pl’pr]7 UF;’
03 = {z =z,}.

As C is on the right of Ff

o> C C Ay UJA;. See fig. 2.5. Therefore,
(c) is true. O

LEMMA 2.5. — Let vy : [0,4] — R? be a smooth curve such that (f o)’ (s)
vanishes exactly at s = 2 and (fo~y)"(2) = ¢ # 0. Ify([1, 3]) is the compact
edge of a half-Reeb component C of V f* then, for some € > 0, there are
continuous monotone functions

LR 1: (—e,¢)—]0,4]

such that L(0) = 1, 7(0) = 2, R(0) = 3 and

Vol. 12, n° 6-1995.
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(@) %(fgoﬂgofy(s)) vanishes exactly at s = 7(6) and, for all § € (—¢,¢),
2
oo Hy on(r(0) ~ & # 0]

(b) Hyg o y([L(6), R(8)]) is the compact edge of a half-Reeb component
C(8) of VF+;

(¢) The following possible properties do not depend on 9:

(c.1) C(B) is on the left of Hy oy

(c.2) C(0) is on the right of Hy o~y

(c.3) Vfy points into C(f) (along its non-compact edges)

(c.4) V fy points out of C(8) (along its non-compact edges);

(d) If C(0) is on the left (resp. on the right) of Hgoy then L(6),7(8), R(6)
are strictly decreasing (resp. strictly increasing) functions;

(e) If Ff and F7, with r,7 € {p1,p3}, are the positive and negative
trajectories which are the edges of C, then {ei%,e’ﬁ?ﬂ} is disjoint of
L(F}) U £(F7).

Proof. — As

<f6>=Xg:HgOXOH;1,
ge
we have that

(1) fo(Hs(v(s))) = cost - (f o y)(s) —sinb - (f o7)(s), and
DXo(Hg(v(s))) = Hgo DX (7(s)) o Hg_l.
Hence,

a4 (fe(Ho(v(S)))>

ds \go(Hs(v(s))) Z%(Xeoﬂe(v(s)))

= DX,(Hon(5)) - 2= (Ho 07(5)

= Hy o DX(v(s)) - (s)

Thus,

2 A(6,9) = (ol Holr())
=cosf-(fory)(s)—sinf-(gov)(s)
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As A(0,2) =0 and aﬁA(OJ) = (f 0¥)"(2), it follows, from the Implicit
s

Function Theorem, that there exists a C! function
7: (—¢,€)—[0,4]

such that A(#,7(8)) = 0. It follows that

9202+ 22(0,2) - (0) = ~(g 07 @) + (f 02)'(D) - 7(0) = 0
and so,
o) (827)(2)
@) "O= o

Now we claim that
(4) If C is on the left of ~, then 7/(0) < 0.

In fact, suppose first that V f points inward C'. The assumptions imply
that (f oy) has a maximum at s = 2 and so (f o~)"”(2) < 0. Also as both
{V£(7(2)),7(2)} and {V f(7(2)),Vg(7(2))} are positive basis, it must
be that (g o ¥)’(2) > 0. Hence 7'(0) < 0.

Suppose this time that Vf points outward C. Similarly as above we
may see that (f o)”(2) > 0 and (g ov)'(2) < 0 and so 7/(0) < 0. This
proves (4). See fig. 2.6.

a(3)
¥'(2)

(@) (b)
FiG. 2.6

Proceeding in this way, we may obtain that (a) is true and that if C in
on the left (resp. on the right) of v then 7 = 7(f) is a strictly decreasing
(resp. increasing) function of 6.

Yol. 12, n® 6-1995.



640 C. GUTIERREZ

To prove (b), consider only the case in which
(5) C in on the left of v and V f points inward C.

Let 0 < 6 < 1 be given. By the assumptions of the lemma,
fon(1—26)¢ fonr([1,3]). Therefore, there exists £ > 0 such that
(6) Forall 0 € [—¢,¢], fo(Hoov(1—8)) & fo(Hs o~([1,3])).

As Vf; depends differentiably on 6 and by the behaviour of the
trajectories of Vf in C, we may see that if ¢ > 0 is small enough,
for each # € (—¢,¢), there exists an orientation reversing continuous map

To:  (L(0),7(0)] — [7(6),4]

such that

() Te(7(8)) = 7(0) and, for all s € (L(F),7(F)], there is an arc of

trajectory M? of V ;- starting at Hy(y(s)) and ending at Hy(y(Ts(s))).
As fg is constant along each arc M? of V£, it follows from (6) that

1 -6 < L(#). 1t follows from Lemma 2.2 that if § € (0,¢), we may take

L(#) < 1 and so R() = s—l.ig(lo) To(s) < 3. Therefore if L(#) is determined

by the fact that (L(6), 7(8)] is the maximal interval where Ty can be defined
so to satisfy (b), we will have that:
8) if 6 € (0,e), 1 -6 < L(F) < 1.

Similarly, using Lemma 2.2, we may prove that
(9 If € > 0 is small enough and § € (—¢,0), then 1 < L(f) < 1+ 6.

This proves that # — L(#) is continuous and strictly decreasing.
Similarly, we may conclude that
(10) R(8) is continuous and strictly decreasing.

Under these circumstances, (b), (¢) and (d) are immediate.

Let B(0;p + 1) be the compact ball of radius p + 1 centered at the
origin. To prove (e), observe first that C' contains a half-Reeb component
C C %\ B(0; p+ 1) such that the edges of C, which are half-trajectories,
are contained in F* U FZ. As the conclusions in (e) refer only to the
assymptotic limit sets £L(F,7) and £L(F: ), we may suppose in the remainder
of the proof that C itself is disjoint of B(0;p + 1).

To proceed with the proof of (e), consider only the case in which V f
points inward C along 8,C \ [p1,ps)y and C is on the left of «. This
implies that
(1D p, = p1.

As the required conclusion in (e) is related to Fz;t and F]D“3 , it can be
assumed, by means of a small perturbation of «y, that when ¢ > 0 is small
and § € [0,¢),

(12) Both Vf;- and the vertical foliation (i.e. the one made up of
the lines {(z,y) : ¢ = constant}) meet transversally Hy o v at the
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points Hg o v(0) and Hg o v(4). Moreover, there is exactly one point
mg = (Te,ys) € Hg 07([0,4]), depending differentiably on 6, such that
zg = inf(my(Hyov([0,4]))) and if mg ¢ {Hpoy(0), Hgo~y(4)} then Hyory
has quadratic contact with {(z,y) : £ = x4} at (zg,ys).
Now,
(13) Fix 6 € (0,¢).

Assume, by contradiction, that
(14) €2 € L(F}).

We claim that if € > 0 is small enough.
(15) Hg(F}) crosses {(z,y) : ¥ = x4} at a point ny = (x4, 2¢) With
zg > yg. See fig. 2.7.

mQ: (19}363

FiG. 2.7

In fact, first observe that if p; = mg = (xo, yo), then, by the p-obstruction
property, V f+(p1) has positive first coordinate and therefore, if € > 0 is
small and so (g, ys) is very close to Hg(2o,y0), He(F .t \{p1}) cannot meet
the subsegment of Hy o<y with endpoints Hy(xg,yo) and (zg,ys) = mg.
If p; # myg, then £ > 0 can be taken so small that (xg,¥s), (%o,%0) and
Hy((x0,y0)) are so close to each other that Hy(F,}) cannot meet the
subsegment of Hy o «y with endpoints Hg(zg, ) and mg. (See fig. 2.8).
As by Lemma 2.4 and (12), Hy(F.}) C Ho({(z,y) : > x0}) we must
have that Hy(F,}) does not meet {(z,y) : z = xy and y < yg}. Therefore,
as by (14),

E10 ¢ L(Hs(F})),

it must be that (15) is true.
Let consider the disc D bounded by the straight line segment [mg, ng),
the subarc [Hy(p1),ng] of Hg(F,}) and the subsegment [Hy(p1), m6]m,0y
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of Hgo+. If [Ho(p1), ne] is provided with the orientation induced by that

of He(F), then as [mg,ne] is on the left,
(16) D is on the left of [Hq(p;),ng].

YYIQ = (19 ) LJQ§

Hg (%o, 3‘0)

$ ==Y Hew‘ld‘;;3
= =g

FiG. 2.8

It follows from the Lemma 2.2 that the oriented arcs M f , introduced in
(7), meet [Hy(p1),nq] exactly once and transversally and, when they do
this, it is from the left of [Hg(p1), n]. Let K¢ be the subarc of M? starting
at Ho(y(s)) and ending at M? N [Hy(p;), n¢]. Under these circumstances,
it follows from (16) that, for s < 1 close to 1, K % C D. We claim that
(17) s* :=inf{s : K¢ c D} = L(§)

Assume, by contradiction, that L(f) < s*. Then K’ is disjoint of
[mg, ng], because otherwise any arc K 9, with s < s* close to s*, would
meet {(2,y) : © < x4} contradicting Lemma 2.3. Also K’ is disjoint
of [Ho(p1),mo]m,0v, because otherwise K% N [Ho(p1), me] = ~(7(6)).
However, by (@), fs(v(7(0))) # fo(K?.). This implies (17).

It follows from the trajectory structure of V f1|- and Lemma 2.2 that
the arc of trajectory of V fg- starting at a point of [Hy(p;),n(6)] must
reach Hg o+y. This and (17) imply that there is an arc M3 gy of V £ which
contradicts the assumed properties of L(6). Therefore (e) is proved. O

LeMMA 2.6. — Let v : [0,3] — R? be a smooth curve such that y
restricted to [0, 1] is transversal to V f* and ~([1,3]) is the compact edge
of the half-Reeb component C.

(@) If C is on the left (resp. on the right) of v and its noncompact edges
are Fj(l) and Fv_(3) then

L(F

—y(O)) c (e—iﬂ-/Z’eiw/2]
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(resp. L(F7 ) C [e57/2, e3im/2),
(b) If C is on the left (resp. on the right) of v and its noncompact edges
are Fw_(l) and Fjis) then

E(F,;_(O)) C (eiw/2’63i7r/2]
(resp. L(F ) C C [e~im/2,eim/2)).

See fig. 2.9.

YF+
X/o) D,/o> ZZ-O)
) Fauy

sz/o) (1) ¥
F”“’ ém ) )
+
1(3) Fb’(?)
513) -
¥(1) ¥ F— Fain

Fs T

7(0) e F—x(o)

FiG. 2.9

Proof. — Consider only the case in which F;L(l) is an edge of C and
that C in on the left on +.

In the following, B(0; p) will denote the compact ball of radius g centered
at the origin. As the conclusions in (e) refer only to the assymptotic limit
sets L(FF), L(F7) and E(F;L(O)) by the same arguments used in the proof
of Lemma 2.5 (¢), we may suppose that CUF () 18 disjoint of B(0; p+ 3).
Notice that y([0,1]) may or may not meet B(O p).

Let (zo,y0) be the point of v([0,3]) such that z¢ = inf(m;(y([0,3])))
and {(z¢,y) : y > wo} is disjoint of ([0, 3]). Here m; : R? — R is the
projection on the first coordinate.

Suppose by contradiction that
(1) L(F,) is not contained in (e7im/2 ein/2),
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By the same argument as that of the proof of (¢) of Lemma 2.4, Fj(o)
must cross transversally {2 = zo} at some point (z0,2) with 2z > yo.
This implies that there exists p € Fj(o) close to (xo, zo) such that
(2) Ty = inf(71(v([0,3]))) > m1(p), V.f~(p) has negative first coordinate
and for some £ > 0 and for all z € [7(p) — &, m1(p) + €], the arc of
trajectory [y(0),p]y of Vf* meets {(z,y) : = 2} exactly once and
transversally at a point belonging to R\ B(0; p + 2). See fig. 2.10.

As, by Lemmas 2.3, 2.4 and 2.5 (e), [,(Fj(l)) C (e7¥/2 ¢"/2) and
F;L(l) C {(z,y) : © > x0}, using an argument similar to that of (2) above,
there exists ¢ € F;L(l such that
(3) sup(m1(¥([0,3]))) < ®1(q), Vf+(q) has positive first coordinate and
for some € > 0 and for all z € [71(q) — €, 71(q) + €], the arc of trajectory
[7(0),p]; of Vf+ meets {(z,y) : z = 2} exactly once and transversally at
a point belonging to R\ B(0;p + 2). See fig. 2.10.

The piecewise differentiable curve [v(0),p]; U [¥(0),¥(1)], U [v(1),qs
can be approximated by a smooth embedding A : [0,3] — [m1(p), 71(q)] x
R, transversal to V f* connecting p = A(0) with ¢ = A(3), and in such a
way that V f* points to the left of A (i.e., for all s € [0, 3], {\(s), VF(A\(s)}
1s a negative basis) and for all z € [m1(p), 71(p) + €] U [m1(q) — €, m1(q)]
(with € > 0 as in (2) and (3) above), A meets {(z,y) : = 2} exactly once
and transversally. The curve A is represented in figure 2.10 by a dotted line.

The curve Vf+o X : [0,3] — M2\ {0} connects the point V f*(p)
(having negative first coordinate) with the point Vf1(q) (having positive
first coordinate).

It is not difficult to see that there is a smooth diffeotopy ¢t — G,

€ [0,1], of M2, such that
(4) Gp is the identity map. For all ¢ € [0,1], G; restricted to the
complement of (mi(p) + £,m(q) — ) x R in R? is the identity map.
The image of G o A is the graph of a function [r1(p), 71(q)] — R.

This implies that if Y (¢) = (DG1)a@) - VFH(A(£)), then Y (¢) points to
the left of G1 o A and, by (4), it does not meet the ray {(0,y) : y < 0}.

There exists a neighborhood V (p, q) of {p, ¢} such that X is homotopic,
with V(p,q) held fixed, to a smooth embedding

pi 0,3] = ([ma(p), m(@)] x R)\ B(0; 0 + 1),

in such a way that, for all z € [m1(p), 71(p) + €] U [m1(q) — &, m1(q)] (with
e > 0 as in (2) and (3) above), . meets {(z,y) : © = 2z} exactly once and
transversally. See the curve p in figure 2.10.

The curve Vf+op : [0,3] — R%\ {0} connects the point Vf*(p)
(having negative first coordinate) with the point V f+(q) (having positive
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¥/,

\‘7(3)

T, (p) 7 (%)

FiG. 2.10

first coordinate), and, by the p-obstruction property, the image of VfX o
does not meet the ray {(0,y) : y > 0}. However this is a contradiction
because the paths Y and V f* o u cannot be homotopic in % \ {0}. O

Proof of Proposition 2.1. — If we assume that this proposition is false,
we shall immediately reach a contradiction with lemmas 2.4, 2.5 (e)
and 2.6. U

3. A CANONICAL DECOMPOSITION

Leta,p, g € R? be such that F,, F}, and F, are three different trajectories
of Vf+. We say that F, is between F, and F, if the last two are contained
in different connected components of R% \ F,. Let [F,, F,] be the closure
of the connected component of R? \ (§, UF,) whose boundary is F, U F,.
A transversal region of [F,, F,] will be a connected component of the set
formed by the union of F, U F,; with all the trajectories that are between
F, and F,.

Observe that the function g is strictly monotone along any given trajectory
F, of Vf+. This follows immediately from the fact that if v is a vector
tangent to F, at some point a then, as V f(a)-v = 0 and det(DX(a)) > 0,
Vg(a) - v # 0. In particular if p and ¢ are singularities of X then F, is
disjoint of Fj.

PROPOSITION 3.1. — Let p, g € R®? be such that X (p) = X(q) = 0. Among
all smooth curves connecting p with q, the curve vy : [0,1] — [F}, Fy] with
v(0) = p and (1) = q has the least possible number of tangency points
with ¥V f+ if and only if there are numbers

ro=0<lL <r<l<ry<--- <, <1 <1 =14y,
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with n > 1, satisfying (a) and (b) below:
(@) Foralli € {1,2,---,n}, v([li, ri]) is the compact edge of a half-Reeb
component C;.
(b) Given i € {0,1,---,n}, the union T; of all the trajectories F.), with
8 € [ri,liy1], is a transversal region of [F,, F,]. Also, for all s € [r;, li1]

’

Fys) N ([0, 1]) = {v(s)}-

Furthermore,

(c) Let v,v* : [0,1] — [F},, Fy] be smooth curves, connecting v(0) =
v*(0) = p with 4(1) = v*(1) = q and having the least possible number of
tangency points with V f+. Let C; and T; (resp. C} and T} ) be the half-Reeb
components and transversal regions, respectively, associated to ([Fy, F,],~)
(resp. to ([Fy,, F),v*)) and indexed orderly as in (a) and (b) above. Then
T; =T} and the intersection of C; and C} contains a half-Reeb component
whose non-compact edges are contained in the non-compact edges of both
C; and C}.

The proof of Proposition 3.1 follows immediately from Lemmas 3.2-3.4.

LemMMA 3.2. — There exists a smooth curve vy : [0,1] — [F,, F,] with
¥(0) = p, v(1) = q and there are real numbers

O<ti <tp <~ <ty <1

such that:

(@) (fov)!(s)) =0 ifand only if s € {t1,tq, -, t,}. Moreover, for all
s € {t17t2, e ’t’n}' (f ° ’7)”(8) 7é 0; and

(b) A trajectory of V f+ can meet vy at most at two points and, if so,
it does it transversally.

Proof. — Let v : [0,1] — [F, F,] be a smooth curve connecting y(0) = p
with y(1) = ¢. By a small perturbation (if necessary) we may assume that
7y satisfies (a). As trajectories of V f1 can accumulate only at infinity, by
a small perturbation of «, we may assume that
(1) A trajectory may meet tangentially -y at most at one point.

We will proceed to reconstruct +y obtaining a new curve, still denoted
by +, but with less number of points of tangency with V f than the starting
curve. To that end, consider first the following situation:

(2) There is a trajectory F, of Vf* that meets y transversally at ¢ and
tangentially at some point b, and vy N {a, b]s = [a,b], M [a,b]f = {a,b}.

In this situation we choose a small flow box B centered at [a, b], take

two points @,b € BN~ such that (a, l~7)7 contains properly {a, b], and replace
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the original [a, b, by a new segment (drawn as a dotted line in Figure 3.1)
contained in B and transversal to V f+. Observe that V 1 had at least
two tangency points with the previous [a,b],: one at b and the other at
some point ¢ € (a,b),. As [Fp, F,] is simply connected, the new curve
constructed in this way is contained in [F},, Fy).

%V

FiG. 3.1

By repeating when necessary the procedure above, we may assume that
(3) Any trajectory of Vf! that meets vy more than once must do it
transversally everywhere.

Under condition (3), we shall decrease the number of tangency points
using one of the procedures indicated at the items (4)-(6) below.

(4) There are three consecutive points a;, a; and as of a positive
half-trajectory of Vf+ such that v N [a1,a3]; = [a1,as]y N [a1,a3]f =
{al, as, (13}.

In this situation we consider a small flow box B centered at [a1, as]y,
take a point ay; € B N+ such that [a;,a4], contains properly [a1,as],
and consider a segment transversal to V f1 contained in B and joining
a1 with a4. See fig. 3.2. Now, we put this new segment instead of the
original [a;, a4]y. The resulting new segment (drawn with a dotted curve
in figure 3.2) has at least two less tangency points of tangency with V f-+
than the original v (which had a point of tangency at (a;,a3), and other
at (ag, a3)).

w/ /
/4 / \Ja

Fic. 3.2

V
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(5) There are three consecutive points a;, az; and a3z of a positive
half-trajectory of Vf+ such that y N [a1,a3]; = [a1,a2]y N [a1,a3); =
{al , @2, a3}'

In this situation, observe first that as F.t is entering through as to
the disc bounded by [ay,a3]s U [a1, as], it must leave this disc at a point
as € (a1,a3),. It is easy to see that V f+ must meet tangentially somewhere
each of the segments (a;,a4)~, (a4,a3)y and (a3, az),. Therefore, if we
consider a small flow box B centered at [a1, az]; and replace the original
[a1,a2], by a new segment contained in B and having exactly one tangency
point with Vf1 at a point a}, close to a», as suggested in figure 3.3 we
will obtain a new segment that has less number of tangency points with
Vf+ than the original 7.

‘

N % 5
/ /d1 /CZ(’ 43L/Q2 x i’

FiG. 3.3

(6) There are three consecutive points @y, a2 and az of a positive
half-trajectory of Vf+ such that v N [a1,a3]; = [as,as]y N [a1,a3]y =
{a1,a2,a3}.

In this situation, to obtain a curve with fewer tangency points with V f+
we may proceed as in the case just described.

After a finite number of steps we shall find a curve ~y as required in
the lemma. [J

LEMMA 3.3. — Let y be either as in Lemma 3.2 or having the least possible
number of tangency points with V f*. Then there are numbers

ro=0<l<r<lh<r - <lh<rn<l=l
satisfying (a) and (b) of Proposition 3.1.
Proof. — Let
O<ty <ty <o <t, <1

be all the real numbers at which v is tangent to V f+. Given i, there exist
r; > t; and a continuous family {L: : s € (¢;,7;)} of arc of trajectories
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determined by meeting -y exactly at their endpoints and by having {~(¢;)}
as its limiting set as s — ¢;. The assumptions on <y imply that if r; is
taken to be the greatest possible number, then there must exists /; such that
v([l;,:]) is the compact edge of a half-Reeb component.

It is not difficult to see that, thanks to Lemma 3.2, all the conclusions
of this lemma are easily obtained. O

LEMMA 3.4. — Let «y be as in Lemma 3.2. Then no smooth curve connecting
p and q can have fewer points of tangency with V f+ than ~y. Moreover, if
v* 1 [0,1] — [F,, F,] is another curve having this property of -, then the
pair (y,~*) satisfies (c) of Proposition 3.1.

Proof. — As (a)-(b) of Proposition 3.1 have already been proved, we have
numbers 7}, t¥ and [} as in the preceding lemma.

Observe that if s € {I1,71,12,72,*,Tn,ln} \ {0,1} then, as p and g are
in different components of R? \ §+(s)» the curve v* has to meet F. - Let l~i
and 7; be the points in [0, 1] such that 7*([1-) € Fyi,y and v*(7) € Fyr).

One of the edges of C;, with its given orientation, crosses v* from the
left side of v* to its right one while the other edge does it in the opposed
direction. This implies that v*([/;, 7;]) must be tangent to V f* somewhere.
Therefore, v* must have the same number of points of tangency with
Vf+ as 4.

Now we claim that 7*([72,11-“]) must be contained in 7;. In fact,
otherwise it would cross some trajectory Fr, ¢ {F), F.q. )}
belonging to the boundary of 7;. As F,, separates the plane, v*([7;, li1])
would meet F,,, at least at two points and so it would contain a tangency
point with VL. This would contradict the minimizing property of ~v*.
Therefore, 7*([7*i,l~i+1]) is contained in T;, 7; = 77, l~i+1 = [},, and so
T = T; proceeding in this way, the proof of this lemma can easily be

7

completed. O

4. THE SETS ¥~ AND %,

Let p,q € P2 be such that X(p) = X(q) = 0 and let [F},, F};] be the
closure of the connected component of R? \ (F, U F,) whose boundary
is F, U F,. We shall denote by X(X,p,q) the set of § € R such that no
transversal region of [F,(6), F,(8)] reduces to a single trajectory of V f5-.
Let X1(X,p,q) = |\ (X, p,q). It is clear that £;(Xy, Ho(p), He(q)) =
Y1(X,p,q) -0 ={t € R:t+0 € (X,p,q)}. Therefore, we shall
only study the case 0 € %1(X,p,q). Let v : [0,1] — [F,, F,] be a smooth
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curve connecting y(0) = p with 4(1) = ¢ and having the least possible
number of tangency points with V f. Suppose that y has generic contact
with Vf+. Let

ro=0<l <r <lh<r< - <l <y <1 =lpy,

T; and C; be the real numbers, transversal regions and half-Reeb
components, respectively, associated to ([F,, Fy],) as in Proposition 3.1.
We shall say that the sequence

B =(T;,Cis1,Cita, -, Civr, Titk)

with length k > 1, is a block of ([F,, Fy},v) if:
(1) Each of T;41,T;42,- -+, Ti+x—1 is reduced to a single trajectory.

(ii) Either both T; and T;,; are not reduced to a single trajectory (in
which case 3 will be called of type (T,C,---,C,T))yor T; =Ty = F, and
T; 1 is not reduced to a single trajectory ( in which case 3 will be called
of ype [C,---,C,T)) or else T,, = T = F, and T; is not reduced to a
single trajectory ( in which case 3 will be called of rype (T,C,---,C]).

When a half-Reeb component C; ; is on the left of -y (resp. on the right
of ), it will denoted by N, ; (resp. U;,;) or even simply as N (resp. U).
According as its length is an even or an odd number and also according as
Ci;1 is on the left or on the right of v, a sequence of type (T,C,---,C,T)
is from one of the following four subtypes:

(1,U,---,n,T)
(T,U,---,U,T)
(T,n,---,U,T)
(T,n,---,n,T).
Similarly, there are four subtypes of each one of the sequences [C, ---,C,T)

and (T,C,---,C]. N
Under these conditions we have the following

ProrosITION 4.1. — Suppose that 0 € X,(X,p,q) and extend «,
transversally to V{1, to an interval [—eq,1 + €1]. There exists € > 0
and continuous functions

Li,R;: [—e,e] = |—€1,1+¢1]
with L;(0) = I;, R;(0) = r;, such that if
B =(T;,Ciz1, - Cigi, Tik)

is a block of ([Fyp, Fy),~), then, for 6 € (—¢,€), it can be constructed a
smooth curve Xg : [0,1] — [Fp(0), Fy(0)], with Ao = vy, connecting Hy(p)
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with Hy(q), having the least possible number of points of tangency with

V fit and, in such a way, that one of the twelve statements, (4.1,1)-(4.1,12),

of figure 4.1, is satisfied. Each line of such figure corresponds to a pair of

conclusions. The way of interpreting each line is the same in all cases. The

figures 4.1,1-4.1,12 are related to the statements 4.1,1-4.1,12 of figure 4.1.
Proceed to explain the diagram

(T,T,T) = (T,Nn,---,4,T)

which appears in the left side of the first line of figure 4.1. By putting 8 and
suffixes in evidence this diagram becomes

(T:(0), T(9), Ti4(0)) = (Ti, Nigrs -+ Uik, Ti)

where 8 = (T;,Mig1,- -, Uirk, Tiqk) is in the right side because the
conclusions refer to values 8 < Q. In this case the following is satisfied

(a) T;(0), T(9) and T;1«(8) consist of trajectories that belong to a
transversal region of [F,(0), Fg(0)] and T(8) is always a connected set not
reduced to a single trajectory.

(b) There are no lines on top of T;(0) and T; (resp. T;yr(0)
and T;ix) because Ag and Hy o 7y coincide in [R;(6),L;11(8)] (resp.
[Ritk(0), Livk+1(0)]) and T;(8) is made of all trajectories of V f;- that
meet Ho o y([R;(9), Li+1(0)]) (resp. Ho o ¥([Ri1x(0), Litr+1(0)])).

(¢) As Niy1, -, Uitk IS not an empty sequence and there are lines on top
of T(0) and Niyq,- -+, Uitk the curve Xy, restricted to [L;1(6), Ri+x(8)],
cannot taken to be close to Hg o . Also, the trajectories that meet
Hg o ¥([Li41(0), Riyx(8)]) form T(8). Moreover, ¥([liy1,7i+k]) is made
up of the compact edges of Nit1,- -+, Uitk

In the same way, the right part of the first line of figure 4.1

(T,n,0,—,Nu,T) = (T,n,T,u,T)

refers to values 8 > 0 because = (T,N,U,---,N,U,T) is on the left
side. The meaning of this diagram can be deduced in the same way as that
of the case above. However, there is a new situation when k = 2 and so
U, -+, N represents an empty sequence. In this particular case \g coincides
with Hg o v in [R;(0), Litx+1(8)].

There is no new situation in all remaining cases. There is a special case
in the third (resp. fourth) line when k = 1. In this case the block is stable
and the diagram could also be written as

Tr,nT) - (T,n,T) - (T,n,T).
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Type  (T.C,---,C,T)

4.1,1

(T, T,T) —» (T,",,0.7) = (T.n.T, " "UT) = (T,n,T,U,T)
4.1,2

(T,u,T,n,T) - (T,u,N,.0,n,T) = (T,T—,»",T) - (T,T,T)
41,3

(T,T,n,T) - (T,7,-,0,n,T) = (T.n, U, .0, T) = (T,n,T,T)
41,4

(T,U,T,T) - (T,U,n,'-' ,U.T) =(T.U, - .ﬂ,U,T) - (T,T,U,T)

Type [C.---.C.T)

4.1,5

T,7)—[,-,0,7)=f""NUuT)- [T.U,T)
4.1,6 :
[T.n,T) = [0 0,nT) = U~.n.T) - [T.T)
4.1,7

T.,n,T) - - 0nT)=N-—.nT) - [T,T)
4.1,8

T,T)— [0, -,0,T) =0, nuUT)— [T.UT)

Type (r.C,---,C]

4.1,9

(T,T] = (T, 0 = (T,n.U-,0] = (T.n,T]
41,10

(T,u,T) — (T,u,N, -, N = (T.T;1] = (T,T)
4.1,11

(T, T} — (T,0, .0 = (T,n.U,-,n] = (T.n,T}
41,12

(T,u,T) — (T,U,7,---, 0] = (T.T, -, 0} = (T,T)

FiG. 4.1

The proof of Proposition 4.1 follows immediately from Lemmas 4.2-4.7.
The proof of the following lemma is a direct corollary of Lemma 2.5.
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Type (r,n,...,u,T)

AR R R A S N N A 5<0
|

o
ko) o
LA | e g
1] [ A | - S L)) .+ 90
U 2
X Loy Moidia T2 Divr Yew  Aoewes

Rey Lo A L VNG
Fic. 4.1,1,a

LemMa 4.2. — If € > 0 is small enough, there are continuous monotone
functions
Li,R;,: [—¢ge] = [—e1,1+¢]
such that, for all i € {1,2,---,n}, Hg o v([L:(8), R:(0)]) is the compact
edge of a half-Reeb component C;(0) of V f+, associated to Hy o, in the
sense of Lemma 2.5.

LEMMA 4.3. — Given ¢ > 0 small, for all § € (—¢,€), [Fp(8), F,(6)]
contains at least two transversal regions.

Proof. — As p and ¢ are singularities of X, Hy(p) and Hy(q) will be
singularities of X4. Because the rest of the argument will depend only on
this fact and not on the particular §, we shall only consider [F}, Fy].

Assume first that [F},, F,] has no transversal region and that C; is on the
left of . This implies, by Proposition 2.1, that if 7 is an odd number (resp.
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Type (T,9,...,n,T)

44/8) itkey
-ré- 7(-'4-4
l\ll! - l@f !@le;l ., 8:0
[T | { | E
n ’1'4 )’4}4’17,‘, 2 Tir2 [a 2 Yotk Al-k 44

PR
[ A T A A B A R P
R( /é) Z‘H(“[B )
FiG. 4.1,2

even number), C; is on the left (resp. on the right) of v. Suppose moreover
that V f points inward C) along its non-compact edges and so that they are
F:(h) and F_ . As Det(DX) > 0 everywhere, g is strictly increasing
along trajectories of the vector field V f+; therefore, g(v(l1)) < g(v(r1)).
Similarly, g(v(r1)) = g(v(l2)) < g(v(r2)). Proceeding in this way we shall
find that g(p) < g(g) which is a contradiction. By using the same argument
in all the other possibilities, we may conclude that [F,, F,] must have at
least one transversal region.

Now if we assume that [F),, F}] has exactly one transversal region, by
the same argument above, we would conclude that f(p) # f(q) which
would be again a contradiction.
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Type (T,4,...,u,T

ConlB)
\\t | { [ lﬁ](l\\ . 6<0

TS S L B e W R R B
ﬂ[ /8) ll},g/ 8) K}k l6) Z,', ”( 8)

4

Civa C“’_ CHk

ll‘ﬁj s | IQfUH . 0=0
T I

N I[«M Wied R’f 2

+2 l’(”_ ) Y f” kiq

G )
!\H,/@‘/ [[ f } ILJ, {/j » 650
T | T |

Rip 4,09 Ko Ly L)
FiG. 4.1,3

LEMMA 4.4. — Let i € {0,1,---,n} be such that r; < l;41. If € > 0 is
small enough then, for all § € (—¢,¢), Hooy([R;(8), L;i11(8))) is contained
in a transversal region of [F,(6), Fy()).

Proof. — Fix § € (—e,¢). If we assumed by contradiction that there
existed an arc of trajectory [a1,az]ys, (of V) meeting Hy o v exactly
at its endpoints with a; € Hy o ¥([R;(8), L;11(6)]), this would imply the
existence of a half-Reeb component associated to Hy o 7 (in the context
of Lemmas 2.5 and 4.2) and containing [a;, as]s,. This contradiction with
Lemma 4.2 proves the lemma.

LEMMA 4.5. — Leti € {1,2,---,n—1}. Suppose thatl; < r; = l; 11 < Tip1
and that € > 0 is very small.
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Type (Tr,n,....,n,T)

C‘H )

/A
l[+(9) Rl'n{g)

R.19)

Clll—z CV*Z CH& l
= | vl e
l“*\\\“ﬂ{f;\\} T 6
T 4 )7'*;1"*2 Fie p‘"‘ LN Euku
Gy (6
Lty vy by gy L 1%, 65,
R
12( (9) /-:;c/, /8 K [8) Zf#k-u[a)
FiG. 4.1,4

(a) If the half-Reeb component C; (having y([l;,r;]) as its compact edge)
is on the left of vy then, for § € (0,¢), Hg o ([R;(8), Li11(8))) is contained
in a transversal region of [F,(0), F,(0)]. See fig. 42,a

(b) If the half-Reeb component C; (having ~([l;,7;]) as its compact
edge) is on the right of ~ then, for 6 € (—¢,0), Hy o Y([R:(8), Liv1(6)))
is contained in a transversal region of [F,(f),F,(0)] and for, § €
(0,€), Hp o ¥([Li(0), Ri11(8)]) is contained in a transversal region of
[F3(6), Fy(6)).

Proof. — Let us prove the item (a) when 6 € (—¢,0). In this
case, Li41(#) < R;(f) and we may construct a smooth curve )\, as
suggested in figure 4.2,a, contained in [F,(6), F,(#)], that coincides with
Hg o in the complement of [L;(6), R;11(8)] and that, when restricted to
[Li(8), R;11(8)], is transversal to V f¢"- Let us assume, by contradiction,
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Type n,...,u,T)

-]
!
Rz p! )Z,“ PZ Hzflﬁ 2“’ k .

l )J) III I,]/l Ly 1) o>0

T T T 1] N
xlv, [ & ‘6

that there exists an arc of trajectory [a;,az]s, (of Vf;') meeting Mg
exactly at its endpoints with a; € Ag([L;(0), RH_l( )]). By the required
transversality, as cannot belong to Ag([L;(6), R;11(6)]). In particular a.
belongs to Hg o v([0,1] \ [Li(0), R;+1(6)]). By the orbit structure of V fg,
there must exist an arc of trajectory of V fy of the form [b1, as]s, meeting
Hg o y exactly at its endpoints with b; € Hg o v([L;(8), R;+1(0)]). This
implies the existence of a half-Reeb component associated to Hy o~y (in the
context of lemmas 2.5 and 4.2) and containing [b1, a»]y,. This contradiction
with Lemma 4.2 proves this lemma.

LEMMA 4.6. — Suppose that 1o = 1y and that € > 0 is very small.

(a) If the half-Reeb component C, (having v([l1,71]) as its compact edge)
is on the left of vy then, there is a continuous function o : [0,e) — [0,71]
such that 0(0) = r1, 0 < 0(8) < R((9), and Hy(p) and Hy o y(c(9)) are
the endpoints of the subarc of F,(0) that is on the left of v and that meets
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Type u,...,n,T)

Cp(8)
[y L ; L ]@ | -t | » ©6<0
‘ ' | 1 1 T T l ] i I ’\Q
ng Zn 1) £, 18) Lm4 1))
C:l Cz, CR
PU{@{.’t {/ﬁ\\\{g{”} +» 6=0
Z ¥
yl’{ﬂ'\/yﬁpz "f-og ‘pk 2y pku
T I R S N N R B , >
T T O
Hylo  Lal) by, 18
FiG. 4.1,6

Hy o vy exactly at its endpoints. Also, Hg o ¥([o(8), R1(8)] is contained
in a transversal region of [F,(8),F,(0)]. Moreover, for, § € (—¢,0),
Hy o ([0, L1(9)]) is contained in a transversal region of [F,(8), Fy(9)].
See fig. 4.3,a.

(b) If the half-Reeb component C; (having ¥([l1,71]) as its compact edge)
is on the right of v then, there is a continuous function ¢ : (—¢,0] — [0,71]
such that 0(0) = r1, 0 < o(0) < R1(0), and Hy(p) and Hgoy(o(0)) are the
endpoints of the subarc of F,(0) that is on the right of v and that meets Hgovy
exactly at its endpoints. Also, v([0(8), R1(0)] is contained in a transversal
region of [F,(0), Fy(0)]. Moreover, for, 8 € [0,¢), Hg o ([0, L1(0)]) is
contained in a transversal region of [F,(0), Fy(0)]. See fig. 4.3,b.

Proof. — Let us prove the item (@) when 6 € (0, ). In this case, 0 > L1 ()
and so, by Lemma 2.2 and Lemma 2.5, (d), there must exist a function
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Type n,....,n,T)

Cu[6)
Lol ¢ R @ [ > ©<O
[ ’ — T 7777 )e
#( Lo L, () A 16)
Ck,
LA | | ) ] . p-o0
AN/ ! I
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FiG. 4.1,7

o as required. The proof of the remainder of (a) is similar to that of
Lemma 4.4: We construct a smooth curve g : [0,1] — [F,(), F,(0)], as
drawn in dotted lines in figure 4.3,a, that coincides with Hy o ¥|(g 1] in the
complement of [0, R;(#)] and, when restricted to [0, R;(#)], is transversal
to V f;-. Using a similar argument to that of Lemma 4.4, we may show that
trajectories of V fi- can meet Ap([0, R;(6)]) at most once. This implies,
by Proposition 3.1, our claim.

Lemma 4.7. — Suppose that v, = l,+1 and that € > 0 is very small.

(@) If the half-Reeb component C,, (having y([l,, T,]) as its compact edge)
is on the right of 7y then, there is a continuous function o : [0,€) — [l,,1]
such that 0(0) = l,, 1 > o(0) > L,(0), and He(q) and Hg o v(c(h)) are
the endpoints of the subarc of Fy(0) that is on the right of v and that meets
Hy o~y exactly at its endpoints. Also, Hy o y([Ln(0),c(8)] is contained
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Type Y,...,u,T)

Pt 9 <©
LB Hy® NG
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Pl‘w/; r BN\ I

' l | | | ¥l i I t b }
‘ I 1 ! i ! { w | x 7

FiG. 4.1,8

in a transversal region of [F,(0),Fy(6)]. Moreover, for, § € (—¢,0),
Hg o y([R.(8),1]) is contained in a transversal region of [F,(6), Fy(8)).

(b) If the half-Reeb component R,, (having ([, 7y,)) as its compact edge)
is on the left of ~y then, there is a continuous function o : (—¢,0] — [I,,1]
such that 6(0) = 1,,, 1 > () > L,(8), and He(p) and Hyo~y(c(8)) are the
endpoints of the subarc of F,(0) that is on the left of v and that meets Hg o~y
exactly at its endpoints. Also, ¥([L, (), c(8)] is contained in a transversal
region of [F,(0), Fy(6)). Moreover, for, 6 € [0,¢€), Hy o y([Rn(0),1]) is
contained in a transversal region of [F,(0), F,(6)].

CoroLLARY 4.8. — (a) X;(X,p,q), modulo 2x, consists of a finite set
of points.

(b) If 01,02 belong to the same connected component of (X, p,q) \
X1(X,p,q), then the cannonical decompositions of ([Fy(61), F,(61)], Ae,)
and ([F,(02), Fy(2)], Xe, ), as given by Proposition 3.1, are essentially the
same:
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Type (T,n,...,Y]

—J—

C’('M(Q)
'J'l/é‘\\\l ] ] i [ 1
FTTT] [T f

ffils  L© R.o

Fic. 4.1,9

bl) They have the same number of transversal regions and half-Reeb
components,

b2) every transversal region of both is not reduced to a single orbit,
and '

b3) provided that half-Reeb components of both are ordered as in
Proposition 3.1, the ones in correspondence are both simultaneously on
the right or on the left of the related curve Xg,.

Remark 4.9. — The elements of (X, p, q) behave as the stable systems
and those of ¥(x,p,q) are the bifurcating ones.

The proof of Theorem A, done in Section 5, will be obtained by studying
the behaviour of the canonical decomposition of ([F,(8), F,(6)], \g), as 8
varies in ‘R.
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Type (T,U,...,N]
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ka- (6) ho

+4

} \
f !
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5. PROOF OF THEOREM A

THEOREM A. — Any smooth map X : R? — MR? satisfying the p-eigenvalue
condition, for some p € [0,00), is injective.

Proof. — Suppose by contradiction that X is not injective. Then, by
composing X with a translation, it can be assumed that there exists
p.q € R? such that X(p) = X(q) = 0. Let v : [0,1] — [F,,F,] be a
smooth curve connecting v(0) = p with 4(1) = ¢ and having the least
possible number of tangency points with V f1. Suppose that v has generic
contact with V f+. Let

ro=0<l<rm<lh<ry <o <y <y £1 =1y,

and
(T07 Ol’Tlv 027T2 Tt Cann)
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Type (T,n,...,N]

1 ue(a)
=

I ! L } ; + }

FIG. 4.1,11

be the sequence of real numbers and the sequence made up of transversal
regions and half-Reeb components, respectively, associated to ([Fp, Fy),v)
as in Proposition 3.1.

Given 8 € R/27Z choose a smooth curve Ay : [0, 1] — [Fp(6), Fy(6)]
connecting Ag(0) = Hy(p) with \g(1) = Hy(q) and having the least
possible number of tangency points with V fé"- Suppose that A\g = . For
all § € R, let Ty(6) and D, () be the first transversal region and half-Reeb
component, respectively, associated to ([F,,(6), F,(6)], Ag) as in Proposition
3.1. In particular, To(0) = Ty and D,(0) = C;. We shall denote by B;(0)
the only trajectory of V f3- that contains Ty(6) N Dy(8).

By replacing X by X, if necessary, we may assume that 7, does not
consists of a single trajectory.

Let Ly,Ls,---,Ly be C' embedded images of %™ such that each
of them separates the plane into two connected components. We say
that {Ly,Ls,---, L} is a (p, q)-separating sequence if, for all j €
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Type (T,y,...,\]
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FiG. 4.1,12
{1,2,---,k},
{ppULiU---UL;_; and L;;1U---UL,U{q}

are contained in different connected components of ivs \ £;, where Lg and
L4, denote the empty set.
To proceed with the proof we shall need the following:

LEMMA 5.1. — Let suppose that C is on the right of =y ( resp. on the left
of v). If € > 0 is small enough and 0 < 0 < ¢ (resp. 0 > 0 > —¢), then
{B1(0), Hy "(B1(0))} is a (p, q)-separating sequence, and also D1(0) is on
the right of \g (resp. on the left of \g).

Proof. — We shall only consider the case in which C; = Uy is on the
right of -y.
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Suppose first that 0 € (X, p,q). This implies that all the blocks of
([Fp, Fyl,y) are of type (T,C,---,C,T) and have length 1. This means
that the blocks are either of the form (7,U,T) or (T,N,T). Hence, for 0
small, A can be taken to be equal to Hpo~y. Let ¢ > 0, L;(#) and R;(6) be
as in Proposition 4.1. It follows from claim 4.1.4 of this proposition (which
in this case takes the form (7,U,T) — (T,U,T) — (T,U,T)) and from
Lemma 2.5,(d), that L,(#) and R;(#) are strictly increasing functions of
(with L (0) = l4, R1(0) = r1), that D(#) is on the right of Xg and has
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Hgo~v([L1(0), R1(6)]) as its compact edge and also that the trajectory of
V f&- passing through Hy o v(L;(#)) is precisely B;(6). Given 8 € (0,¢),
denote by F.(;,)(8) the trajectory of V f3- passing through Ha(v(¢1)). (See
fig. 5.1).

It follows from Lemma 2.2 that

(1) Hy((B;(0)) is transversal to V f;- and meets F.,,(f) exactly at
Hs(v(t1)).

Hence, as the connected component of F,;,)(6)\ { Hg(7v(¢1))}, contained
in the left side of Hy o ~y, is disjoint of Bj(#), we must also have
that the connected component of Hy((B1(0)) \ {Hgs(¥(¢1))} contained
in the left side of Hy o7y is disjoint of B;(#). Therefore, as B;(f)
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contains the edge of D;(#) (which is on the right of Hy o %) it
must be that not only Hg((B:(0)) is disjoint of B;(6) but also that
{Hg((B1(0)), B1(6)} is a (Hg(p), He(q))-separating sequence. This implies
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that {B1(0),H; '(B1(0))} is a (p,q)-separating sequence. In the case
considered the lemma follows immediately from this.

In what follows, we shall omit the proof of all the statements in which we
(implicitly) claim that { B (0), Hy *(B1(0))} is a (p, q)-separating sequence.
The reason is that the required arguments are very similar to the one given
right above.

Suppose now that 0 € ¥,(X,p,q). Let 81, B, -+, B, be the blocks of
([Fp, Fyl,y) ordered in the natural way, with T, € 3;. B

It follows from Proposition 4.1 that 3, is of one of the following subtypes:
(T,9,---,u, 1), (T,U,---,n,T), (T,U,---,N] and (T,U,---,U]. By
Lemma 4.3, f; cannot be of type (T,C,---,C]. If B is of subtype
(T,U,---,U,T) then (by Statement 4.1,4 of Proposition 4.1 and Lemma
2.5/(d)) we may see that the lemma is true. If [; is of subtype
(T,U,---,n,T) then, by Proposition 2.1, the second block [, must be
either of type (T,U,---,C,T) or of type (T,U, - --,C], where C € {Nn,U}.

We claim that 3, cannot be of type (T, U, - - -, U]. Otherwise, if we denote
by £;(6), with ¢ € {1,2} and 3;(0) = 3, the “block” of ([F,,(8), F,(6)], Xe)
emerging from f;, as 6 varies, in the sense of Statements 4.1,2 and 4.1,12,
of Proposition 4.1, we will have that, for § > 0 small, 5,(8) = (T,T,T)
and ((0) = (T, T) are both part of transversal regions of [F,,(), F,(8)].
By the type of (3, the only blocks of ([F}, Fy],~) are precisely 8, and (3>
and therefore (31(6) and (2(6), for § small, have to form all the blocks of
([Fp(8), F4(0)], Ao). This implies that ([F}(6), F4(8)], Ae) will have only
one transversal region. This contradiction with Lemma 4.3 proves our claim.

In a similar way (see Statement 4.1,10 of Proposition 4.1), 85 cannot be
of type (T,U,---,N] and so [ is either of type (T,U,---,U,T) or of type
(T,U,---,n,T). If B is of type (T,U,---,U,T), then the lemma is true.
If 35 is of type (T,U,---,N,T), then we shall proceed to study the third
block an so on. As there can be only finitely many blocks and by the same
argument used above to show that O, cannot be of type (T, U,---,U,T],
we conclude that all blocks 3; cannot be of type (T,U,---,N,T). Hence,
we shall eventually find a sequence of consecutive blocks 1,82, -, Bm
of type (T,U,---,N,T) such that 3,,41 is of type (T,U,---,U,T). Under
these conditions and by an argument similar to the case above the lemma
follows. O

LemMA 5.2. — Suppose that, for some 6 € (—¢,0), D{(8) is on the right of
Ao (resp. on the left of Ng). If € > 0 is small enough then, for all § € (—¢,0],
D1 (0) is on the right of Ag (resp. on the left of A\g) and 0 > § > —¢
(resp. 0 < 8 < €) implies that {H,'(B1(8)), B1(0)} is a (p, q)-separating
sequernce.
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Proof. — If 0 € (X, p,q), then the proof is similar to that of Lemma
5.1 and will be omitted.

Suppose that 0 € (X, p, ¢). We shall only consider the case in which
for some 6 € (—¢,0), D1(6) is on the right of Xg. If ¢ > 0 is small enough,
it follows from Corollary 4.8 that, for all § € (—¢,0), § € X(X,p,q).
Therefore, using Proposition 3.1 and the same arguments as that of the
beginning of the proof of Lemma 5.1,

(1) for all 6 € (—¢,0), D1(8) is on the right of Ag. _

Let 831, B2, -+, 01, be the blocks of ([Fy, F,],~) ordered in the natural
way, with Ty € (. Take ¢ > 0 so small that all the Statements 4.1,1-
4.1,12 are true when are to be applied to the blocks (. It follows from
Proposition 4.1 that if a half-Reeb component C; of ([F},, F,],~) persists
when 6 € (—¢,0] varies, then

(2.1) Ay restricted to [L;(6), R;(8)] coincides with Hy o vy and the
persisting half-Reeb component C;(8) of ([F,(8), F4(0)], Ae) is precisely
the one given by one of the Statements 4.1,1-4.1,12 of the proposition.

(2.2) Every half-Reeb component of ([F,(8), F,(8)], Ag) is of the form
C;(8) as described in (2.1).

Hence, there exists 1 < j < n such that, for all § € (—¢,0],
C;(8) = Dy(6). In particular

(3) C; is on the right of v and belongs to a block 3; of one of the
following subtypes: (T,U,---,U,T), (T,U,---,n,T), (T,U,---,N| and
(T,U,---,U.

Denote by 3;(), with 3;(0) = f;, the “block” of ([F,(8),F,(0)], As)
emerging from J;, as 6 varies, in the sense of Statements 4.1,1-4.1,12
of Proposition 4.1 (for instance, if 8; = (T,N,---,U,T) is as in
Statement 4.1,1, then, for all § < 0, 5;(8) = (T,T,T) and, for § > 0,
ﬁz(e) = (T?D,T,U’T))-

We claim that ¢ = 1. If we assume by contradiction that 7 > 1, then,
by (2.1) and (2.2), we will have that 8;_;(6), with § € (—¢,0), must be
formed by transversal regions only. Therefore, by analyzing the Statements
4.1,1-4.1,12 of Proposition 4.1, 5;_; can only be of one of the following

types:
(T,n,--,u,T), [N,--,U,T) and [U,---,U,T).

However, if we put together ;. and (; we shall obtain a contradiction
with Proposition 2.1 (see (3)). This proves that 3; = 3.
Under these conditions, we conclude from (3) and from Lemma 4.3 that
(4) B is either of type (T,U,---,U,T) or (T,U,---,N,T).
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Hence, it follows from Statements 4.1,2 and 4.1,4 of Proposition 4.1 that
not only C; = C but also that the arguments of Lemma 5.1 can be used
to finish the proof of this lemma. [

End of the proof of Theorem A. — Consider only the case in which C
is on the right. Let [0,¢) be the maximal subinterval of R such that if
0 < 8 < ¢ then {B,(0), Hy'(B1(8))} is a (p, q)-separating sequence. It
follows from Lemmas 5.1 and 5.2 and standard arguments based on the
connectedness and compactness of closed intervals that ¢ = oo. More
precisely, given an interval [0,b], by its compactness and by Lemmas 5.1
and 5.2, there exists a finite sequence 0 = g < 6y < --- < 8,1 < 6, =b
such that, for all s € {0,1,---,1 — 1},

{B1(6:), (He,,,-6,) " (B1(0:i41))}

is a (Hy, (p), Hp,(q))-separating sequence. Considering the cases ¢ € {0,1},
this implies that

{Bl(o)aH&1(31(91))’H9-21(31(92))}
is a (p, q)-separating sequence. By induction,
{B1(0), Hy;"(B1(61)), - -, Hy, " (B1(61))}
is a (p, q)-separating sequence. In particular,
{B,(0), Hy, (B1(6:))}

is a (p, q)-separating sequence. This proves that ¢ = oco.
However, this is a contradiction because H,, is the identity map and so
{B1(0), H;;}(B1(27)) = B1(0)} cannot be a (p, ¢)-separating sequence.
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