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ABSTRACT. — This paper is concerned with regularizing effects of solutions
to the (generalized) Korteweg-de Vries equation

du+ 8%u = MP19,u, (t,z) €R xR,
(RIV) s e

and nonlinear Schrddinger equations in one space dimension

(NLS) w(0) =%, zé€R,

{i&tu + 102u = G(u,u), (t,z) ERxR,

where p is an integer satisfying p > 2, A € C and G is a polynomial of
(u,@). We prove that if the initial function ¢ is in a Gevrey class of order
3 defined in Section 1, then there exists a positive time T such that the
solution of (gKdV) is analytic in space variable for ¢ € [—7,T]\{0}, and
if the initial function ¥ in a Gevrey class of order 2, then there exists a
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674 A. DE BOUARD, N. HAYASHI AND K. KATO

positive time T such that the solution of (NLS) is analytic in space variable
for t € [-T,T]\{0}.

RESUME. — Nous étudions, dans cet article, certains effets régularisants
pour les solutions de I’équation de Korteweg-de Vries (généralisée)

Owu + 83u = P 10,u, (t,x) R xR,
(gKdV) {u(o) =¢, zeR,

et des équations de Schrodinger monodimensionnelles

10u + %3211 =G(u, @), (t,z) eRxR,
(NLS) {U(O) =1, z€R,

ol p est un entier supérieur ou é€gal a 2, A € C et G est un polyndme
en (u, ). Nous montrons que, lorsque la donnée initiale ¢ appartient 2 la
classe de Gevrey définie dans la premiére partie, il existe un temps T tel
que la solution de (gKdV) est analytique en espace pour ¢t € [T, T}]\{0};
de méme, lorsque la donnée initiale 2/ appartient 2 une certaine classe de
Gevrey d’ordre 2, il existe un temps T tel que la solution de (NLS) est
analytique en espace pour ¢ € [-T,T]\{0}.

1. INTRODUCTION

In this paper we study regularizing effects of solutions to the (generalized)
Korteweg-de Vries equation

3, — p—1
(ngV) { atu + 3Iu Au axu, (t,m) cR x R,

uw(0)=¢, zé€R,
and nonlinear Schridinger equations in one space dimension

iOu + 30%u = G(u, ), (t,z) e R xR,
(NLS) {U(O) — %, zeR,

where p is an integer satisfying p > 2, A € C and G is a polynomial of
(u,@). We prove that if the initial function ¢ is in a Gevrey class of order
3 defined below, then there exists a positive time T such that the solution
of (gKdV) is analytic in space variable for ¢t € [T, T]|\{0}, and if the
initial function %) is in a Gevrey class of order 2, then there exists a positive
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GEVREY REGULARIZING EFFECT 675

time T such that the solution of (NLS) is analytic in space variable for
t € [-T,T)\{0}. In other words, the singularities of the data go to infinity
at once. We call this property the Gevrey regularizing effect.

We also prove analyticity in time of solutions of (gKdV) which is the
same result as that in [H-K.K] in the case of (NLS).

To state our results precisely we introduce the basic function space used
in this paper. We define a Gevrey class of order o as follows :

Gar42AN(Py Py, -, Py; X)

= {f (S X, Hf”G:lA""”AN(P1,P2,"',PN;X)

o A{l A%v . .
= Y o G WP P flx < oo,
Jronin=0 '

where Ay, .-, Ay are positive constants, P, - - -, Py are vector fields with
analytic coefficients and X is a Banach space of functions on an open set
in R™ with norm || - ||x and o > 1. The above function space is used to
define several function spaces :

Yr = {f € C([=T,T}; L*); Il flllyr < oo},
where

W lllvr = max{+(T, P,3, f),o(T, P, 3, f),¥(T, P, 0,8, f),o(T, P,0,8: f)}

with
P = 50, + 3td,,
’Y(Ty P,m,f = 1 —2— u Pla: t )
) ;,;0 DA Ak | P13% £(£)]|
and
S Al A3 T 1/2
O'(T7 P,m,f) = Z Z (l!)a UC'!)—USup (/ Iai+1plaff|2dt) 7
j=0 k,l:() x 7
where

£z = max{|l|flllv.., ()}
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with

(=2 AL AL up(1+ o)) Pk £ (o)
T 1L,k=0 (17 (kY)° Stgng + )P0 F ()] e
H™"(=R, R) = {f € L"(=R, R); | fllr(-r,m)

= Z ”‘%f”LP(—R,R) < oo}

0<j<m
For simplicity we let H™(—R, R) = H™?(-~R, R), H™? = H™?(R) and
H™ = H™? We also define the closed balls in Y7 and Z., as follows.

Yr, = {f € Yr;|[Iflllyr < 0}, Zos,p = {f € Zoos [l flllz.. <}

Throughout this paper we assume that A; < 1 since when o = 1
Aikawa’s result [A,Theorem 3] says that If A; > 1, then G (zd,; L?) =
{0} which implies that the solutions constructed in the theorems below are
identically zero when A; > 1 and ¢ = 1. Different positive constants are
denoted by C, Cy, Cy,---, Ay, A, --- in Sections 1 and 4.

We now state our main results.
THeEOREM 1.1. (gKdV). — We assume that o > 1 and
¢ € GHA2(z8,,0,; H?).

Then there exist positive constants As, Ay, T and a unique solution u of
(gKdV) such that

ue C([-T,T); H)
and

ue G4 (8; BY(-R,R) NG A (8, HY(~R, R))
for te[-T,T)

where

A < mi 34, 34,

i
SSMM T84, 44, + e A1+ R) [
Ay depends on As and

H““Gy'f‘s (8:;H3(—R,R))’
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GEVREY REGULARIZING EFFECT 677

Tueorem 1.1°. (gKdV). — We assume that 0 > 1 and
¢ € GAr42(28,,8,; H) N GA42(29,,8,; HY).

Furthermore we assume that

€1 = ”d’”gfl“‘i’- (28, ,0:;H3) + “d’”gfl“‘?- (28,8, H11)

is sufficiently small and p is an integer satisfying p > 6. Then there exist
positive constants Az, Ay and a unique solution u of (gKdV) such that

u € C(R; H?),

u € Gl (3,; H3(~R, R))DG&];Z:;&D(@I;H3(—R, R)) forany teR,

||u(t)||G|;|A3(aﬁHlm(_R’R)) < const. (1 + [t])Y® for any t€ER,

where

A3 < min 34 34,
s 1+3A; 44, + elB(1+R)

Ay depends on Az and

||U“G[,”A3 (8;H3(—R,R))"

Remark 1.1. — The positive constants appearing in Theorems 1.1 and 1.1’
are important numbers which determine the domain on which the data and
the solution of (gKdV) have analytic continuations when ¢ = 1 or 3. We
explain this point herein.

() ([H-KK]). If ¢ has an analytic continuation ® on the complex
domain
U za,a, =12€Cz=1+1y,—0c0 <z < 0o,
— A — (tana)|z| < y < Az + (tana)|z|, A2 > 0},

where 0 < a = sin"!'v/2A4; < 7/2 and
/ |®(2)|*dzdy < oo,
F\/EAIAQ

then
¢ € G4 (28,,0,; H?).

Vol. 12, n°® 6-1995.



678 A. DE BOUARD, N. HAYASHI AND K. KATO
(II) In the case ¢ = 1, Theorems 1.1-1.1° say that
u € G4 (,; H3(~R, R))

which implies

i (lt|‘?3)l |a£U(t,-’17)] <oo for z€ (—R,R).

=0 l
Hence u has an analytic continuation U(zg, z) on the complex plane
{z0 € C; 20 = t +i7;|argzo| <sin"' A3} for z € (—R,R).

From Theorems 1.1-1.1’ we see that Az is bounded from above by an

upper limit 3/4 (A; = 1, A2 = o0). On the other hand in the case of the
nonlinear heat equation

du—2u=uPt, (t,z) eRT xR, peN,
uw(0)=¢, z€R,

it is well known that if ¢ € H'(R), then u has an analytic continuation
U(zo,z) on the complex domain

{z0 € C; 2o =t +it;|argze| < w/2} for z €R.

This last result corresponds to the case Az = 1. Hence the following
question arises. Can we improve the upper limit on Az ?

(IIlI)  In the case ¢ = 3, Theorems 1.1-1.1" say that if the initial function
¢ belongs to a Gevrey class of order 3, the solution u(t, z) of (gKdV) has
an analytic continuation U(t, z) on the complex domain

(z€Ciz=x+iy, |z] < R, —|t|3As <y < |t|'/3A4,t # 0.

In the case of the KdV equation (p = 2), the end of the proof of Theorem 1.1
(Section 4 below) shows that it is sufficient to take A4 such that

A 1/3
3

o< arrmre o)
where

CO = ”u”GLtIAS(at;H3(—R,R))7 Cl =1+ Z m'4/3

m=1
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and C is the best constant arising in the Sobolev’s inequality

C
Il (-rR) < 71_” N (-rR)-

(The constant C can be given explicitly since we have

1/2
| lleormy < (2R+ ;E) -l -m )

We now give a typical example of the function in G?lA? (20, 8,; H?),
but is not an analytic function, which may help the readers to understand
the Gevrey regularizing effect.

We put

1
_ Jexp(—z757T), x>0,
) =
#(2) {0, z <0.

Then the function () belongs to Gevrey class of order s but not belong
to Gevrey class of order r, where 1 < r < s (see [Ko, p41, Lemma 2.1] for
the proof). We let 9(x) = (1 — z?) and s = 3. Then there exist positive
constants A; and A, such that ¢(x) € G5142(2d,, 8,; H?), but ¢(z) is
not analytic in the neighborhoods of +1. More precisely %(x) is not in
GA42(50,,0,; H?) for 1 <7 < 3 and any A3, Az > 0.

The analyticity of solutions of (gKdV) was studied first by T. Kato and
K. Masuda [Ka-M] (see also [H]). They proved that if the initial function
¢ is in G{*(8,; H?), then there exist A} > 0, T > 0 and a unique solution
u of (gKdV) such that

u € C([-T,T); H?)

and
uw € GM (B, HY) for te[-T,T] and A] < A;.

Their method requires the condition ¢ = 1 to treat the nonlinear term
involving the space derivative of the solution «. Hence their method is not
applicable to the general case o > 1. To overcome this difficulty we use the
local smoothing property of solutions to the Airy equation d;u + Bu=0
which was shown by [Ke-P-V 1] first. Local smoothing property enables
us to handle (gKdV) by using the contraction mapping principle (see [Ke-
P-V 5]). In fact, in the same way as in the proof of Proposition 3.1 in

Vol. 12, n® 6-1995.
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Section 3 we can prove that there exist T > 0 and a unique solution u
of (gKdV) such that

€ C([-T,T}; H?

and
(1.1) u € GH (0, HY) for te -1, 7],

when ¢ € G21(8,; H?) (o > 1). From the above result we can prove that
there exists A, > 0 such that

(1.2) u € G§2(8; H®) for te[-T, T}.

However analyticity in time of solutions to (gKdV) does not come from
(1.2) since o > 1 is needed to obtain (1.1).

In [Ka], it was shown that if ¢ € L} = H2n L*(e*®dz)(b > 0), then
the solution of (gKdV) becomes C*°(—R, R) for t > 0 in space variable.
His proof is based on the fact that the unitary group exp(—td?) in L?
is equivalent to

exp(—1(d; — b)®) = exp(—1d?) exp(—3btd2) exp(—3b°t, ) exp(—b3t)

in L? when ¢ > 0. Hence the method is not valid for the negative time and it
is not clear whether or not the solution of (KdV) becomes analytic for ¢ > 0.

In [Cr-Kap-St], the authors studied a fully nonlinear equation of KdV
type in one space dimension :

Oyu + f(afu,afu,axu,u,x,t) =0, zeR,
where f € C* and
0f/8(02u) > C >0 and Af[0(0%u) < 0.

They showed that if the initial function decays faster than any polynomial
on R*, and possesses certain minimal regularity, then the solution
u(t,) € C°(~R, R) for t > 0. Their result ([Cr-Kap-St, Theorem 2.1]) is
considered as a generalization of results of [Ka] and [Kr-F].

We prove the regularity in time result for solutions to (gKdV) implying
analyticity by using the operator P = 29, + 3t8, (which almost commutes
with the operator d; + 92) and the local smoothing property. We also prove
a global existence in time result for solutions in a Gevrey class implying
analyticity by using a similar method to that of W. A. Strauss [St].
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By making use of the regularity in time result obtained in Section 3 and
an induction argument, we prove regularity in space of solutions to (gKdV)
yielding analyticity in space variable.

We next state the results concerning (NLS).

THeEOREM 1.2. (NLS). — We assume that 0 > 1 and

Y € GhA2(50,,0,; H?).

Then there exist positive constants Az, A4, T and a unigue solution u of
(NLS) such that

U € C([_T7 T];H2)7
ue G4 (a; BX(-R,R) NG/ & (3, H*(~R, R))
for te[-T,T],

where

24, 24,
1+2A1’3A2+61/2(1+R) ’

Az < mln{
Ay depends on As and

lull grias (5,82 (— . my)-
TueoreM 1.2°. (NLS). — We assume that o > 1 and

Y € GArA2 (18, 8,; H?) N GA142(20,,8,; LY).
Furthermore we assume that
€& = ”":Z)“(;fl“b (285,85 H?) + ”"MIG:I“‘? (282 ,82;L1)
is sufficiently small and G(u, ) satisfies the following growth condition
|G(s,38)| < const.|s]P  for |s| <1,

where p is an integer satisfying p > 5. Then there exist As, A4 and a unique
solution u such that

u € C(R; H?),
u € Gl (8, H2(—R,R) NG 4 (8,: H2(~R, R))

max(o/2,1)
forany teR,

“'U,(t)”GLt|A3 (Bl (—RR)) < const.e (1 +t)"Y2 forany teR,

Vol. 12, n° 6-1995.
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where
2A; 245
1+2A1’ 3A2 +61/2(1+R) ’

A3 < mm{

Ay depends on As and
[ullgiei4s (6,2 (- .y

Remark 1.2.

(I) By the same argument as in Remark 1.1 (I), we see that the solution
u of (NLS) has an analytic continuation U(zo, z) on the complex plane

{20 € C; 29 = t + 47; |argze| < sin™' A3} for z € (-R,R)

and Aj has the upper limit 2/3. The same question as in Remark 1.1 (I)
arises concerning this upper limit.

(II) In the case o = 2, Theorems 1.2-1.2° say that if the initial function
1 is in a Gevrey class of order 2, the solution u(t,z) of (NLS) has an
analytic continuation U(t, z) on the complex domain

{z€Ciz=x+1y,|z] < R, -t/ 4s <y < [t|/?Ay,t £ 0.

(III) In the case G(u,d) = 42, the end of the proof of Theorem 1.2
given in Section 5 shows that it is sufficient to take A4 such that

A 1/2
3
Aa < 2(2(1 +29. 3CC’0A3))

where
Co = “UHGyW (8::H?(—R,R))

and C' is the best constant arising in the Sobolev’s inequality

i mm < Sl .

The smoothing property of solutions to (NLS) implying analyticity in
space variable was studied in [H-Sai] in the case of G(u, %) = |u|**w,
k € N. More precisely, the main result of [H-Sai] is as follows.
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If the initial function ¢ satisfies
[[(cosh Asz) || a1 < o0,

then the solution u(¢, ) of (NLS) has an analytic continuation U(t,z) on
the complex plane

{2 € C;z =z + iy, —|t|As < y < |t|As,t # 0},

The result stated in Remark 1.2 (I) was already obtained in [H-K.K] but
the result stated in Remark 1.2 (I) is new. It is interesting to compare
the result of [H-Sai] given above and Remark 1.2 (II). Our result is new
even in the case G(u,a) = |u|?>*u, k € N since we do not assume that the
initial function decays at infinity.

For a general class of equations which includes a large number of models
arising in the context of water waves, analytic solutions were obtained in
[B]. We note here that the methods used in [H-Sai], [H-K.K] are not
sufficient to treat the nonlinear Schrodinger equation with a nonlinear term
involving the derivative of the unknown function :

(1.3) 10u + %qu = G(u, 0y, @, 0,1),

where G is also a polynomial of (u,d,u,%,0,%).

The gauge transformation techniques used in [H-O] are applicable to
prove a time regularity result similar to Theorem 1.2 for (1.3) and for
general space dimension the method of [Ke-P-V 2] based on [Ke-P-V 2,
Theorem 2.3 (2.9)] is applicable for (1.3) with a smallness condition on the
data. However these methods cause undesireble complexities, and so we do
not go into the problem (1.3) in this paper. The difficulty to handle (1.3)
arises from the fact that the smoothing property of solutions to the linear
homogeneous Schrodinger equation is not sufficient compared with the Airy
equation (see , [Ke-P-V 2, Theorem 2.1]). Local smoothing properties in
the usual Sobolev spaces for the linear Schrodinger equation were studied
by [Co-Sau], [Sj] and [V] simultaneously. A sharp version of the local
smoothing property was obtained in [Ke-P-V 1, Section 4]. Moreover they
proved a sharp inhomogeneous version of the local smoothing property in
[Ke-P-V 2, Theorem 2.3] for Schrodinger equations which was used to
study several higher order models arising in both physics and mathematics
in [Ke-P-V 3/4].

G. Ponce [P, Theorem 3.2, Theorem 4.2] studied the regularity of
solutions to nonlinear dispersive equations including (gKdV) and (NLS)

Vol. 12, n° 6-1995.
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as examples. Roughly speaking, his results are as follows. If ¢ € H?
and (z0,)7¢ € L% (j = 1,---,k), then the solution of (gKdV) is in
H*(—R, R) for any R in some time interval. If ) € H* and (x0y )79 € L2
( =1,---,k), then the solution of (NLS) is in H%*(~R, R) for any R in
some time interval. His methods are based on the classical energy method
and the facts that the linear operator 8, + 32 commutes with the operator
x + 3t02 and the linear operator 8, + 302 commutes with the operator
z + 1td,. However our results do not follow from the methods in [P]. This
commutation property was used in [G-Vel] to study the scattering theory
for nonlinear Schrodinger equations with power nonlinearity satisfying
the gauge condition. The iterative use of the operator = + itd, in [H-N-
T] allowed the authors to study the smoothing property of solutions to
nonlinear Schrodinger equations satisfying the gauge condition.

In Section 5 we prove regularity in space of solutions to (NLS) by
using regularity in time of solutions. However the proof in Section 5 is not
applicable directly to the case of arbitrary dimension.

Our method in this paper can be applied to the system of nonlinear
equations

(1.4) { Z?tol; 1203,3@ = F(a),

((111 (112) _ ( 0 —1) <f1(u,v)> . <—Z’U)
asy aso o -1 0 ’ fz(’LL, ’U) - 0
(1.4) is written as

i0iu — (Av —v) = 0,
iat’U - A'LL = O,
u(0) = o, v(0) = vy,

which is equivalent to the (linearized) Boussinesq equation

Ofu + O%u — 92u =0,
w(0) = o, g(0) = (32 + 1)"lep.
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We can obtain the same result as that of Theorem 1.2 for (1.4) since the
operator P = z0, + 2t0; has the commutation relation

[P,i0; + AD?] = 2(i0; + Ad?).
Our method is also applicable to a diagonal system

(1 5) {8twk + ijﬂwk + Qk(wl, . ,wm,azwl’ .. .,83j—1wm) = O,

where @, s are polynomials having no constants or linear terms, since the
operator 9, + (2j + 1)td; almost commutes with the linear part of (1.5)
and the local smoothing property for the linear part of (1.5) proved in
[Ke-P-V 1,Section 4] works well for (1.5) thanks to the nonlinear terms
Q). s which are independent of the derivatives of order 2;. The system (1.5)
was studied in [Ke-P-V 3] to obtain local well-posedness of the initial value
problem for higher order nonlinear dispersive equations of the form

(1.6) { Oyu + 0Py + P(u,dpu,- -+, 0% u) = 0,

u(0) = uy,

where P is a polynomial having no constant or linear terms. We notice here
that P has the highest derivative 8%u. By using a gauge transformation
we can write (1.6) as a diagonal system (1.5) (see [Ke-P-V 3] for details),
and so local well posedness of (1.6) can be treated.

If we add a smallness condition on the data, our method can apply to
a system

k| 92i+1, k 1 m 25,1 23
Ou” + 077wt + Pe(ut, - u™, -, 070!, -, 020 u™)

by using the sharp inhomogeneous version of local smoothing property
given in [Ke-P-V 3, Theorem 2.1 (2.2)].

The main tool in the proofs of our main results is a first order differential
operator which almost commutes with the linear part of the target nonlinear
evolution equation and which has only derivatives with respect to the space
variables for ¢ = 0 and has a derivative with respect to the time variable for
t # 0. Hence the following question arises. For linear dispersive systems
of the type

(1.7) { 8;+ iP(D)i = 0,

’&(0) = ’&0,

Vol. 12, n° 6-1995.
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where
i= (1) Po= (2 pe@) pw)=FpeF

do there exist such first order differential operators ?

Under some conditions on P(D) which includes many applications in
the theory of dispersive long waves of small amplitude, local smoothing
effects for (1.7) was proved in [Co-Sau]. Laurey [L] studied the Cauchy
problem for a third order nonlinear Schrodinger equations

(1.8) { 10:u + iad3u + bA2u = aful?u + i8(, |u|*)u + iv|u|20,u,
' u(0) = ug,

which is introduced by A. Hasegawa and Y. Kodama (see references cited
in [L]), where a,b,a, 3,y are given real parameters. The linear part of
(1.8) satisfies the condition of [Co-Sau] and so it has the local smoothing
effects. As can be seen in [P], the differential operator

(1.9) T — 3atd? — 2ibtd,

commutes with the linear part of (1.8). However it is difficult to construct
a first order differential operator which almost commutes with the linear
part of (1.8) from (1.9).

By combining the induction method in [P] and the local smoothing
property for the linear part of (1.8) in [L, Proposition 2.1] we can obtain
the similar result as [P, Theorem 3.2] for (1.8). However the result in a
Gevrey class function space is still open. More precisely, assuming that ug
is in some Gevrey class, is the solution of (1.8) analytic in space variable
or not ?

This paper is organized as follows. In Section 2 we prove useful lemmas
which are needed to obtain the main results. Section 3 is devoted to study
the existence of solutions to (gKdV) when the initial function is in some
Gevrey class of order o, which yields that the solution of (gKdV) is in the
(usual) Gevrey class of order ¢ in time variable. By using the existence
results of Section 3, we prove Theorems 1.1 and 1.1’ in Section 4. In
Section 5 we state the results of [H-K.K, Propositions 3.3-3.4] that the
solution of (NLS) is in the (usual) Gevrey class of order ¢ in time when
the initial function is in some Gevrey class of order ¢ and using these
results we show Theorems 1.2 and 1.2°.
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2. PRELIMINARIES

In Sections 2 and 3, we denote positive constants by C and C' may
change from line to line. We let S(¢) be the unitary group associated with
the linear equation d;u + 82u = 0. We first state well known estimates and
local smoothing property of S(¢)¢ obtained by [Ke-P-V 1].

Lemma 2.1. — Forany ¢ € L? and any t > 0
1Sl = 9llc2,
sup [ 10.5(1)6() Pt < Ol
and for any ¢ € L!,

(Sl < O+ [E) 16|11

LemMa 2.2, — We have for P = z0, + 3t0;

1 l
(21)  8P'=) (li)P‘—kaI, Plo, =" (i)(—l)kazpl—k,
k k=0

l

!
(22) 8P =Y (li>3kpl-kat, P9, =Y (i)(—3)katpl—k.

k=0 k=0

Proof. — We prove (2.1) and (2.2) by induction. When [ = 1, it is clear
that the first equality of (2.1) is valid. We assume that the first one of (2.1)
holds true for any [. Then we have by assumption

(2.3) 9. P! =(P9, + 8,) P

=(P+1)3,P' = (P +1) Z (i)Pl—kaz.
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688 A. DE BOUARD, N. HAYASHI AND K. KATO

By a direct calculation the right hand side of (2.3) equals
(1
(2.4) Z(lc)(P‘“-’“agc + P'7kg,)
k=0
e l (1
_ I+1-k I+1 Ik
= kzl (k)P 8, + (0)13 By +; (k)P A

-1 ]
! P\ it A
<k+1)+;(k>)z> 6x+<0)P B,
l—k 1+1
(L )+ (oo, po,

-~

I

M

k=0

< [l+1
_ Ik I+1
= (k+1>P 0 + 0, + P10,

k=0

1
_ I+ 1Y\ pik 1+1
_Z%(k+1>P 8, + P14,

1+1 +1
_ P+ 1N pigi-k I+15 _ P+1\ pigaok
_H(k )P 8, + P ax_kz_o L PR

From (2.3) and (2.4) we have

I+1
8, P+ = Z (l: 1>Pl+l—kaz_

k=0
Hence we obtain the first part of (2.1). The second part of (2.1) and (2.2)
are obtained in the same way as in the proof of the first equality of (2.1).

QED.
LemMa 2.3. — We let 0 > 1 and P = z0, + 3t0,. Then we have

> a7 19 Pllx < Z ‘0,91,
0

I= =0

O l O
3 el Pouglx < o Z
=0 =0
> dsloPalls < Z

=0 =0

Annales de I’Institut Henri Poincaré - Analyse non linéaire



GEVREY REGULARIZING EFFECT 689

and

Z 1y <eé Z Plg|lx.

=0 =0

Proof. — Since every inequality in the lemma is proved in the same way
by using Lemma 2.2, we only prove the third one. By the first equality
of (2.2) in Lemma 2.2 we have

> deloalls

= (B

= i ;gl)a i ( >3k||Pl""3tgllx

k=
S (! AF BAF
SZZQ) (T

o L EAF Ak
<20 ) (- o 1P dugllx

N

o

]i <1 for nggl,ozl)
(G

k=0
(e o]
Al

o34 ; G

QE.D.

Lemma 2.4. — We have

T
| 1wt
-7

r 1/2 1/2
< CT?sup (/ lg(t,$)|2dt) (/ sup lf(t,$)|2d$) ;
zeR\J-T \ /R te[-T.T]

provided that the right hand side is finite.
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Proof. — By Schwarz’ inequality we have

r 1/2
- T ) 2dtdz 1/2
—O(/R/_Txﬂt, o(t,)] dtd) T

T 1/2
SC(// lg(t, z)|?dt - sup lf(t,x)lth?) T2
RJ-T te[-T.,T]

from which the lemma follows.
In the same way as in the proof of Lemma 2.4 we have

T T 1/2
/ 1/ (®)g(®)llz=dt < C ( / Hf(t)g(t)llizdt> TY/?
-7 T

Lemma 2.4°.

1/2
(/ Hf(t)g(t)llizdt> SCsup(/ lg(t,x)lzdt)
R z€R R
1/2
x(/ stggmt,x)izdx) ,

provided that the right hand side is finite.

1/2

In order to prove Lemmas 2.5-2.5" we need [H-K.K, Proposition 2.1]
and since we also use it in several stages of the proofs of the results in
Section 3, we state the proposition without proof.

[H-K.K, ProrosITION 2.1.]. — We let

f, g€ GMA(P o, H™)n GHA2 (P g, H™/A=),  5>1
and P = 20, + 3t9;. Then we have

I - 9“031*‘2(P+Cl,81;H’")
< e (I fll g (po,smimrmey 1921z (p o, 1my
T gllgaiaz p o, mimimoy 1 llgaraz po, am)):

where [s] is the largest integer less than or equal to s.

The following lemma is needed to show the local existence in time of
solutions to (gKdV).
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LEMMA 2.5. — We let f € Yr, F(f) = fr19,f,0 > 1 and
P = z9, + 3t0;. Then we have
T
/0 (HF(f)“GfIA2(p,az;H3) + ”atF(f)”GAIM(p,az;Lz)dT
< O, + TN IS OIS an o))

Proof. — We have by lemma 2.3

oo

(2.5) IF(H)llganns po, s, = Z (z

OFF(f)|Le

o34 — All A’; 2 I ok aj
> AL S PR ()
k=0
3

5 W (k)7 =

e Z 02F(f ||G"1"2(Pa L2y
j=

A direct calculation gives

(p—1)fP~2(8,f)* + fr~19f,
(p—1)(p—2)fr3(0:f)°

+3(p — 1) fP20,f - 02f + P13,

(2.6) SABF(f)=@—-1)(p—-2)(p—3)fF 0 f)*

+6(p — 1)(p— 2)f?73(0.f)?0%f

+3(p — 1) fP2A2f) + (p — 1) fP20.f - B2 f
{ +fr1oif.

By the same argument as in the proof of [H-K.K, Proposition 2.1],
Lemma 2.3 and Sobolev’s inequality, G2142(P, 8,; L?) norm of each term
in the right hand side of (2.6) is estimated from above by

@T) O pans sy + 17702 N 1)

razF( )
OZF (f)

Hence we have by (2.7)
T
@8) [ WP Dllggin o, mydr

T
< C(Tlllflll’{zT +/0 ”fp_laifncﬁl’”(P,ax;m)dT)'
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By Lemma 2.4 and a simple calculation
T

(2.9) /0Hg1'gzllG;“lA2(p,aI;L2)dT
oo Al Ak

lkO

T
x / 1P, - g2l
4 k

=Y arar o (3)()

1,k=0

x / P39k g, . PIgrg, | adr

1 k

1/2
= AL Ak AV T
/2 n_ (2
Z(l! )e (k1)e ZZ(J)( )T ilég / |P?O; ga|"dr
1,k=0 0n=0
1/2
X /sup |P'I0k g Pdy
R t€[0,T]
ot l Ak T 1/2
Z TRy SUp / |P'6k go|*dr
1,k=0 0
1/2
Loopk
A (/ sup |P'9%gy|? da:) )
R t€[0,T]

<

Since

we have by (2.9)

T
(2.10) / 191 - 92ll 142 g, oy
1/2
et Al Ak T
(Z k' Sup(/ |Plafggl2dr> )
& Al Ak ) , 1/2
“\ &, e Jwenyoto0, 0 as
L,k=0

T 1/2
+2</R/O iarPlafgl(T,x)[]Plafgl(T,a:)|d7'd$> )
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< T2 i A A /T|P‘a’c [*dr "
. @7 k)7 ser\ Sy "

1L,k=0

X (Ilgl(O)HGng (285,05:L2)
+ T1/2’Y(T7 Pa Oa g1)1/2,y(T’ Pa Oa atgl)l/z)

by Schwarz’ inequality and Lemma 2.3.

We apply (2.10) with g; = fP~! and g, = 9% f, and Lemma 2.3 to the
right hand side of (2.8) to obtain

T
(211) A ”F(f)“G;qlAQ(P’ax;Hs)dT
< CT|If|IIY, + CT*?o(T, P,3, f)

X (1F (0P Ml gz o, 0,122
+ TY24(T, P,0, fP~1)'/24(T, P,0,8, f*~1)'/?).

By using [H-K.K, Proposition 2.1] and Sobolev’s inequality in the second
term of the right hand side of (2.11) we get

T
(2.12) /O IE(Ngar2 p o, ;ma)dm

< CCTUIANE, + T2 e SO ns s o
+ T2 |£11)

< (TR, + T2l I F O )-

2142(28,,8.;H3)

In the same way as in the proof of (2.8) we have

T
| 10F N g
T
< O, + [ 1577 0:0: Fguss i, an)

We again use (2.10) with g; = fP~! and g, = 8,8, f, and Lemma 2.3 to
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the right hand side of the above. Then we have

T
(2.13) /0 HatF(f)“G;‘lM(P,aI;LZ)dT

< CTY|fIIB, + CT* (T, P,0,8,f)
X (1Y Ml garaz o, .12

+T'2y(T, P,0, f*=1)/24(T, P,0,8,(f7~1))1/2).

By the same argument as in the proof of (2.12), (2.13) yields

T
(2.14) / 18P ()l g2, gy < The right hand side of (2.12).
O o 1YLy

The lemma follows from (2.12) and (2.14) immediately.

QED.
In the same way as in the proof of Lemma 2.5 we have

LEMMA 2.6. — We let F,0, A; and P be the same as those in Lemma 2.5,
and we let f,g € Yr and f(0) = ¢(0). Then we have

T
/0 (”F(f) - F(g)”GflA2(P,82;H3) + “at(F(f) - F(g))HG:IA2(P’3z;L2))dT
< CTIIF = glllve (NAIRLT + MallIF )

The following lemma is needed to show the global existence in time of
solutions to (gKdV).

LEMMA 2.5, — We let f € Zo, , F(f) = f*~'9,f, ¢ > 1 and
P = 28, + 3t0,, where p is an integer satisfying p > 6. Then we have

/R(“F(f)”GflAz(P,BE;H‘"’) + ”atF(f)”G:1A2(P,8:;L2))d7-

< CUIANG. + Az N OE )-

$142(29,,8,;H3)
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Proof. — We have by (2.5), (2.6) and [H-K.K, Proposition 2.1]

“F(f)”(;/‘l/‘?(pa ;H3)
<63A12“83F Meaiazpy .12y

< C(|]f[[p AIAZ(PB H1, °<,)“f“G;‘lM(P,aI;HS*)
AT p g 1O i
+ 7" 1‘94f||c:;‘1"2 (Pou;Lh)
< OUFIES 52 oy oy 1142 gy + 17T 02 a2 g, 1)

(by Sobolev’s inequality and Lemma 2.3).

Hence

J VPl i
o AP 1 -
+ C/R ”fp—-laifncfl’ﬁ(p’az;Lz)dT
< Oy(oo, P,3, PN AL / (1+ 7))~ dr

+C [ 157710 gsson o, aoydr
R

and since (p — 2)/3 > 1, the integral in the preceeding term is convergent
and we get

(2.15) /RHF(f)HG:lAz(p,az;Hs)dT

= C([Hf“[%oo + /R pr_la:f”(;;“l“2(p}az;L2)dT)~
We have

(2.16) /”fp 1a4f“G’*1”2(Pa 1207

< [ gins ey 117208,
(by [H-K K, Proposition 2.1])
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< /R 1A e
()

X “P[_Jaf—"(fp °) - PPO3% | podr
o) l Ak l k I k
< 2 Wy ZZ(a‘)(n)

1/2
X (/R “f”‘LG:IAQ(P,BI;Lm)dT)

0 n=0
x ( / |P!=905=n(£23) . Pigrap fl[2adr)V/2
R

(by Schwarz’ inequality)

<Y T >3 () (5w

1/2
X sup (/ ]Pj828:f|2dt)

1/2
X (/ sup | P99k ( fp- 3)|2dz) (by Lemma 2.4%)
R teR

/2
. [ 4 4 iz,
<IAIE. (Z_ i e 2 ( / P10k f| dt)
(T A [ apiporprpa N
o W7 (ke Rk * v

oo

1/2
Al Ak e
< lIfIE.. Z @y (he ( / sup | P'0%(f 3)12@)

(by Lemma 2.3).
In the same way as in the proof of Lemma 2.5 we use the fact that

sup |P'O; (f77*)|? <|(28,)'95(f(0)~*)[?
teR

+ / |PLOE(f7-9)]|0, P9 (7)) dt
R
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to obtain

1/2
e Al Ak o
& T (/RigRPIP’Bf(f ) dg;)

o 1 k
<Y b (/ (D) 95 (£(0)~ 3>>|2dx
e / / 18, PO (£7=)] |P'O(f7~2) | dbdz)"/?
RJR

< CllfF(oy~ 3”GA1A2(z3 B:5L2)

o0

1/2
Al Ak 1 k p—3Y\12 v
o e (L Lmorore)
172\ 1/2
Lok rp—3yi2 -
x (/thpaz(f )2d ) dt)

697

(by Schwarz’ inequality),

and by the same arguments as in [H-K.K, Proposition 2.1],

< Cllfo)P 64142 (25, 5, H?)

+ O(/ “f”p A14g (P8, Lo.o)||f”G31A2(P,32;L2)

1/2
X ”at(fp_s)”G?lAz (P,BI;Lz)dt>

< ClfOIE

GA142(45, 8, H3)

2 4
+ C(/ “f“ (glAz)(P,BI;L“’)”‘f”G?I'”(Pva’;Lz)

1/2
X Hatf“G;‘IA2(P,3¢;L2)dt)

< C”f(o)“p A1A2( 8.,0,:H?)
+ Ol AN (o0, P,0, £)/24(c0, P,0, 8, f) /2.
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Hence we have

o k 1/2
(2.17) l%_:o (;!1—)10(;3# (/R ?lelg lPla:(fp"e’)Pd:I})

< CUFONEL a0y + AN,
From (2.15), (2.16) and (2.17) it follows that

(2.18) /HF Pligairapo, 0yt

< CUIANZ., + Az F o2

G2142(20, 8, H3))

On the other hand, using the fact that

OF(f) = fP710.0:f + (p— 1) f*7%0,f - 8, f
and the same arguments as in the proof of (2.15), we can easily show that
(2.19) L ”atF(f)“G;hAQ (P,a,;m)dt

SOOI + [ 1577000 guns 80

In the same way as we proved (2.16), we have

/R ”fp*lata’”fHGf“‘?(P,az;m)dt

1/2
3 S A_llA_g Iak/ ¢p~3\|2
< 1. (} i o ( [smipaze d$))

and this, together with (2.19) and (2.17), gives

(2.20) /nat (Dllgass (p.p, pn
< C(HANG, + NIFINZ F )12

GI112(2d,,0, H3))

From (2.18) and (2.19) the lemma follows.

QED.
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The following three lemmas are needed to show analyticity of solutions
to (gKdV) in space variable when the solutions are in a Gevrey class of
order 3 in time variable.

LeEMMA 2.7. — We have for any m € N

£() e

=0

Proof. — By an elementary calculation

z’: (zl'>_m:2+§ (ll,)—m <2+ (Z_Tl)m <3.

I'=0 I'=1
QE.D.

LEMMA 2.8. — We have

-1
(;,)(:;,)(;ig,) <1 for U'<l,m <m.

Proof. — We expand both sides of the equality (1+¢)"+™ = (1+¢)}(1+¢)™.
Then we have

I+m
1+ =% (l 4;ﬂm)tk,

k=0

L+ 1+ = (;;O <kll )th) (éo @)tk)

ZEEE 22 @E)

0<ky <t
0<ky<m
Hence
ky+ka=k kl k2 k
0<ky <1
0<kg<m

Since every term of the left hand side is positive, we have the result.
QED.
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LEMMA 2.9. — We have

(3m ) <m )‘3 < g0 (max(l,my)/*(max(1, m — my))3

3m1 my m2/3
for meN0<m; <m.

Proof. — We first prove

(2.20) %ml/a <a(m)™' <b(m)7t < 3m'? for m > 1,
where
' 3k — 1 1 3k —2
= b = _—

For m = 1,2, it is clear that (2.20) is valid, and so we consider the case
m > 2. We have

log(a Zlog( ) Zlog(1+ _I)

Since z — z* < log(1 + z) < z for = > 0, the above equality gives

Z(3k—1_(3k—1)2)<10g RED D,

k=1 k=1

By an elementary calculation

Wl =
.-\3
8=
&
IA
NE
w
Eod
I —_
ot
IA
N
+
Wl
.-\3
8|
Qu
3)

N1 1 1
logmgz%_1 §+§logm

IN

and so

loge™'*m!/® < log(a(m)~!) < loge?m3® for m >e.
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This implies
(2.21) %ml/:’ <a(m)™! <3m'* for m > 3.
Similarly, we have
(2.22) %mlﬁ < b(m)™ <3mY® for m>3.

Therefore (2.20) comes from (2.21) and (2.22). We note that

% = 3*™a(m)b(m).

From this we see that if m; # 0, m; # m

<3m )(m )‘3_ (Bm)! (mi)® ((m—my))?

3my J \my T (m)? (3my)! (3m — 3my)!

(2.23)

= a(m)b(m)a(m;)~1b(m1) ra(m — my) " b(m — my) 71
< 36m—2/3m§/3(m _ m1)2/3.

When m; = 0 or m; = m,

(2.24) <§’7Z”1 ) (7’:1 ) Tl 1.

From (2.23) and (2.24) the lemma follows.
QED.

The following lemma is needed to show analyticity in space variable of
solutions to (NLS) which are in a Gevrey class of order 2 in time variable,
and is proved in the same way as Lemma 2.9.

LemMMa 2.10. — We have

2m m\ ’ ¢ (max(1,m))(max(1,m — m,))
<2
2m1 ma - ml/2

for meN,0<m; <m.
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702 A. DE BOUARD, N. HAYASHI AND K. KATO
3. EXISTENCE OF SOLUTIONS TO (gKdV)

In this section we prove

PROPOSITION 3.1. — Let ¢ € GA142(2,,, 8, H?). Then there exist a unique
solution u of (gKdV) and a positive constant T such that u € Y.

ProposiTioN 3.1°. — In addition to the assumptions on Proposition 3.1,
we assume that

¢ € G2 (a8, HYY,

€1 = 0llgaise oa, 0, 00y + Il gas42 (oo, 0,:0r9)

is sufficiently small and the nonlinear term satisfies the same growth
conditions as those in Theorem 1.1°. Then there exists a unique global
solution v of (gKdV) such that v € Z..

In what follows we only consider positive time, since the case of negative
time is treated similarly. We let u,, be the solution of

(3.1) { Lun = M2 710501 = F(un_1),
“n(o) =¢

for n > 1, and ug be the solution of
(3.2) Lug =0, ug(0) = ¢,

where L = 9; + 82. In the same way as in the proof of [H-K.K, (3.3)]
we have by induction

(3.3) L& P'0%u,(t) = 01(P + 3)'0F F(up -1 (t)).
The integral equation associated with (3.3) is written as
(3.4) 8P'0kun(t) =S(1)0i(20,) 0%

t

+ / S(t — )8 (P + 3) 0% F(up_1(7))dr,

where S(t) is the unitary group associated with the linear equation Lu = 0.
By using formula (3.4) and Lemma 2.1 we prove Propositions 3.1-3.1°.

Proof of Proposition 3.1. - It is sufficient to prove that {u,} is a Cauchy
sequence in Y7y when T is sufficiently small. Taking L? norm in (3.4),
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multiplying both sides of the resulting inequality by A!Ak/(11)7(k!)°,
making a summation with respect to ! and k, and using Lemma 2.1, we
obtain

(35) ~(T,P,3,un)+ o(T,P,3,u,)

T
< Ol + [ 1P ina(Dlaos o ey

where and in what follows we let for simplicity

I lhvo = 1~ llgaraz oo, 0, 9)
In the same way as in the proof of (3.5) we have

(3.6) ~(T,P,0,0,u,) + o(T, P,0, 0cu,)

T
< c(natunw)nn +f uaTFwn_l(r))ucng(mﬁ,;m)dr)
< C(”¢”Yo + ”F(¢)“G:1A2(zaz,8,;L2)

T
+/0 “a‘rF(Un—1(7'))“G;‘1A2(P+3,8;;L2)d7-) ’

We have by [H-K.K, Proposition 2.1] and Sobolev’s inequality

(3.7) IF(WMgas 2 po, 5,12y < CllGIT,-

From (3.5)-(3.7) it follows that
3-8)  lualllyr < C{II¢HY0(1 + el )

T
+ / (IF (un—1 (Pl gas42 s 010

+ ”a‘rF(un—l(T))“Gjl“‘2 (p+3,az;L2))dT}

< C{I|¢|1Yo(1 + g5
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704 A. DE BOUARD, N. HAYASHI AND K. KATO
T
+ [ UP s (D192

+ “a,-F(Un-l(T))“G;‘lA?(P,BI;U))dT}

(by [H-K.K, Lemma 2.1})
< C{llgllve (1 + l1ol5, ™) + Tlliun-1ll,
+ T |lun-alllv: 1B, 1)
(by Lemma 2.5)
< Cflidlly, (1 + l1l%, )
+ (T + TP |un-a| [, }-

From (3.2) and energy estimates it follows that

(3.9) llwolllvr < ligllys-
We take p such that

Cllgly (1 + el ) <

and T such that

C(T +TF? < %

in the right hand side of (3.8). Then we have by (3.8) and (3.9)
(3.10) l|unlllyy <p forany neN.

Proposition 3.1 is obtained by showing {u, } is a Cauchy sequence in Y7.
In the same way as in the proof of the second inequality of (3.8)

(3.11) Men+1 = wnlllve

T
< C/o (1F (un) — F(un_l)HG:lAz(P’az;Ha)
+ ||0- (F(un) — F(un_l))HG?M2 (P,BI;L2))d’T'
< CT|fun = n-1llyz (Nlwallf" + Nlun-1l577)
(by Lemma 2.6)
< TP un — tn-1llys
(by (3.10)).
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If we take T satisfying

CTp*! <

N =

in the right hand side of (3.11) we have by (3.10)

n s =l < 3lhun =sn-sllvy < (3 ) s =uall < (5) o

This means that {u,} is a Cauchy sequence in Yr. This completes the
proof of Proposition 3.1.
QED.

Proof of Proposition 3.1°. — In the same way as in the proof of the second
inequality in (3.8) we obtain by (3.4)

luallly.. < c{ncbuyou + 1ol
L AL OO T

+ 10:F (un—1(2))l g 414 (P,aI;L2))dt}'

We apply Lemma 2.5 to the above to have

(312)  [llunlllys
< C{llollve (1 + 118113, ) + llun—1lllZ,. + Mun-allZ. 1615, °}
< C{llllve (1 + 11015, ) + lun-alllf,.}

(by Young’s inequality).

On the other hand, by Lemma 2.1

I8@ fllarse < CA+)T2(If s + 11£]a2)-
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Hence we have by (3.4) and [H-KK, Propositions 2.1-2.3]

i
ltn (242 71y < Cer(1 48~ 1 C / (14 (= 7))~1/2
¢

x (HF(un~1(T))“Gglf*z(ms,a:;m")

+ ||F(un-1(T))chlA?(P+3,B¢;H2))d7

< 0(61(1 + )7 4 i3 /Ot(l +(t~7)7H3

X [l ()22 df)

?1A2(P,3I;H1,oo)

< C(el(l +6)7% - lluna ||, /Ot(l +(t-7)7T5(1+ r)'%ﬁdr)
which gives
(313)  (1+ t)1/31|un(t)”<;§1"2(P,Bz;Hz,oo) < Cley + jun-alllz).
By (3.12) and (3.13)
(3.14) unlliz. < Clex + lfun1llf_).
In the same way as in the proof of (3.14) we have

llfuolllz., < Ce,

this with (3.14) gives
(3.15) lunlllz., < Cey, forany neN.

Similarly, we have by Lemma 2.6’ and (3.15)

(316)  lunss = wnllz < O fun = sl < C(é)

By (3.15) and (3.16) we have the result.
QED.

In the same way as in the proofs of [H-K.K, Proposition 3.3-3.4] we
have by Proposition 3.1-3.1°
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ProposITION 3.2. — Let u be the solution of (gKdV) constructed in
Proposition 3.1. Then

u € G458, H¥ (=R, R)) for |t|<T,

where

34 34
Az < min{ ! 2 } .

1434, 445 +€/3(14+ R)

PropoSITION 3.2°. — Let u be the solution of (gKdV) constructed in
Proposition 3.1°. Then

u € G4 (3,; H3(~R,R)) forany te€R,
and
“u(t)HGL‘MS (8,;H' > (- R,R)) S 061(1 + ltl)_l/z fO’I' any t e R,

where R and Aj are the same as in Proposition 3.2.

4. PROOFS OF THEOREMS 1.1-1.1’ (gKdV)

By Propositions 3.1, 3.1°, 3.2, 3.2°, to obtain Theorems 1.1,1.1" it is
sufficient to prove

PROPOSITION 4.1. — Let u be the solution of (gKdV) satisfying

u € GI1143(3,, H3(—R, R)).

Then there exists a positive constant A, such that

we GH A (8. HY(~R, R)).

Proof of Proposition 4.1. — We divide the proposition into the following
two lemmas.

LEMMA 4.1. — Let u be the solution of (gKdV) satisfying

u € GIH14:(8,, H3(—R, R)).

Then there exists a positive constant As such that

u€ Gile (03 H*(~R,R)).

max(o,3
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708 A. DE BOUARD, N. HAYASHI AND K. KATO

Lemma 4.2. — Let u be a function satisfying
A
ue Glte (03 H*~R, R)).

Then there exists a positive constant A, such that

ue G'rff;izf/“s,n(az;H%—R, R)).

Proof of Lemma 4.1. — 1t suffices to prove the result for { = 1. By the
assumption we have

Co = Z
=0

Ay o
(l!)” “atu”Ha(—R»R) <o

which implies

!
(4.1) ol e < o

We prove by induction with respect to m that there exists a positive
constant Ag such that

Al+m - N
(4'2) ((l +3m)!)0_, Haiag UHHI(_.R,R) _<_ COAgl(maX(l,m)) 4/3,
A | n3me+k
(4.3) WH@@’“ ullg1(-r,.r) < ACAg,

for ,m € NuU {0}, k¥ = 1,2, where o/ = max(0,3), A is a positive
constant determined later. If (4.2) is valid, then taking [ = 0 in (4.2) and
(4.3) we have Lemma 4.1 with

3
A _ A 0).
5 . €, (€> )

It is clear that (4.2) and (4.3) hold for all [ and & = 1,2 when m = 0.
We assume that (4.2) and (4.3) are valid for all {,m and k¥ = 1,2. For
simplicity we denote

I Na-rmy =1l
until the end of of the proof of Proposition 4.1.
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Since
Fu = —8yu — A(8:(w?)) /p,

we have

BLM™ Lk = — B M Ok %anga;;H(up),

where and in what follows
M =252

Hence

(4.4)  [OM™H 85ullx < |65 M™83ullx + A0 M™ 85 (wP g )|
= Il,k -+ I’\lI2,k'

The crucial term is I x because it is easy to handle I; x by the induction
assumption. Indeed we have

l m m —_
(4.5) Ix- A5 < {COAG (max(1,m))~%3 for k=0,

(I+m+ 1)) — | ACoAZ for k=1,2.

We shall prove that

(4.6) Wy p 8 { L0 AT (14 m)~4/3 for k=0,
N 2,k

3 <
(U+m+1)N7" = | LACAZT for k=1,2.

For simplicity, we show (4.6) in the case p = 2, since the general case
p 2 3 can be proved by induction. We have by Sobolev’s inequality

c
|- llze(-rR) < Z“ Nur-r.R)
(4.7) Ly = [18}03™H (w - wo) s
! 3m+k
p> (zl') (" Jretemwihiatozm s,

=0 m’=0
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First we treat the term I, ,. We have by 4.7)

i

(4.9 —120<ZZ (o) G Yot oot amsmta,

=0m’'=0
! m

l 3 ’ !

22 Z ( )( " )HB% M™ )]0 M™=™ 9 ),
U'=0m;=0 m
m—1 l
l my = m—m)

+l,§_:o 10( )(3m +1)uaM 10,ul| 1|01 My,

-1

l
33 () (o " MR o Mgz
'=0m;=0

=Dho1+ o2+ Irps.

Hence

Aé+m+l
((I+m+ 1)

X))
I'=0mq=0 3m1 ll +m1 (l +m+ 1)0./

(4.9) Iy,

S M JY ) e GV
l o -0’ -11°
<22 ()G ) O
As

X WCOA?I (max(l, ml))—‘l/sACOAgl—ml

(by the induction assumption)

(by Lemmas 2.7-2.8)
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< 37 o~ (max(1,my))*3(max(l,m —m1))*3  As
> T

x ACZ AT (max(1,m;))"%3 (by Lemma 2.9)

m1=0

7 o = (max(1,mq1))"3(max(1,m — my))?>® Az
<3 AG Z m?2/3 (1+m)3
As
(14 m)?

m
A
m1=0

<3'AcC? AT

In the same way as in the proof of (4.9) we have

4+m—+1
A3

(4.10) Loy - AFm+ )"

: i: mz: ( ) — /<377::1m+1) (,7:1)_6, [(;,) (12)(1’1121)_1]6,
T Ai T+m+7 1% *(max(1,mq))"**CoAg ™

(by the induction assumption)

33 ( sm ) (m )_3%AC2Am(max(l my)) 4/

(by Lemmas 2.7-2.8)

=3 mi (;7;”1 ) (W’Z)—g?’g;;ﬁ) (1:1 E ~ACZ AT (max(1,m,))~4/3
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m—1 —
<3racy Y (max(lyma))(max(l,m - my)) e

273
my=0 m

As 1
X AT
(14+m)3" ¢ 3m;+1

(by Lemma 2.9)

< 3BACZ 2

0 (1+m)2 Aglv

and we also have

A13+m+1
(I+m+ )Y

25 () in) "

(4.11) I2)0’3 M

» As ) As
I4+m-V-my) (+m+1)"
Ayt v 2
@ 1l

Al+m U'—m;—1
((l+m U'—m; — 1))

mzl I\ 3m m\~"
=, U 3mi+2 /) \m
—1 o
l m l+m
l/ ma l/ + my

N Az As
({+m-V-m) (+m+1)°

185~ M= 92ul,

M._

<
l/

—

X

CA2C2AT!

(by the induction assumption)

m~—1 -3 2
<3 (LA oW A A2C2 AT
T A= \3mi+2 J\m (1 +m)?(m —my)3

(by Lemmas 2.7-2.8)
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=5 ) ()

m1—0
3(m —my)(3m —3m; — 1)  AJA’CEAT}
(Bmy+1)Bm1+2)  (1+m)P*(m—m)’
A2 :
< 39A2c§mA6 1 (by Lemma 2.9).

Consequently we have

I4+m+1
Ly, AT
T ((I+m+ 1))
1
< (2-3%AC2AsA5" + 3°A2CLA3AGY) ——5 Ak m1
(m+1)
If we take
C=C(2-32AC2AsA;! + 3°A’CL A3 AG?).
Then
Aé’+m+1 S +1 4/3

4.11 My —8 < MCA™ 1 —
(1) Who e S MOATT A m)

which implies (4.6) for k = 0 if
1
(4.12) 146 = max{|A|C2 - 32CoAAs, (]A|C - 3°Co) /> AAs}
Next we treat the case kK = 1. We have by (4.7)
3m ]_ 7 m/ i m _mr
(B Yot o oot a2,
1 ! - m—m
(P 1Y ot damsalfof=" b gl
e l 3m+1 U apmy 1=l p ym—my
303 (1) (o oy N8 Mmsosullaflof= M=o,

)Hai’M"“azuulnai—”Mm—mlunl
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In the same way as in the proofs of (4.9)-(4.11) we have

Ag+m+1
(I+m+ 1)

-3
<3 Z (3m1)< ) AC2AT A,

(414) ILy;;-

ml-O
1 3m+1
X —— 1 ‘4/3“
(3 1y (max(l,ma)) 3m — 3my + 1

< 3BAC2AzA™,

Aé+m+1
((I+m+ 1)

-3 1 3m+1
2,2 4m
S32<3m1)< ) AC°A6A3(m+1)33m1+1

m;=0

< 3BACEA; AT,

(415) 1271’2 -

I+m+1
A3

416) Iys- S
(416)  Los (T+m+ 1))

ACZAT A, _as3 3m+1 3m — 3m,
2270776 <73 1.m — /3
(m+1)3 (max(1,m —my)) 3mi+1 3m; +2

< 3°ACEAz AT

From (4.13)-(4.16), (4.6) follows for k = 1 if

1
(4.17) 746 = IA13°CCy A3 max{6, A}.
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Finally we treat the case k = 2. We have by (4.7)

l 3 2 " am! _r m —m'
) (o ® Y o et oz

<3m Ny 2) 198 M ully|9f=F M|y

) 185 M™ 8,u])1[|0F~ M™ ™ 82ul|y

)Haﬁ’M"“azuulna:*’Mm—mlazunl

=Dho1+ o2+ 123

In the same way as in the proof of (4.9) we have by (4.18)

Aé+m+1
@+ m+ D)7

! m —a!
l 3m+2 l+m+1
<23 (0)(5) ()

I'=0 mi =0

(4.19) 159 -

U'+m,
x __‘_4_3_|
(U +m)h)’

Hm+1-U'—m,
As

1=l y rm+1—m,
Ut mA1 =T —m))” lo" M ull:

l m 1-o’ el
l Im+2\/m+1
<
<23 () ()0

I'=0m;=0

IN(m+1\[/l+m+1\"" ’

U my U'+my
X C()Agll (max(l,ml))_4/SCoAg"+l_ml (max(l,m + 1-— ml))"4/3

(by the induction assumption)

j6f M™ )y

X
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i 3m+2\ (m+1 _302,4’”1
- 3my my 076
( (l’ml))_4/3(ma‘x(1am+ 1 —ml))_4/3
(by Lemmas 2.7-2.8)

=2 ()0

m1=0
3(m—my+1) ,

C m+1 ~4/3
%3(m+ 0 0 A T (max(1,m1))

x(max(l,m+1—m,))~*?3

<3 Z (max(1,m1))¥3(m + 1 —m,)¥/3
(m+1)%/3

m1—0

xC AT (max(1,my))"Y3(m + 1 - my )43 (by Lemma 2.9)

=3"C¢(m + 1)72/3 A7+ Z (max(1,m;))"23(m + 1 — my) /3,
m1=0
Using Schwarz’ inequality, we have

m

> (max(1,my)) "3 (m 4+ 1 - my)~%/3
m1=0
=(m+1)"%3+ Z mf2/3(m +1—my)"23
m1=1
m vz ;o 1/2
< (m+ 1)—2/3 + (Z m1—4/3) <Z m1—4/3) <G
mi=1 my=1

Hence we have by (4.19)

Ag+m+1
((t+m+ 1))
In the same way as in the proofs of (4.10)-(4.11) we have by (4.18)

(4.20) Loy - < 3'C3C AT
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l4+m+1
A3

(421) I2,2,2 . m

(3m +2)(3m+1) 1
(3my + 1)(3m — 3my + 1) (m + 1)3
< P A2C2 A AT,

x A2C2 AT A

I+m-+1
A3

(422) I2’2,3 . m

m -3
3m m o2 am s (Bm+2)(3m+1) 1
<
<3} <3m1>(m1> A A Ay ) Bmr + 1) (m 1 17

< 39A2C2 A3 A,

Hence (4.20)-(4.22) imply that (4.6) holds true for & = 2 if

A

1
(4.23) 746 = 2|A|C3°ACyA; and 37CC,Cy|)| = T

From (4.9)-(4.11), (4.14)-(4.16), (4.20)-(4.22), and (4.12), (4.17), (4.23) it
follows that (4.6) holds for

(4.24) Ag = 2(1 4 2*3'8|\|>C?C2Cy) As.
From (4.5) and (4.6) we have (4.2) and (4.3) under the condition

Az
2(1 + (1 + 2°38|A[2C2C2C1) A3)

(4.25) As <

This completes the proof of Lemma 4.1.
QED.

Proof of Lemma 4.2. — For simplicity we denote || - ||3 by || - || #3(— r,r)-
Since
33m 1
< b
(3m + 2)! = (m!)3
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we have
b 1/3 m
> Bl ol
(B AY™ o U3 A )P
= > (o 1™l + (o s 02l

(it|1/3A4)3m+2
((3m +2)1)7'/3

s} ) 1/ 3m
< ((<3m £ 2)3m 4 1)) ('t' . A4> ol

m=0 ')
3m+1

+3(3m +2)7 /3. (EL?—IE) (mll)a’ 103 ulls

027 *ulls) (0" = max(c, 3))

+2

1/3 3m
i (M 3A4) (mlg)af 1533m+2ulls)
1/3 4 3m
(ltl 3 A4) (m]!-)a, Haﬁmuns

tl/sAil e 1 3Im+1
+(”3 ) ozl

t|1/2A 1 )
+(l | 3 2 G |03+ 2ulls | for AL > A4
2
S 754y (1AL (HAD™ | am
< Const - mzzzo (1 + 3 + 3 (m)” 0; ™ ulls

2
LA SRV (IE1A5)™ | as(m+1) / ' 3
+< 3 + 3 () o) ulls | for A5>(Ay/3)°.
Therefore we have

e tl/3A4m
Z(H )

(m!)"'/3 HB;nuus

m=0

< Const - (1 + t[*/3 + [t)*/%)

m=0

(1t14s)™
(mh)””

82 ulls < oo

for As > Aj.
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Hence, if we take A4 such that
(4.26) Ay < 343,

we have Lemma 4.2. We note here that by (4.25) and (4.26) , when p = 2,
it is sufficient to take A, satisfying

A 1/3
3
As < 3(2(1 Ty 3181,\|2C20301)A3))

to obtain the result.
QED.

5. PROOFS OF THEOREMS 1.2-1.2° (NLS)

The following two propositions were proved in [H-K.K, Propo-
sitions 3.3-3.4].

ProposrTioN 5.1. — We assume that 0 > 1 and
P € GAMrA2(59,,8,; H?).
Then there exist A3, T and a unique solution v of (NLS) such that
u € C([_Tv T]; H2)>

u € GI42(9,; H*(—R,R)) for te|[-T,T),

where

Az < min{ 24, 24, }

1+2A, 345 +eY/2(1+ R)
PROPOSITION 5.2. — We assume that o > 1 and
¥ € GH A (20,,0:; H?) N G142 (20,,0,; LY.
Furthermore we assume that
€1 = W”G;‘I"z (28,.0.:H2) T ”Il‘b“G:lAz(a:Bz,Bz;Ll)
is sufficiently small and G(u, ) satisfies the following growth condition

IG(s, 3)| < Const.Js|?  for |s| <1,
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where p is an integer satisfying p > 5. Then there exist Az and a unique
solution u of (NLS) such that

u € C(R; H),

u € GI43(d,; H*(-R,R)) for any teR,

@l ga142 (oo, 5,1 (- r,Ryy S Comstoea(1+ [E)™ Y2 for any teR,

where

A3z < min 24, 24,
3 1+24;,’ 34, +e/2(1+R) [

We now prove Theorems 1.2 and 1.2°.

Proofs of Theorems 1.2-1.2°. — From Proposition 5.1-5.2 it is sufficient
to prove that there exists a positive constant A4 such that

(5.1) we G4 (5 . HY(_R, R)).

max 0'/2 1)

The proof is obtained in the same way as in the proof of Proposition 4.1,
and so we only give the outline. We first prove there exists a positive
constant As such that

(5.2) ue Gl (0% H*(—R, R)).

max(o,2)

It suffices to show it for ¢ = 1. By Propositions 5.1-5.2 we have

o0

ZO l‘)o ”(9 u”H2( R,R) < 00,

which implies

Al
()

We prove by induction with respect to m that there exists a positive
constant Ag such that

(5.3)

l6tullg2(~r,R) < Co-

Al+m

A (i

100%™ 0% u| i~ r.r) < CoAR, for k=0,1
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for I,m € NU {0}, ¢/ = max(o,2). If (5.4) is valid, then taking | = 0,
we get (5.2) with

As
As—z—s——e (e > 0)

In what follows for simplicity we let
Il -rpy =1 -l and M =8

It is clear that (5.4) holds true for all [ when m = 0 by (5.3). We assume
that (5.4) is valid for all {,m and k = 0,1. We only consider the case

(NLS2) i0,u + %Au =u?,

since the general nonlinearity can be treated by induction. We have by an
elementary calculation and Sobolev’s inequality

(55) o= 002,

szsz( ) (G Yot oot ezm=a,
-3 mo( ) (o Y0 Mot~
o3

m-—1

Z; (z) o, H)na’ M™ 8w - 8" M™ ™ 19,4l

my=0

0m1"0

+CZ by (1) (o, 108 M0l aamm =30l

0m1 0

(
<03 3 (1) (o ot ot
)

= C(IQ)()J + Iz)o’g).
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In the same way as in the proof of (4.9)

Aé+m+1
56) Lg,—2——
(5.6) PO+ m+ D))

=2 2 m

m \ 2 CRALAL

<3 Rl el I
s le_O (2m1)<m1) (m+ 177

3 . o6 i (max(1,m1))(max(1,m —my)) C2 Az AT

m
m1=0

(m+1)2
(by Lemma 2.10)
<3-2°C2A3A7,

and in the same way as in the proof of (4.11) we have

Aé+m+1
57) Ipop—3—
(57) Lo W+m+ 1))

-2 m—
<X (am \(m\__cpazap-
- = 2m; +1 my

(m+1)%(m — m,)?

s 2m \ [ m \ 22(m —m;)  CEAZAT!
- = 2m; J \m,

2mi+1 (m+1)%2(m —m;)?
<3-2"C3A3A7  (by Lemma 2.10).

We also have (see (4.13))

G ua’azma (u?)|lx

< Zmz (0) Gt Yt ot 3=,
+Z Z (lll)<2m+1

e T
I'=0m;=0 1
=1+ 11,

In the same way as we proved (4.14) and (4.15) we obtain by Lemma 2.10

Al+m+1
(5.8) 3

I A 3.98024,4m
(Iz,1,1 +I2’1’2)((l+m+1)!)"' < 0A3Ag
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From (5.6)-(5.8) we see that if we take Ag such that

(59) AG =3 210000143
then

Iangmaks, 2 Co m+1
(5.10) |0, M™ 0, (u”)|1 < —é—As .

On the other hand, the solution of (NLS2) satisfies
s M™% ully < |07 M™ 85wy + [|0;M ™85 (w?)] 1.

By the induction assumption, we see that the first term of the right hand
side is estimated from above by

CoAT = icoAg"“ < @Agn“ if Ag>2.
Asg 2
Hence, we have (5.4) by (5.9) and (5.10) if
(5.11) Ag =2+ 3-2'0C,CAs;.

Using (5.4) and the same argument as in Lemma 4.2, we obtain the desired
estimate (5.1), provided that A, satisfies

A 1/2
Ay <2 2 .
th (2(1+3-29000A3)>

"QED.
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