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ABSTRACT. — We are concerned with the multiplicity of positive and
nodal solutions of

- Au+ pu = Q(z)|uff?u  in RV
u € H'(RY)

2
where 2 < p < N o’ N >3,u>0,Qe¢cC(RN) and Q(z) > 0 for

x € RN. We show how the “shape” of the graph of Q(z) affects the number
of both positive and nodal solutions.
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568 D. CAO AND E. S. NOUSSAIR
1. INTRODUCTION

We consider the multiplicity question of both positive and nodal solutions
(solutions which change sign) of the following problem

- Au+ pu = Q(z)|ulP?u in RV
u€ H'

(1.1)

2N
where N > 3,2<p< N3 p > 0, H' denotes the usual Sobolev space
H}(RM), and Q € C(RY) is assumed to satisfy the following condition:

Condition (Q)

Q(z) > 0 in RV and there exist some points a',...,a* in RY such that
Q(a’) are strict maximums and satisfy

Q(a?) = Qmax = Max{Q(z) : 2 € RV} >0, j=1,...,k.

Our objective is to establish the existence of at least & positive solutions
and k£ nodal solutions of problem (1.1). Our main result is:

THEOREM A. — Assume condition (Q) holds. Then there exists pu, > 0
such that problem (1.1) has at least k positive and k nodal solutions for
each v > .

It is known that if @) is a positive constant, (1.1) has a unique positive
solution for each g > 0 [10], and infinitely many radially symmetric nodal
solutions. When Q(z) is not a positive constant, the existence of a positive
solution has been established by several authors under various conditions.
We mention, in particular, results by A. Bahri and P. L. Lions [3], P. L.
Lions [13], Yi Li [11], A. Bahri and Y. Y. Li [2], D. M. Cao [6]. In [2],
{31, [11], [13], Q(xz) is required to satisfy

Q(z) - Q as |z| — oo and
Q(z) — Q > —Cexp(—-6|z|) as |z| — oo,

for some constants C,6 > 0.
In [6], Q(z) is required to satisfy

Qz) > 2% P/2Q for zeRV.

Regarding nodal solutions we mention a result by X.P. Zhu [17] where
existence of at least one nodal solution is established provided Q(x) satisfies

— C
Q(@‘QZW as || — oo
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 569

for some constants C,m > 0.

In this paper, we do not require Q(z) to satisfy any asymptotic property,
all of the above conditions may fail in our case. In fact, it is easy to construct
examples of Q(z) for which none of the above criteria are satisfied and
condition (Q) holds. When Q(z) is a positive constant, RY is replaced by a
bounded or an exterior domain, V. Benci and G. Cerami [4], G. Cerami and
D. Passaseo [7], A. Bahri and P.L. Lions [3] have considered the effect of
domain topology on the existence of positive solutions. Roughly speaking,
if Q has a “rich” topology then the problem

“Autpu=luf 'y  z€Q
ulog =0

has many positive solutions for larger u.

In this paper RV has a trivial topology. Our emphasis here is on the
“shape” of Q(z). Our result shows how the “shape” of the graph of Q(x)
affects the number of both positive and nodal solutions.

Our arguments are based on a combination of the concentration-
compactness principle of P. L. Lions [12], and Ekeland’s variational
principle [9].

In Section 2, we give some notations and preliminary results. In Section 3,
we first establish two results concerning the compactness of minimizing
sequences and then give a proof of Theorem A.

2. NOTATIONS AND PRELIMINARY RESULTS

. N )
For a > 0, let C,(a’) denote the hypercube [](al —a, a! +a) centred at

. =1 .
o =(al), 5=1,...,k; i =1,...,N. Let C,(a’) and 8C,(a’) denote
the closure and the boundary of C,(a?) respectively.

1
Set A = —, v(z) = A¥Y®=2y()\z). Then (1.1) becomes
N (z) (Az) )

(2.1) { —Av+v=Q\z)f*v in RY

ve H.

Set Qx = Q(Ax).

Vol. 13, n° 5-1996.



570 D. CAO AND E. S. NOUSSAIR

For v € H', ¢ € R and nonnegative bounded functions b € C(RV),
define

1 1
(@ = 5 [ IVuP +a =2 [o@)lup
Mg,y ={u€ H':u#0and (I{,(w)(u),u) =c}

(2.2)

where Il’)(w) denotes the Fréchet derivative of I).
We will write Iy(;)(u), Mgy, Iy, and I,ﬁ(z) simply as Ip(u), Mg, If
and I} if there is no confusion. We will also write MY, I} as M, and I,
Choose numbers K,£ > 0, so that C¢(a’) are disjoint, Q(z) < Q(a?)
k N

for z € 0Cy(a’) for j = 1,...,k, and |J Ce(a?) C [[(—K, K). This is
7=1 =1

possible by the assumptions on Q.
Define ¢) € C(R,R), g\ € C(H',RY) by

2k, 2K
A
(2.3) éa(t) =4 t -2—1{\3 i< %i.i
._.2K t< _%
A A
J da(@)luf?

(2.4) gi(u) = Tl 1=1,2,...,N and

ga(uw) = (gr(w)).

All our integrals are over RV unless otherwise stated.
Let CZ/A = C(/)‘(%f—), and for j = 1,...,k, let
N ={u€ H" :u€ Mg, and g»(u) € Cz/x}
(25) O} ={u€ H':u€ Mg, and g\(u) € 9C],,}
A, ={ue H':u* e Nj}
AN ={ue H':u*F € NJUOJ and u'* or u™ € 04}

where 4t = max{u,0}, v~ = u* — w.
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 571

It is easy to verify that Ni,O, A% and &AJ are non-empty sets for
j=1,...,k. Define for j = 1,...,k

Ji = inf{Ig, (u) : u € AJ}
(2.6) J = inf{Ig, (u) : u € AL}

P = inf{Ig, (u):u € Ni}

P = inf{Ig, (u) : u € O}}

The main results of this section is included in the following proposition:

PROPOSITION 2.1. — Assume condition (Q) holds. Then there exists Ag > 0
such that for each \ € (0,X), 7 =1,...,k _
(1) J} < 3Iqy,, and J§ has a minimizing sequence {u’,} C A} satisfying

IQA (an) - Jf‘
I (ul)—0 in H!
as n — oo. . _
(2 P < 2Ig,,, and P} has a minimizing sequence {vi} C Nj
satisfying ' .
1g,(v) = B}
I, (v))—»0 inH™!
as n — oo.
The proof will be accomplished by a series of lemmas.

Lemma 2.2, - If = gfor ¢ > 0, and

~2
IESI§+Ib‘°—p2p le| forany c€eR

where b is bounded, b € C(RN) and b(x) > 0 in RV.
Proof. — Let v € My and ¢ > 0. Then

/[Vul2+u2=/b|u|p+czc

P—2</ 2 2) c
Iyj(u) = —— Vul*+uw* ) + =
b(u) o A\ 5

p—2 c c
> -=—,
Z 5 c+p 5
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572 D. CAO AND E. S. NOUSSAIR

To show that equality holds, let v € H', [|Vv]? = ¢, and define

us(2) = 0D 20(0w), wo(z) = (1+ 8)u,
with § > 0 being selected so that w, € M.

Since [ |Vu,|? = ¢, [|uo|? = cW=29/2-N [|y|9 = 0 as 0 — +oo0,
for ¢ € {2, N_3) it is easy to see that such a § = §(o) exists and
6 — 0 as 0 — +oo. Therefore

1 1
Ii(wy) = -2—/|ng|2 + |w,|* - I—)/blwaF’ — % as o — +o0.

Hence I} =

To complete the proof of Lemma 2.2, let ¢ > 0 and u € M, °. Then

/qu|2+u2 =/b|u{”—c< /b|u|”.

Let v = tu, where t > 0 is selected so that v € M,. It is easy to see
that ¢ € (0,1). We have

-2
:Ib(u)+I§—p2p c.

The required inequality then follows by taking the infimum over M, °.

LemMA 2.3. — Assume condition (Q) holds. Then for any € > 0, there
exists a A\e > 0 such that

() J < 2Igy,, +¢

() P < Ig,, +¢
for j =1,...,k, and X € (0,))
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 573

Proof. — We prove (1) by constructing functions wy, A > 0, with wy, € A;'
such that I, (wy) — 2Ig,., as A — 0. Let j be fixed and « denote the
ground state solution of

— Au+u = Quax|uff?u in RV
(2.7) >0 in RY
u€ H?

Define for small A > 0 such that 2/ < 1

1z < 505 -1

Ya(z) = .
0 I.'L'l > EWsY
Ya(z) € CY(RN) and V| < 2 in RV,
Let z* = —=(1,1,...,1) € RY and

2VA
+ a’ A @’ A
wi(z) =tTu w—y-i—;v ¥ x—7+x

_ a’ a’
—t/\u(w— T—w’\)'(p(a:— Y —:c’\),

where t > 0 are selected so that (I (w¥), wE) = 0. That is

Hu(r — & £ )P (z — & £ 2|2

()" - -
JQUDIz — 5 £ )ha(z — & £V
It is easy to see from the definitions of u,)» and z* that tf exist and
tf - 1as A — 0. _
We show next that g,\(w,\i) € CZ/,\ :

[ ér(z:)uP(z — % + M)y (z — % + )
Jur(z — & £ 228 (x — < 4 )

g(wy) =
Since ¥ (z— “Tjiz*) =0if |z;— %\i| > % by the definition of ), we have

;) ¢,\(:ci)u”(w - “—j + .1‘)‘)@[)1)(.'1,‘ - “—j +z)
Jo:

fc: w(z — 5 £2)Yi(z - § £2?)

!]A(U’A )=
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574 D. CAO AND E. S. NOUSSAIR

1 {
provided ﬁ < iR and from the definition of ¢, we conclude that
gi(wi) € C’Z/A. Thus wi € Ni.

We also have

28) Toy(n) = B [19a = % + 5 )a(o - & 422
+/ lu(z — “—j + o (o — 9-{ + ;v’\)|2:!
_ @ /Q Aotz - —+:v’\)v,b>\(:v— =P
+ B [ v N,
- / ju(e - & - ﬁ)%(w . x*)P}

UV / Q) u(a — —’ O INCEE P

(t+)2 2. +) i Ik
5 [ime *T_/Q“““_” "
+ %—)—_ / [Vul® + u? - %/Q(z\l‘ +a? + 2 [ulf

+ o(A)

where o(A) — 0 as A — 0.

Since Az* — 0 as A — 0 we see from (2.8) that Ip,(wy) —
21g(aiy(u) = 21g,,,, as A — 0. This completes the proof of (1).

The proof of (2) is similar. We can simply replace wy by wy and
prove (2).

LemMa 2.4. — Assume condition (Q) holds. Then there are numbers
€, Ae > 0 such that for j = 1,...,k

) J > 2q,. +¢€ for all )\ € (0,A.),
() PJ > Igy.. + € forall X € (0,),).

Proof. — Fix j. Assume to the contrary there is A, — 0 as n — oo, such
that J{ — ¢ < 2lg,,,, . Consequently there exists {u,} C A} such that

(2.9) / VUt + ut P = / Q) uP?,
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 575

Ig,, (un) — c < 2Igy,,,,

and either g, (u;}), or g, (u;) belongs to BCZ/An, as n — 0o.

It then follows that {u,} is bounded in H'. Let p = |ut|P, applying
the concentration-compactness principle of P.L. Lions [12] to p, we obtain
a subsequence of {ul} (still denoted by {u}}, and hereafter, we always
choose subsequence and denote it by the same sequence if necessary) such
that one of the cases (i) Vanishing, (ii) Nonvanishing occurs. If (i) Vanishing

N —
J |u£]? — 0. By Holder inequality and the boundedness of {ux} in L2(RN)
we have [Q(A.z)[uf|P — 0, which leads to [ |VuE|? + [u}f|? — 0, a
contradiction, since from (2.9) we can find a number v > 0 such that
J|Vut|? + |u£|? > v for all n. Hence (ii) Nonvanishing occurs: there are
R > 0,0 > 0 and {y*} c R" such that

2N
occurs, then for q € (p, ———-2) it follows from P.L. Lions [12] that

/ lufP > a forall n,
Br(y¥)
where B, (20) = {z : |t — zo| < r} for zg € RN, 7 > 0.

Suppose gy, (uy) € 0CY,, (gx,(u;) € an/An can be considered
similarly). Denote y;" by y,. Let 4, = u}(z + y,), then

Un — u, weaklyin H' as n — oo,

Gp — U, a.e.in RY as n— oo,

/ [t [P — [uol?P > >0, as n — oo.
Br(0) Br(0)

Set v,, = @, — u,. By Brezis-Lieb lemma [5] we obtain
(2.10) / QO + Ay |iin]? = / Q0w + At 1o |?

+ / QA + M) vn]? + o(1)

Since u, converges weakly to u,, we have

(2.11) / (Vi + []? = / Vuol? + Juo|? + / V0l + onl? + o(1)

It follows from (2.9) that
(2.12) /|van|2 + | |? = /Q()\nx + AnYn)|tin|?

Vol. 13, n® 5-1996.



576 D. CAO AND E. S. NOUSSAIR

Combining (2.10), (2.11) and (2.12) we have
(2.13) /|V’un|2 lonl? - /Q(z\nw+)\nyn)1vn|”
=—(/w%ﬁ+hu?—/Quw+Awum$)+wn

We consider the following two cases
Case (I). — |lvn|| — 0 as n — 0.

By condition (Q)) we can choose § > 0 so that
(2.14) Q@) < Quax  for  z €T \C,.
We complete the proof by establishing the contradiction that
lim To, (u) > 2g...

Consider the sequence {\,y,}. By passing to a subsequence if necessary,
we may assume that one of the following cases occurs:

@ {Aayn} C Cg_-f-é\CZ—é

®) {Ayn} € Ty

© {Anyn} C R¥\C/ s, and {A.y,} is bounded.

(d) An(yn)i — 00 as n — oo, for some i € {1,2,...,N}.
Let ¢ > 0 and R, > 0 be such that

(2.15) / Ivnl"//lvnl” <e
|z|>R.

In case (a) we may assume \,y,, — § € 6146\05‘5, and Q(7) < Quax-
Consequently

lim IQM (’IL:)

n—oo

= Jim {5 [1vuti e -1 [ oot
lim {% / Vit |? + Jiin|? — %/Q(/\n:c + )\nyn){an|p}

n—00

1 1
= Vuo2+u02—-/ i) g |P
3 19wt s - [ ol

> IQMax7
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 577

since we also have

[ 1Vl +02 = / Q@) o .
In case (b)

¢ty = d 8@t @)l
gAn( n) - flﬁn|”

_ f|$i|SRe ¢)\n (-Ti + (yn)z)m/nlp + ‘[lziIZRG ¢)\n (:L'i + (yn)z)lanlp
- Sl P

In the region |z;| < R., we have

- T4(-6
vi 4 ()i € (_A(Q NI RE)

(2K 2K

N ) for sufficiently large n.

It then follows from (2.15) and the definition of ¢, that

9, (u)) > (29__@__(5) - Re)(l —e)— %\_Ke,

An
. J -6 2K
ggn(u:) < (uj(\_) + R€> (1-¢)+ /\—e,

It is clear from the above inequalities that we can choose € > 0, § > ¢
sufficiently small such that

. I 0 @d4d
g5, (uh) € (‘1’/\—, a’;— ) for sufficiently large n,

contradicting g, (u}) € 305/,\,;

In case (c), we may assume that Ay, — QE—C’_z 4+5) 8 M — 00,
al +£+6/2

. for all n. For

9 > af + £+ 6 for some ¢, and (y,); >
|z;] < R. we then have

o] +0+6/2

x; + (yn)z > .

R.
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578 D. CAO AND E. S. NOUSSAIR

An
S al +4
A’l’l
for sufficiently small €,6 > €, and n large enough. This contradicts
g, (uh) € 805 A,
Case (d) is excluded by assuming A, (yn)s > 2K (or A\,(gn); < —2K)
for some 4 and for all n, and using a similar argument to that of case (c).

‘ J 5/2
g (uf) > <a_zL+/_ )(1 —€) - 2)\_K6

Case (I). - |lva|| = L > 0, as n — 0.
Set

/‘vuolz + Iuo|2 - /Q(Anz + Anyn)luolp =A + 0(1),
then by (2.13)
/IanI2 + |on]? - /Q(Anw + Antn)lvalP = —A+0(1).

Suppose A > 0 (A < 0 can be considered similarly). We can find ¢, — 1
such that w, = t,v, satisfies

J 190+ = [ QO+ Al = -

Since u, € Mgé\ogl)\ny )» we have
la, (u / Vil 412 = 3 [ Qs+ hugn)lul

1 / V0] + [on]? —/Q(/\nx + Anga)lonl? + o(1)
> 2L 19l +
-3 / QA + M) lwal? + o(1)
= IS()\nz+)\nyn) + Ié(,\ etrngn) T 0(1)

1/1
> Ig(knm+)\nyn) + § (5 — 5) lAl + 0(1)
1/1 1
> T, i 1
- QMax+2(2 p>|A|+O( )
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 579

Thus
lim Io,, (un) = lim (Ig, (uf)+Iq,, (u;))

1/1 1
> “(=-2)4
_2IQMax+2(2 p)l I

a contradiction.
If A=0, we can find s,, ¢, >0, s, = 1, t, — 1 as n — oo such
that v, = t,v,, W, = S,u, satisfy

/WmFHmF=/Q®w+M%WW
/Wmﬁﬂmw=/Qmm+m%mmr

Hence

lim IQAn (un) = lim IQA,, ('LLI) + lim IQAn (u;)

n—oo

1
— lim B / IVl + - / QO + At [T ]?

n—oo

1 1
#5 [195P + 0l = [ Qo+ At
+ lim Ig, (u,)
Z 3IQMax'

Thus, we have completed our proof of (1) in Lemma 2.4.
The proof of (2) of Lemma 2.4 is similar and is omited here.

LEmMmA 2.5. — For any u € Ai, there exist € > 0 and differentiable
functions
t+ = t+(’LU) > 0,
t-=t_(w)>0
defined for w € H', |lw|| < € such that t+(0) = 1, the functions
z =ty (w)(u — w)t —t_(w)(v — w)~ belongs to A3 and

(2.16)  (t4(0),v)
_ 2 VuEVu +uto — p [ QA7) |[ut P 2utvy
 JIVeER + [ut — (p— 1) [ Q(z)|ut]p

forallv e H'.

Proof. — The proof is similar to that of Lemma 2.4 in [16].

Vol. 13, n°® 5-1996.



580 D. CAO AND E. S. NOUSSAIR

Define F'* : R x H' — R by
FH(tw) =t [ 90 w) 4wy ot [evaiw-wye.

Since u € A} we have F*(1,0) = 0 and

%F*‘(l,O) = /|Vu+\2+ [ut> = (p— 1)/Q(Ax)lu+|” # 0.

Therefore we may apply the implicit function theorem to get a function
t4+{(w) defined for ||w|| < €, € > 0 such that ¢, (0) = 1, (2.16) holds and
F*(ti(w),w) = 0 which is equivalent to

( éz; (ty(w)(u —w)t), tr(w)(u —w)t) = 0.

Furthermore,

ot (w)(w—w)t) e ¢},

still holds if e is sufficiently small by the continuity of the map g,.
Employing the same argument to the functional

P =t [ 9= P 4 =) P -0 [ Q0w w) P
we obtain the second function ¢_(w) with analogous properties. Therefore

2=ty (w)(u—w)t —t_(w)(u—w)~ € A]

for any w € H', with sufficiently small norm. This completes our proof
of Lemma 2.5.

For the set Ni, by a similar argument, we have

LEmmaA 2.5°. — For any u € Ni, there exist ¢ > 0 and a differentiable
function t(w) > 0 defined for w € H*, |lw|| < € such that t(0) = 1, the
functions z = t(w)(u — w) € Nj and

(2.16) (#(0), )

2 VuVv+uv —p [ QAz)|ulP~2uv
VP + ul2 = (p - 1) [ Q) |ul?

forallve H.

Having established the preliminary lemmas, we are now ready to prove
_ Proposition 2.1.
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Proof of Proposition 2.1. - If Kf\ denotes the closure of Ai_, then we
first notice that, A} = A} U &AJ and &AJ is the boundary of A3 for each
j =1,...,k. This easily follows from the observation that any u with u*
or u~ equals to zero can’t be the limit of a sequence of functions in Aj.

Using Lemma 2.3 and Lemma 2.4 we see that there exists Ay > 0
such that

(2.17) Ji < min{3lg,,..,J2} for A€ (0,X), j=1,...,k

It follows that for A € (0, Ao)

(2.18) Ji = inf{Ig, (u) 1 u € A3},

Applying the variational principle of Ekeland [9] to (2.18) we obtain a
minimizing sequence {u,} C A} for each fixed j = 1,...,k, with the
properties

-
IQA (un) < Jf\ + —
(2.19) n ] ‘
Ig, (un) < Ig,(w) + EHw —ul| for any w € A3.

Using (2.17) we may assume that u, € Ai for n sufficiently large.
Applying Lemma 2.5 with v = u, we obtain ¢, > 0, two functions
th(w), t*(w) defined for w € H', |lw| < €, such that 7 (w) (u, —
w)+—t"(w)(u—w) € AJ. Choose 0 < § < €. LetuEH1 u # 0 and

Since z5 € A’ by Lemma 2.5, using (2.19) we obtain

let ws = . Fix n, and let 25 = 7} (ws)(un — ws) ™ — ™ (ws ) (un — ws) ™.
1
Lo (26) = Tgy (tn) = =~ |25 —
and by the mean value theorem, we then have
1
(g, (un), 25 = un) + o(llzs — unll) 2 ——ll25 — unll.

Therefore

(T, (n), (ttn = w5)* = (s — )™
(£ (106) = 1)(utn = w05) " = (£ (15) = 1)(utn = w5) ™ — 0,

1
2 =~ llzs = unll + o]|zs — ual))

Vol. 13, n° 5-1996.



582 D. CAO AND E. S. NOUSSAIR

Since (un — ws)t — (4, — ws)™ = u, — ws, we have
(2:20)  (Ig, (un), —ws) + (t}(ws) — 1)(Ig, (un), (un —ws)*)
- (tT—L(’LUE) - 1)(‘[&?)‘(“11)’ (U’n - w&)_>

> —%Hwa = Un| + o(||ws — un])).

From #3 (ws)(un — ws)* € Mg, we obtain

(Ig, (26), t1(ws)(un — ws)*) = 0.
Thus it follows from (2.20) that

_ ' (w _u_ (ti(wﬁ) - 1)
5<IQ*( w) nun> *

(Ig, (25), 7 (ws ) (un — ws) ™)

¢4 (ws)
(@) =1 ) .
e Wl (26), 7 ) (o — )"
+ (8 105) = (T, (n) = T, (36), (s = w)*)
= (17 (105) = 1T, (un) = T, (25), (1 — w5)")
> = 2llzs = wall + ol — )

Hence

(2.21) <Iéh (un), ﬁ>

< Lllze —uall  olllzs — unll)

< - 5
+ %(Iéx (un) - Ié?x (Za), (un - w6)+>

5 (g, (un) = I, (25), (un — ws)™)

But ’
ll2s — unll < 8+ [|tT (ws) — 1] + [t (ws) — 1])C

for some constant C' > 0, independent of §, and

lim |3 (ws) — 1]

lim S0 <y o)) < ©

for some constant C' > 0, independent of §, as can be easily verified
from (2.16).
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For fixed n, let § — 0 in (2.21) we obtain

u C
(2.22 <I’ (un), ——>§ —,
) @) o )=
where we have used the fact that zs — u, as § — 0, and IézA (z5) —
I, (u,) as & — 0. (2.21) implies
||I£2A (un)||lg-1 — 0, as n — 00.
Thus, we have proved (1) of Proposition 2.1.

Similarly, by using (2) of Lemma 2.3, (2) of Lemma 2.4 and Lemma 2.5,
we can prove (2) of Proposition 2.1. We will omit the detailed proof here.

3. EXISTENCE OF SOLUTIONS

In this section we establish the existence of at least k positive and k
1

nodal solutions of problem (1.1) for each p € (v, +oo>, where )\g is
0

as in Proposition 2.1.
For fixed j and A € (0, Ao), we have the following compactness results.

Lemma 3.1. — Assume condition (Q) holds, and that {ui} C A} is a
sequence satisfying

(3.1) Ig (wl) = Ji  as n— oo
(3.2) I () —0inH™'  as n—oo
(3.3) Ji < 3Ig,.,-

Then {ul} has a subsequence (still denoted by {ul}) satisfying
ul —wu, stronglyin H' as n— oo,
and utf # 0.
Proof. — since {u/} is bounded in H!, we can assume

ul — u, weaklyin H' as n — oo,

(3.4) w —u, ae.in RY as n— oo,

for some u, € H!.
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We will show that

a) ul #0, u; 0

b) u) — u, strongly in H' as n — oo.

We proceed by contradiction. Assume to the contrary that

(3.5) ul = or u, =0.

Since {ui} is bounded in LP(RY), the concentration-compactness
principle [12] implies that {u/,} satisfies either vanishing or nonvanishing.
Vanishing can be ruled out by the same argument used in Lemma 2.4.
Therefore, nonvanishing occurs, that is, there are numbers o > 0, R > 0,
and a sequence {y,} C RY such that

(3.6) / |l (z + y,)P > a >0, forn large.
Br(0)

Set @, (x) = vl (x + yn). Since {&,} is bounded in H', we may assume
(3.7 U, — G, weaklyin H' as n — oo.
From (3.6) we see that @, % 0.

Case 1. — 4F # 0 and 4, # 0,

Case 2. — either 4} = 0 or 4, = 0.

We show next that each of the Cases 1 and 2 leads to a contradiction
to either (3.5) or to (3.3).

Assume Case 1. Set v, = @, — %,. If ||vn]] — 0 as n — oo, and
{yn} is unbounded, we employ the argument in Lemma 2.4 to obtain

. - ; -1
gi(ut) > ol + o O auf) < al - Y for large n and for some
i € {1,2,..., N}, contradicting u,, € Ai.

If ||v,]] — 0 as » — oo and {y,} is bounded, so y, — y, € R as
n — oo, we would have

Un — Uo(- — o) stronglyin H' as n— oo

which implies that ur — 4*(- — y,) # 0 (since ||uE|| > v > 0 for some
constant v > 0), contradicting (3.5).

On the other hand, if ||v,|| > & > 0 for large n and some constant § > 0,
we notice first that (3.2) implies
[1vazpaiazr - [Qoe+xiaEr = o)
(3.8)
19+ jaal = [ QO+ xlin = 0
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MULTIPLICITY OF POSITIVE AND NODAL SOLUTIONS 585

By (3.8) and Brezis-Lieb lemma [5] we obtain

(3.9) /|wn|2 Floal? - /Q(/\x + Aga)loml? = o(1).

since ||v,|| > & > O for large n, it is easy to find s, > 0, s, — 1 as
n — oo such that s,v, € Mg(rz+ry,), and to show that

1 1
310) 5 [IF0P 41 = > [ Q0@+ Ml 2 T + 000

Similarly

1
1) 5 [IVaRP+ i - 5/Q(m F MR 2 Tgy, +o(L).

Thus by Brezis-Lieb lemma [5] we obtain

1 . . 1 .
Tos(un) = 5 [ 98+ [inf? = = [ QU + i)l

_ %/lV'&ﬂz + |ao+|2 — ;?/Q()\:L‘ + Ayn)lﬂﬂp
1 L iy
n _2_ / |Vﬂo—'2 + |ﬂ;‘|2 — 5/Q()\.’E + )\?/n)'uo lp
1 2 21
g ) Vel H el =5 f QU@+ dgn)lenl” o)
> 31Qmax + 0(1)
which implies that
(3.12) frg, T2, () 2 31ques

contradicting (3.3).

In case 2, we may assume, without loss of generality, that &, = 0.
First notice that we must have 4} — 4} strongly in H' as n — oo,
otherwise ||} — 4}f]] > § > 0 would lead to the contradiction (3.12), as
above. Next, by the concentration-compactness principle, applied to {&,, },
and by ruling out vanishing as before, we obtain & > 0, R > 0, and a
sequence {¥,} such that

(3.13) / | (z + gn)lP 26 >0
Br(0)

Vol. 13, n® 5-1996.



586 D. CAO AND E. S. NOUSSAIR

Set tin(2) = @n(T + Gn) = Un(Z + Yn + §n), by the boundedness of
{u;} in H', and (3.13) we may assume that

Uy, — Wo weakly in H' asn — oo

a4, — wy (#0) weakly in H' as n — oo.

If wl # 0, we have a situation similar to Case 1, which is impossible. We
may therefore assume wg = 0. In this case we can’t have ||u, — w] | >
6 > 0 for some 6 > 0 and for large n, since otherwise we argue as before
to obtain (3.12), contradicting (3.3). Then we must have ﬁ; — wy strongly
in H! as n — oo. We are now left with

(3.14) 4f — 4  strongly in H' as n — oo

(3.15) Uy — w; strongly in H* as n — oo

But (3.14) and (3.15) imply, as argued before, that {y,}, {y. + ¥} are
bounded. We may assume 4, — Yo, Jn — o, a8 n — 00. Therefore

(3.16) ul — af(-—vy,), stronglyin H' as n— oo

(3.17) u, — W, (- — Yo — ¥o) stronglyin H' as n — oo.

Hence uf =4t (z—y,) £ 0, u; = w, (T—Yo—Yo) Z 0, contradicting
(3.5). This proves the conclusion (a).

Using (a) we can show that u, — wu, strongly in H' as n — oo,
otherwise, we may use a similar argument as above to reach the
contradiction (3.12).

This completes the proof of Lemma 3.1.

For the minimizing sequences of P}, we have

LEMMA 3.2. — Suppose condition (Q) holds, and {vi} C Nj satisfies
Io\(vi) = P}, and
Io, (i) —0 in H'asn— oo
P; < 2IQMax’
Then {vi} has a subsequence converging strongly in H'.

Since the proof is similar to that of Lemma 3.1, but simpler, we omit
it here.
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Proof of Theorem A.

It follows from Proposition 2.1 that there exists A, > 0 such that for
A€ (0,),), fixed j = 1,...,k we can find minimizing sequences {u?}
and {vl} of Jf; and P/{ respectively. {u’} satisfies the assumptions in
Lemma 3.1, {v}} satisfies the assumptions in Lemma 3.2. Therefore we
have, as n — oo,

ul — u; strongly in H?!
and ui # 0,
vl — v; strongly in H'.
From I, (u}) — 0, I, (v}) — 0, as n — oo, and the strong convergence

of {ul}, {vi} we see that u7 is a nodal solution of (2.1), v; is a nontrivial

solution of (2.1). We next show that either vj-” = 0 or v; = 0. Otherwise,

suppose v]-i # 0, then(l/ A('uj-t), v]i) = 0 leads to
Pi = T}E& IQx (vi) = IQx (vj) = IQA (U;_) + IQA ('U]_) > ZIQMax

a contradiction. So we can assume v; > 0 in RY (otherwise, —v; > 0in
R™). By a standard regularity argument, we can show that u;,v; € C?(R")
and v; > 0 in RY by the maximum principle.

Since gx(u;) € 61/,‘, a(vj) € _éi/m and 52/)‘ are disjoint, v;,u; are
distinct solutions of (2.1). . .

Let p, = A2, U; = p=o-du;(/pz), V; = p¥e-9v;(,/pz), then V;
and U; are k positive and k nodal solutions of problem (1.1). We thus
have proved Theorem A.

Remark 3.3. — By Lemma 2.3 and the proof of Theorem A, it is easy
to see that for any € > 0, there exists A. > 0 such that for A € (0, )\.),
problem (2.1) has at least k positive solutions v;(j = 1,...,k) and & nodal
solutions u;(j = 1,...,k) satisfying

I, (vj) € (Igya Loy., +6) for j=1,...,k
IQA (u]) € (2IQMa.x7 ZIQMax + 6) for j=1,...,k
provided condition (@) holds.

Remark 3.4. — 1t is easy to see from the proof of Theorem A that the
solutions V;,U; (j = 1,...,k) satisfy

1) Il‘/j”Loo(RN), “Uj”Loo(RN) — 400 as u — +OO,

2) [IVViPP+ulVil?, [IVU;1? + plUsP — 400 as p — 400

4

3) [IV;%, [|U;|* = 400 as p — 4oc provided 2 < p < 2 + ¥

4 4
Y JIVil% 1012 =0 ided 2 + — 24 ——
)f|1| fl J|—’ as p — o0 provide +N<p< +N—2
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