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The Dirichlet problem for the equation
of prescribed mean curvature

by

Guofang WANG
Institute of Mathematics, Academia Sinica, Beijing, 100080 China

ABSTRACT. — We prove that there exist at least two distinct solutions
to the Dirichlet problem for the equation of prescribed mean curvature
AX=2H (X)X, ~ X,, the curvature function H being in a full neighbor-
hood of a suitable constant.
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1. INTRODUCTION

Let B={w=(u,v)eR*/|w|<1} be the unit disc in R* with boundary
¢B. We consider the Dirichlet problem for the equation of prescribed
mean curvature

AX=2H (X)X, A X,, in B, (1.1)
X=X, on 0B. (1.2)

Classification A.M.S. : 53 A 10, 5§ E99.
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Here, X,= iX and X, = aiX denote partial derivative, A and . are the
u v

exterior and inner product in R® and H: R® - R is a given function, and
X, is a given function of class C2 (B, R®).

If H=H,=Const., solutions to (1.1), (1.2) can be characterized as
critical points of the functional

Ey, (X)=DX)+2H, V(X), (1.3)

in a space of admissible functions satisfying the boundary condition (1.2),
where

D(X)=%j |VX|? do (1.4)
B

is the Dirichlet integral and

V(X)=§jX.X,‘/\X0dm (1.5)

B
is the algebraic volume of surface X.

TueoreM 1.1 ([Hi2], [Wetl], [Wet2] and [Stf1]). — Suppose H=H,eR
and let Xpe HY 2 (B, R®) be given. Assume that either
(1) Xp is bounded and

|Ho |- | Xplli=<1, (1.6)
or
(i1) the condition

H%D(XD)<§Tc (1.7)

is satisfied. Then there is a solution X e {Xp}+H{ *(B,R?) to (1.1), (1.2)
which is a strict relative minimizer of Ey  in this space.

Remark 1.2. — The observation that the solutions of Hildebrandt,
Steffen and Wente are strict relative minima is due to Brezis-Coron [BC].
The existence of a second solution was proved independently by Brezis-

Coron [BC] and Struwe [St2] with an important contribution by Steffen
[Stf2] as follows

TueoreM 1.3 {Str3]. — Let XpeH"»2 N\ L*(B,R?) be a non-constant
vector, Hy any real number different from zero. Suppose By, admits a local
minimum X in the class {Xp}+Hy ? (B, R®). Then there exists a solution
Xe{Xp}+HE?(B,R?) of (1.1) and (1.2) different from X and satisfying
the condition

By, (X) < By, (0 =inf  sup Ey(X)<By, X)+ ———, (1.8)

peP Xeim(P) 3| 0l~
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DIRICHLET PROBLEM 645

where

P={peC°(0, 1], {Xp } +Hy? (B, R) [p (0)=X,
By, (p (1)) <Eyy (X)) (1.9)

For variable curvature functions H results comparable to Theorem 1.1
have been obtain by Hildebrandt [Hil] and Steffen [Stf1].

Tueorem 1.4 [Hill. — Suppose H is of class C' and let
XpeH" 2N L™ (B, R?) be given with || Xp || L=< 1. Then if
A
h=ess sup H(X)<1
IX[=1

there exists a solution Xe{Xp}+Hy *(B,R%) to (1.1), (1.2) such that
Ey(X)=inf{ Ey (X); XeM }, where M is given by (2.9) below.

If variable curvature function H is sufficiently close to a suitable
constant, Struwe obtained [Str4].

THEOREM 1.35. — Suppose Xpe C?*(B, R?) is non-constant and suppose
that for HOER\{O} the functional By admits a relative minimizer in
{Xp}+Hy (B, RY). Then there exists a number o> 0 such that for a dense
set o of curvature functions H in the o-neighborhood of H,, the Dirichlet
problem (1.1), (1.2) admits at least two distinct regular solutions in
{Xp}+Hy?(B,R).

Here the a-neighborhood of H,, is defined as

A
[H-H,] =ess sup}{(l +|X) (HX)—H,|+|]VHX))
XeR

+]Q(X)~ Hy X|+|VQX)—H,id|}<a, (1.10)

where Q is given by (2.3) below.
In this paper, we improve Theorem 1.5 and obtain that

THEOREM 1.6. — Suppose Xpe C* (B, R?) is non-constant, and suppose
that for HyeR\{0} the functional Ey admits a relative minimizer in
{Xp}+HE 2 Then there exists a number a>0 such that if [H—Hgl<a,
Ey admits two solutions in {Xp } + H§ 2.

From the proof of Theorem 1.5 [Str4], we have a relative minimizer of
E, for a full a-neighborhood of H, and another “large” critical point of
E, for He /. We call the former S-solution and the latter L-solution.

First, we show that the S-solution is also a “‘strict” relative minimizer —
its E;; —energy is less than that of the L-solution — provided that [H—H,]
is small enough. Next, we give a priori estimates for solutions of the
Dirichlet problem—which are of crucial importance to our result—
though they are not given explicitly. Then, we can use the solutions
obtained by Struwe in [Str4]—the L-solutions—for a dense set . in
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646 G. WANG

#,={H|[H-Hy]<a} to approximate a solution of Ey for any He #,
which is different from the S-solution.

The author would like to thank his supervisor Prof. Wang Guangyin
for his constant encouragement and useful suggestions. He also would like

to thank the referee for pointing out a few mistakes in the 1st and 2nd
versions of this paper.

2. PRELIMINARIES

For variable curvature function H, solutions to (1.1), (1.2) can be
characterized as critical points of the functional

E, (X)=D (X)+2 V4 (X) @.1)

in the space { Xp, } + Hy ? (B, R?). Here, the H-volume introduced by Hilde-
brandt is given by

VH(X)=§jQ(X).XuAXwa, 2.2)

B
where

X1
Q(xl’x23x3)=<jv H(S,XZ,X3)dS,

0

X2 x
j H(xl,s,x3)ds,j3H(x1,x2,s)ds>. 2.3)

(0] 0
We list some useful lemmas.

LemMma 2.1 (Isoperimetric inequality, ¢f. [Wetl]):

367 (V (X)) <D (X)?, 2.4)
for Xe HY % (B, R?).

Lemma 2.2 ([BC], [Str4], Prop. 3.1). — Suppose Xpe C? (B, R?) is non-
constant, and suppose that for H=H,#0 the functional E, admits a
relative minimizer Xo€ { Xp } + C2 M\ HY 2 (B, R®). Then there exists a radius
R >0, a function X, € {Xp}+C2 N HY 2(B,R?) with D (X, —X) 2R, and
a continuous path peC([0, 1}, {Xp }+C* N Hy * (B, R*)) connecting
Xo=p(0) with X, =p (1) such that the estimates

Ey, (X,)<inf { By, (X); X—X,eHg?, D(X-X)=R}I=<E,; X, (2.9

<inf { By, (X); X—X,eHY 2 D(X-Xo) =R} (2.6)
<sup { By, (X); Xep([0,1])} 2.7
<Ey, (Xo)+4m/3H3 (2.8)

hold.
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DEerFNITION 2. 3:
M={Xe{Xp}+Hy?(B,R?; D(X—X,)<R}, (2.9)
where X, and R are as in Lemma 2.2.

Lemma 2.4 [BC]. — For H,e R\{ 0}. Suppose that By, admits a relative
minimizer Xo€ {Xp } +C* N H 2(B, R®). Then there is 5> 0 such that

J[V(p]2+4HOj)_(O.(pu A (p,,gSJ]V(plz, for all 9eHL2. (2.10)

Let
P={peC®([0,1]; {Xp} +Hy *(B,R%), p(0)=Xo.p(1)=X, }
and set

Yu, o= inf  sup Ey, p(X)
peP Xeim(p)
where Ey [ (X)=(1+p) Ey; 4, (X). Using Lemma 2.2 we have (see [Str4],
3.5)
By , (X)) <inf{Ey(X); X—XoeHp %, D(X-X) <R } <Ey ,(Xo) (2.5)
<inf{E4(X); X-X,eHy %, D(X—-X,)=R}
<inf{Ey (X);...} (2.6),

P

<sup{Ey ,(X); Xep([0,1])} 2.7,
<Ey(Xe)+B=<Ey ,Xo)+B (2.9),

and
EH,p()_(O)<YH,O§YH,p§YH,u<EH(XO)+B’ (2.11)

for pe[0,a]. Here X,, X, and P are as in Lemma 2.2, « is small enough
and fixed and B<4n/3H? is independent of H. Moreover, we have

LemMma 2.5. — There exists a constant number €, independent of o such
that

By, (Xo) 2o <inf { E (X); X~ XoeHy 2, D(X—Xo) =R}
<inf{Ey ,(X); X-XoeHy 2, D(X—Xo)=R}

<sup{Ey ,(X); Xep((0,1D}
<EyXo)+B-e=Ey ,(Xp)+B—5

provided that o is small enough, where X,, R and p are as in Lemma 2.2.

Proof. — Set
1 .
&= me {(Ey, (Xo) +4m/3H3—sup { Ey(X); Xep([0,1]) b,

(inf { Eyy (X); X~ XoeHy 2, D(X—Xo) =R}~ Ey, (X)) |-
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648 G. WANG

It is easy to see that Lemma 2.5 follows from Lemma 2.2 for « small
enough.

QED.

LEMMA 2.6. — There exists a constant ¢ independent of o such that if
He s/ (see Theorem 1.5),

D(X-X)>c,
where X (resp. X) is the S-solution (resp. L-solution) to (1.1), (1.2).

Proof. — 1t follows the proof of Theorem 1.5 ([Strd4], Theorem 3.1)
and Lemma 2.5.

QED.

3. THE “STRICT” RELATIVE MINIMA

In this section, we will prove that the S-solution to the Dirichlet problem
for the equation of prescribed mean curvature H is a “strict” relative
minimum in the space {Xp}+Hy *(B, R®), provided that [H—Hg] is
small enough. Here H,#0 is a constant with the property that Ey  admits
a relative minimizer Xy € { Xy, } +C* N Hy 2 (B, R).

LeMMA 3.1. — There exists a constant number o>0 with the property

that if [H—Hl<a there is a constant 8>0 depending only on o and X,
such that

J)V®12+4JQ(X)%AQUESJ)V@IZ, forany oeHy?. (3.1)

Here X=X, is the S-solution to (1.1), (1.2).

Proof. — Let X, be the small solution of E,  in the space
{Xp}+Hy? By Brezis-Coron [BC]—see Lemma 2.4—there exists a
constant 8, >0 such that

JlV@[2+4H0JX0¢uAQUZS1JlVQlZ, (PEH(I,’Z. (32)
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DIRICHLET PROBLEM 649

Thus for any e H}" 2
J1V®|2+4jQ(X)¢uA 9
=J}V¢F+4HOJXOQMA¢0
+4J(Q(X)—HOX)@M A ¢u+4HOJ(X_XO)¢u APy

2(51—2a)f|V<P |*+4H, J(X_Xo) Pu A Py
Therefore, Lemma 3.1 follows from the following

Lemma 3.2. — For any £>0, there exists a constant a>0 with the
property that for any curvature function H with [H—H]<a, if Xy is the
S-solution to (1.1), (1.2), then

[ X~ Xol» <. | (.3)

Proof. — If the Lemma is false, we may assume that there exist g, >0
and a sequence {X;} of the S-solutions of E, with H=H; and
[H;—Ho] - 0 as i — 0 such that ||X,, — X, ||.= =&, Noticing that X;e M,
we know that D(X;) are bounded uniformly ini. Thus we may
assume that {X;} converges to X weakly in {Xp}+H{? for some
Xe{Xp } +Hy % It is easy to see that X e M (see [Str4]). Recall

M={Xe{XD}+Hé’2(B, R3); D(X—)_(0)§R}.
But then
Ey, X))z inf By (X)

XeM
= inf lim Ey (X)

XeMi- (3'4)
> lim inf Ey,(X)

i—>w XeM
= lim Ey, (X)).
Hence, by Theorem 4.5 below, X;— X strongly in {Xp}+Hj? and
uniformly in B and Ey (X)= lim Ey (X)) by (3.4). We have
Ey, X)= inf By, (X)=Ey, (Xo)-
XeM
Hence the uniqueness of the small solution of E,  in {X;}+Hg ? [BC]
shows that X=X,. Therefore, X; - X, uniformly in B which contradicts

Vol. 9, n° 6-1992.



650 G. WANG
the above assumption. This completes the proof of Lemma 3.2.

QED.
If H is sufficiently close to Hy, we have

ProPOSITION 3.3. — If Hesf and X is the L-solution to (1.1), (1.2),
then By (X)>Ey (X), where X is the S-solution to (1.1), (1.2).

Proof. — Let 9=X—-XeH} ?(B,R%. Noting that X=X+¢ and X
satisfy the equation (1.1), we have

ExX)=Ex X+ )
- %JlV(X+<p)lz+ %jQ(XﬂP)O_{ﬂP)u nX+0),

—Eu(X)+ %J\chi% %jQw)(xu A Gyt 0y A X,)

+§J(Q(>_<+<P)—Q(cp))cp.,/\cov
12
+§JQ(¢)¢» A (p,,+0(a)<ﬁv(p|2> 3.5)

by (1.10). Testing (1.1) with ¢ we get

0=JV¢V(>_<+ <P)+2JH(>_<+<P)¢(>_<+<P)H A X+0o),

=j‘V(P|2+4JQ(X)(Pu A <Pv+2JQ((P)<Pu A Q,

+0(a)<<ﬁv(p|2>”z+ﬁw|2> (3.6)

by (1.10). From (3.95), (3.6) it is clear

EH(X)=EH(>_<)+ 1lecplzﬁﬂjQ(X)(Pu A @,

JQ(@)% A <pv+coc<<j chlz) J!V@V)

=Ey(X)+ g(JlV@|2+4jQ(X)@u A %)

+0(a)((j|vcp|2>”2+J\vcp\2>.
By Lemma 3. 1, we get
EH(X)—EH(X)gst@|2—ca<(j1v¢12>”2+ﬂv¢|2>. 3.7

Annales de UInstirut Henri Poincaré - Analyse non linéaire
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Therefore, from Lemma 2.6 we have
Ey(X)>Ex(X)

provided that o is small enough.
QED.

ProposiTiON 3.4. — If a>0 is small enough, for He 5, there exist a
po>0 and a dense set A in [0,po] such that if pe A, then By ., admits
two distinct regular solutions in {Xp }+H}: 2, one is the S-solution Xy, and
the other is the L-solution X with

Eu(Xo) <Yy, o=(1+ p) EH/(l +p) ()_() =Yh, . <Ey X +8,
where Yy, o Yu,, and B are given in section 2 and X, is the small solution
of Eg,-
Proof. — Proposition 3.4 follows from the proof of Theorem 1.5 (see
[Str4]) and Proposition 3. 3.

4. CONVERGENCE OF SURFACES
OF PRESCRIBED MEAN CURVATURE

As in [Pc], we can also establish a convergence theorem of surfaces of
prescribed mean curvature with the Dirichlet boundary condition. Let
H:R® - R satisfy
HeC!'(R®,R) } @.1
[Hll» @3+ A+ [XDIVHE) |[[= @) < + 0.

TueorEM 4.1. — Let H; satisfy (4.1) and |H;|| = <K wuniformly, and
H,—»H a.e. on R®. Suppose X;e{Xp}+Hy?*(B,RHYNC*(B,R? is a

sequence of solutions to (1.1), (1.2) with H=H,; and f |VX;[?do=<c

B
uniformly.  Assume that X, —»X weakly in H“?(B,R® for some
function  Xe{Xp}+H?(B,R. Then X;—X  strongly in
{Xp}+HEE. (B\S, R®) where S is a finite subset of B. Moreover, X
satisfies
X= X in B
AX=2HX)X, A X,, in B, 4.2)
X=Xp, on 0B.
Proof. — The proof is similar to that of Proposition 2.6 in [Strd], thus
we only sketch it. Set

S=ﬂ{we]§/lim ian jVX,.lzgpo} 4.3)
B{w,r}nB

r>0 i— ©

Vol. 9, n° 6-1992.



652 G. WANG
where |, is a constant like p, in [Str4]. By the same argument of [Str4] or
[Pc], we have (by taking subsequence)
X;—~ X strongly in C'(B\S, R?),
and S is a finite subset of B. Moreover, X satisfies (4.2).

QED.
LemMMa 4.2, — JIf Xe C?(R%, R3) satisfies
AX=2H(X)X, A X, in RZ .
X =const., on OR% '

then X =const.

The Lemma easily follows from [Wet2]. For the convenience of the
- reader we give a complete proof.

Proof of Lemma 4.2. — Note that X,.(X, A X,)=0 in R%, from (4.4)
we have

X,.AX=0, inRZ
It’s easy to see that

0=X,.AX=X_.divV X
=div{((1,0)VX)VX—- %(1,0)|VX|2 }
By Stokes’ formula, we have
LRZn.((l,O)VX)VX~%n.(l,O)WXPdm=O 4.5

where n=(—1,0) is the outer normal to R2 at dR2. Since X =const. on
OR%, VX =(VX.n)n on 8R%. Hence, from (4.5) we get

J |VX]?do=0.
oR%

Therefore X, =0 on dR2. By the argument of Wente [Wet3], X =const.
in R2. :

QED.
Lemma 4.3, — Ler [H-Hyl<ow. If XeH}2(R% R sarisfies
AX=2H (X)X, n X, in R?, and is non-constant then
4
Ey(X)z S TERL [H—H,], (4.6)

0
where c, is independent of H and [H—H,].

Proof. — It is easy to prove this lemma, we omit it.
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ProposiTioN 4.4. — Let [H—Hyl< oo

4r
Bﬂzgﬁé—co[H—Ho], 4.7
where
BH=inf{ lim inf (Ey, (X;)—Ey(X)); X; are critical points of Ey,

i—=

and X; - X in H':? weakly but not strongly }.

Proof. — For any such sequence { X; }, using Theorem 4.1, we see that
X, — X strongly in { Xp } +H§ 2. (B\S, R?) where S is a finite non-empty
subset of B and is defined by (4.3). There are two possibilities: either,
() SN B=g; or, (i) SN IB#@. In case (i) from Section 3 of [Pc], we
have a function X,eHg ? (R? R?) satisfying AX,=2H (X,) Xq, A X,, in
R? and

. 4
lim inf (Ey, (X)—Eq(X)ZEy;(Xp)= TH2

i« 0

—¢o[H—H,]

4
by Lemma 4. 3. Therefore, BH;?HT—E—Z —¢o[H—H,]. In case (i), using the

same argument in [BC2] and Lemma 4.2, we also have a “blow up”
function X satisfying AX=2H (X)X, A X, in R? and

A 4
lim inf (B, (X))~ By (X) 2By (X) = —— —co [H—H,]
i—>x© 3 H(z)
QE.D.
THEOREM 4.5. — Let o be fixed as in section 3 and [H,—H]<o and

H,—»H a.e. in B. Suppose X;e {Xp}+Hy 2 is a sequence of solutions to
(1.1, (1.2) with H=H, and

| By (X0 [ e< o0
uniformly in i. Then
DX)sc,

uniformly for another constant number c,. Moreover, assume X; — X weakly
in H" 2 (B, R®) for some Xe{Xp }+HL:2, then X is a critical point of By
in {Xp } +H 2 and either

(i) X; - X strongly in H* 2\ L= (B, R®) with

Ey(X)=lim inf Ey (X)),

or
3 . 4
(i) Ex(X)<lim inf By (X)— 3; +co[H—Hy.
i— o 0

Vol. 9, n° 6-1992.
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Proof. — Let X, be the S-solution of (1.1)-(1.2) with H=H,; in
{Xp}+HE 2 (B,R3) (see §3) and ¢, =X;—X;eH} *. By (2.7), we have

—c+aj1wi|2§E<xi>—E<>_<i>,

where & depends only on a and Xp. Note that Ey (X;), Ey,(X;) and
D(X;) are bounded uniformly. Hence, D(X,)<¢; uniformly for some
constant ¢,.

Assume that X; — X weakly in H'- 2 (B, R?). Now there are two possibili-
ties either, (i) S= &, or, (ii) S# & by Theorem 4. 1.

In case (i) X; - X strongly in H!-2 "\ L* (see [Strd4] or [Pc]). In case (ii)

lim inf By, (X)~ By (OZ By 2 -

i—> o

—¢o[H—Hyg],

0

by Proposition 4.5. This completes the proof.

QED.

Remark 4.6. — For the Dirichlet problem Theorem 4.5 gives a priori
bounds which are of crucial importance to our results.

5. PROOF OF THEOREM 1.6

For any curvature function H with [H—Hgl<a, there exists the
S-solution X,; to (1.1), (1.2). On the other hand, by the results of Struwe
[Strd] and proposition 3. 3 there exists a sequence of H;=H/(1 + p,) tending
to H such that E, admits the L-solution X;e{Xy}+H§ 2N C*(B,RY)
with

Ey (Xo)<vh, 0 (1+p) By, (X) =¥y, <Ex (Xp) +B

(see [Strd] or Prop. 3.4), where p;>0 tends to 0 and vy o, Vi, . B and X,
are as in section 3.

Now from Theorem 4.5, X;—X weakly in H!'2(B, R*) (by taking
subsequence) and X is a critical point of Ey in {Xp}+Hg ? with the
property that either,

(i) X; — X strongly in H 2, or,

(i) X; —» X weakly but not strongly in H* 2.

In case (i) Ez(X)=lim inf (1+p,) Ey, (X)Zvy, o- In case (i),

i—>

Ex(X)=lim inf (1+p) By, (X)— Bu

i—>w

gYH, ' BH

Annales de !'Institut Henri Poincaré - Analyse non linéaire



DIRICHLET PROBLEM 655

Therefore, from (2.11), Lemma 3.2 and Proposition 4.4 it is easy to see
that in any case

Ey (X) # Ey (Xg)-
This completes the proof of our theorem.
QED.

Remark 5.1. — From (3.7) and Lemma 3.2 case (ii) in the proof of
Theorem 1.6 cannot in fact happen for small a.

Remark 5.2. — We expect that for small a if [H-Hg]<a, Eg4
satisfies the Palais-Smale condition in (— oo, E4(X,) + By). Here X, is the
S-solution of Ey in {Xp } +Hg 2 (B, R?).
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