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ABSTRACT. — We investigate the questions of the existence and uniqueness
of viscosity solutions to the Cauchy problem for integro-differential PDEs
with nonlinear integral term. The existence of a solution is established by
considering semicontinuous subsolutions and supersolutions and applying
Perron’s method. Uniqueness is proved for both bounded and unbounded
solutions. These results are then applied to a problem arising in Finance,
namely the stochastic differential utility model under mixed Poisson-
Brownian information.
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RESUME. — Nous étudions I’existence et ’unicité de solutions de viscosité
du probléeme de Cauchy pour des équations aux dérivées partielles integro-
différentielles dont le terme intégral est non linéaire. L.’existence est obtenue
par la méthode de Perron et des principes de comparaison sont prouvés
pour des fonctions bornées ou non bornées. Enfin, nous appliquons ces
résultats au modele économique d’utilité différentielle stochastique adaptée
a la filtration engendrée par un mouvement Brownien et un processus de
Poisson.
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1. INTRODUCTION

In this paper, we study the existence and uniqueness of a solution to the
Cauchy problem for a nonlinear integro-differential equation of the form

— Buu(t,z) + F(t,z,u(t, z), Du(t, z), D*u(t, z))
- /M(u(t,x + 2),u(t, ) m; »(dz) = 0 on (0,T) x RY;
W(T,) = ur(z) on RV, &)

where F' € C((0,T] x RY x R x RN x Sy), M € C(R x R), m,, is a
bounded positive measure, ur € C(RY), Du denotes the space gradient
and D%y the matrix of space second derivatives.

We propose an extension to (1) of the notion of viscosity solutions,
whose original theory applies to fully nonlinear possibly degenerate partial
differential equations — we refer to the User’s guide to viscosity solutions [3]

for a presentation of the theory. In addition to the classical requirements
that F' be elliptic:

F(t,z,a,q,A) > F(t,z,a,q, B) when A < B,
and satisfy, for some )\ € R,
F(t,z,b,q,A) — F(t,z,a,q,A) > A(b— a) when a < b, (2)

we shall essentially impose that M is nondecreasing with respect to the
first variable:

M(a,c) < M(b,c) when a < b. (3)

Most works about viscosity solutions of integro-differential equations
we are aware of treat the linear case (M(a,b) = a — b) and the
related optimal control problem (with an integral term of the form
sup, [u(t,z + z) — u(t,z) mg,(dz)) and restrict to bounded continuous
subsolutions and supersolutions (see for instance Soner [11}). In this paper,
we allow the functions to be semicontinuous and unbounded (see Sayah [10]
for results in this direction). This extension presents the great advantage
of providing easily a solution via Perron’s method under very general
assumptions. In addition, a difficulty arises from the nonlinearity of the
integral term for proving a comparison principle. Indeed, unlike the linear
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case where comparison follows at once from the observation that, at a
maximum point (¢, z) of u—v: u(t,z + z) —u(t,z) < v(t,z+2) —v(t, )
for all z, a general M does not offer such monotonicity, even under (3).

To simplify the presentation, we shall focus on linear F’, but comparison
results could be obtained for more general local operators as in Crandall,
Ishii and Lions [3]. And we shall apply these methods to the following
equation arising from the stochastic differential utility model under Poisson-
Brownian information, in Finance theory

— Oyu — %traDzu - -;—Mu(u, u){aDu, Du) — (b, Du) — g(t,z,u)
- /M(u(t,:c + 2),u(t,z)) my.(dz) = 0 on (0,T) x RY;
uw(T,z) = up(z) on RV, (4)

We note here that the underlying probabilistic problem was solved by
Ma [8], using the theory of stochastic differential equations. But the results
we obtain for (4) remain of interest, since the exclusive use of PDE
arguments allows to weaken most assumptions (concerning the measure m,
the regularity of M, or the case of unbounded solutions).

In order not to obscure the main ideas of this work, we leave to the reader
very natural extensions appearing in the literature, which can be treated
within the framework we propose here. For instance, we could allow M
to depend on £, z, consider the associated optimal control problem, allow
more general jumps with size (¢, z, z) instead of z, as well as unbounded
measures (in the neighbourhood of 0) — as in Bensoussan and Lions [2],
Sayah [10], or Soner [12].

The paper is organized as follows. In section 2, we give equivalent
definitions of semicontinuous subsolutions and supersolutions of (1). We
then establish a version of Perron’s method, adapted to the Cauchy problem.
Section 3 is devoted to comparison principles for the equation with a
linear local part (Mii(a,a) = 0 in (4)). After obtaining a preliminary
restrictive result for bounded functions, we prove comparison for general
M and unbounded functions. The last section relates (4) to its stochastic
interpretation and uses the change of variable introduced by Duffie and
Lions [5] to obtain general existence and uniqueness results.

We close the Introduction with a few notations and conventions. Most
come directly from the theory of viscosity solutions we assume the
reader to be familiar with. Further information can be found in the
User’s guide [3]. Given an open subset Q of R, we denote by Cy(f)
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the set of the bounded continuous functions in Q, and C.(Q) the set
of the continuous functions with compact support in Q. B,(z) is the
open ball of R™ centered at x with radius r. As a general rule, we
associate with (0,7] x RV its relative topology; for clarity however,
we shall denote B}(t,z) = B,(t,z) N ((0,7] x RY). With a locally
bounded function in (0,7] x RY, we associate its upper semicontinuous
envelope w*(t,z) = Nmsup (g 71xry5(s.4)—(1.2) 4($,%) (and, respectively,
its lower semicontinuous envelope wu.(t,z) = —(—u)*(t,z)). Given
u € USC((0,T] x RY) and ¢,z € (0,7] x RN, we define the parabolic
superjet:

P2yt z) = {(p,q,A) € R x RN x Sy/ u(s,y) < ult,z) + p(s — t)

gy - o)+ 504l - 2),y - 2)

+dw—ﬂ+w—xmawaw—wnw}
as well as its closure:;

=2+
P u(t,z) = {(p,q, 4)
= lim (pn, Gn, An) With (pn, g, An) € P>V u(ty, z,,)

and lim (tn,xn, u(tn, z,)) = (¢, z,u(t, z))}.

If w € LSC((0,T] xRY), we consider its subjet P> u(t,z) =
~P%F(—u)(t,z) and its closure fz’_u(t,m) = ———752’+(—u)(t,w). Note
that the semijets are defined at the boundary {¢ = T'}, for technical reasons.

2. VISCOSITY SOLUTIONS AND PERRON’S METHOD

In this section, we extend the definition of semicontinuous viscosity
solutions to integro-differential equation (1). As usual, we give an intrinsic
definition (depending only on the functions and on their semijets) as
well as an equivalent one that involves test functions. We also show
that Perron’s method still works for (1): the existence programme then
amounts to establishing a comparison principle and finding a subsolution
and a supersolution. As most of the results in this section use the classical
viscosity solution techniques, we shall insist on the treatment of the integral
term and sketch the remaining arguments.
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First of all, we have to make sure that the integral term is well defined
and has some regularity. Consequently, we assume at least that

for every (¢,z) € (0,T] x RV, m, , is a bounded positive measure on R™

and lim [ h(2)m,,(dz) = / h(z) m; »(dz) provided h € C.(RY). (5)

s,y—t,r

Because we wish to consider unbounded solutions, we must strengthen
the preceding requirement that m be a bounded measure. We shall assume
that, for every (¢, z) € (0,T] x RY, there is some nonnegative continuous
® satisfying

/@(z) My (dz) < oo and Sillgw/Q(z) msy(dz) = /<I>(z) My (dz).
(6)

The next lemma clarifies how (5) and (6) can be combined. First, it states
that (5) is still true for continuous functions that are bounded by ®. (This
extends the well-known observation that when m is a probability measure
(my,(RY) = 1), (5) holds for functions in Cy(R™).) Second, it says that,
if h is semicontinuous, then the integral term has the same semicontinuity
(as a function of (¢,z)).

LeEmMA 1. — Let m satisfy (5) and ¢ € USC((0,T] x RN xRY) be locally
bounded. Assume that for some (t,z) € (0,T] x RN, there are n > 0 and
some nonnegative ® € C(RY) satisfying (6) such that

¢(s,y,2) < ®(2) for s,y,2 € Bf (t,z) x RY.

Then

limsup/go(s,y, z)ms 4 (dz) < /cp(t,x,z) My . (dz).

s,y—t,r

Remark 1. — For later use, we note that the preceding lemma implies
that if m satisfies (5) and if, for every (¢,z) € (0,T] x RY, there is some
continuous ® > 1 satisfying (6), then (¢,z) — m, ,(RY) is continuous.

Proof. — We first assume that ¢ has compact support in (0, T] x RN xRV,
We can find € > 0, a nonnegative function x € C.(RY) such that x = 1
on By/(0) and a nonincreasing sequence of ¢, € C.([e,T] X By/c(0) x
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Bi/¢(0)) such that ¢,, | ¢. From (5), we deduce that, for every n,

limsup/(p(s,y,z) ms y(dz) < limsup/qbn(s,y,z)ms,y(dz)

sly_)t1z siy—’th

S limsup/{¢n(t,$vz)

s, y—t,x
+x(2) sup |pn(s,y,2) — dn(t, 2, 2)|} m, ,(d2)
z€Bj/.(0)

= / On(t, x, z) my o (dz).

Sending n — oo, we conclude by Lebesgue’s monotone convergence
theorem that limsup, , ., , [ ¢(s,y,2) m, 4 (dz) < [ o(t,z,2) My (dz).

When the support of ¢ is no longer compact, we construct, for n large
enough, x, € CC((ﬁ_T,T] X Bpn41(0) X By,+1(0)) nonnegative such that
Xn =1 on [, T] x B,(0) x By(0). For (s,y) € B} (t,z), one has

/cp(s, Y, 2) My (d2)

< / X (5,9, 2)0(5,5,2) + (1 = xu (5,9, 2))®(2) . (d2).

By the preceding paragraph, as (s,y) — (t,z), the upper li-
mit of the first expression in the right-hand term is smaller
than [ x.(t, %, 2)p(t, ¢, 2) me o (dz), while [ x.(s,y,2)®(2) m,,(dz) —
J xn(t, 2, 2)®(2) m; ,(dz). From (6), we deduce that

lim sup/<p(s,y,z) ms y(dz) < /chp(t,x., 2) + (1 — xn)®(2) my o (d2).

s, y—t,x
Sending n — oo, we use Fatou’s lemma and obtain the inequality we
claimed. [

The preceding lemma is the motivation for the following requirement on
upper semicontinous functions that we shall be considering:

for every (t,z) € (0,T] x RV, there are ® € C(RY),® > 1
satisfying (6) and 7 > 0 such that, for
$,9,2 € By (t,2) x RN, M(u(s,y + 2),u(s,y)) < ®(z).  (7)
Since M is nondecreasing, observe that, if (t,,z,,u(ts,z,)) —
(t,z,u(t,z)), (7) and the proof of Lemma 1 imply that

lim sup /M(u(tmmn +2), u(tn, Tp)) My, o, (d2)

n—aoo

< / M(u(t, s + 2), ut, 2)) mq o (d2).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



VISCOSITY SOLUTIONS OF NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 299

The fact that semicontinuity is preserved in the nonlinear integral term
will be used extensively. Let us mention immediately that, in practice,
the construction of ® (depending on (¢,z)) in (6) imposes very natural
and simple conditions on m and on the asymptotic behaviour of u
and M. For instance, if u is locally bounded and bounded from
above, we shall assume that ¢,z — mm(RN ) is continuous and choose
® = max(1,supp¢ () M(||ut||oo, u(s,))). In a similar way, we require
that a lower semicontinous function satisfy

for every (t,z) € (0,T] x RN, there are ® € C(RV),® > 1
satisfying (6) and 1 > O such that, for
5,9,2 € B (t, ) xRY, M(u(s,y + 2),u(s,9)) 2 =®(2).  (8)

We can now define the notion of semicontinuous subsolutions and
supersolutions of (1) which is a straightforward adaptation of [3].

DErINITION 1. — A locally bounded function u € USC((0,T) x RY)
satisfying (7) is a viscosity subsolution of (1) if, for all x € RV,
w(T,z) < ur(x) and, for all (t,z) € (0,T) x RY, (p,q, A) € P>tu(t, z):

“p+ Pt zyu(t, )0, 4) = [ Mlult,a+2),u(t,0) me(d2) < 0. (9)

A locally bounded function w € LSC((0,T) x RY) satisfying (8) is a
viscosity supersolution of (1) if, for all x € RY, w(T,z) > ur(z) and, for
all (t,z) € (0,T) xRY, (p,q,A) € P>~ u(t,z):

“p F(t2,ult,2),0.4) = [ M(ult,z+2),ult,0)) mea(dz) 2 0. (10)

u € C((0,T] x RN), satisfying (7) and (8), is a viscosity solution of (1)
if it is a viscosity subsolution and a viscosity supersolution of (1).

Remark 2. — It is equivalent to require that a subsolution
(resp. supersolution) satisfy (9) (resp. (10)) for (p,q,A) €
52’+u(t,x) (resp. 52’_u(t,m)). Indeed, consider a sequence
(tn,zn) € (0,T) x RN as well as (pn,qn, An) € P>Tu(t,,z,) with
Ny, o0 (tns Tny W(tn, Tn), Pry Gn, An) = (8, 2,u(t,x),p,q, A); taking the
upper limit in (9) (written at (¢,,2,)) as n — oo, and using the upper
semicontinuity of the integral term as well as the continuity of F', we
conclude that (9) holds at (¢,z) for (p,q, A). An analogous statement is
true for supersolutions.

This remark will be particularly useful for establishing uniqueness for (1).
The existence programme needs the following equivalent definition.
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Dernmion 2 (Equivalent). — A locally bounded function u €
USC((0,T) x RY) satisfying (7) is a viscosity subsolution of (1) if, for
all z € RN, u(T,z) < ur(z) and, for all (t,r) € (0,T) % RN, ¢ €
C2((0,T) x RY) such that u(t, ) = o(t, ), u < ¢ on (0,T] X RN /(t,z),
we have:

0,6+ F(t,z,6, D, D*$) - / M(d(t, + 2), $(t,2)) mea(dz) < 0.
(11)

A locally bounded function u € LSC((0,T) x RY) satisfying (8) is a
viscosity supersolution of (1) if, for all z € RY, u(T,z) > ur(z) and, for
all (t,z) € (0,T) xRN, ¢ € C2((0,T) x RN) such that u(t,x) = ¢(t, ),
w > ¢ on (0,T) x RN /(t,x), we have:

_8t¢ + F(t,$,¢,D¢,D2¢) - /M(¢(t7$ + Z),¢(t,$)) mtvl'(dz) 2 0.

We briefly justify the equivalence between the two definitions. Regarding
the subsolution property, we first observe that Definition 1 at once
implies Definition 2 because of the monotonicity of M and the fact that
(8:¢, Dp, D*¢) € P> Hu(t, z). Conversely, since M (u(t, z+2), u(t,z)) <
®(z), one can use the upper semicontinuity of the left-hand term to find ¢ €
C((0,T) x RY) such that u < ¢o and M(o(t,z +2), u(t,z)) < 2(2)+1
_ we leave the details to the reader. Next, given (p,g,A) € P2ru(t, x),
we construct a nonincreasing sequence of functions ¢,, € C? such that

(én(t, 3), Bibr(t, 3), Dbu(t, ), D>ty 2)) = (u(t, ), 1, A);

w < ¢n < o on (0,7) x RN /(t, x) and ¢» | w on (0,7) x RY. But (11)
then reads

pt F(t o u(t3), 0, A) < / Mt 7+ 2),u(t, 2)) me o (d)
| / M(ult, o+ 2), ult, ) me.o(d2)

as n — oo, where we have used Lebesgue’s monotone Convergence theorem
to take the limit. And (9) is shown, proving thus our claim.

We momentarily assume that we have established a generic comparison
principle for functions that lie between a subsolution u € C((0,T] X RY)
and a supersolution 7 € C((0,T ] x RV). And we check that the powerful
Perron’s method introduced by Ishii [7] extends to integro-differential
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equations (following mainly his argument) so as to obtain a viscosity
solution of (1) u € C((0,T] x RY) with uw < u < 7. Taking advantage
of a particular property of the Cauchy problem observed by Barles and
Perthame [1], we are in fact able to improve the tractability of Perron’s
method by not requiring that » and v coincide at the boundary {t = T'}.
Of course we have to make sure that the solution satisfies integrability
conditions (7) and (8) and therefore we ask that:

for every (t,z) € (0,T] x RN, there are ® € C(RY),® > 1
satisfying (6) and n > O such that for s, y, z € Bn+(t, z) x RV,

a € [u(s,9),0(s,y)] — ®(2) < M(u(s,y + 2),0)
< M@(s,y+2),a) < ®(z). (12)

ProposiTION 1. — Let F € C((0,T] x RY x R x RN x Sy) be elliptic,
M € C(R x R) satisfy (3), m satisfy (5) and upr € C(RY). Assume
that there are u,v € C((0,T] x RY) respectively a viscosity subsolution
and a supersolution of (1) such that v < ¥ on (0,7T] X RNand (12)
holds. Assume also that the following comparison principle holds: if
u € USC((0,T] x RN) and v € LSC((0,T] x RN) are respectively a
subsolution and a supersolution of (1), with u < vV and v > u, then u < v
on (0,T] x RV,

Then there is a unique viscosity solution v € C((0,T] x RY) satisfying
(7) and (8) such that u < u < ¥ on (0,T] x RV,

Proof. — The uniqueness statement follows readily from comparison. For
every (t,z) € (0,T] x RN, we define

v(t, z)
= sup{u(t,z)/u is a subsolution of (1) with u < ¥ on (0,7] x RV }.

We first note that u < v,,v* < U, because of the continuity of w,v, and
therefore (12) implies that integrability condition (7) (resp. (8)) is fulfilled
for v* (resp. v,). We shall show that v*, v, are respectively a subsolution
and a supersolution of (1). Once this is proved, comparison will imply
that v* < v, on (0,7] x RY. The reverse inequality holding obviously, we
shall first conclude that v € C((0,T] x R™) and then that v is a viscosity
solution of (1), with u < v < 7, as asserted. As a matter of fact, we begin by
establishing that v* (resp. v,) is a subsolution (resp. supersolution) of (1)
with generalized boundary condition, that is to say with the inequality
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w(T,z) < up(x) in Definition 1 (resp. u(T,z) > ur(x)) relaxed to
—p+ F(T,2,u(T, ), q, A) - / M(u(T, % + 2),u(T, 2)) my..(d2) < 0,
for (p,q, A) € P>*u(T, ). if u(T,z) > ur(z)

(—=p+ F(T,z,w(T,x),q, A) — /M(u(T,x +2),u(T,z)) mr(dz) > 0,

for (p, g, A) € P>~ u(T, z), if u(T,z) < urp(z), respectively). We conclude
by observing that a subsolution (resp. supersolution) to the Cauchy
problem with generalized boundary condition is indeed a subsolution (resp.
supersolution) in the sense of Definition 1, reproducing here the proof given
by [1, Proposition 5], for the sake of completeness.

We first prove that v* is a subsolution of (1) with generalized boundary
condition. Let (¢,x) € (0,T] x R" and consider a sequence s,,, ¢, u,, such
that limy, o0 (Sns Yns Un (S, Yn)) = (2, v*(,2)), u, being a subsolution
of (1) for every n. If ¢ € C? is such that v*(t,2) = ¢(t,z) and v* < ¢
on (0,T] x RV /(t, ), there is a sequence of local maxima (tn,,) of
U, — ¢ (for n large enough) such that limy oo (tn, Tny Un (o, T,)) =
(t,z,v*(t,x)). In addition, ¢, < T for large n, unless ¢ = T and
v*(T,x) < ur(x), for ur is continuous. But, when t, < T, one has

_at¢+F(tn7xn7un7D¢7D2¢)
< /M(¢(tn,$n+z),un(tn,xn))mtmzn(dz),

where we have used (3) together with the inequality u,, < ¢; letting n — oo
and invoking Lemma 1, we conclude, as claimed, that

—0i¢p + F(t,2,v", D¢, D*¢) < / M(§(t, + 2), v*(t, @) mu,. (d2).

We now assume that v, is not a supersolution of (1) with generalized
boundary condition, so that there is (¢,z) € (0,7] x RY and ¢ € C?
with v,(¢,2) = ¢(t,x), v, > ¢ on (0,T] x RN /(t,7), v (T,z) < ur(z)
if t = T and

- at¢ + F(t,fﬂ, ¢7D¢5D2¢)
< /M(max(¢(t, T+ 2),u(t,z + 2)), (¢, )y my . (dz).  (13)
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First, we observe that v,(t,z) < ©(t,z). Indeed, v, (t,z) = o(t, z)
would imply that (8;¢(t,z), Do(t,z), D?¢(t,z)) € P> v(t,z); but the
fact that v is a supersolution contradicts (13). Therefore, for 7;,6; > 0
small enough, ¢ + 6, < @ on B (t,z) and ¢(T,y) + 61 < ur(y) if

(T,y) € B} (t,x)N{t = T}. The continuity of the integral term (Lemma 1
and (12)) provides 72,62 > 0 such that

- at¢+F(saya¢+6aD¢aD2¢)
< / M(max(¢(s,y + 2) + 6, u(s,y + 2)),
max(¢(s’ y) + 67 E(sv y))) msyy(dz)’ (14)

for all s,y,6 € B (t,2) x [0, 83]. Lastly, we obtain 63 > 0 for which v, >
¢+63 on OB (t, ) for no = min(ny, n2). Setting o = min(81, 62, 83) > 0,
we define

w = max(v*, ¢ + 6o) on B (¢,2);w = v* elsewhere.

The preceding construction guarantees that w € USC((0,7] x RY),
u < w <7 on (0,7] xRN, We claim that w is a subsolution of (1)
with generalized boundary condition. Indeed, let (s,y) € (0,7] x RY
and x € C? be such that w(s,y) = x(s,9) and w < x on
(0,T] x RN /(s,y). Then, it is clear that, whether w(s,y) = v*(s,y) or
not, (9:x(s,y), Dx(s,y), D*x(s,y)) belongs to P>*uv*(s,y) or P> (¢ +
80)(s,y). The fact that v* is a subsolution and (14) then imply (9). Finally,
observe that w, (t,z) > max(v.(t, z), p(t, z) + o) > v, (t, z); hence there
is (s,y) such that w(s,y) > v(s,y). We thus obtain a contradiction with
the definition of v once we know that w, as a subsolution of (1) with
generalized boundary condition, satisfy w(T,z) < ur(z) on RN. We now
prove this inequality.

So, let w € USC((0,T] x RY) be a subsolution of (1) with generalized
boundary condition and suppose that (T, z) > ur(x) for some z € RV,
Fix n > 0 so small that M(u(s,y + z),u(s,y)) < ®(z), for s,y,z €
B} (T,z) x RN, and w(T,z) > ur(y), for y € B,(z). For € > 0, we
choose C. — oo as ¢ — 0 such that

C.> sup {—F(s,y,u(s,y),M,i—I>+/‘I’(z)ms,y(dz)},

B (T2) €

and consider (t,z.) a maximum point of u(s,y) — I—y%ﬁ — C(T — s)
on BH(T,z). Since lim. |z, — z| = 0, limeoft. — T| = 0 and

Vol. 13, n°® 3-1996.



304 0. ALVAREZ AND A. TOURIN

u(T,x.) > u(T,z) > ur(z.) when t. = T, we conclude that (9) should
hold at (-C., 2(’”;;”—, 2y € PAtu(t,,x.), for € small enough, which

would contradict our choice of C.. The argument for the supersolution
proceeds exactly in the same way. [

3. COMPARISON RESULTS

We now turn to establishing comparison principles. As mentioned in
the Introduction, we begin by considering the version of (1) with a linear
local term

— dult, z) - %tra(t,x)Dzu(t,x)

- (b(tax)a Du(tv x)) - g(t’wvu(t7$))

- /M(u(t,m + z),u(t,z)) my . (dz) =0 on (0,T) x RY;
uw(T,z) = up(z) on RV, (15)

and we assume that
a = UUT and IO’(t,:L‘) - O'(t, y)' + lb(t,{l}) - b(ta y)| S ClJ} - y|7 (16)

the standard hypothesis for comparison to hold for viscosity solutions
of linear partial differential equations. At first, we impose the restrictive
conditions

g(t,z,b) — g(t,z,a) < a—b when a < b, (17)
M(a+ h,b+ h) — M(a,b) <0 when h > 0, (18)

which actually guarantee comparison for bounded subsolutions and
supersolutions of the more delicate stationary problem. But it is well-
known, in the case of the Cauchy problem with no integral term, how
requirement (17) can be relaxed to a Lipschitz regularity in a (uniformly
in (t,)) — this corresponds to the observation that, in (2), the requirement
A > 0 for the stationary problem can be relaxed to A € R. More
precisely, we shall prove that the comparison principle holds for bounded
functions when g and M are locally Lipschitz; and, provided they are
globally Lipschitz, we shall allow the functions to be compared to have
an exponential or polynomial growth, depending on whether o and b are
bounded or not.
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Considering first bounded from above (resp. below) subsolutions (resp.
supersolutions), we require that

t, 2 — my (RY) is continuous and m, .(R") < C, (19)

which, as said before, imply integrability condition (7) (resp. (8)). We can
now state the following comparison principle for bounded functions, whose
proof, for the most part, mimics the classical argument of [3] for viscosity
solutions of nonlinear partial differential equations. We just mention that,
for technical reasons, we have to allow M to depend on ¢ (an extension that
presents no difficulty but involves some more cumbersome expressions),
and thus we assume (18) to hold uniformly for ¢ € (0,T.

ProPOSITION 2. — Let a,b € C((0,T] x RY) satisfy (16), g €
C((0,T] x RN xR) satisfy (17), M € C((0, T)| xRx R) satisfy (3) and (18),
m satisfy (5) and (19), and up € C(RY). Let u € USC((0,T] x RY)
be a bounded from above viscosity subsolution of (15) and v €
LSC((0,T] x RN) be a bounded from below viscosity supersolution of (15).

Then

u < wvon (0,T] x RV.

Proof. — We argue by contradiction and thus assume that
sup(g,r)xgry U(t, ¥) — v(t,z) > 0. We fix n > 0 small enough so
that N = sup(o 7yxg~ w(t, ) — v(t,z) — T > 0 and for § > 0, we set

n 2
Ns = t,z) — v(t,z) — — — 8lxz|?,
o= max u(t,z) = v(t,z) = 5 = blz|

which is positive for § small enough. Following the general viscosity
solution technique, we consider a global maximum point (t,Z, ye) €
(0,T] x RN x RN of u(t,z) —v(t,y) — 2 — 8|z|* - '—”9—_;2‘1 It is a classical
and easy exercise (see [3, Lemma 3.1]) to check that, along a subsequence,
lime_o(te,Te,ye) = (ts,xs,xs). for some (ts,zs5) € (0,T) x RN, a
maximum point of u(t,z) — v(t,z) — 1 — §|z|?, and that

lin(l)u(te,:ve) = u(ts,xs) and lin(l]v(tﬂye) = v(ts, Ts). (20)
In addition, one has
. _ . 2 _
%1_{% Ns= N and ;% Slxs|® = 0. (21)

Theorem 8.3 of [3] then provides (pe, ¢c, Ac, Be) € R x RN x Sy x Sy
such that

n 72+ 52—
(pe_t_27qe+26xeaAe+26I)e P u(tevme)a(pHQeaBe) € P U(ts7ye)
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and, under (16),

lirr(l)(b(te,me) — b(te,Ye), qe) = 0,limsup tra(te, z.)Ae — tra(t., ye)B. < 0.

e—0

The observation that t. < T for ¢ small enough and the fact that 4 and v
are respectively a subsolution and a supersolution of (15) then yield

n
2
- <b(t6axe)a qs> - 26<b(te,l‘5),.’l}5>

gl ulte, 3)) — / Mt u(ter e + 2), ulte, 2.)) me,o. (d2) < 0

1
= Pe+ 33 = Strate, ) A, - dtra(t,, z.)

and

1
= Pe — §tra‘(tea Ye)Be — <b(te7 Ye), ge) — 9(te; ye, ’U(te, Ye))

- /M(teav(tﬂye +2)av(ts7ye))mte,ys(d'z) Z 0

We substract those two inequalities and take the upper limit as ¢ — 0, with
Lemma 1 in mind, to conclude that

— btra(ts, xs) — 26(b(ts, zs), s)
— 9(ts, zs,ults, xs)) + g(ts, zs, v(ts, xs))
< /{M(t5,u(t5,x5 + 2), u(ts, zs5))
— M(ts,v(ts, s + 2),v(ts, z5))} My 25 (d2)
< /{M(tg, Wts, s+ 2) — ults, z5) + v(ts, 25), v(ts, 75))
= M(ts,v(ts, zs + 2),v(ts, x5)) } ms, o, (d2), (22)

where the last inequality follows from (18) and the observation that
u(ts, ws) > v(ts,xs) for § small. Remarking that, for z € RV,
u(ts, x5 + 2) — u(ts, zs) + v(ts, vs) < v(ts, x5 + z) + N — N,

we use (19) and the continuity of M to bound from above the last expression
in (22) by wr(N —Ns) sup g 71xgn M (RY) (for some R depending on the
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upper bound of u and the lower bound of v), which goes to zero as 6 — 0.
We also note that (16) implies that, for some C > 0 independent of 4,

tra(tg,.’l}g), (b(ta,:l)g),.’ﬂg) < C(l + |3)5l2).
Recalling (17) and (21), we send § — 0 in (22) and conclude that

limsup u(ts, zs) — v(ts, zs) <0,
6—0

which contradicts our hypothesis that N is positive. [J

Remark 3. — A careful inspection of the above proof shows that, instead
of requiring (9) (resp. (10)) to hold at every (¢,z) € (0,T) x RY, it just
need be true when the set {y € Bi(z)/u(t,z) > v(t,y)} (resp. {y €
Bi(z)/ult,y) > v(t,z)}) is not empty. Indeed, as u(ts, zs) > v(ts, 5) for
& small enough, (20) implies that, for € small enough, u(tc, zc) > v(te, ye)
and y. € Bi(z.).

Remark 4. — We wish to mention that condition (19), which was used in
an essential way, is optimal. Indeed, consider the linear equation

—Owu(t,z) — 1 — /u(t,x +2) — u(t,x) m¢ »(dz) = 0 and u(T,z) = 0,

which has v(t,z) = T —t as a solution, whatever m we choose. For a > 0
arbitrary, C > 0, we define m; ,(dz) = C(1+|z|*)é,(2) (with §, denoting

the Dirac measure at ). We claim that, for C large, u(t,z) = 2%21——3:'?)1 is
a bounded subsolution of the equation, while comparison does not ho{d, for

lim—0,z|—co u(t, z) — v(t,z) = T > 0. We first observe that u(T,z) =0
on RV and we compute

—Owu(t,z) — 1 — /u(t,m + 2) — u(t, ) my 5 (d2)

T —t)|z|]* L C(20+ = 2)(T — t)?|z|*
T(1+ |z]|®) T(1 + 22|z|*)
4|z|? C(20F — 2)|z|* }
< (T -t)? - <0,
<0 -0t p e~ TR )
for C large.
We now relax (17) and (18) as follows: for a,b,c,d € [-R, R],

g(t,z,b) — g(t,z,a) < Cr(b—a) when a < b, (23)
M(a,b) — M(c,d) < Cr(la —c| + |b—dJ), (24)
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and obtain the following general comparison principle for bounded
subsolutions and supersolutions.

ProPOSITION 3. — Let a,b € C((0,7] x RN) satisfy (16), g €
C((0,T] x RY x R) satisfy (23), M € C(R x R) satisfy (3) and (24),
m satisfy (5) and (19), and ur € C(RN). Let u € USC((0,T] x RM)
be a bounded from above viscosity subsolution of (15) and v €
LSC((0,T] x RY) be a bounded from below viscosity supersolution of (15).

Then

u < wvon (0,7] xRN,

Proof. — Setting R = max(||ut o, |[v"||oo), We define Mrg(a,b) =
M(Cr(a),Cr(b)) and gg(t,z,a) = 9(t,z,Cr(a)), with (r(a) =
min(max(a, —R), R). We choose C;,Cy > 0 depending only on R such
that gr(t, z,b) — gr(t,2,a) < C1(b— a) when b > a, Mg(a + h, b+ h) —
Mg(a,b) < Cyh for h > 0and M(a, c) < Mg(a,c) < Mg(b,c) < M(b,c)
fora<bae<R b>-Randc ¢ [-R, R]. In particular, « (resp. v)
satisfies (9) (resp. (10)), with gr, Mp, instead of g, M, at every (t,z) such
that u(t,z) > —R (resp. v(t,2) < R) and thus when u(t,z) > v(t,y)
(resp. u(t,y) > v(t,z)) for some y € B (z).

For K > 0 to be determined below, we set

g'(t,z,a) = XD gp(t,z,eXT-1g) + (Camy - (RY) — K)a,

M'(t,a,b) = KO Mp(eKT-0g K T-p) _ cnp,

A straightforward computation establishes that u/(t,z) = K E=Thy(t, z)
and v'(t,z) = eXK-Dy(t,z) are respectively a subsolution and a
supersolution of (15) with M, ¢ instead of M, g when «/(t,z) > v'(¢, Y)
(resp. w'(t,y) > o'(t,x)) for some y € Bj(z). Remark that M’
satisfies (18), ¢’ is continuous and for a < b

g (tz,b)—g'(t,2,a) < (C14+Cy sup my . (RY) - K)b-—a)=a—b,
(0,T) xRN

for the choice K = 1 + C; + C, SUp (o, 7yxry Mt,(RY). We apply
Proposition 2 and Remark 3, and conclude that «' < v/ on (0,7] x RV,
which yields v < v. O

Comparison for unbounded solutions requires the “local” regularity
conditions (23) and (24) to be global, and thus we shall assume

9(t,z,b) — g(t,2,a) < C(b— a) when a < b, (25)
M(a,b) — M(c,d) < C(la—c| + |b—d|). (26)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



VISCOSITY SOLUTIONS OF NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 309
We have to distinguish whether o and b are bounded or
lo(t, z)| + |b(t, z)| < C(1 + |z); (27)

notice that this condition follows from (16) provided o(¢,0) and b(¢,0) are
bounded on (0, 7. In the first case, (19) is strengthened to

t 1 ,_)/ I=l/(A+1) m, ,(dz) is continuous and /e'zl/(’\+t) my . (dz) < C,
(28)

for some A > 0; this corresponds to the asymptotic behaviour for
subsolutions and supersolutions

lim sup sup u(t, z)e™1*/O+D < 0 liminf inf v(t z)e 1=/ >
|| =00 (0,T) |z|—o0 (0,T]
(29)

respectively. (Note that under (26) and (28), a function satisfying the
first inequality in (29) fulfils the integrability condition (7) with ®(z) =
Celzl/3+) ¢ depending on (¢,z).) Our first unbounded comparison
principle is the following:

PropoSITION 4. — Let a,b € Cy((0,T) x RY) satisfy (16), g €
C((0,T] x RN x R) satisfy (25), M € C(R x R) satisfy (3) and (26),
m satisfy (5) and (28), and up € C(RY). Let uw € USC((0,T] x RY) be
a viscosity subsolution of (15) and v € LSC((0,T] x RY) be a viscosity
supersolution of (15), that satisfy (29) respectively.

Then

u <wvon (0,7T] x RV.

Proof. — Replacing, if necessary, u (and v) by u'(t,z) = eKt=Dy(t, z)
(and v"), for some constant K chosen as in the proof of Proposition 3, we
assume, without loss of generality, that g and M satisfy respectively (17)
and (18) (and we drop the dependence on ¢ of the new M for convenience).
For C > 0, we set

C+ 1+ |z]?

and we compute
1 2
- 0w — EtraD w — (b, Dw)
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= O [ fulta +2) - wt,)lme.(d2)

C+ 1 2
(A+1)?

B tra(t, x) _ Aa(t,z)z, 7)

2N+ ) /T + 22 200 +8)2(1 + |z[?)
(b(t, z), z) /
- kA -C e/ O+, (d2)} > 0, 30
CroJiTRE M ta(dz)} 2> (30)
for C large enough.

This implies that, for ¢ > 0, 4 —ew is a bounded from above subsolution
of (15). Indeed, using (17) and (18) yields g(t,z,u(t,z) — ew(t,z)) >
g(t,z,u(t, z)) as well as M(u(t, z+2) —ew(t, z+2), u(t, ) —ew(t, x)) >

M(u(t, z+2)—ew(t, z+2) —w(t, z)], u(t, z)); therefore, given (p,q, A) €
P2Fu(t,z), we conclude that

1
—p+edw — —2-tra(A —eD?*w) — (b,q — eDw) — g(t,z,u — ew)

= [ Mt +2) - cult o+ 2).ut,2) = el a)me(d) <

One would prove similarly that v + ew is a bounded from below
supersolution of (15). Proposition 2 then implies that u — ew < v+ ew on
(0, 7] x RVand we conclude that v < v after sending ¢ — 0. O

Remark 5. — Although this section is not concerned with the question of
existence, we shall need later a solution of (15). So we just sketch how
to obtain one that satisfies

lim sup |u(t,z)[e”1*/O+ =g,
|z|—o0 (0,7]

under the hypotheses of Proposition 4 and the additional one:
lim sup lg(t, z,0)]e” 1/ A+ = 0 and hm lup(z)|e~ 1=V A+ = @,

|z|— 00 0,T

We suppose, without loss of generality, that g and M satisfy (17) and (18)
respectively and redefine C' so that the expression within brackets in (30)
is greater than 1 (instead of 0). For every integer n > 1, we define
wy(t,z) = Cu(T + 1 — ) + 2w(t,z) and easy computations give

—OyWy, — %tszwn — (b, Dw,,) — g(t,z,wy)
- /M(wn(t,x + 2), wy(t, x))my . (d2)
1
2 Cn + E’U)(t,.’li) - g(tal'?O)
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In view of the asymptotic behaviour of g and ur, one can choose C,, so that
g(t,z,0) < C,, + %'w(t,m), up(z) < Cp + %w(T,x) and w1 > w, + 1
on (0,7] x B,,(0). Since, for every n, w, is a supersolution of (15), it
is not hard to check that ¥ = minw, is a continuous supersolution and
satisfies the first inequality in (29). One constructs similarly a continuous
subsolution to (15) satisfying the second inequality in (29). We then invoke
Proposition 1 to obtain a solution with the required asymptotic behaviour.

A similar analysis extends to the case when ¢ and b are unbounded but
satisfy (27). In addition to (19), we shall assume that, for some n € (0, 00),

t,x /|z | my +(dz) is continuous and /|z [ my . (dz) < C(1+ |z|™),
(31)

and require the subsolutions and supersolutions to be compared to satisfy
the asymptotic condition:

lim sup sup u(t, z)|z| ™™ <0, hmlnf 1nf v(t,z)|z|™" >0, (32)
jz|—oo (0,T]

respectively (which, as before, implies integrability condition (7) for u
and (8) for v).

ProposITION 5. — Let a,b € C((0,T] x RY) satisfy (16) and (27),
9 € C((0,T] x RN x R) satisfy (25), M € C(R x R) satisfy (3) and (26),
m satisfy (5), (19) and (31), and ur € C(RY). Let uw € USC((0,T] x RY)
be a viscosity subsolution of (15) and v € LSC((0,T] x RY) be a viscosity
supersolution of (15), that satisfy (32) respectively.

Then

u <wvon (0,T] x RV,

Proof. — The proof goes exacly the same way as the one of Proposition 4
and we just have to explain how to modify w. We first remark
that (19), (31) and Holder’s inequality imply that, for all p € (0,n],
f(l—_i_%mt,w(dz) < C, which yields

/(1 F o+ 22 e (d2)

S 2n/2(1 + !x|2)n/2/(1 +
< C(1+ |z|*)"2.

||

T ()
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Hence, setting w(t,z) = eXT=8(1 4 |z[2)"/2, we deduce that

1
— Ow — itraDzw —(b,Dw) — Cy / lw(t,z + z) — w(t, z)|my . (dz)

tra(t, z)
> U)(t,ilf) K - nm
ol — (a(t,z)z,z)  (b(t,),z) B
" Pe A ) C]ZO’

for K large. O

Remark 6. — An argument analogous to Remark 5 gives a solution
to (15) satisfying lim,|—00 SUp(o 7 |u(t,z)| ||~ = 0, under the
assumptions of Proposition 5 and limy,) .. sup g 1 lg(t, z,0)| |z|™ = 0
and limy;|_,o |ur(2)||z|™™ = 0.

4. APPLICATION TO STOCHASTIC DIFFERENTIAL UTILITY

In this section, we apply the results of the preceding sections to the
stochastic differential utility model due to Duffie and Epstein [4] under
mixed Poisson-Brownian information. As in the Dekel-Chew model (see
[4, example 5]), we restrict ourselves to M € 21 (R x R) satisfying (3) and

Mi(a,a) =1 and M(a,a) = 0. (33)

As a matter of fact, the assumption that M (a,a) = 1 is just required for
the stochastic interpretation but plays no role from the PDE point of view.
Besides, that M(a,a) = 0 is not a restriction since we may replace the
functions M and g respectively by

M'(a,b) = M(a,b) — M(b,b),
g'(t,z,a) = g(t;z,a) + M(a,a)m, . (R").

Before stating precise results, we wish to illustrate briefly how (4)
is related to the stochastic differential utility model, which solves a
particular forward-backward stochastic differential equation adapted to
the filtration generated by a Brownian motion and a jump process (see
Pardoux and Peng [9] for the Brownian information case). In order to
avoid technicalities and not to make too many restrictive assumptions,
we keep this discussion very formal, and refer to Ma [8] for a rigorous
presentation of the stochastic model. Let W be a Brownian motion for
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t € [0,7] and, given = € R, consider yu(t,z, A) a right-continuous with
left-hand limits orthogonal martingale measure (for A a borel set in RY)
that is independent with the Brownian motion and whose characteristic is
given by w(t,z, A) = fot J, ms,0(dz) ds — we refer to [6] for a presentation
of these notions. Given (t,z) € (0,T] x RN, we suppose that there is a
unique adapted right-continuous solution (which is a Markov process) of
the equation

Xbe = 9:+/s b(r, X,_) dr-l—/ts o(r, Xr-) dWT+/tS/zu(dr, X,_,dz),
t
for s € [t,T]. If v is a smooth function, Ito’s formula reads
du(s, X,) = (Dv, o dW) + / o(5, Xo + 2) — v(s, Xy )t(ds, X,_, dz)
+ [0 + (b, Do) + %traaTDzv
+ / {0(s, Xo_ +2) — (s, Xo_) — {2, Do)} ma x,_ (d2)]ds.

On the other hand, the stochastic differential utility solves the backward
SDE

T h T T
US=UT—/ urdr—/ (ZT,dWT)—/ /F,(z)u(dr,Xr_,dz),

with Ur = 'U/T(XT) and p, = —g(?”, Xr—aUr-) - %MII(UT—)UT'—)
(Zy, Z,) = [{M(U,—+T(2), Up= ) =T (2)} mr x,_(d2) (see [4, section 7],
where (33) is used in an essential way). We now apply Ito’s formula to
u(t,z) = U;, which we assume is smooth. Remarking that the Markov
property for X and uniqueness yield that U, = u(s, X5®), we first identify
Z, = 0(s,Xs_)TDu(s,X,_) and T's(z) = u(s, Xe— + 2) — u(s, Xs-),
for s > t. Plugging these expressions into u, and equating the absolutely
continuous-terms, we let s — ¢ to conclude that » should satisfy

—ou — %traD2u
- <b - / zmt,m(dz)a Du>—g(ta z, u) - %Mll(uv u)<a’Dua Du)
- /M(u(t,x + 2),u(t, z))my - (dz) = 0 in (0,T) x R";
w(T,z) = up(x) on RV,

which is (4) with b(t,z) — [ 2m, .(dz) instead of b(¢, z).
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We now return to the study of equation (4). In order to get rid of the

quadratic term (aDu, Du), we consider the change of variable used by
Duffie and Lions [5]

¥(a) = /0 " exp| /O " Mas(e, e)deldb

which is strictly increasing in a. The domain of the inverse mapping of ¥,
U=, is denoted by (a, 8) — = lim,_, oo ¥(a) and 8 = lim, 4o ¥(a).
As V is strictly increasing, if v is a subsolution (resp. supersolution) of (4),
the function u = ¥(v) is a subsolution (resp. supersolution) of

1
—0u — itraD2u — (b, Du) — g(t, z,u)

- /M(u(t,w + 2),u(t, ))my . (dz) = 0 in (0,T) x RV;
u(T,z) = U(ur(x)) on RV, (34)

with the notations

g(t,z,a) = g(t,z, 0" (a))¥' (¥~} (a)),
M(a,b) = M(¥~"(a), U~1(5))¥'(¥1(B)), for a,b € (a, 3).

In the case of bounded viscosity solutions, an application of Proposition 1
and Proposition 3 readily yields an existence and comparison result. Indeed,
we first observe that the functions ¥~ and ¥’/(¥~1) are locally Lipschitz
continuous on («a, 8), hence M is locally Lipschitz continuous on (o, 8)
Moreover, the preceding remark, together with (25) and

|g(t,x, a)l < CR when a € [_Rv R] (35)
imply that g satisfies (23) (for a,b € (ag, Br)).

TheorEM 1. — Let a,b € C((0,T] x RN) satisfy (16), ¢ €
C((0,T) x RY x R) satisfy (25) and (35), M € C(R x R) satisfy (3)
and (33), m satisfy (5) and (19), and ur € Cy(RV).

Comparison. Let w € USC((0,T] x RN) be a bounded from above
viscosity subsolution of (4) and v € LSC((0,T] x RY) be a bounded
Jrom below viscosity supersolution of (4).

Then

u <wvon (0,T] x RN,
Existence. There is a unique bounded viscosity solution of (4).
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Proof. — Supposing minv < maxwu (or comparison is trivial), we
extend g and M for a,b € R by truncation so that they coincide
on [¥(minv),¥(maxu)] C (a,F) and satisfy (23) and (24). We then
apply Proposition 3 and Remark 3 to obtain comparison. As far as the
existence is concerned, one may observe that, for K sufficiently large,
w(t,z) = expK(T + 1 —t) is a supersolution of (4) thanks to (25)
and (35), while —w (¢, z) is a subsolution of (4). Therefore, we may invoke
Proposition 1 to obtain a bounded solution of (4). [

We now turn to the unbounded case and require that g and M satisfy (25)
and (26) respectively. When o > —oo or 3 < oo, these regularity
assumptions allow to extend g and M for a,b € [o,] and then for
a,b € R x R by truncation (with possibly infinite values for g). We keep
the notations § and M for these extensions and we assume that they are
well defined and continuous on (0,7] x RN x R and R x R respectively.
In addition we require that, for some n > 0,

g(t,z,a) < C(B - a) for a € [ —n, f] when 8 < oo,
g(t,z,a) > —C(a — a) for a € [a, @ + 1] when a > —oco.  (36)

This implies that g(¢,z,8) < 0 (or equivalently limsup,_,., 9(t,z,a)
U’(a) < 0). In particular, § is a supersolution of (34) (« is a subsolution),
which property ensures that a solution with boundary data within [a, J]
remains in [, 3]. Our first result concerns the case when a and b are
bounded and allows some exponential-like behaviour of the solutions:

lim sup sup ¥ (u(t,z))e” 1o/ O+ <,
|z|—o0 (0,T]

lim inf 1nf W(v(t,z))e 1=+ > g, (37)

|z|—o0 (0,T

TueoreM 2. — Let a,b € Cu((0,T) x RN) satisfy (16), § €
C((0,T] x RN x R) satisfy (25) and (36), M € C(R x R) satisfy (3),
(26) and (33), m satisfy (5) and (28), and ur € C(RN).

Comparison. Let u € USC((0,T] x RN) be a viscosity subsolution
of (4) and v € LSC((0,T] x RN) be a viscosity supersolution of (4),
that satisfy (37) respectively.

Then

u <wvon (0,T] x RN,

Existence. Assume that

[lllm sup [g(t, z,0)|e1=l/A+0) = o, hm | (ug(z))|e 1=/ A+T) = o,
x|—00 (0, T]
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Then, there exists a unique solution of (4) satisfying

lim sup |¥(u(t, z))le” =/ = o,
lzl—0 (0,1

Proof. — Comparison and existence follow respectively from Proposition 4
and Remark 5 when o = —o0 and 3 = oo. In the case & > —oo or § < 00,
one combines the arguments of Proposition 3 and Proposition 4 to obtain
comparison. Perron’s method (Proposition 1) and the fact that § is a
supersolution (« is a subsolution) then provide a solution U € [, 5] to (34)
— or with the required growth when oz = —o0 or § = 00. A solution to (4) is
then given by W=(U) provided U € (o, 8), to whose proof we now turn.

When 8 < oo, for € > 0, v > 0, we set we(t,z) = 8 — =T 4
evw(t, z) with the same w as in the proof of Proposition 4 and the C of
assumption (36). Easy computations then prove that w, is a supersolution
to (34) for ¢ small, v arbitrary. Given z € R™, we choose v (depending on
x) so small that vw(t,z) < e“*=T) for all t € (0,7] and we remark that
for some R > 0 (depending on z), vw(T,y) > 1 for y € B§(z). We then
fix € > 0 so that Ur(y) < B—e€ on Br(x) and use the comparison principle
to deduce that U(t,z) < w(¢,z) for all t € (0,T]. By the definition of v,
we conclude that U(t,z) < (3, as claimed. The case o > —oo is treated
similarly. O

When o and b have linear growth, we are in the context of Proposition 5
and Remark 6 and we require the subsolutions and supersolutions to satisfy
respectively

lim sup sup ¥(u(t,z))|z|™ <0, hm mf 1nf U(v(t,z))|z|™™ > 0. (38)
lz[—o0 (0,T]

Note that our hypotheses on o and b are suited for applications in Finance,
where stock prices, which are to determine the utility function, follow a
geometrical Brownian motion. With this interpretation in mind, one can
choose my (dz) = pb_,(z), for some p > 0, that models a risk of default
of the underlying assets (and which choice fulfils our assumptions).

TueorEM 3. — Let a,b € C((0,T) x RN) satisfy (16) and (27),
g € C((0,T] x RN x R) satisfy (25) and (36), M € C(R x R) satisfy (3),
(26) and (33), m satisfy (5), (19) and (31), and up € C(RN).

Comparison. Let v € USC((0,T] x RN) be a viscosity subsolution
of 4) and v € LSC((0,T] x RN) be a viscosity supersolution of (4),
that satisfy (38) respectively.

Then

u < won (0,7] x RN,
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Existence. Assume that

lz|—

lim sup [g(¢,z,0)| |z|™" = 0,l llim | (ur(z))||z]™™ = 0.
% (0,7) 7] oo

Then, there exists a unique solution of (4) satisfying

lim sup |¥(u(t,z))||z|™" = 0.
]

jzl—o0 (0,1
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