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ABsTRACT. — We study the existence and uniqueness of solutions as
well as their continuous dependence on given data for the boundary value
problem for a general nonlinear symmetric positive system by a Nash-
Hoérmander iteration scheme. Results on quasilinear systems and the exist-
ence of smooth solutions which improve known results on this subject are
also presented.
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REsuME. — A Taide de la méthode itérative de Nash-HO6rmander, nous
¢tudions un systéme nonlinéaire positif symétrique et un probléme de
perturbation singuliére. Nous obtenons des résultats d’existence, d’unicité
et de dépendance continue par rapport aux données.

In this paper we shall study the nonlinear symmetric positive system

Fi(x, u, Viy=f, i=1,... N ©.1)
where u(x)=(u*(x), ..., uN(x)) is defined in a domain Q in R",
a 1 1 N .
Vu=<i, o %’ o @ o, ou” , and Fi(x, z, p) is a function
0x, 0x, 0x, . ox,
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340 K. TSO

defined in Q x RN x RN", For simplicity we shall assume the boundary of
Q is smooth. By a nonlinear symmetric positive system we mean the
linearised system of (0.1) at a fixed u

. 0
Al (x; u)—v +B(x; w)v=g, 0.2
0x;
where A, j=1, ,n and B are respectively the NXN matrices
oF!
OPxj Zk

Suppose that F'(x, 0, 0)=0. One is asked to solve (0.1) for small solutions
satisfying certain homogeneous boundary conditions when f is small. We
shall study the existence, uniqueness, and continuous dependence on f of
the solutions in a rather detailed way. Besides, it is intended to obtain
results under the weakest differentiability condition on /. (0. 1) was studied
by Moser [11] in the periodic case. He proved that when f is continuously

differentiable up to /-th order where /> max< 32£+ 6, 15) and is uniformly

small, then there exists a C2-solution of (0.1). Although we are concerned
with boundary conditions, our results clearly apply to periodic case. We'll

show that for /> g +2 and fis small in the Sobolev space H!, there exists

a solution of (0.1) which is small in C2 (Q).

Before going further, let’s review the linear theory of symmetric positive
systems which was introduced by K. O. Friedrich in 1958 [1] as a unified
treatment for equations of different types and was studied by many
authors. See, for instance, [1], [2], [7], [8], [14], and [15]. A first order
system on a domain Q

Lu= A’aa—quBu—f 0.3)

Xj

is called a symmetric positive system (SPS) if the N x N matrices A’(x),
j=1,...,n are symmetric and

((B(x)—é p _<x)>a a>>b|alz teR” (0.9

for some 5> 0. If we denote the characteristic matrix ), A’(x)v;(x) (v(x)
j=1

is the unit outer normal) by B(x), a subspace N (x) defined on 0Q, the

boundary of Q, of RN is called admissible to (0.3) if (&, B(x)£)=0 for all

Ee N (x) and it is a maximal subspace w.r.t. this property. The boundary

value problem of SPS is: To find a solution u of (0.3) such that u(y)
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SYMMETRIC POSITIVE SYSTEMS 341

belongs to a given admissible N (x). When dQ is smooth and B is nonsingu-
lar, the basic results on the well-posedness of the boundary value problem
can be summarised as

(a) Given fe L2(Q; RYN), there exists a unique strong solution u of the
boundary value problem. By a strong solution we mean (i, f) lies in the
L2-closure of the graph of (v, Lv) where ve C! (€; RY) and v (x) e N (x).

(b) If feH' (Q; RY), then ue H (Q; RN) provided b in (0.4) is sufficiently
large (depending on / and the derivatives of the coefficients). One has

ul=Cil £l 0.5)

Return to the nonlinear problem. Let @ (u)=F (x, u, Vu). Since @ (0)=0
and we are looking for solutions for small f, a first attempt would be try
to use the classical implicit function theorem. Let’s denote Hy (Q; RY) the
subspace of H'(Q; RY) consisting of those satisfy u(x)eN(x). In the
following we’ll drop RN in H' (Q; RN) when the context is clear. By Moser’s

inequality, ® maps Hy (Q) to H' ™1 (Q), / >§+ 1. Consider the linearised

system (0.2) at #=0. If B(x; 0) is nonsingular, and N (x) is admissible,
from (a) and (b) one knows that (0.2) is uniquely solvable. However, the
inverse map g v is in general not bounded in view of (0.5). If we set up
the Picard iteration as we did in the proof of implicit function theorem,
in each step we lose one derivative and the iteration would terminate after
finitely many steps. Thus, a direct application of implicit function theorem
doesn’t work. A second attempt would be try to reduce the system to a
quasi-linear SPS for u and its derivatives by differentiating (0. 1). However,
because of the presence of the boundary, we don’t know how to carry
this out. In this paper we shall use a Nash-HOrmander iteration scheme
to solve (0.1). This far-reaching generalization of the classical implicit
function theorem was developed by Nash [12], Moser [10], [11],
Hormander [5], and others. We refer to the survey article by Hamilton [4]
for its other applications. For solving (0.1), a simple scheme due to
Moser [10] works as well. However, it doesn’t give the optimal result and
doesn’t yield smooth solutions (see Section 5).

We shall use the Nash-Hérmander scheme to construct a sequence of
approximate solutions begining with u,=0. In doing so it involves solving
(0.2) for u near to 0. Since from (0.4) we see that the positivity of (0.2)
involves the second derivatives of u and we don’t have any relevant a
priori bounds, in view of (0.5) and Sobolev’s inequality we shall require f

at least belongs to H'(Q), /> g +2.
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342 K. TSO

We denote m the smallest integer so that H™ () can be continuously
embedded in C (). We shall impose the following assmptions:
(A1) F(x, z, p) is continuously differentiable in
D={(x,z, p)eQxR"xR™:|z|, | p|=1}
up to (m+ 5)-th order.

. OF!

(A2) Al(x; u)=—(x, u, Vu)
5 kj

are symmetric (j=1, .. ., n) for |u|c1 g =1.
(A3) B(x; w)=AJ(x; u)v;(x)
is nonsingular for all ue C' (Q), |u|c g =1.
(A4) N(x) is a smoothly varying subspace of RN for xedQ. It is admissi-
ble to B(x; u), |ul|c g=1.
(A3) and (A4) together imply that the dimension of N (x) is equal to the

number of positive eigenvalues of B (x; 0). Consequently it is constant on
each component of the boundary.

(A5) The b in (0.4) is large depending on |F |ow+s p,.

MAIN THEOREM. — (a) Existence. Suppose F(x,0,0)=0 in Q and
(A1)-(45) hold. There exists p>0 such that for any f with || f ||z, <p (0.1)
has a solution u which belongs to HE"27%(Q), for all small £€>0.

(b) Uniqueness. For any given W in —Z—+2, m+2 ), there corresponds

r>0 such that the solution is unique in {ue H& (Q):||u||,<r}. Denote this
solution by u=u(f).

(¢) Regularity. Suppose for 120,

(A45)" F is in C**5+21(D) and b is sufficiently large depending on 1 and
IFlCnT+5+21(D),

holds. Then u(f) belongs to HX*?**'7(Q) for any €>0 when f is in

Hm—+2+1(Q). In fac[, we have ”u(f)",ﬁ+2+1—5§Cs“f”n_l+2+1 for some
constant C,.

(d) Continuous dependence on f. Moreover, suppose that

(45)" F is in C"*+6+21(D) and b is sufficiently large depending on 1 and
| F lcﬁ+6+21(D),

hold. Then for any vy in (g +1, m+ 1> there exists p,>0 such that for
“fl"f2”y§91,
“u(fl)—u(fz)n7+1~sécs,1“fl_f2“7+1

for all small €>0.

This paper is arranged as follows. In Section 1 we formulate the Nash-
Hormander iteration scheme [S] where certain changes are necessary for
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SYMMETRIC POSITIVE SYSTEMS 343

our application. Besides, we prove a general uniqueness result and an
estimate on the dependence of the given data. The latter was not treated
in [5]. Section 2 consists of a brief review of the linear theory of SPS’s.
Various points are clarified in order to give a better result in nonlinear
theory. The a priori estimate derived in Section 2 will then be applied in
Section 3 to give an existence theorem for quasilinear systems which
improves a previous result of Gu [3]. We shall finish the proof of the
main theorem in Section 4 where some related results are presented.
Section 5 is devoted to a proof of the existence of smooth solutions for a
special class of SPS’s. Finally, in Section 6 we give some further comments.
In particular, a recent result of Rabinowitz [13] on a singular perturbation
problem is discussed. In Appendix A we shall describe a very simple
method of constructing smooth operators which preserve homogeneous
boundary conditions.

Let E,(a=0) be an ascending chain of Banach spaces satisfying
lullo=||u|l, if a<b. It is said to admit a smoothing operator if there exists
a family of linear operators Sg: E, —» E,=NE,, a=0 for 6=80, such that

[[u—=Spul|,<CO™**"||u s=r (1.1)

and .
[ Soull,=CO™" [|uf, (1.2)

where the constants C are independent of 6 and u. From (1.1) and (1.2)
one can deduce that the norms of E, satisfy for b=a, 0SAZ1,
lu|l.=Cllulfp]|nlls c=ha+(1—-A7)b. (1.3)

Consider two chains of Banach spaces E, and F, which admit smoothing
operators S, and T, respectively. Let uo€E_ and N be an E,—#n'd of u,
for some o. We consider a map ®: NN E_ — F,. Assume that there is
associated with ® another map® : NN E_ x E,, = F, such that

“CD'(u)w—(l)'(v)w||s§cs[”u—v”a1 ”w”s+b1

ol 9]+l g 9]y (L tlls o ls)] (1 4)
and
@)~ @ @) - (v) (u—2) ||,

<Cfu=ollay [ =2lls+n, +llu=2]2, A+ ellsrn, 2 [l )] (1.5)
hold for u, ve NN E, and weE_. Here a,, b;, and b, are nonnegative

numbers. In the following theorems we shall require (1.4) and (1.5) hold
for s in a certain range. In practise @' is actually the (Fréchet) derivative
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344 K. TSO

of ®. In case ® is (Fréchet) twice differentiable and its second derivative
®” satisfies

197 @) @, W) = Calllollay [[W]ls+5,
Fll ol [ llay + 112 llay 1w 1lay (2]l

(1.4) and (1.5) can be easily deduced from this estimate by Taylor’s
formula.

We also assume that ®'(x) has a right inverse, that is, a
mapy:NNE_ xF_— E_ such that

' (w¥(u)g=g. (1.6)
We require that it further satisfies
“ ¥ (u)g ”s§cs( “g “s+b3+ “g “u2 ” u Hs+b4) (1 '7)

for some non-negative a,, b;, and b,. The range of validity of (1.7) will
be specified below.

Under this formulation, given B>a and f in F_ which is small in
Fy .+, we shall construct a sequence of approximate solutions { u, } to the
equation @ (u)=® (u,)+f in the sense that 1, €E_, u, tends to u in E,
for any B'<p and @ (%) tends to @ (u,) +fin Fy,,, as k tends to co. This
will be accomplished by a Nash-Homander scheme.

Setting 0, =2%*¥, k>0, where K is a large number to be specified and
letting

A=6,,1—6,=6,, (1.8)
we define {,} as
U1 =T A wy, k=0
wi =\ (v)) & where v, =S, 1, and
g=A! [(To, =T, ) (f = Ar-1) — A1 To €1-1],
g80=A8" Ty, f;
e =e, e, (1.9)
a=A7; ! (D" (1) — D' (v) A Wy,
e =A@ () — D (1) — D () Ay wy),

k—1
A=Y eA,  Ay=0.

0

THEOREM 1.1. — Let:
(a) ay=(a,—b))" and a, Za,—b;;
(b) B>a be a positive number satisfying

B>a,+b,—b,, (1.10)
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1
B>max{b3+a1+b1, 5(a1+a2+b1+b4), a,+b,, az—b3+b4}; (1.11)

(¢) (1.4), (1.5) and (1.7) hold for 0 <s<s* where s*>2B—a,.

Then there exists Ko such that for each K =2XK,, there is p>0 so that for f
in B, with || [ ||s+5, =0, the sequence {u,} defined in (1.9) with 0,=2%
satisfies

(i) w, belongs to NN E_;

(ii) For any B'<B, w, tends to some u in Eg, as k goes to oo,

(iii) ||u—sollp, C|[f llg+ns and

(iv) @ (w,) tends to ®(ug)+fin Fy ;. as k goes to co.

In case ® can be extended to a continuous map from N to F,, then u
is a solution of @ (u) =@ (u,) +f. Such iteration scheme was used originally
by J. Nash in this study of isometric embedding of riemannian manifolds.
Its present form is due to Hérmander [5] where the reader is referred to
for a detailed discussion. Theorem 1.1 is somehow a simplified version of
Theorem 2.2.2 in [5]. We modify it in such a way that it applies to
Sobolev spaces. The main change is due to the fact that we don’t have a
characterisation of Sobolev space as in Theorem A.11 in [5]. The result is
an “infinite loss of derivative” for the solution. Compare Lemma 1.2 with
Theorem A.11 in [5]. Also we point out that due to our choice of 6, the
condition (iv) in Theorem A.10 in [5] which involves the derivative of S, u
in 0 is not needed. Such choice was used in [6].

We begin the proof of Theorem 1.1 with

LemMMA 1.2, — Suppose for some §>0 and 0<j<k,

[w;[l,=<8657F"1,  a,<s<s* (1.12)

Letting U, =3 A;w,, then for B" <B we have
0

| U, |, < C808F7, (1.13)
and
IIUk—SBk+1Uk||s§C69i:-§” (1.14)

for 0Ss<s*. Here constants C only depend on B, B", and the smoothing
operators

Proof. — Clearly (1.13) follows from (1.12) for s=B or s<p”. By
(1.3) it holds for B” <s<pB. Similarly, when s>

” Uk - SO)‘+1 Uk “sé” Uk ”S+ C “ Uk ”S
sC8g Y
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346 K. TSO

and when s<B” the same estimate follows from (1.2). Again by (1.3)
(1.14) holds for B'<s<B.

QED.
Since u;,; =u,+U;, we immediately deduce from this lemma that
—grnyt
”uj+1”s§C9§S+Iﬁ )_s . (1.15)
#4501 = 2551 [, SCO53E (1.16)

for 0<s<s*. Here constants C also depend on ||, ||*.

Fix B, B<p, such that it is greater than o and (1.10) and (1.11) holds
for B” in place of B. We shall use induction to show that (1.12) holds for
all k with & being a constant multiple of || f||s+5,- Let’s suppose that
(1.12) has been established for k£ and we are going to prove it for k+ 1.
First we observe that for sufficiently small || f ||s+,, %+, belongs to N in
view of (1.13),. Hence for sufficiently large K v, , belongs to N and w,, ,
is well-defined. We estimate the quantities involved in the definition of
W41 as follows:

CrLamM:
el =C805 97, j<k, (a,—b)* <s<5,
where L(s)=s+a; —B"+b, —B and s=s*—max {b,, b, }.
For, using (¢) and then (1.12), (1.15) and (1.16), we have
lleill= A | (@ () = @ (@) A wic s
écggi‘(s)—l

where L (s)=max
{01-B’,+5+b1 —B,a,—B"+a,—B,a,— p’+a,— B+(s+b,—B")" }
By (1.10) L(s)=a,—B"+s+b,—B. Similarly, using (1.5) instead of
(1.4) we have the same estimate on e;’. Here our claim is established.

As a consequence we have
k—1

[All=C3 z o0

<cd0L®
since by the choice of s* L (5)>0. We claim:
“gk+1”s§c(89}{fi_1+9ﬁ§—b3_l“f“|3+b3)a s=(a;—by)". (1.17)

For, we have

” Ak—+11 (Tekﬂ 'Te,,) Ak ”séAk_+11 “ (Tokﬂ - I) Ak ||s+ Ak—+11 “ (Tok"‘ I) Ak ”s
<C8;f7!,  0=s<s,

_Te,,)Ak IlséAk—-{-ll ( ” T8k+1 Ak ”s+” TOkAk “s
<C80LE)Y, s=§;

| ACH (T

Ok +1
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“Ak_+11 AkT0k+lek”s§C86};+(-si—1a S%(al‘b1)+,
and

1Act: (o, —To)f SCOE 1| fllpapy  520.
Combining these estimates (1.17) follows. By (1.7), (1.17), (1.15), (a)
and (1.11) we have
”Wk+1“s§C1 (59{51”_3_14'9?(1‘1_1||f||s+b3), a; Ss<s*, (1.18)
for some £>0. On the other hand, by (1.7) we have
||w0||s§C26§,_3_1||f||B+b3, a; Ss<s*

where C, depends on 0,=2% Therefore for those K satisfying
C,27%<27! (1.12), and (1.12),,, follow after we set
d=max{2C,, C, }|| f|[g+»,- By induction we conclude that it holds for
all £=0.

Now Theorem 1.1 follows easily. (i) has already been proved above. To
prove (ii) notice

k
| = 1y ||, = <8 ) 6nP

a 1+1

k
Y Ayw;

1+1

As a, <8, {uk} is a Cauchy sequence in E,,. For any B’ <f which satisfies
. 1 .
(1.11) when B is replaced by B’, take B"=§(B+ B) in Lemma 1.2. (1.15)

shows that {u,} is bounded in Eg.. Using (1.3) we conclude that it is a
Cauchy sequence in Eg. Letting k go to co in (1.15)g, we obtain (iii).
Finally to prove (iv) we write

@ (1) — @ (“o)zTekf— (Tek_ DA+ Ace.
Hence

“ D (1)~ Ou)—f HB'+b3
= ” (Tek_ I)f “B’+b3 + ” (Tek_ I) Ak“ﬁ’+b31;F “ Ak €x HB’+b3

<C(oF-# “fHp+b3+89&"[3”295_‘(5’%1:3)_*_Sek(ﬁwbs)))'

Since L(B"+b3)<0, ||® (U4 1)— @ (o) —f ||g-+5, tends to zero as k goes
to oo. The proof of the theorem is completed.

Remark 1.3. — An examination of the above proof shows that (i)-(iv)
still hold if the assumptions are relaxed to

(a) The smoothing operators S, and T, mapE, and F, to E, and
F,,, my=s*+b,, m,=s*+b, respectively. Note that N E,, appearing
in (i) should be replaced by NN E,, . '

(b) For u, in E¥ and f in Fg,, ®:NNEF—>F, and
O :NNE*xE* - TF,. (1.4) and (1.5) hold for (a, —b,)" <s<s. More-
over, ¥: NN E¥ xF,, — E¥ satisfying (1.6) and (1.7) in a; Ss<s*.

Vol. 9, n® 4-1992.



348 K. TSO

Remark 1.4. — The solution constructed in the above proof actually
enjoys a regularity property, namely, ueEB,+ﬁl~iffeFB+m for ;=0 on
the condition that (1.4), (1.5) hold in a; <s<s+2B, and (1.7) hold in
a, <s<s*+2,. To see this observe that if (1.7) holds in a; Ss<s*+e,
instead of obtaining (1.18) we have

“ Wi+ ”s§C1 6+ H f”B+a+b3) ei:(fh)_l (1.19)

for s in [a,, s* +¢€]. Since we have shown that (1.12) holds for all k=0,
(1.19) holds for all k=0. By a further restriction on &€ we may assume
that L is equal to B, for some natural number L. Since we also have

[wolls < Co 1l f llpsern, O E+01
in the same interval, we conclude that
HWJHS§81 ej_ (B+e—1 (112)/

holds for all j=0 in [a,, s* +¢] where

8, =max {C1 6+ “f||[3+e+b3)9 G, fl|B+g+b3}'

Using (1.12)" instead of (1.12), we can follow the same line (replacing B,
B and s* by B+¢, B +¢, and s*+2¢) leading to (1.19) to obtain

[Wir 1 k=CL @+ [ fllps2ecrny) B 7277 (1.19y

in [a;, s*+2¢]. Again we can choose 3, such that ||w;||, <8, 65~ #+2971
in [a,, s*+2¢]. Repeating this argument finitely many times we conclude
l|w;|ls<8,65" ®*PV=1 where §; is a constant multiple of || f||lg+p,+5, ID
la,, s*+2B,] for all j=20. In view of Lemma 1.2 {i} and u belong to
Eg . p,- Notice that we also have ||u||g .5, SC|| f|lp+p, +», fOr some con-
stant C depending on B’ and B,.

Next, we consider an operator ® depending on a parameter. We suppose
that for small &, @ (u, €) satisfies all assumptions in the formulation of
Theorem 1.1. In particular, (1.4), (1.5) and (1.7) should hold uniformly in
g, s| <g, for some g,. Then by Theorem 1.1, for B'<B, and f, i=1, 2,
which are small in Fg,,,, the Nash-Hormander scheme {u}}, i=1, 2,
beginning with the same u,, converges to «' in E, provided K is sufficiently
large. In the following we want to estimate u' —u? in terms of &, —¢, and
fi1—f>- We need some further assumptions, namely, the inverse ¥ (u, €) in
(1.6) is also a left inverse, i.e., ¥ (u, £) D’ (u, €)g=g, geF, and it satisfies

(@ (u, &) =@ (u, &) wl
<Cley =& |l[wllern, + [IWllay A+ [Je]lep )] (1.20)

and

(@@}, &)= @', &)~ D (u, £,) w")
— (@ (2%, &)~ (12, &) — (' (%, &) W) |,
SCHIw =W [lowp, (I llay + (192 )
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Wt =l (" ey + 1192 [l s )+ [ W' =92,
W llay + 12 o) A ([l + 10 gy 10 s, + 192 [les,)
+ |81_82 |[”w1 ||a1 “W2 H8+b1+ H w! ||S+b1 sz “a1
W g 192 {lay A F (|6 s p, + [ W e5,)]
+ (=12 flay T W = w2 ) AW oy 192 sy + 19 s, 1197 ]la)
+ (H u —u? “s+b1 + “ wh—w? HS+b1) ” w ||a1 “ w? ”al
et = oy 1w {lag 192 oy A+ (2 s,
W lny #1102 o, + (W [a)} (120
where w'=7'—#' (i=1, 2) in a certain range of s. For the applications in

this paper ® is thrice continuously differentiable and satisfies estimates of
the following form

o
s (ua S)W écs[“w“ﬂ'h_{_ ”W“a1 (1+ ”uI|S+b2)]’
0"
[|@" (u, €) (v, W) || H%(u, £) (v, W)H
écs[“v”tq ”w”s+b1
F o lesny 1w llay + 10 llay 1w [lay QU+ (22l 45,0
as well as

[| @ (u, €) (v, w, 2) ||
SC U ollsrny Nellag 12 llay + 1 llay [ 2llsr, 112 llay
+ e llay [y 12 sy + N2 llay 12 llay 112 [lay QU [2elfer0,)]-

It is not hard to see that (1.4}, {1.5), (1.20) and (1.20)" are consequences
of these estimates and Taylor’s formula.

In the following we recall that B”” < has been fixed in the beginning of
the proof of Theorem 1.1. :

TuEOREM 1.5. — Let 7y be a positive number less than . In addition to
the hypotheses in Theorem 1.1 we assume:

(@) B">a,+by, a,+b,, and y>a,.
(b) The function W defined in (1.24) (replacing v’ by 7) satisfies
W(s+by)<s—v,
and
W(a)+ (s+b,— BN <s—v

in a<s<s*

(¢) (1.26)-(1.29) hold (in (1.26) and (1.27) ¥’ appearing on the left hand
side of the inequalities should be replaced by 7v) in a, £s=<s*;

(d) Validity of (1.4) in a, <s<s*+by, (1.7) in a; Ss=s*+ b, + b3, (1.20)
in (a,—b;)" <s<s*+bs, and (1.21) in (a; —b,)* <s<5 for €, || <s,;

(e) W (s)>0. (Recall that 5=s*—max {by, b,}.)
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Then there exists p, >0 such that for f;, i=1, 2, in F, with fillgsps =P
and |31_8z‘ + “f1 —lelyﬂ,épl, we have, for any y' <Y,

| —u? H,éC([al—szHHfl /2 “7+b3)‘ (1.21)

Proof- The proof of this theorem is similar to that of Theorem 1.1.
For a given 7Y <y which satisfies y'>a,, W(s+b;)<s—v,
W (a,)+ (s+b,—B") " <s—7v, (1.26) and (1.27), we shall establish the
estimate

ffwi—w?| <8, 657771, a, Ss<s*, (1.22)
for all j=0 where 8, will be chosen as a constant multiple of

ley—&,| + /i —f2lly+»,- In case (1.22) has been proved up to k, as before
we deduce

“u}+1“u1;+1“s§c81 9§S_Y')+, 0=ss<s*, (1.23)
for 0=<j<k. Taking s=v" and then letting k go to infinity, as {uéﬂ} and
{uf,,} tend to u' and u® respectively in E,, we see that the theorem
follows. As before (1.21) will be established by induction. Hence assuming
(1.22);, j<k, are valid we are going to establish it for k+1.

We estimate the difference in errors as follows: Write
& e = (O (w4, 8)— ¥ (7, ;) w'
(@ (v, &)~ D' (g, &) w!
+ ((D, (u,f, 81)— (Dl (vlfa 81)) Wl
+ (@ (v, &) — ¥ (15, £,) W
+ (@ (i, £) — @ (1, e)) WP
(@ (7, &)~ P (v, e)) W
Using (1.4), (1.12) and (1.23) the F,-norm of the first four terms in
et —e2||s are bounded by C83, 01 ©®~1 in (a, —b,)* <s<5 where
M(s)=max {s+b,—B, (stb,—y)" +a,— B, a,— B+ (s+b,— P}
Similarly, using (1.20) instead of (1.4), the last two terms are estimated
by Cd|e;—&, |08 ' in (a, —b,)* <s<5 where
N(s)=max {s+b,—B, a, ~ B+ (s+b,—B")*}.
Next, using (1.21) we have
e — e | < C (85, 6591 +525, 02971 + |, —z, | 8201 @71
where
P(s)=max {a,—B+s+b,—y, a;~v+ta,— B+ (s+b,—p")*}, 7
Q(s)=max {al-[3+s+b1— B, s+b,—¥) +2(a,—B), (s+b,— ﬁ")+}
and

R(s)=max {a, —B+s+b,—B, 2(a,— B+ (s+b,— )"}
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Letting
W (s)=max {M, N, P, Q, R} (s)
=max {s+b; =B, (s+b,—7)" +a,—B, (s+b,—B)*} (1.24)
and restricting 3 and 8, to be less than 1 we conclude

llex — e |, SC @, + |e,—&, | )91

k+1
for (a; —min {b,, b,})* <s<5. Under (e) it follows as before

Hgl%-}-l_glf+1”s
SCIG + a1 =& DO+ i Lo lly+p, 85577271 (1.25)

for all s> (a, —min {b,, b,})*. Write

W11+1 Wk+1 ‘P(z’k+1a 1)(gk+1 §1%+1) )
+ (lP(UI? 1 €1)~ "I'(vkzﬂ’ €1)) 8k+1
+ (¥ (vt 1> 8) — ¥ (U415 €2)) 85+ 1 =A+B+C.

Using (1.7), (1.25) and then (b) we have

HAHS§C{(6+ I51_821)6w($+b3)-1+9i?{1~1 “fl —/> ”y+b3 .
+ [(6+ l81_52‘)6kw+(‘f2) 1+ea b3—7“1 ”f1 —f2 ly+b3] efcs:f‘rﬁn) }
<C[(3+ |81_82|)ek+1+ ”fl fz “y+b3]9i-_¥71_1

for some £€>0 in a, <s<s*. Also by (1.7), (1.4) and then (1.7) again we
have

”B”s=“‘l’(v,§+1, )(‘D’(Lk+1:81) (I)'(vk+1, 1))\P(vk+15 l)gk+1“
<o, 0t

1 g+ b3) k+ 1
provided

max {L (s+b,+2b3), L(a,)+ (s+by+bs+b,—B")7,
(s+b,+by—y)* +L(a,+by), (s+b,+by—vy)" +L(ay),
L(a, +by)+ (s+b,+by;— B, L(a)+ (s+b,+b3— B,
L(a,+b,+by)+ (s+b,—B")",
L(ay)+ (@, +by+by—B")* + (s+b,—B")*, (@, + b, —¥)" +L(a; +b3)
+(s+b,— B, (@, +b,—y) T +L(a)+ (s+b— BT}
<s—v (1.26)
and

max {S+b1+b3—B, ay—B—bs+ (s+b,+b3+b,—§")7,
(s+by+by—y) " +a,—B, (s+by+by—Y) +a,—B—bs,
—B+ (s+by+b,— BN, a,—B—bst {5+53+b2—B")+,
a,+b,—B+ (3+b4'_5")+,
a,—B—by+ (ay+b,+b,— B+ (s+b,—B")",
(@, +b,—y)" +a,— B+ (s+b,—B") "}
<s—vy. (1.27)
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Finally, using (1.7), (1.20) and then (1.7) again we have

“C”s"_‘ ”lp(v1%+ 15 €2) (@ (vl%+13 52)__*(13’_(7)1% 15 81)‘I’(v,%+1, 81))g,3+1 “s
§CI£1—82|(5+ ”f“5+b3)9i+71 ¢

provided
max {L(s+2b5+b,), L(a,)+ (s+by+b,+b,—B")",
L(ay+by)+ (s+by+b,—B") ", L(ay+by+b3)+ (s+b,—B)7,
L(ay)+ (az+b1+b4—B”)+ + (S+b4—B”)+a L(a;+b3)+ (s+bs— B”)+}
<s—vy. (1.28)
and
max {s+bs+b;, —B, a,—B—b3+ (s+by+b+b,—B")7",
a,— B+ (s+bys+b,—B")7,
a,—B—by+ (s+by+b,—p")", ay+b,— B+ (s+b,—B"",
ay—B—bs+ (ay+by+b,—B) "+ (s+b,—B")*, a,—B+ (s+b,— B}
<s—vy. (1.29)
Combining these estimates we arrive that

H Wl:+1 - Wl%+1 HS§C3 [(6,+ | €178 |)ek_-:1 + “fl —f> “y+b3] ei;yl*l (1.30)
in a; <s<s* On the other hand, we also have
” th)_ W(Z) “s§c4(181 —& | 0o+ ”fl —f> ”y+b3) ef)_y—l

in a; <s<s*. Therefore, letting

d=max {2C;, C}(|e;—&,| +||fi—fa Hv+b3)

we conclude (1.21) for j=0 and j=k+1 simultaneously. The proof of
Theorem 1.5is completed. W .

Remark 1.6. — For the applications in Section 4 and Section 6 we shall
take a,=a,(=a), b;=b,(=b), b;=0, and y'<PB”—max{b, b,}. Under
these conditions (1.26)-(1.29) can be combined into a single inequality:
max {s+b, at+ (s+b—y)*, at+b+ (s+b,—p")"*,

at+ (a+b—y) "+ (s+b,— BN }<s—y+B

Remark 1.7. — Theorem 1.5 remains valid if some conditions are
relaxed. Namely, it is sufficient to assume u, belongs to E¥ and the
smoothing operators S, and T, map E, and F, to E,, and F,,, where
my=s*+by+max {b, +b,, b,} and m,=s*+2b5+b, respectively.

Remark 1.8. — In case f; belongs to F, . ., in the above proof instead
of (1.30) we have

” Wis1— Wiey ”s§C3 3, + |81_52| + ||f1 ) ||Y+s+b3) A LA (1.31)
in a, <s<s*+¢. Therefore, assuming (1.4), (1.5), (1.7), (1.20) and (1.20)’

hold in suitably larger range (more precisely, replace s* therein by
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s¥+2B,), we can argue as in Remark 1.4 that

” ut —u? “7’+l31 =C( | €178 l + ”fl —f “v+51+b3)'

In the following we formulate a general uniqueness theorem based on
Moser [10]. Let M an open set in E, for some p. Suppose that
®:M-F,_,and ®: MXE, - F, _,, p=m, satisfies (1.5), for

0<s<p=p-—max {b,, b,}

whenever u and v in M. Furthermore, we suppose that @' (x) has a left
inverse ¥, : MxF,_,, — F, such that

¥, ()@ (w)v=0, ueM, veE,. (1.32)
We have

THEOREM 1.8. — Let u, |’ and \ be three positive numbers such that

(l(ag) n>a,+max {b;, by}, p'<p, and A<y’ satisfy (1.33), (1.36), and
.38).

(b) (1.5) holds for 0<s=<p and (1.7) holds for s=A\.
Then there exists r>0 such that if ®u')=® w?) for u' and w* in
{u: |ul|| <7}, then u* =u>.

Proof. — We shall show that if ||u'—u?||, is sufficiently small, then
=u?. Applying (1.5) to u*, u?, and w=u'—u?, we have
@ @) w|,= ||(I)(u‘) O ) - (u )W“
SCWllay 1w lls+o, + [Tw]l2)
for 0<s<p where C depends on R. In case

A+by+max{by, b,}, r+b,<p, (1.33)
(1.7) gives

w x— ¥, W)@ @) wl,
“ “ ” |(IW“a1”WHx+b3+bl+||wﬂ +“W||a1“w”az+b1)~ (134)

Let w;=S,,w where 6;=2/"* for some large K to be specified later. We
shall prove by induction that for some 6>0,
807w, Assgw, jz0. (1.35)
By induction hypothesis, if (1.35), holds,

1w, vl + 11— So wll, < B+ Cs 0~ w05
for A<s=yp'. Consequently, if
M<a,, A+bytb,, aytb =y, (1.36)

from (1.34) it follows that

lwee 1 s =Co 0335 || w
(B C, 0 | wll,)? 0554 (1.37)

[[w
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where a=max {a; + b3 +b, — 2, a; +a,+b; =2 — A, 2(a, —p)— M)}
Thus, if

A
p';max{al+b3+b1, a,ta,+tb —A, az—i}, (1.38)

for < (4C,)~" and K so large that 2C5 64 ~*<39, (1.35) holds for k+1.
On the other hand, (1.35) holds for j=0 if ||w], is sufficiently small.
Hence by induction (1.35) is valid for all j. In particular, taking s=X in
(1.35) and then let j tend to oo we conclude ||w||,=0.

QE.D.

2. LINEAR SYSTEMS

In this section we collect basic results on linear SPS’s for noncharacteris-
tic boundary.

Consider a SPS in a domain Q:

Lu=Alu;+Bu=f 2.1
where
1.
<<B(X)—5A}(x)><i, &)zbzlﬁl”, xeQ 2.2
for some 5>0. Here u(x) is an N-vector, A/(x) are NxN symmetric
matrices (j=1, ..., n), B(x) is a N xN-matrix and f(x) an N-vector.

Recall that a smoothly varying subspace N(x) defined on dQ is called
semi-admissible to (2.1) if

E B(xE=20, EeN(x) 2.3

and is admissible if it is further a maximal subspace with respect to (2.3).
Throughout this section we shall assume B is nonsingular and A/,

j=1, ..., nand B are at least in C! (Q).
Lemma 2.1. — Suppose N (x) is semi-admissible. Then for any
ueHL (Q),
blluflo= L ullo 2.4
Proof: Apply Green’s theorem and then use (2.3).
QED.
THEOREM 2.2. — Suppose Al and B are in H (Q) where [ is an integer

>m+1 and N(x) is semi-admissible. Then for any Hi-solution u of (2.1)
for fe H (Q), we have

blluln=Cal 1t ke Z AT (B 1) | 29
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for 0<m <1 provided b is sufficiently large (depending on I, | A7|, and | B|,).
The constants C,, also depend on the same quantities.

Proof. — (2.4) provides a stronger result for (2.5) in case m=0.

For m>0 we first localise the problem. Cover Q by open sets (in Q)
V; (i20) where V,=Q and V; N 0Q# & for i#0 in such a way that each
V; (i#0) intersects at most M many other V;’s. Suppose further that each
V; has been chosen so thin that a normal coordinate can be introduced.
In other words, there is a diffeomorphism ¢; from a rectangle

={(x', y)eR™ |x| <1, —p<y=0} to V, such that —y is the distance
of @;(x', y) to Q. If we set F=F-¢,, then u satisfies

Aju;+Bu=f )
in R for some symmetric matrices Af, j=1, ..., n. Since N (x)=N (o (x))
is smooth, we can find an orthonormal matrix O (x’, 0) such that £eN
(x) iff n'*t=...nN=0 where £=0(x’, 0)n and / is the dimension of
N (x). If we extend O (x', 0) to V; by setting O (x’, y)= 0O (x’, 0) and then
change the dependent variable u(x) to # (x)= 0 (x) u(x), u satisfies

A+ Ba=7
in R. For sufficiently large b, this system is still a SPS. Furthermore, the
boundary condition which is now simply #'**(x)=...uN(x)=0 is still

semi-admissible. Consequently we may assume (2.1) is defined in R and
Nx)={@*, ..., u": u”rl N
Let R'= {(x y)eR"

, —p <y<0 p'<p}. We claim

b||uum,kécm[||u||m,k+ 1l

#lule (1A [Bls) | 05wz 0.6

For, let @ be a nonnegative smooth function compactly supported in R
and equal to 1 on R’. Applying

d ay 0 -1
axl 6xn-—-1

to (2.1), we find that w= @ D> ° 4 satisfies
Alw,+Bw=nD* f+h

where
h=Al[9;, 9]D"°u+ [B, ¢ D*°u+@[A/3;, D*u.

Since w remains in N (x), we may apply Lemma 2.1 to obtain

bIID**ullo, xS C([I/]lm. R+Ilhllo ®)
<C||u ]l r + R-H.S. Of (2.6),, Q.7
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The last step follows from the following well-known inequality: For any
f. g in H'(Q),
ISl =Cidflellglli+ lelell/ -

To estimate the normal derivatives we apply D% ™ ! to the equation and
use the nonsingularity of B to express D% ™u in terms of the other terms
which consists of derivatives up to m-th order (but up to (m— 1)-th order
in y) of u, derivatives of the coefficients and f up to m-th-order. By using
interpolation inequality [7], p. 463, in a standard way, we have

ID% ™ ulo. g SCZ||D*uljg, g + R-H.S. of (2.6),. 2.8)

Combining (2.7) and (2.8) we obtain (2.6). A corresponding interior esti-
mate for V, holds by a similar argument. Going back to Q, we see that
(2.5) holds if b is sufficiently large (so that the ||u||,, in the right can be
absorbed to the left).

QED.

Remark 2.3. — If [ in the above theorem is replaced by a real number
s>1 then

bl =Cl 0| 17 ks (T 1AL+ 1BI) | 5y

1<t<s and s,>n/2. (2.5)' can be obtained by the above argument except
we now use a fractional Leibniz rule [16], Lemma 1.1, to estimate 4 and
then apply (4.3).

THEOREM 2.4. — Suppose Al and B are in H (Q), Izm+1 and N(x) is
admissible. Then for feH'(Q), (2.1) has a unique solution u in H (Q)
provided b is sufficiently large (depending on I, | A7 |1 and | B|c1).

Proof. — This theorem was proved in [2] under the assumptions that
the coefficients are smooth and N (x) is stable. By stable we mean all
subspaces close to N (x) is also admissible to (2.1). However, these two
additional conditions are not necessary. In view of the a priori estimate
(2.5) the conditions on coefficients can be removed by an approximation
argument. On the other hand, it is easy to construct symmetric matrices
XJ, j=1, ..., n such that N(x) is admissible and stable with respect to
the system

(A +eXNu;+Bu=f, ¢ small.

Apply Gu’s result to this system we obtain Hyg-solution u,. By (2.5) we
may pass to weak limit and conclude the solution u of (2.1) is in HL(Q).

Q.E.D.

Remark 2.5. — There are other proofs of the differentiability of sol-
utions, e.g. [7], [14], and [15]. However, in all of those arguments the
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largeness of b involes the bounds of the derivatives of coefficients with
order higher than one. Thus, they don’t give the best result.

3. QUASILINEAR SYSTEMS

In the following we study quasi-linear systems. We’ll follow the formula-
tion of Gu [3]: Consider

Al (x, wyu;+b*Tu=f(x, u), xeQ } G
u(x)eN(x), xedQ, )
where A’ are symmetric and I is the N X N identity matrix.
THeOREM 3.1. — Suppose u=0, B(x; 0) is nonsingular and N(x) is

admissible to (3. 1), for all u small in C* (Q). Then there exists a solution u
for 3.1) in HY(Q), [=m+1 provided b is sufficiently large depending on
|AJ(x, 2)|ct and | f (x, 2)|ct in x in Q and |z|<1.

Remark 3.2. — This theorem is an improvement of Theorem 1 in [3]
where the largeness of b is required to depend on |A/(x, z)|c1+m and
|f(x, z) Icl +m.

Proof. — By Theorem 2.4, for every ue H' (Q), |u|, small, the system

Al (x, w)v;+ b2 Tv=1(x, u), xeQ
v(x)e N (x), x€0Q

admits a unique solution veHL(Q) when b is sufficiently
large. Denote the map u—>v by v=T (u). Then using the mean
value formula and Moser’s inequality it is not hard to verify that
(a) T(B)<B where B={ueHy(Q):||u|;<5},8=38(»"") small and
®) || T ) =Ty |- Sv||luy—uy||~, for some 0<y<1 if b is large
enough. Hence, by extending T to a continuous map on the H'~*-closure
of B and then applying contraction mapping principle, we conclude that
there exists a fixed point # of T in HY ! (Q) which is obviously a stong
solution of (3.1). Furthermore from (a) we see that u actually belongs to
HL (Q).
QED.

4. PROOF OF MAIN THEOREM

LeEMMA 4.1. — Let N(x) be a smooth subspace of RN for x € 0Q. Suppose
that locally it can be represented as {(&',...,EN):E* 1= ... =EN=0}
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where [=dim N (x). Then for s=1,
{HL(@; RY), Hy (@ RY) },=H* (& RY).

Therefore, there exists Sg: Hy (Q; RN) > H, (Q; RN) so that (1.1) and (1.2)
hold. (For notation see Appendix A.)

Proof. — Tt follows from the fact that
{H'(Q), H*(Q) } =H*(Q)
{H5(Q), H§ (@ NH*(Q) } =Hg (Q) N H*(Q)

plus a partition of unity argument. (Here Hj (Q) is the completion of all
continuously differentiable functions which vanish on 0Q under the
H'-norm.) The last assertion follows from Lemma A in Appendix A.

QED.

and

LemMma 4.2. — (a) For f, g H* (Q), (s=0) and s0>g,

178 1:=C s, so) (1 f 1l & Ml g lso 11 119- 4.3)

(b) (Moser’s inequality). Suppose F(x, z) is defined for (x, z)eQx By (R™).
Then for ue H*(Q) (s>1), ||u||,, <R,
| F (e, ) ||, C (s, s0) 1+ ]| ufs) 4.4)

where C (s, so) also depends on ||ul|, ., and the derivatives of F up to order
[s1+ 1 over tis domain. (Here [s|=s—1 when s is an integer.)

See Appendix B for a proof.

Proof of the Main Theorem. — We shall take E,.=Hg (Q), F,=H*(Q)
and apply the results in Section 1. By Lemma 4.1, E; and F, both admit
smoothing operators. Let ® (u)=F (x, u, Vu). We choose o in

(g +2,m +2). By Sobolev’s inequality we may fix a Hg-neighborhood

of 0, N, such that |ulc2g =<1 foru in N. Hence (A1) and (AS) are
applicable.

Let B=m+2. We verify (1.4)-(1.7) as follows: By (4.4), we have
@ @) (@, W L= CSlll 2 llay (1w lls+s
ol wllay ol wllay {1 ler ]

where a, >n/2+1. By Taylor’s formula (1.4) and (1.5) are valid for
b,=b,=1 and a,>n/2+1. We pick a, in (m, m+1) and s*=m+4. By
(A1) (1.4) and (1.5) hold in [0, m+3}. On the other hand, since
[ulcz @=1, we infer from Theorem 2.2, Theorem 2.4, and Remark 2.3
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that the inverse of @' (1), ue N, exists and satisfies
bllol=Clllglli+{lolla, O+ [luls D)
0<s<B+3 and a2>§+1 4.5)

if ® (u)v=g. Notice that Moser’s inequality has been used in the last
step. Taking s=a, <a—1, we have

[oll,=Cllgllay ~ ueN. 4.6)

Substituting (4.6) into (4.5) we see that (1.7), holds for 0<s<m+4
where b;=0 and b,=1. We can fix a, =a, and verify that the hypotheses
of Theorem 1.1 and Remark 1.3 are fulfilled, concluding the existence of
a solution u in HE*?7¢(Q), £>0, for any sufficiently small || f||,,. The
solution further satisfies || #|}742-. S C.|| f |lms2-

Now, for p in (n/2+2, m+2), p’ close to p and A=a, in Theorem 1.9
we can choose a,=a, and a,<p—1. For a further restriction on p,
we deduce that there is r>0 such that (0.1) has a unique solution in
(u:||ull,=r).

To prove the regularity of u we appeal to Remarks 1.3 and 1.4. It
suffices to make sure (1.4) and (1.5) hold in 0<s<5+21 and (1.7) holds
in 0<s<s*+21. But this follows from (A 5)".

Finally, to prove the continuous dependence of f we use Theorem 1.5
and Remarks 1.6-1.8. This is because, due to uniqueness, u(f) is the
solution constructed by the Nash-HOormander iteration scheme. By (A 5)”
(1=0) and Taylor’s formula we know that (1.21) holds in 0=s<m+3.
Notice that (1.20) is not needed. Thus, for any vy in (a,, m+1) we can
choose a suitable B” so that all conditions in Theorem 1.5 are satisfied.
Consequently for a further restriction on the smallness of || f ||+, we

have ||u( f)—u(f)|l,-.=<C.|| f —/f2|l,» €>0, whenever || f; =1, ||, is small.
Finally be Remark 1.8 we further obtain

H u(f)—u(fy) ”y+l—a§Cs, 1 Hf1 —/2 “'H—l for 1=0.
The proof of the Main Theorem is completed.

Remark 4.3. — Sometimes it is also interesting to look at Problem (0. 1)
in a different way. One may consider it as a perturbation of a linear SPS:
@, e)=Lu+eG(x, u, Vu) where it is assumed that ®(u, €) satisfies
(A2)-(A4) as well as
(A6) b is large depending on the CP**-norm of the coefficients of L;
and
(A7) G belongs to CP*+(D).

When £€=0, we have a trivial solution #=0. We would like to know
whether there is a unique solution for ®(x, €)=0. To this end we choose
B>a=m+2, p=m+2, and y=m+ 1. By a suitable choice of a;’s and A
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Theorems 1.1, 1.5, and 1.9 apply provided L and G are in C**2(Q),
s*=PB+2. Thus, for sufficiently small g,>0, there is a family of solutions
u(e), || <eo, starting from «(0)=0 and is unique in {u:||u||;.,<r} for
some small r. In particular, when G(x, 0, 0) is not equal to zero, there is
no zero solution in {u:||u||+,<r} for & in [~ &, &, € not equal to zero.
By embedding theorem each u(g) belongs to C*(Q) and the map g+ u(e)
from [—g,, &,] to C* (Q) is continuous.

5. SMOOTH SOLUTIONS

As it is well-known, even for linear SPS’s the smoothness of solutions
depends on the positivity of b. In general, when b is larger, the solution is
more regular [11], p. 293. One doesn’t expect to have smooth solutions.
However, in [11] Moser studied a special class of SPS and established
analyticity of their solutions. In this section we show a corresponding
result for smooth solutions.

Consider

F(x,u, Vo=f 5.1
under the assumptions
(H,) (5.1)is positive symmetric at u=0. There exists >0 such that

<B(x; 0)— % A 0) €, §>;b2|&12, £eRN

(H,) B(x; 0) is positive definite.

H;) AL 0),, &8N zalE*|n |

for some a>0, £eR" and 1 eRN. By Garding’s inequality, it follows from
(H,) that there exist C,, C,>0 such that

(H3) (A 0wy, w)=Cy [ wli—C, | wlf3

for all small C2-functions w. It is also noted that from (H,) no boundary
condition is needed.

THEOREM 5.1. — Suppose that (H,)-(H;) hold for u=0 and that
F(x; 0)=0. Then for fe C*(Q) with small || f |, s=m~+2, there exists a
C*-solution u for (5.1).

Proof. — Choose N to be a small H"-n'd of 0 for some y=m+2 in
which (H,)-(H;) hold uniformly. We consider the linearised problem for
(5.1)

Lo=A)(x; u)v;+B(x; u)=g, (5.2)
ueNNC*(Q) and geC*(Q). In view of Remark 1.5 it suffices to
show (a) (5.2) is uniquely solvable in C® (Q) and (b) the solution v satisfies

[olln=Clllgllnt gl ll/lnssd.  mz0. (5.3)
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Differentiating (5.2) and then taking L2-product with derivatives of v,
one can derive without difficulty that

bllolln=(g Dnt Culllvlln-1 +olc A+ Juflpe 2]l (5-4)
after using (H3), of course. Then (5.3) follows from (5.4) in a familiar
way. To prove that (5.2) has a C®-solution we shall show that for any /,
(5.2) has a Hj-solution. From the uniqueness of solution [see (2.4)] and
Sobolev embedding theorem we conclude that this solution must be in
C*(Q). In view of Theorem 2.2 we may fix a sufficiently large b, =5, ()
such that L+ 5, I is uniquely solvable in H' (Q). Define v, by

Lev,+b,v,=g+b,v,_1, ngl. (5.5)

vo=0
We claim that there exist R,,, 0<m </, such that

|20 |l < R,s n=0.
For, by (2.4)
G+b) [|vallo=llgllo+ b1 lon-1 lo-
We may take Ro=5""|g|. Suppose now that R,,, m'<m—1 has been
chosen. Applying (5.4) to (5.5) we have
(b+b1) “Un ”méng”m+b1 “vn'1 ||m+Km Rm—l'

So we can take R, =b7'(||g||n+KnR,_1). The claim is proved. Since
{v,,} is uniformly bounded in H'(Q), by passing to a weak limit we
conclude that the solution » of (5.2) belongs to H' (Q).

Q.E.D.

6. FURTHER COMMENTS

6.1. In [13] Rabinowitz studied the singular perturbation problem

Lu+eF(x, u, Vu, V2u, V2u)=0 4.1
where Lu= —(a”u;);+ cu is a uniformly elliptic operator where ¢ is posi-
tive. The coefficients F and u are supposed to be periodic in
x=(X4, ..., X,). Adapting a method from [11] he proved that if F and

a’’s are in H', [>2n+28, there is an £,>0 such that of all |e¢|<g,, (4.1)
has a solution u (g) which is C? in x and continuous in & with #(0)=0. In
fact, we may regard (6.1) as a perturbation problem for a third-order
symmetric positive equation Lu=0. Comparing with (0.1), we see that
the positive definiteness of a4 and the positivity of ¢ correspond to the
positivity of b in (A 5). The largeness of » now is replaced by the smallness
of €. The third order terms, which correspond to A’’s, vanish identically.
This does no harm since no boundary conditions are imposed. Actually,
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it should be kept in mind that such results hold only when the boundary
is empty. Otherwise, we have to restrict the class of perturbation to avoid
boundary layer phenomena as we have done before. Along the same line
as in the proof of our main result, Rabinowitz’s result can be sharpened,
namely, it is required that L and F are / many times continuously differenti-

able in D, the unit ball in R"x R x R"x R" x R™ x R", for [> g +16, and

also are of period one, say, in x. Then the solution u(g) would be in

C8(R") and the map & — u(g) from [— &, g,] to C*(R") is continous.
Proof. — Let E;=F, be the subspace of H*(R") consisting all periodic

functions of period 1. We take ®(u, §)=Lu+eF (x; u). It is readily seen

that for b, =b,=3, a, > g +3,(1.4), (1.5), (1.20) and (1.21) hold.
The linearized equation of (4.1) is
' (w)v=g. (6.2)

By Proposition 2.36 in [13], for sufficiently small &, which depends on £,
the uniform ellipticity of 4", and the C**'-norms of L and F in |u|3 <1,
we have )

loll=Cilllgll-2+lello|cs QA +[lulhs 0l kzZ2.  (6.3)

Let’s take «=m+4 and let N be a H*neighborhood of the origin which
contains {u:|u|:3<1}. Taking k=rm+3 in (6.3) we have

lolSCielllg ot llgllmes A+ {lull)], k=2 (6.4)

Hence we may take b;=0, b,=1, and a,=m+1 in (1.7). To solve (6.2)
we use elliptic regularization. Add vA where A is the Laplacian to (6.2).
From elliptic theory the modified equation has a H**?-solution v, which
satisfies (6.4) uniformly in v for small v. See [13] for the proof of this
fact. Letting v go to 0 we obtain a solution for (6.2). Thus, (1.6) holds.
Now for B=m+8, we choose y=B—4, p=B—1 and g;s all equal to f— 5.
One can verify that all assumptions in Theorems 1.1, 1.5, and 1.9 are
satisfied. Therefore, for some small g,>0, there exists a family of solutions
for (6.1) starting from u(0)=0 which satisfies (1) each u(g) belongs to
Eg , (2) u(e) is unique in { u: ||ul||z_, <r} for some small r, and (3) £ - u(¢)
is continuous from [—ego, g] to Eg_, for any B'<PB. By embedding
theorem we deduce the desired result.

6.2. In general, we may use the same method to study the perturbation
problem for non-coercive boundary value problems introduced by Kohn
and Nirenberg [7] provided the perturbations do not change the “type”
of the boundary value problems.

6.3 So far we have only considered the case of non-characteristic bound-
ary. When the boundary is characteristic, the situation would be much
more complicated. It is because we do not have much information for the
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linearized problem, espectially the differentiability of solutions, on which
the Nash-Hormander scheme relies heavily. However, some results are still
available for a simple non-coercice boundary value problems, namely,
degenerate elliuptic-parabolic equations. See [18].
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APPENDIX A
SMOOTHING OPERATORS

We begin with a description of an interpolation method used in [9].

Let X and Y be a pair of Hilbert spaces with X densely embedded
in Y. It is known that then there exists a strictly positive self-adjoint
operator S such that

(er J’)Y=(x> y)X’ XGD(S),

the domain of S. Let A be the square root of S. Define interpolation
spaces between X and Y by

(Y,X},=D(A9), 0=s<l.

Then {Y, X},=Y and {Y, X}, =X. Each {Y, X}, is a Hilbert space
under the inner product (x, y),=(A*x, A°y)y. For the proofs of the above
facts we refer to [9] and [17].

Let S=J AdE (L) be the spectral resolution of S. We define a map T
1 02
from Y to X for 61 by Tex=J dE (M) x.
1

LemMMmA A.1. — For all 0>1,
(@) || Tox|,=0¢"" | x]l,, 0<s, r<1;
B |A-Tey x|, <0 %] x|, 0<r<s=<1.

Proof:
02 02
IITeXI|3=J KZSIIdE(l)H%é@“S“'”f A dE Q) x|y <02 ¢777 || x |2,
1

1
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The proof of (b) is similar.

QED.
An Example. — Let Q be a bounded domain with smooth boundary.
Let

Bju(x)= Y b, ()D*f

la|<mj

where b; ,(x)eC® (0Q), j=1, . . ., k, be differential operators on dQ. { B;}
is called a normal system if 0<m, <m,<...<m, and if for any normal
vector v (x),

S b, ()VE()#0,j=1,.. ., k

la|=mj

Denote
1
H?’Bj}(Q)Z{ueH"‘(Q):Bju|m=0, m;<m-— 2}.

Then we have
{ Hi B} (Q), L2(Q) }e = H?B,- N9

if there doesn’t exist a number mj, j=1,..., k such that / 9—i=m

-
See [17], 1.15 and 4.33.

By applying Lemma A .1 we conclude that there exist smoothing oper-
ators which preserves normal boundary conditions.

APPENDIX B

Let (Ao, || |lo) and (A,, || ||,) be two Banach spaces. A, <A, continu-
ously. For >0 and ae A, define

K (1, a)=inf {{|aq|lo+1||a, ||, :a=ao+ay, ageAy, a;eA, )}
and the interpolation spaces (0<0<1, 1<p< o)

[A,, Al]e,p={aeA0: Ha”e,p:I'J‘00 (K (¢, a)? ?:}lm< ©}. (B.1)
LJo

LemmA B.1[9]. — Let aeA,, 0<0<1 and 1 <p< . Suppose for each
1>0, there exists a=a,()+a, (1), a;()eA,, i=0,1 with ||a;() ;S ;)

such that
0 . dt /e
M,-=[J ((I)i(t)t'"")"—] < 0.
o t

Then ac[A,, Al]e’p and
llalle, , <M5~°M§. (B.2)
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LEmMMA B.2[19]. — Let ae A, and a,€ A, satisfy

la=allo+1]lall 2K (1, @) (B.3)
for some t>0. If ae[A,, Al , (0<0<1, 1Sp<0), then
”atHG,pé?’ ”aHB, r (B~4)

Proof of (4.3). — When s is integral, (4.3) follows from Gagliardo-
Nirenberg inequality. When s is not an integer, let /=max ([s]+ 1, m). For
each 1>0, choose f, and g, in H'(Q) according to Lemma B.2. Then

1 fg=rigllo =g llso ./ =ello+ Il fillso Il € =& llo
=@, (0): =C(| glls, K& N+ f [l K @ 2),
1 /g = Cl fellso 18l # || 8 1o 1 72
SO, (0):=Cr (|| f[ls, K& )+l g lso K (5 1))

by (B.4) and the interpolative characterisation of Sobolev spaces. Using
Lemma B.1 (4.3) follows.
QED.

Proof of (4.4). — For simplicity we may assume F(x, z)=F (z) and z
is a scalar. For s>1,
D'F(w)=D"'F (w).Vu
Hence
IF @l =CIF @ |- | 2llso o+ [l F* @) [|so) (B.5)

by (4.3). If s<m, then (4.4) follows after applying the integral Moser
inequality to the right hand side of (B.5). Otherwise keep applying (4.3)
to F®, j=1, 2, ... finitely many times we again obtain (4.4).

QED.
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