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400 A. BRAIDES, V. CHIADO PIAT AND A. DEFRANCESCHI

formule asymptotique pour la G-limite. Ensuite nous démontrons un
théoréme d’homogénéisation pour les opérateurs monotones quasi-
périodiques et, enfin, nous extendons ce résultat aux opérateurs monotones
presque périodiques en utilisant un résultat d’approximation.

INTRODUCTION

In this paper we consider a class of quasi-linear operators
o :Hy?(Q) - H 1 9(Q) of the form

& u= —div(a(x, Du)),

where Q is a bounded open subset of R”, l<p<+ o0, 1/p+1/g=1, and
the function a: Q x R" — R” satisfies suitable measurability, continuity, and
monotonicity assumptions. By M, we denote the set of such functionsa.
In order to study the behaviour of boundary value problems of the type
{ —div(a(x,Du)=f on Q,
ueHy 2 (Q)

under perturbations of the function ae My, a notion of G-convergence
has been introduced in [16]. Its definition and main properties are recalled
in Section 1.

The main purpose of Section 2 is to determine some conditions on a
sequence of functions (a,) in Mg which imply G-convergence. It turns out
that one of them is simply the strong convergence in (L!(Q))" of the
sequence (a,(.,&)), for every £eR" (see Theorem2.1). A necessary and
sufficient condition involves the limit behaviour, as 4 tends to + oo, of
the integrals

f a,(x, Dy, +&)dx
A
for every £eR” and for every A in a suitable family of open sets, where
the functions v, are the solutions to the Dirichlet boundary value problems
{ —div (g, (x,Dv,+8))=0 on A,
o€ Hy 7 (A)

(see Theorem 2.3). The proof of this result relies on a representation
formula for functions ae Mg given in Theorem2.2.
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ALMOST PERIODIC OPERATORS 401

Section 3 is concerned with the homogenization of operators defined
by functions of the class Mg; i.e., the G-convergence of sequences of

functions (a,) of the form
x
a, (x> §)=a<¥, &)7
€y

where (g,) is a sequence of positive real numbers converging to0. We
suppose that the function a: R" X R" — R" satisfies the usual measurability,
continuity, and monotonicity assumptions, and a condition of quasiperiod-
icity with respect to x (see Definition 3.1). By using the results obtained
in Section2, we prove that there exists a monotone operator b:R" - R”
such that, for every feH »9(Q), the solutions u, and the momenta

a( i, Du, ) of the Dirichlet boundary value problems

&
. x
—d1v(a<—,Duh>>=f on Q,
€p

u,eHg 7 (Q)
converge, as (g,) tends to 0, to the solution # and the momentum 5 (Du)
of the homogenized problem
—div(b(Du))=f on Q,
{ ueHY P (Q).

Theorem 3.4 gives also an asymptotic formula for the function b; its
proof generalizes a construction used in [36].

In Section 4 we extend the homogenization result of Section 3 to almost
periodic operators (in the sense of Besicovitch; see Definition 4. 1) defined
by functions of the class Mg~ using an approximation result (Lemma 4.4)
and a closure lemma (Lemma 4. 3).

The notion of G-convergence for second order linear elliptic operators
was studied by E. De Giorgi and S. Spagnolo in the symmetric case (see
[40], [41], [42], [21]), and then extended to the non-symmetric case by
F. Murat and L. Tartar under the name of H-convergence (see [43], [44],
and [34]). A further extension to higher order linear elliptic operators can
be found in [47] together with an extensive bibliography on this subject.
Results for the quasi-linear case are given, among others, in [46], [37],
[23], [22] and [16].

For the related problems in homogenization theory under periodicity
hypotheses on a(.,&), we refer to the books [2], [39], and [1], which
contain a wide bibliography on this topic. Homogenization results for
quasi-linear operators are obtained in [4], [5], [6], [25], [26], [17], while the
almost periodic case for linear equations is studied in [28] and [36]. A
corrector result for quasi-linear periodic equations has been obtained in
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402 A. BRAIDES, V. CHIADO PIAT AND A. DEFRANCESCHI

[18], whereas an analogous theorem for the almost periodic case will
appear in [10].
From another point of view, the homogenization of a class of variational

integrals of the form
F ()= J ( )

which is related to the homogenization of the operators
~div<5§ f(g,&)), has been studied in [32], [15], and [7], using the
h

techniques of I'-convergence introduced by E. De Giorgi. Homogenization
results for variational integrals under almost periodicity assumptions have
been proven in [8], [9], [11].
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1. NOTATIONS AND PRELIMINARY RESULTS

Let p be a real constant, 1 <p< + 00, and let ¢ be its dual exponent,
1/p+1/g=1. The Euclidean norm and the scalar product in R" are denoted
by |.| and (.,.), respectively.

DeriniTioN 1.1, — Given four constants «, B, ¢;, and ¢,, such that
c,>0, ¢,>0, 0<a<lA(p—1), pv22<B<+oo, we denote by
M (2, B, ¢4, ¢,) the class of all functions a: R* — R* which fulfill the follow-
ing conditions:

(i) [a)]<ey; -

(ii) a satisfies the following inequalities of equicontinuity and strict
monotonicity:

|a(§1)—a(§2) \§C1 (1 +IF:1 ]'H&z Dp_l*alé’h_éz |a (r.1n
(@€)—ay),81— &)=z (14 l & |+|&2 |)p_B \ ) |B (1.2)
for every &,, £,eR".
For every open subset @ of R”, by M,(a, B, ¢;,¢,) we denote the class
of all functions a: @ X R” — R” which satisfy the following conditions:
(iii) for a.e. xe 0, |a(x, .)|eM(a, B, ¢y, ¢5);
(iv) for every £eR”, a(.,&) is Lebesgue measurable.
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ALMOST PERIODIC OPERATORS 403

It is easy to see that (iii) implies that there exist constants ¢;>0, ¢, >0,

such that
la(x,&)|Ses(1+|EDPT, (1.3)

|EfP<ca(1+(a(x,8),8) (1.4)

for a.e. xe @, for every §€R”. The proof of (1.3) is trivial. As for the
proof of (1.4), we just observe that by Young’s inequality we have

epsPatiey et ‘%”(Hlal)".

In the case @ =R", we simply use the notation Mgn for Mge(a, B, ¢, ¢5).

Let us fix from now on a bounded open subset Q of R"”. Given
aeMg (2, B, ¢, ¢,), it can be proved that for every fe H™ 1 2(Q) there exists
a unique solution ue H}'?(Q) to the following Dirichlet boundary value
problem

—div(a(x,Du))=f on Q, } 1.5

ueHY 7 (Q).
For a proof we refer, for instance, to [27], Chapter III, Corollary 1.8, or
to [31], Chapter2, Theorem 2. 1. The solution to (1.5) satisfies a Meyers’

regularity estimate (see [33]) that will be needed in the sequel in the
particular case where Q is a cube, as stated in the following theorem.

THEOREM 1.2. — Let Q be a cube in R" and let we HY' 7 (Q) be the weak
solution to the equation

—div(a(x,Dw))=0 on Q, }
weHg ?(Q).

Then there exists >0 such that we H*?*"(Q) and

| DW flwr+n @ < C(Q) | DW [|r (1.6
The constant 1| depends only on c,, c,, n, p, while C(Q) depends in addition
on Q. Moreover, a simple rescaling argument shows that we can take

CtQ=t""CWQ

1 1 1
for all t>0, where — + -+ ——=1.

r g ptn

In order to study the behaviour of problem (1.5) under perturbations

of the function a we make use of the following notion of G-convergence.

DeriNiTION 1.3. — We say that a sequence (a,) in Mg (o, B, ¢y, ¢,) G-
convergences to ae Mg, (a, B, ¢;, ¢,) if, for every fe H™*7(Q) and for every
sequence (f,) converging to f strongly in H™!-9(Q), the solutions u, to
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the equations

—div(a,(x,Dy))=f, on Q, 1.7
Uy € Hé’ ’ (Q), .
satisfy the following conditions:
u, > u weaklyin H} 7(Q), (1.8)
a,(x,Du,) —» a(x,Du) weakly in (L1(Q))", (1.9)
where u is the solution to the equation
—div(a(x,Du))=f on Q, } (1.10)
ueHY P (Q).

Remark 1.4. — Tt can be proved that this definition of G-convergence
is independent of the boundary condition. More precisely, if o e H!: 7 (Q),
if the sequence (a,)e Mg (e, B,c;,c,) G-converges to ae Mg (e, B, ¢y, ¢,),
(fy) converges to f strongly in H™4(Q), and u, are the solutions in
H"?(Q) to the equations

—div(a,(x,Dw))=f, on Q, }
u,—9eHgy ? (Q),
then
u, > u weakly in H»?(Q),
a,(x,Du,) - a(x,Du) weakly in (L7(Q))",
where u is the solution to the equation
—div(a(x,Du))=f on Q, }
u—o@eHy ?(Q).
A proof of this fact can be found, for instance, in [16], Theorem 3. 8.
The next two theorems concern a localization property and a compact-
ness result for G-convergence. Their proofs can be deduced from
Theorem 6.1 and Theorem 4.1 in [16] respectively, by using Theorem 7.9
and Corollaries 7.10-7.12 therein.
Let Q' be an open subset of Q. For ae Mg (e, B, ¢;, ¢,) we denote by a’
the function of My, (¢, B, ¢;, ¢,) defined by &’ = g o «g». Then the following
localization property holds.

TueoreM 1.5. — Let (a,) be a sequence in Mg (2, B, c,,c,) which G-
converges to a in Mgq(o,B,c;,c,). Then (a;) G-converges to a' in

MQ' (d, Ba C1> CZ)'

THEOREM 1.6. — Let (a,) be a sequence in Mg (a, B, ¢y, ¢,). Then there
exist suitable positive constants ¢}, ¢, and a subsequence (a, y,) of (a,) which

b a r ’
G-converges to a function a of the class MQ<——, B.cl, ¢y )
p—a
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ALMOST PERIODIC OPERATORS 405

In order to simplify the notation, the classes Mg (o, B, ¢y, c,) and

Mﬂ( L, B, ci, c'2> given by Theorem 1.6 will be denoted, from now on,
p—a

by M, and Mg, respectively.

Finally, we recall a lemma of compensated compactness type (see [35],
[45]) which will be used in the sequel. For its proof see, for example,
Lemma 3.4 in [16].

LeMMA 1.7. — Let (u,) be a sequence converging to u weakly in H!-? (Q).
Let (g,) be a sequence converging to g weakly in (L2(Q))" with (divg,)
converging to div g strongly in H™ 1 4(Q). Then

J (g)uDuh)(de_’J‘ (g: Du)(pdx
Q Q

for every 9 €€ (L2).

2. SUFFICIENT CONDITIONS FOR THE G-CONVERGENCE
AND REPRESENTATION FORMULA
FOR MONOTONE OPERATORS

In this section we investigate some conditions on a sequence of functions
(a,) in Mg, which imply G-convergence. Furthermore, we give a representa-
tion formula for functions ae M, showing that a(x, &) can be determined
by the knowledge of the solutions v to the Dirichlet boundary value
problems

—div(a(x,Dv+E)=0 on Q' }
veHy P (Q),

where £€R" and Q' is an open subset of . More precisely, we prove that
a(x,&) can be calculated by a differentiation process of the set function

Q'—»f a(x,Dv(x)+&)dx

along a family of open subsets of Q. Similar results for minima of
variational functionals were proved in [21] and [24] for the quadratic case,
and in [19] for the general case.

The following theorem shows that the strong convergence (L!(Q))" of
a sequence (a,) in M, implies the G-convergence.

THEOREM 2.1. — Let a, and aeMg. Assume that (a,(.,E)) converges to
a(.,t) strongly in (L' (Q))" for every E€R". Then, the sequence (a,) G-
converges to a.
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406 A. BRAIDES, V. CHIADO PIAT AND A. DEFRANCESCHI

Proof. — Let (f;) be a sequence in H™ 1 ?(Q) converging to f strongly
in H™»7(Q). Let u;, be the solution to the equation

—div(a,(x,Du))=f, on Q,
u,e H: 7 (Q).

By the definition of G-convergence we have to prove that (1.8), (1.9)
and (1.10) are satisfied. Since (f}) is bounded in H™!-9(Q), condition
(1.4) implies that (u,) is bounded in H ?(Q), hence (a,(.,Du,(.))) is
bounded in (L?(Q))" by (1.3). Therefore, up to a subsequence,
u, —~u weakly in H} ?(Q),
a,(x,Du,) > g weakly in (L7(Q))",
with —divg=f We shall show that g(x)=a(x,Du(x)) for a.e. xeQ,
hence u is the unique solution to (1.10). Therefore, the whole sequences
(4,) and (a,(.,Du,(.))) converge, and the proof of our assertion is com-
plete. By the strong convergence in (L' (Q))" of the sequence (a,(.,&)) to
a(.,&) and by the equicontinuity [see Definition 1.1 (iii)], there exists a
subsequence, still denoted by (a,), such that (g, (x,£)) converges to a(x,§)
for a.e. xeQ, for every £eR". Furthermore, by taking the equibounded-
ness condition [Definition 1.1 (iii)] for @, into account, the dominated
convergence theorem implies that
a,(.,8)—>a(.,&) strongly in (LI(Q2))", for every £eR”.

Since a, (x, .) is monotone for a.e. xe(Q, we have

J (ay, (x, Duy) — @, (x, ), Dy, (x) =) ¢ (x) dx 20
Q

for every 9 e%y (Q), =0. Passing to the limit as 4 tends to + oo we
obtain by means of Lemma 1.7 that

J (g(x)—a(x,8),Du(x)=8) 9 (x)dx20 2.1
Q

holds for every 0 e %3 (Q), ¢ =0. By a standard density argument, (2.1)
implies that

(e(x)—a(x,8),Du(x)—£)20

for a.e. xeQ, for every £eR” [remind that a(x,&) is continuous with
respect to € by (iii) in Definition 1.1]. By Minty’s lemma (see, for example,
[27], Chapter III, Lemma 1.5) it follows that

(g (x)—a(x,Du(x)), Du(x)—£)=0
for a.e. xeQ, for every £eR” Hence, g(x)=a(x,Du(x)) for a.e. xeQ,

which compiletes the proof. O
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In order to state the representation formula for functions in the class
M, given a€ M, let us define the function

YE Q)= f a(x, Do (x)+&)dx 2.2
.y

for every E€R”, for every open subset Q' of {2, where the functionwo,
depending on & and Q', is the unique solution to
—d;v(a(x,Dv+§))={3 on Q, } Q.3
veHy ?(Q).
THEOREM 2.2. — Let aeMg. Then there exists a measurable subset N
of Q with |N|=0 such that
a(x &)= lim L&A ) (2.4)
poo+ A (x0)]
for every EeR", xoeQ\N, where |.| denotes the Lebesgue measure,
A (xg)=Xo+pA, and A is any bounded open subset of R".
Proof. — By a standard density argument and by Lebesgue’s differentia-

tion theorem (see, for instance, [38], Theorem 8.8) there exists a measu-
rable subset N of Q with |N|=0 such that

. 1 { g =
pl_l’f?*'mxp(xo)la(x,g) a(xo,é)ldx 0 2.5

for every x,e Q\\N, for every £eR", where A (xo)=x,+pA, and A is
any bounded open subset of R". Given x,e Q\ N, p>0, £ R" we denote
by v the function depending on & and A_(x,) which is the unique solution
to the Dirichlet boundary value problem
—div(a(x,Dv+&)=0 on A, (xo), }

2.6
ve HL P (A, (xo). @9

(x—x0)

By performing the change of variables y= "——° problem (2. 6) becomes
P

—div, (@(xo+py, Dy u(») +E)=0 on A,

| Q.7
u(y)=gv(xo+py)eHé"’(A)-

We may suppose that p runs through a sequence (p,) which tends to 0*
as h tends to +oo0. Let us set a,(y,&§)=a(x,tpry,&) for every yeA,
EeR" By (2.5) we have

a(.,8) > a(x,,&) strongly in (L' (A))",

Vol. 9, n® 4-1992.
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which guarantees by Theorem 2.1 that
(a;,) G-converges to a on A. 2.8)

Since w=0 is the unique solution to the Dirichlet problem

—div,(a(xe,D,w () +E)=0 on A,
weHy 7 (A),
if u, denotes the solution to (2.7) corresponding to p= Py, the G-conver-
gence condition (2.8) and Remark 1.4 imply that (u,) converges to 0
weakly in H}'? (A) and
a(xotpyy, Dy u, () +€) > a(xo, &) weakly in (L7(A)".  (2.9)
By (2.9) we have then ’
. 1
a('x09§): lim — f a(x0+phy’Dyuh(y)+E_>)dya
e |[A] Ja
which by a change of variables proves (2.4). O
The aim of the next theorem is to obtain a necessary and sufficient
condition for the G-convergence of a sequence a,e M, by means of the
convergence of the momenta related to the Dirichlet problems
—div(a, (x,Dv+£)=0 on A, (x,), }
vE H(l)’ P (Ap (XO))a
where £ eR”.

THEOREM 2.3. — Let (a,) be a sequence in Mq. Let W, be the function
associated to a, by (2.2). For every p>0 and x,eR", let A (x)=x,+pA,
where A is any bounded open subset of R". Let N be a measurable subset
of Q with |N|=0. Then, the following conditions are equivalent :

(a) the limit »

lim ¥, (§, A, (x0))
h—
exists for every E€R” and for every x,e O\ N;
(b) there exists a function ae Mg, such that (a,) G-converges to a.
Moreover, if the previous conditions are satisfied, then

L W(EAG -
a(x, i)=p‘lirg+ hlirr; % (2.10)

Jor a.e. xeQ, for every £eR".

Proof. — Assume (a). Let (a,4) be a subsequence of (a,). By the
compactness theorem 1.6 there exist a further subsequence (g, 4),) and
ae Mg, such that

(@, s ) G-converges to a. .11
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If we show that

= § ¥ (8 A, (X))
a(xo,8) ,,lff,‘+ ,,linio A 0] (2.12)

for a.e. x,€Q, for every £eR”, by the existence of the limit in (a) and
the Urysohn property of the G-convergence (see [16], Remark 3.7) we
may conclude that (b) and (2.10) hold.
Given £eR", x,e O\N, and p>0, we denote by v, the solution to the
Dirichlet problem
—div(a, (o (b)) (x, Dy, +&))=0 on Ap (%0); }
vp€ Hy' P (A, (x0))-
Since v is the unique solution to the Dirichlet problem
—div(a(x,Dv+E£))=0 on A, (x,), }
veHy 7 (A, (%)),
the G-convergence condition (2.11), Theorem 1.5 and Remark 1.4 imply

(2.13)

v,—>v weakly in H§ ? (A, (x,))
a; sy (X, Do +8) = a(x,Dv+&) weakly in (LY(A, (x,)))".

Therefore
Y. ey (& A, (X0)) > [ a(x,Dv+&)dx=¥(E, A, (x,))
JAp (x0) .
Now, by the representation Theorem 2.2 we conclude that

a (XOa E_,) — ]lm hm ‘Pr (o (h)) (E.n Ap (xo))
P 0+ h— o | A, (xo) |

for a.e. x,€Q, for every £ eR", proving (2.12).
Assume (b). Then, Theorem 1.5 and Remark 1.4 guarantee that the
solutions v, to

—div(a, (x, Dy, +£))=0 on A (x,), }
v € Hy' 7 (A, (xo))
satisfy

v~ v  weakly in Hy 7 (A, (x,))
ay(x,Dv,+&) - a(x,Dv+&) weakly in (L1(A,(x,)))",

where v is the unique solution to (2.13). Hence, condition (a) follows
immediately. [

Remark 2.4. — Theorem 2.3 provides a simple characterization of
G-convergence in the special case of functions a, in M, satisfying

—div,(q,(x,£))=0 on Q

Vol. 9, n° 4-1992.
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for every heN and £eR”. In this case (@, G-converges to a function
aeMjg if and only if (a,(.,§)) tends to a(.,£) weakly in (L!(Q))", for
every £ eR". According to Theorem 2.3 this condition is clearly sufficient,
since in this case

¥, (&, A, (xp))= a(x, &) dx,
Ap (x0)
while its necessity follows easily from the local character of the G-conver-
gence (see Theorem 1.5 and Remark 1.4). In the linear case, the previous
characterization was proved in [13]. See also [12] for a similar result in
the case a,(x,&)=0; f,(x, &) with f, convex in&.

3. HOMOGENIZATION OF QUASIPERIODIC OPERATORS

In this section we give a characterization of the G-limit of a sequence
of functions a, of the form

x
ah(x7 §)=a<_’€>):
€
with ae Mg~ verifying suitable hypotheses of quasiperiodicity in the first
variable (see Definition 3. 1). This result will be used in Section 4 to derive
the homogenization theorem for general almost periodic operators.

DeriniTiON 3.1 (see [30] 3.3). — A continuous function f:R”—>R
is quasiperiodic if there exist m,, ...,m,eN and a continuous function
F:RY >R, where N=m, + ... +m,, N=n, such that

£
S, o LX) =F (X, XX Xy e X e s X
my my my

and F periodic of periods 2_1: %_1} e 2_7[, 2_n_, .. zl, .. "21r

AMAd ATUOA A Al
Melo, +oof. It is not restrictive to assume that the frequencies
AL ...,A" are linearly independent on Z for every r=1, ... n. This will
be done constantly in the sequel. Under this assumption, Kronecker’s
lemma (see Appendix, Section A) guarantees that F is uniquely determined
by /.

Given m,,...,m, as above and given AeR™ X, . . 6 XR™,
A=y .. -oA,) with A, =QL ...,A™) for r=1,...,n, we denote by
QP (1) the set of all quasiperiodic functions f:R" > R with frequencies A.
Furthermore, by Trig (L) we indicate the set of all trigonometric polyno-

, with
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ALMOST PERIODIC OPERATORS 411

mials with frequencies ; i. e., finite sums of terms of the form
P(x)=Re(cexp (i) klAlx,)), 3.1
Lr

where ke ZN, ceC.

Remark 3.2. — Trigonometric polynomials are obviously quasiperiodic
functions. Moreover, it can be proved that every function f of QP () is
the uniform limit of a sequence of trigonometric polynomials belonging
to Trig (L) (see [30] 3.3).

For every 5s>0, for every zeR", let Q,(z) be the cube of side length s
and center z. For every fe Ll (R") we define

1
dx=li dx.
f(x)dx usnﬂsrp 12.0)] Qs(o)f()c) x

It can be seen easily that for every function fin QP (L) we have

-f(x)dx= lim f(x)dx

1
s-o | Q@) Jo,
uniformly with respect to z. This limit is called the mean value of f (on R")
(see [30], 2. 3).

In the sequel it will be useful to consider the function j: R” — RN defined
by
JOI=(X1s oo s X5 Xy o e o9 Xy e e ey Xy o o oy Xy)-
——————— — ——— N ———— —————
mi my my

Then, introducing the variables
(yl’ .. -,J’N)=(}’i, . -,)7'1"1, . -,.V:, .. -,y:."")

on RY, for every ve ! (RY) and u(x)=v(j(x)) we get

m,

D,u(x)=) gzil(j(x)) forevery r=1,...,n,

1=10),
or briefly, Du(x)=(dv)°j(x), where =8, . . .,0,) with 3,= ) %
1=1 0),

Let us denote by Trig, (L) the set of all trigonometric polynomials in
Trig(X) with mean value 0. By Birkhoff’s theorem (see Appendix,
Theorem A) it is easy to prove that

fulh,r=( 5, fiDpar)”
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is a norm on Trig, (A). Since (Trig, ), II-]l1,,) is not complete, we study
its completion. To this aim let us introduce

T=H]O’%[CRN’ (3.2)
ILr t

and let us denote by Trig(T) the set of all trigonometric polynomials in
RN with period T. Let us also define the set Trig, (T) of all functions v in
Trig (T) with mean value zero. On Trig, (T) we consider the norm

" 1 1/p
|IUHW:||6””(LP(T»”=<Z T |a,v|de> ;
r=1 lT‘ T

in fact, if Jv=0, then y=v-j satisfies Du=0. Hence, u is constant. Since

v depends uniquely on u (see Definition 3. 1), v is constant too; hence v=0.

By Birkhoff’s theorem (see Appendix, Theorem A) the linear map
Re(cexp (i) kL Alx,))—Re(cexp (i) kLALyY)

ILr Lr

'Hl,p) and (Trig, (T), H . ”W)’

is a bijective isometry between (Trig, (R),
and will be denoted by J.

Let us denote by # the completion of Trig,(T) with respect to the
norm ||.||y~ which we can identify with the completion of Trig, (1) with
respect to the norm ||.||;, ,- Finally, let us remark that the isometry

a: Trigy (T) » (LP(T))"

ur— (0, u,0,u, ...,0,u)

can be extended in a unique way to an isometry between #” and a closed
subspace of (L7 (T))", which makes #" a reflexive Banach space.

Now, let us fix the frequencies A, with AL, ..., A™ linearly independent
on Z for every r=1, .. .,n, and let us fix ae Mg~ such that
a(.,£)eQP(A) for every £cR™ (3.3)

By definition it follows that there exists a unique function a(.,&): RN —» R"
such that a(x,&)=a(j(x),&) for every xeR" and for every £eR”, a(.,£)
is T-periodic and continuous for every £eR” It follows that a(y,.)
satisfies (1.1) and (1.2) for every yeRN. This is obvious for y=j(x),
xeR", whereas the conclusion for a general y e RN comes from Kronecker’s
lemma (see Appendix A) and the continuity of (., £).

The next proposition is an extension to the case p#2 of Lemma 1
in [36].

ProposiTiON 3.3. — Let E€R" be fixed, let ae My~ satisfying (3.3) and
let a be the corresponding T-periodic function. Then, there exists a unique
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solution w*e W to the problem

a(y,owt+E&),0n) dy=0 for every he W',
!Tlf( (» £),0h)dy= y (3.4)

wew .

Furthermore, for any >0 there exist ujeTrigo(\) and a vector function
g5 (QP (V)" such that

—div(a(x,Dui+E)=—divgs in 2'(R", (3.5
hm |13 @§)—wt||y=0, (3.6)
lim JCIg |7dx=0 3.7

d—->0+

hold.
Proof. — Given E€R", let °: % — W be the operator defined by

(Aow,h )= LJ‘ (5(y;6w+§),v6h)’dy
IT[ Jr

for every w, he #", where {.,.) denotes here the duality pairing between
#" and its dual space #”'. By the coerciveness and continuity properties
of &% on W', the theory of monotone operators on reflexive Banach
spaces (see, for example [27]) implies immediately that there exists a
unique w*e ¥  satisfying 7 w*=0, which implies (3.4). By the density of
J(Trigy (A)) in # there exists.u e Trig, (L) such that (3.6) is satisfied. By
using (3.4) and the equicontinuity assumption on a we get
| 25T @) ||y = || 2% T (u§) — ZE Wh |-

<e (1| + [Ty + w8 7 == 1T ()= w2 5.
By (3.6) it follows that 4

lim || 2253 ()|, =0. (3.8)
_ 50+

Since x> a(x, Duj+E&) belongs to (QP (L))", by Remark 3.2 there exist a
function f5e(Trig(A))” and a quasiperiodic function h§e(QP (L))" such
that

a(x,Dus+&)=f5+h, 3.9
and '
lim f!hg [7dx=0. (3.10)
-0+
Since a (x, Dut+&)=a (j(x), 8) (u§) (G(x))+E&), by (3.8) and (3.10) we get
lim Z o, (F3), =0, (3.11)
50+
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where (F}), is F((f9),). and

Rl = sup X (F3), 9, vdy.
W veW IT| r=1J1
ol <1

Being div f§e Trig, (A), we can write
divf§(x)=Re (Z e exp (i Z kEAE X)),

where the sum runs over a finite set of non-zero. vectors ke ZN. It turns
out that the function

M= Re@h UL kA X)),
k
with b, = — ¢, /(3. (X K A1)?), is the unique solution in Trigo (A) to

Awg=divf; on R".
If W5=1J (w§) e Trig (T), then

n

Y, 0FWi= Z 0,(Fp, in RY

r=1

holds. By elliptic regularity (see Apgaendtx Section B)

(15 v s o,
with ¢ >0 independent of & and 3. We have then by Birkhoff’s theorem
2 0.(FY, HW (3.12)

Hence, by setting

gi=Dwi+ K
we have
div(a(x, Di§+E))=divgl

in the sense of distributions on R", proving (3. 5). Furthermore, by (3. 10)-
(3.12) we obtain (3.7). O
Let us consider the following Dirichlet boundary value problem

—div <a<£,Du,,))=.f on £,
Sh -
u, € Hy 7(Q),

where fe H™ " #(€) and (g,) is a sequence of positive real numbers converg-
ing to 0.

(3-13)
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In this section we prove the convergence, as (g,) tends to 0F, of the
solutions u, of (3.13) to the solution u of the homogeneized problem

—div(b(Du))=f on Q,
ue HY P (Q).
Furthermore, we give an asymptotic formula for the homogenized function

b in terms of the solutions v to the following Dirichlet boundary value
problems

(3.14)

—div(a(x, Do +£)=0 on Q, (Z),} (3.15)

i€ Hp 7 (Q,(2)).
The convergence result above mentioned will follow from the next two
theorems.

THEOREM 3.4. — Let a€ Mgn satisfying (3.3) and let a be the correspond-
ing T-periodic function. Let b:R" — R" be the function defined by

1 ~
bE)=-—| a(y,on*+Edy,
IT| Jr
where w* is the solution to (3.4). Then, for any family (z)),, in R", we
have

§ =

b(E)= lim ! J a(x, Dot +E)dx,
Qs (z5)

where v} is the unique solution to (3.15) with z=z,.
THEOREM 3.5. — Let a€ Mgn satisfying (3.3). Let (g,) be a sequence of

positive real numbers converging to 0 and let a,(x,E)=a i ,E ) for every
€

xeQ and for every EeR". Then (a,) G-converges to.b, where b is the

Sfunction defined in Theorem 3 .4.

The proofs of these theorems are quite technical and are therefore given
at the end of the section as a consequence of the next proposition and
some remarks stated in the sequel.

For every s>0, and for every family (z,) in R, let us define

g ¢€)= lf a(x,Dvi+E€)dx, (3.16)
5" Jos 29
where % is the solution to (3.15) on Q,(z,). By (iii) and (iv) in Definition
1.1, using Young’s and Holder’s inequalities, it turns out that the function
v5 satisfies the following estimates
?),
} 3.17

| Doi+E|[fr o S es” (1 +]&
l|@ (¢, Dv; +&) || g, zgpyr S es" (1 + | E[P)
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with ¢ independent of z,. Here and henceforth, we will denote by ¢ any
constant depending at most on ¢y, ¢,, o, B, 1, p, that can change from
line to line. By (3.17), we have

FAGIEI (RS 2
PrOPOSITION 3.6. — Let £eR” be fixed. Let ug be as in Proposition 3.3

and let v5e HY P (Q,(z,)) be the unique solution to (3.15) with z replaced
by z,. Then

. . 1
lim lim sup ~J | Dvi—Dug [P dx=0 (3.18)
320+ s— s" Qs (z¢)

for every family (z )¢ in R".

Proof. — Given a family (z,),., we consider

1
L ,=— J (a(x, Dot +E)—a(x, Dui+ &), Dot — Duf) dx
s Qs (z5)
1
=— '[ (a(x, Dot +£),Dvs)dx
5 Qs (z5)
1
+ = J (a(x, Dus+£), Du) dx
SR NEN

1
- = J (a(x, Dot +E), Duf) dx
s Qs (z5)

1 .
- = j (a(x,Duz+E), Dvd) dx
7 JQs (zo)

=IL4+12,-12 11,
By (3.15), I} =0. On the other hand,
lim 12 ;= f(a (x, Dut+E), Duj) dx.
By Birkhoff’s theorem we get
. 1 [~ ' -
lim 17 ;= mj (a(y, 03 (u)+8), 83 (up)) dy = Z°J (u5), T (u5) ),
s T
where 7% is the operator defined in the proof of Proposition 3.3. Since
by (3.6) we have

J(u}) > wt strongly in %,
the continuity of .&7* and the equality 7% w*=0 implies that
lim lim IZ,=0.

§—+0+ s—>®
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Since
1

T | D ()] dx JC|Dug W dx,
s 4 Qs (z5)

1 .
and w,(x)=— u}(sx+z,) converges to 0, as s — + oo, we obtain that the
s

sequence (w,) converges weakly to 0 in H"?(Q, (0)). Applying Lemma 1.7,
we obtain that the sequence of functions

¢, (x)=(a(sx+z, Do} (sx +2z)+ &), Du§ (sx + z,))

converges to 0 in 2'(Q, (0)) as s —» + 0. On the other hand, by (1.6)
and (3.17) we have

| DoE (sx+ 2) T E |50 % 0, oy S (1+]|E [Py prmiz,
by (1.3) it follows that the sequence of functions
x> a(sx+z, Dol (sx+z)+E)

is uniformly bounded in some (L*(Q, (0)))" for some t>g. This implies
that there exists o> 1 such that

185 llee 01 on =e

where ¢ is independent of s. Since ({,) converges to 0 in 2’ (Q, (0)), the
above inequality implies that ({,) converges to 0 weakly in L°(Q, (0)), as
s —» +oo. This fact gives then

lim 12 ;=0.

s >
Let us show that

lim limsupI{;=0.
§>0+ s—

Let (g%) be as in Proposition 3.3. By applying Holder’s inequality and
(3.17) we obtain

1 1/p
|Ii5|§c<lnf |g§|adx> "(lf jDv§|pdx)
5 JQs(z9) 5" Jos 9

1 1/q
<cf ~ %"dx) A+[ED-
C<SnJ‘Qs(2s)lg '

Now, by taking the limit first as s tends to + oo and then as & tends to
0%, (3.7) implies that

lim limsup|I$;|=0.
8§->0 s—> o
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Since the equicoerciveness assumption in Definition 1.1 (iii) guarantees
1 -
|Is,5|;c2—J (14| Dot +&|+|Dus+E [P | Dot — Dug |P dx,
Qs (z5)
we obtain immediately

1 B-p)p
ctls,slp/“(;J‘ (1+|Dv§+§|+]Du§+§])”dx>
Qs (z5)

;(lj | Do — Du |de>.
5" Jos (29

Hence, by passing to the limit first as s tends to + co, and then as § - 07,
we get (3.18) and the proof of Proposition 3.6 is accomplished. O

Proof of Theorem 3.5. — Let x,€Q, and let {eR". Consider

&y

x
¥, (€, Q, (x0))= a ( —,Dz;, ,(x)+ i) dx,
Q (x0)
where zj, , 18 the unique solution to

—div <a ( X,Dz ,+ g)) =0 on Q,(x,),
€
25, o € Hy 7 (Q, (xo))-

It follows immediately that
¥, (8, Q, (x0))=(&n)" f a(x,Dw;, ,+&)dx,
Qpye), (x0/en)

where wj, , is the unique solution to

—div(a(x,Dwj ,(x)+&)=0 on Q,,, (? >’

h
1, Xo
'UE, p€ HO i (Qp/sh ( 8_ ))
h

By Theorem 3.4 we conclude that
lim ¥, (8, Q, (xo))=p"b(§)

h— o
for every p>0. Hence, the limit

lim ‘I’h (é’ Qp (XO))
pn

h = o©

=b(%)

is independent on p. This implies by Theorem 2.3 that (a,) G-converges
to b and concludes the proof. [
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4. HOMOGENIZATION OF ALMOST PERIODIC OPERATORS

In this section we prove the homogenization theorem for general almost
periodic monotone operators defined by functions of the class Mgn.

DerFINITION 4.1. — A function feLl (R" is almost periodic (in the
sense of Besicovitch [3]) if there exists a sequence of trigonometric polyno-
mials P,:R" —» R such that

lim f[Ph(x)—f(x)]dx=0. “.1
h = ©

It is easy to see that for every almost periodic function f and for every
zeR" we have

dx=lim — —
TOE= 0 1000 Jae

The limit is called the mean value of f (on R") and is, in general, not
uniform with respect to z.

F(x)dx.

THEOREM 4.2. — Let aeMgn such that a(.,E) is almost periodic for all
EeR" and let (g;,) be a sequence of positive real numbers converging to0.

Let us define a,(x,&)= a( ad , §> for every xeQ and & e R". Denote by vt the
&y
solution to

~div(a(x,Dt+E)=0 on Q,(0), } .2)
;e Hy' 7 (Q,(0)). )
Then, for every £ eR" there exists the limit
b (€)= lim l"j a(x, Dot +E)dx. 4.3)
s~ o 5 Jos0)

Moreover, the map b belongs to M (a, B, ¢y, ¢,) and (a,) G-converges to b.

The proof of this theorem follows from the homogenization Theo-
rem 3.5 for quasiperiodic functions, by means of an approximation result
and a closure lemma, which are stated below.

With a slight change of notation we will write

b(x,E)=G— lim ae,g)

e >0+
meaning that b(x,§) is the G-limit of a(i,&) for every sequence (g,)
€
which tends to 0*.
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The following lemma states that homogenization is preserved under
passage to the limit in the mean value.

LemMma 4.3. — Let (a,) be a sequence of functions in Mgn, such that for
every heN the limit

G- lim ah<f,§>=b,,(g) (4.4)
e—> 0+ €
exists and is independent of x, and let ae Mgn such that for every R>0
lim supJE sup |a,(x,&)—a(x,&)|dx=0. 4.5)
h = o IE&I=R

Then, the limit
b(&)= lim b, (&)
h—> ©

exists and

G- lim a<§,§>=b(&,).

g—=> 0+

The proof of Theorem 4.2 will be completed by the following approxi-
mation result.

LeEmMA 4.4. — Let a be a function of the class Mgn such that a(.,£) is
almost periodic for every EeR". Then, there exists a sequence (a,) in Mgn
of quasiperiodic functions satisfying (3.3) (with A possibly depending on h)
such that for every R=0 we have

lim supJC sup |a, (x,E)—a(x,&)|dx=0. 4.6)
h—> |&1=R

Throughout this section the letter ¢ will denote a positive constant
depending at most on p, n, ¢;, ¢,, o, B, and possibly on a fixed vector
£eR" Its value can vary from line to line.

We begin by proving Lemma 4. 4.

Proof of Lemma 4. 4.

Step 1 (discretization of the function a on bounded sets). — Let (y,) be a
sequence of natural numbers, and (u,) a sequence of positive real numbers.
For every heN, let us set

L={z=(zy,...,z)eZ": —hy,Sz;<hy,for all j=1,...,n}.

For every z € 1,, let us define

g=tn @=g+or|l dw-awe.

h
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and let us choose a trigonometric polynomial P?: R" — R” such that
1
:f|Pﬁ(x)—ai’(x)|dx§—. 4.7
h

The choice of the sequences (y,) = N and (u,) = R will be made in the
sequel. Then, taking into account that

U Qe=[—hhl",

zelp
we define the function a,: R* < R" - R” in the following way:
P’ (x) if there exists zel, such that £eQ?,
cx‘h (xy &) = - _ n
0 if E¢[—h, A"
Then, for every £ eR”, the function o, (., &) is quasiperiodic.

Step 2 (projection of the function o, on Mgr). — For every heN, let us
define the function f;:[0, + oo — [0, + o[ by

Ju(p)=min (1, " *77).

We also define the Hilbert space L? of measurable functions u:R”—R”",
provided with the norm

llullh=< Jknlu(é)lsz <lé|>da)”2.

The set M (a, B, ¢y, ¢,) is a closed convex subset of L2. We can define the
projection m,: L7 > M (a, B, ¢,, ¢,), and for every xeR" the function

@, (x, ) =1, (%, (x, .)). 4.8)
Step 3 (quasiperiodicity of the function a;). — Let us consider for every
yeRY, N=N(h)eN, the function g, (, .):R"” - R" defined by
ZZ—h(}’, D=, (%, (y,.))

where, for every £eR”, a,(.,E) is the periodic function given by the
quasiperiodicity of o, (., ). It follows clearly that

@ (x,8)=a,(j (x), ©),

where j is the function related to the quasiperiodicity of a, as in Section 3.
Since the function a,(.,£) is a periodic function, such is also a,(.,E).
Moreover, being a, (¥, .) uniformly continuous with respect to &, it remains
only to prove that a,(.,&) is continuous for every £ eR™

Let &, neR”; for all u,veM (a, B, ¢, c,) we have

[u@®—o@[S2e, AH[E|+ P2 E=n[*+[u(m)—v ()]
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Let 0<3=1; then an integration over B;(§) gives
[u@€) =€) ||Bs (&) |[=2¢c; (1+2|E|+8)P 7178 B, (¥)|
+ lu(m)—2(m)|dn

B (8)
Sc(+[E)P1 78" B; (B)|

1/2 ' 1/2
+(J ]u(n)—v(n)lsz(lnl)dn> (f (f;,(]n]))‘zdn> i
/Bg (&) Bj (8)

so that we obtain
o p-1-asay U=l }
|u(® v(é)léc[uﬂ&l) A T

In particular, since m, is a Lipschitz function with constant 1 in L2, for
all u,ve L} and for all &£ eR" we obtain

— 1 1 . [y~ 1-aga “u-—v“h :l
mu - m e @5 (148 e I

Let us remark that the function a, = o, (¥, &) is uniformly continuous in ,
uniformly with respect to&. Fixed £>0, let p>0 such that if |t|<p, then

’&h()’+1s§)_&h(J’>§)l<a
for all yeR™ and & eR". Then, for such a T we have
18 v+, )= (3, ) |l
=( j} L BOr e a o) sear
so that, by (4.9) [with u(§)=&, (7+1,£) and (&)=, (7, &)]
]5,,(y+t,€,)—5,,(y, E;)]§c[(l+|§])p—1‘°‘6“+ *8—(—2ﬂ2—} (4.10)
&2 £, €[+ 1)

for all £eR". Since £ and 3 can be chosen independently arbitrarily small,
(4.10) proves that a, (., &) is uniformly continuous.

Step 4 [proof of (4.6)]. — Fixed R=0, let us consider for every xeR"
and 2eN the function

g (x, R)=151llp lay (x, &) —a(x,8)|. (4.11)
E1=R

Since we are interested in the limit as 4 tends to + o0, we will suppose
h>R+1, so that f, (|&)=1 for |£|<R.

Let us remark that a(x, .)e M (a, B, c,, ¢,) for almost every xeR", since
ae Mgn, so that

a(x,&)=mn,(a(x,£))
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for a.e. xeR”, for every E€R", and for every heN. By (4.9), we have for
|E|<Rand 0<8=1

|4, (x, &)~ a(x, &) | = |, (o, (x, )~ m, €a (x, ) |
<c[(THRPTITUE+8 72 o (x, ) —a(x, D). (4.12)

Thus, we have to estimate

s ) —a(x, [P < f o (ram) — a (5, ) )
T—h B*

+ |y (M —ae,mPfF(npdn=F+I2 4.13)
{Inl>h}

By (1.3) we have

+
Jfécf In??72f7(In I)dnécf PP 3 fi(p)dp, (4.14)
{in|>h} h
so that lim J;=0. By the definition of &, (1.3), and the Hélder inequality
h -
we obtain

B=Y | lmm—a@mPdn=Y | [Prx)—atx.m)2dn

zei}, Qz I,‘Elhr Qﬁ

=) f,,20Pﬁ(x)—w,é’;)‘lzﬂa(x, g5 —a(x,m)Hdn

=1 | 2POm Pl (]G] Pt G (Thdn
zely Qg

=) 2<i)"IP:(x)~a';(x)L2+chnm—z—z«(i)“._ 4.15)
zely Yu/ Y

Taking (4.12)-(4.15) into account, we obtain for |£|<R and 0<d=1

lay(x, &)= a(x,§)|ScQ+RyP~ 5
+c6‘n/2.(hn/2+p—1J(y,,)‘u(yh)—n/z Z [Pﬁ(x)—af(x)H(Jf)l/z);

zely

an integration gives

J[gh(X, R)dx<c(l+R)P-17%5%

+edmm2 <hn/2 +p—1-a ('Y‘h)‘_a_*_ (,Yh)—n/Z Z ’ P:_ az l dx+ (Jf)llz)

zelp o

<c(1+R)PI7eE

4 n/2
- (hn/m—x—u,(y Y +(Jg)_1/2)_ (4.16)
Hy
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Now, we can choose the sequences (v,) and (i) in such a way that

n/2
hm hn/2+p—1 —a (,Yh)—az llm hn%
h— h — o0 Ky

=0
(for example, v,=h! and p,=A4""). Then, (4.16) gives

lim sup Jﬁgh (x,R)dx<c(1+R)P71725
h— x

By the arbitrariness of 3, the proof is completed. [

Proof of Lemma 4.3. — By the representation Theorem 2. 3 it is enough
to prove that for every £ eR” and for every cube Q in R” the limit

sljrg)( |_Q_|f < Dv+g>dx @.17

exists and is independent of Q, where v, is the solution to the following
boundary value problem

—div<a<§,Dvs+§>>=0 on Q, 4.19)

v, €Hy ?(Q).
Given a cube Q in R” and £ eR" let us prove that

a(f,Dvg-Fi)—ah(f,vaﬂ-i)
€ €

where o is the solution to the following boundary value problem ‘

-div<ah(f,Dvg+§>)=o on Q, 4.20)
e .
veeHy 7 (Q).

For the sake of simplicity we drop in the notation any explicit dependence
on & of v, and " throughout this section. We can write

J < Dv+g> <5,Dv;‘+g> dx
Q

( ,Dv +g>—a<f,Dv2+g> dx
< Dv+§>—ah( Dv+§>

The estimate of J; , and JZ , will be carried out in the following four steps.
Step 1. — Let us fix £eR". As in (3.17) one gets
Do+ E e @ =c|QIA+]E].

dx=0, (4.19)

lim lim sup J
Q

h—> o0 £->0+

+ J8 h+J
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This estimate will be used frequently in the sequel. By the Meyers estimate
(1.6) we have then

IDvg+ & [|arn@pr=c.
Let us fix R=0, e N and €>0, and let us define the set
Up={xeQ:|Duf(x)+&|>R}.
We have then
|UR|RP§J Do+ £ [P d,
Ur

so that, using the Holder inequality, we obtain the estimate

J (1+[Dof+E[7) dx <| Ug [ +| Ug [V?* || Do} + & [[fLp+n "
Ur

gc(R_”+R_p"/("+“’). 4.21)
Step 2 (estimate of JZ ;). — Given R>0 by (1.3) and (4.12) we have

q
(Jg,,,)qgcj a<f,Dv:+§)—ah(f,Dv5+g>
Q € €
q
=CJ a<)—C,Dv2+§>—ah<f,va+§>‘ dx
Ur € €
q
+cJ a<f,va+§>——ah<i,va+§>' dx
Q\\Ur € €

q
§cj (1+|Dv§‘+§]”)dx+cf gh<-’f,R> dx
Ur Q\Ug €

§cf (1+[Dvi‘+§|")dx+c(1+R)j g,,(i“,R)dx.
Ur Q €

dx

By Step 1 we conclude then
l/q
Jf,,,éc((R"’Jr R‘P"/“’+"’)+(1+R)J g,,(f, R)dx) . 4.22)
Q €

Step 3 (estimate of || Dvl—Duv,||1rqy)- — By (4.18) and (4.20) we

have
x x h h —
al =,Dv,+€& )—a,| =,Dvi+E& ),Dv,—Dv! |dx=0,
Q € €

so that by (iii) and (iv) in Definition 1.1 and the Holder inequality we
have

0=J (a(f, Dv5+§>—a<f,Dv§'+&>, Dvs—Dvi'> dx
Q € €
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+j (a(i,Dv:+§)—ah(i,Dvi'+§>, Dv;—Dv'é)dx
Q € £

gczf (1+Isz-!-ﬁl-l—]Dvi'-l-&])"—B]Dvs—Dvﬂde
Q

—J a(f,Dv3+§>—ah<f,Dv2+g>
Q € £

2c(| QY7 +| Do +El|we iy
+{| DY +E [ er @) | Do, — Dot |[fe iy

(.
so that by (4.22) we obtain

x x q 1/q
a(—, Dv:'+§>—a,,<~, va—!-&) dx>
€ €
|| Dut — Do, ||z (@

]Dvg—Dvi']dx

1/p
X(J]D%—[Mﬂﬁh> ,
Q

§c((R""+ R-PVGH) 4 (] +R)j g,,(f,R>dx>. (4.23)
Q € .

Step 4 (estimate of J ,). — By the equicontinuity condition of a and
Holder’s inequality we have

J(a<f,Dve+§>—a(f,Dvg+z;>>dx
Q € €

gclj (1+|Dv,+&|+|Dot+E])P~ ! | Do, — Do} |*dx
Q

1
Js,h—

(p—1-ay
§c11Q]‘/P(j (1+IDv£+§1+]Dv'E‘+E_,|)”dx> ’
° a/p
X(J]Dvs—Dvé‘]”dx> .
Q

a/(B—1)
J,},,,gc((R-H R Py 4 (] +R)j gh<3‘.,R> dx> . (4.24)
Q €

Hence, by (4.23) we get

Taking into account that there exists s>0 such that Q = Q,(0) and

Jgh(f,R>dx§j g,,(f,R>dx
Q € Qs (0) €

gdj g (o Rydxs — = g, (x5, R)dx,
Qs/s 0) l QS/S (O) l Qs/s ©)
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by passing in (4.22) and (4.24) first to the limit as ¢ tends to 0%, then as
h tends to + oo, and eventually as R tends to- + co we obtain (4. 19) By
(4.4) and Theorem 2.3 this implies that

im —— ( ,Dv +§>dx

e 0+
1 X
= lim lim —— X Do+t )d
hlin:o eljr(?-i- [Qlanh(a,D £+&> x )
= lim b,(&)=b(). (4.25)

h— o©

Since the first limit does not depend on Q, the proof of Lemma 4.3 can
be concluded by applying again the representation Theorem 2.3. O

Proof of Theorem 4.2. — Let ae Mgn such that a(., &) is almost periodic
for every £eR”". By Lemma 4.4 there exists a sequence (g,) in Mg» satis-
fying (3.3) (with A possibly depending on #4) such that condition (4.5) is
satisfied. By the homogenization Theorem 3.5 we obtain that for every
heN the limit

G- lim a,,( a) 5 (®)
€

g—> 0+

exists and is independent of x. Hence, by Lemma 4.3 the limit

G— lim a< &) b (&)
€

>0+

exists. Finally, the representation formula follows from (4.25). O

APPENDIX

A. Birkhoff’s theorem for quasiperiodic functions

Before we give a direct proof of Birkhoff’s Ergodic theorem in the
quasiperiodic case, we state Kronecker’s lemma (see, for instance, [30]3. 1).

KRONECKER'S LEMMA. — The set of vectors which are equivalent modulo
T to vectors of the form j(x), with xeR", is dense in RN,

THEOREM A. — Let f:R" - R be a quasiperiodic function in QP (A) (see
Section 3). Then

1
:j:f(x)dx— T LF(y)dy,
where T is defined by (3.2).
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Proof. — Let X=j(R" and Z=X". Let us identify RN=X @ Z. More-

over, let us introduce
. P (0)=7(Q,(0)) x BZ(0),
where B%(0) is the ball in Z of radius s and center 0, and define the set S
by S={zeBZ(0): z is equivalent modulo T to vectors of the type j(7)
with teR"}. By Kronecker’s lemma the set S is dense in BZ(0). Then,
given z €S there exists t=1(z)e R” such that
FGx)+2)=f(x+1)

for every xeR". Since the limit

lim ln f(x) dx=jrf(x) dx

5=+ 8 Jos(

exists uniformly with respect to t (see [30]2.3), given € >0 we have

<&

fx+1)dx— J[f(x)dx

‘ |

5" Jos

for every t1eR”, for s sufficiently large, so that for ze S

1 |

_"J F(j(x)+2)dx— Jff(x)dx’q (A.1)
Qs (@

S

for s sufficiently large. By the uniform continuity of F and the density of

S, the estimate (A.1) holds for every ze BZ(0). By Fubini’s theorem we
have

1
SN F(y)dy
%PE(O)‘ PN (0)
IJ' ( 1 .
=— —_— F(j(x)—l—Z)dZ)dx
5" Jas \ | BZ(0)| Jpz (o)

1 ( 1 [ .
= — F((x)+2) dx)dz,
|BLO)] Jsz o)\ 5" Jo, 0
which by (A . 1) vields that

<E.

1 ~
_ F dy — d
T50) me () dy ][f(x) x

This implies together with the periodicity of F that

1 1 '
— | FO)dy= lm ——— F(y)dy= d
IT!L »dy ) im Y] Jovo (»dy ][f(X) x

- 4+

and concludes the proof.
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B. Regularity of the quasiperiodic solutions of Au=div f

Remark B.1. — Let #" be the completion of Trig, (T) with respect to
the norm ||. ||, introduced in Section 3. Let us denote by #” its dual. It
turns out that for every Se #" there exists Ge (L%(T))" such that

1
I T].=

In fact, since by the map & the space ¥ is isometric to a subspace of
(L?(T))", by the Hahn-Banach and Riesz theorems there exists a function
Ge(L%(T))" such that (B.1) and

I8-=( 717 5 G, feay)”

ITlr 1JT

(S,v)= Z G,@,vdy for every ve ¥ . (B.1

hold. We will write || S ||, =]| Z 3, G, ||y
r=1

THEOREM B. — Let Fe(Trig(T))" and let W e Trigo(T) be the unique
solution to

Y 2W=Y 4,F, in R™ (B.2)
r=1 r=1
Then,
1 1/q "
(—zf]a,wlqdy) < sor| ®.3)
T, =1 Jr ' r=1 lw
with c=¢(T)>0 and 0,= Y a—a~ as defined in Section 3.
=105,

Proof. — Let us define Se #” by
1
E

By Remark B.1 there exists Ge(Lq (T))" such that

{(S,v) ZJ F,0,vdy for every ve# .

(S,0)=— G,0,vdy for every veW’

l lr 1JT
and
G llws =Sl » (B.4)
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By extending G on RN by periodicity we have that
n n
Y 2wW=Y6,G, in 2'RY. (B.5)
r=1

r=1
Let us introduce on RN a new orthogonal base (E)); <;<n With
E,=(,...,1,0,...,0)

N — —
my

E,=(,...,0,1,...,1).

N p— —
ny
We shall denote the new coordinates by
(%,2)=(X1s -+ s Xy 2y + - > Zn—n) ER™.

It turns out that
D, u(x,2)=0,u(y) for every uew’, foreveryl=1,...,n,

where y=(x, z). Hence by (B.5) the function We &> (R" x RN ") satisfies
for almost every ze RN ™"

AW (.,2)=div,G(.,z) in 2'(R").

By elliptic regularity (see, for instance [14]) for every A'cc Acc R”
there exists a constant c=c(A’, A), such that

J |DxW(x,z)|“dx§cJ |G (x,2) |2 dx.

By Fubini’s theorem we get

J f |DxW(x,z)]qudz§cj j |G (x,2)|%dxdz
BJA’ BJA
for every B < < RN"". Choosing A’, A and B such that

TCBXA'CBXA(:H]— 2}\—?,‘;—?[,

Lr

and using finally the periodicity of G, we get
J |D, W (x,z) ]qudzgcj |G (x,2){*dx dz.
T T
By (B.4) we obtain (B.3), and we can conclude the proof. O
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