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ABSTRACT. — We show that the functional

I(u)=J a(|x|)u(x)dx+f h(| x|, Au(x) —du(x)) dx

attains a minimum on the space W37 (B).
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REsuMmE. — Nous montrons que le fonctionnel

I(u)=f a(|xl)u(x)dx+f h(|x|, Au(x) = ru(x))dx
B B

atteint le minimum sur espace W37 (B).

Classification A.M.S. : 49 A22.

Annales de U'Institur Henri Poincaré - Analyse non linéaire - 0294-1449
Vol. 9/92/04/465/14/$3.40/

© 1992 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



466 A. CELLINA AND F. FLORES

1. INTRODUCTION

In this paper, we deal with a class of integrals of the Calculus of
Variations without convexity assumptions on their integrands. More preci-
sely, we consider problems of the form:

Minimizequx ,u(x))dx+J h(| x|, Au(x)—Au(x))dx

P
ue W27 (B) "\ Wi (B) ®
a—u =0 on 0B,
n

where B is the unit ball and A is a non negative number, and we seek
radially symmetric solutions. Qur existence result concerns the case when
g(x|w=a(x)u

In order to gain insight into the mathematical difficulties raised by this
type of problems, it is worthwhile to consider first the case g=0. For this
case, let us remark that the problem of seeking the minimum on the
larger space W2 ? "YW} ? offers no difficulty. In fact, it is enough, in
this case, to take any (symmetric) selection o, in L?, from the map
x+>argmin { #(| x|, .)} and consider the (symmetric) solution u, to the
Dirichlet problem

Au—ku=c(|x|)}

DP
u=0 on JB. (DP)

Then u, is a solution to the given minimization problem. Hence, in general,
this problem admits several solutions, obtained simply as solutions to
Dirichlet problems. However this procedure cannot be used for the same

minimization problem under the additional condition av =0 on 0B, since
: n

the corresponding Dirichlet problem would be overdetermined, so that,
even for this case, a more complex approach is needed.

There are many papers devoted to the existence of solutions to problem
(P) that avoid the convexity assumption on A: however all of them prove
existence of solutions by imposing conditions implying that every solution
to problem (P**), i. e. problem (P) where # is replaced by A**, is in fact a
solution to problem (P). The method of proof goes by showing that along
any solution to (P*¥*), the functions 4 and A** have to coincide almost
everywhere, otherwise the Euler-Lagrange equation would be violated.
This method cannot possibly be applied to cases where there are solutions
to (P**) that are not solutions to (P): in particular it cannot be applied
to the simple case when g=0 and A=0, because, in general, (P**) has
solutions that are not solutions to (P). As an example, take n=2,
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RADIALLY SYMMETRIC SOLUTIONS 467

h(s)=1i(s), i the indicator function of the set { —1, +1}. A computation
shows that the function u, defined by

1/ |xP N 1
—2_<—T+log\/2), if IXIéﬁ

Uy (x)= 2
l(IXI —1og|x|>— %, if \—}§<|x|_<_:1,

2\ 2

. 0
satisfies the boundary conditions: u,=0 and % =0, on 0B and has a
n

Laplacian taking values either +1 or —1, i.e. u, is a solution to the
original problem. However, the convexified problem, where A** is the
indicator function of the interval [— 1, + 1] has, among others, the solution
uy identically zero, i.e., in this simple case, there are solutions to the
relaxed problem that are not solutions to the original problem. Moreover,
since the method mentioned above uses the Euler-Lagrange equation
pointwise, some regularity conditions on the functions g and /4 have to be
imposed. In that spirit Aubert-Tahraoui [A-T2], in case/ independent of
x and g(x,.) convex, proposed a method based on Duality Theory as
presented in [E-T], by generalizing their earlier idea in dimension one (see
[A-T1]), where the required hypothesis was g, (x,u)#0. Raymond ([R],
Annexe 1) gives a direct proof by the Euler-Lagrange equation, by impos-
ing the more general condition, already considered by Aubert-Tahraoui
[A-T2],

2 hEE L (x, 9)+ g, (x, 1) #0,
i=1

for the case & depending on x. These papers seek the minimum on the
space W3'?. An existence result in the space W»? () W{-7 has been given
in [T]. Our result, that contains the case g=0 and allows 4 to be lower
semicontinuous in s and measurable in (x,s), neither contains nor is
contained in any of the papers mentioned above.

Liapunov’s theorem has been used as a tool to prove existence of a
solution for a different minimum problem in [C-C]. In this paper we had,
in particular, to extend the applicability of this theorem to a more complex
operator and boundary conditions.

2. NOTATIONS AND PRELIMINARIES

Throughout this paper, n is an integer, p is a real number such that
2<n<p. B is the unit ball of R* with boundary J0B. For fixed A=0 we
equip the space W 7 (B) "\ W§' 7 (B) with the norm || Au— X u||p».

Vol. 9, n® 4-1992.



468 : A. CELLINA AND F. FLORES

SO (n) denotes the Rotation Group in R™ which has as elements the
orthogonal matrices AeM (n) such that det(A)=1: it is a compact and
connected topological group (see [DNF]). Therefore, given ue W ?(B),
the integral

j u(A x)dp (A)
SO (n)

is well defined, where p is a left (or right) Haar measure on SO (n) with
p(SO@m)=1 (see [C]). By the definition of SO(n), we have that its
elements preserve the inner product, i.e.

{Ax,Ay)>={x,y), VYAeSO(n).

Hence ]Ax]—[x\ Furthermore, fixed xeR”, it is not difficult to show
that:

{AxeR*:AeSO®m)}={yeR™:|y|=]|x|}.
We have the following

PROPOSITION 1. — Let ue W ?(B) "\ W} ?(B) such that ? =0 on 0B.
n
Define u:B - R by

E(x)=J 1 (A x) dut (A).
SO (n)
Then
(a) Ef W2 2(B) N\ Wi ? (B);
(b) % =0 on 0B;
on
(¢) u(.) is radially symmetric;

@) Ai()=|  Au(Ax)du(A).
SO (n)
Proof. — Since |A x|=|x| we have that u vanishes on 0B since u does

so. We use Tonelli-Fubini’s theorem (see [C]) to prove that ue W ?(B).
X | =1

O = (Vir(x),x)
on
—Z—(x)x—z Z—(Ax)au ]dp(A)

j= 1a SO(n)l 1 0&;

f Z—(&)idu(A) (Vu(®),8)du(A)

O(n)i=1 agl SO (n)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



RADIALLY SYMMETRIC SOLUTIONS 469

where £=Ax and §;= ), a;;x;. Since |&|=]|x]|: claim (b) is proved. (c)
j=1 :

LY RS

follows from the previous remark and (d) is a consequence of the definition
of SO(n). H

Let I be any interval in R and denote by .# the c-algebra of (Lebesgue)
measurable subsets of I and, by # (R) the c-algebra of R. We denote by
2 ® % (R) the product c-algebra on I xR generated by all the sets of the
form AxB with Ae¥ and Be#(R). We recall that a function
f:IxR >R is called ¥ ® % (R)-measurable or simply measurable if the
inverse image under f of every closed subset of R is measurable. _

Let & h**(r,E) be the bipolar of the function &+ A (r,&). We have
the following

ProposiTioN 2 ([E-T] Prop. 1.4.1; Lemma IX.3.3; Prop. IX.3.1). —
(a) h**(r,E) is the largest convex (in &) function not larger than h(r,t).
(b) Let h:IxR — R be such that:

(hy) his & ® B (R)-measurable;

(hy) &> h(r,E) is lower semicontinuous for almost all r in 1;

(h3) there exists a positive constant o, such that

h(r,&)=a|&|P— B (r), where the function r—r"~' B (r) is in L' (I). Then

h**(r,a>=min{ Y Mh(nE):E= Y hEs A20; Y xi=1}.

i=1 i=1

(c) Let z(.) be measurable. Then there exist measurable p;:1— [0, 1] and
measurable v;:1 - R, i=1,2, such that:

Lr=1z(= 2 (Do) B (rz ()= X pi() h (.0 (1)

i=1
Finally, we state a version of the famous Liapunov’s theorem.

Prorosition 3 ([Ce] 16.1.V). — Let A be a measurable subset of R™
with finite (Lebesgue) measure, let f, . . .,f, be a integrable functions from
A to R™ and let p,, . . .,p, be a measurable functions from A to [0, 1] such
that:

k
Y pi(x)=1 a.e on A.

i=1
Then, there exists a measurable partition of A, (A));, i=1, ...,k such that
kop

Y| pfidx=Y | fi(x)dx.

i=1JA i=1Ja;
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470 A. CELLINA AND F. FLORES
3. MAIN RESULT

We shall assume the following hypothesis.

Hypotueses (H). — Set I to be [0,1]. The map a:I— R is such that
r>r""la(r) is in L? (I) with p’ the exponent conjugate top. The map
h:I1xR — R is such that

(hy) his £ ® % (R)-measurable;

(h,) Er>h(r,£) is lower semicontinuous for almost all r in L
Moreover:

(h3) there exists a positive constant a, such that

h(r,£)=o|&|?— B (r) where the function ri—r""* B(r) is in L' (I).

THEOREM 1. — Let h and a satisfy hypothesis (H) and A be non-negative.
Assume that the functional | h(| x|, Au(x)—Au(x))dx has a finite value for

B
some u in W2 ?(B) M\ W} 7 (B) such that ? =0 on 0B. Then the problem
n

Minimizej a(|xu(x) dx+j h(| x|, Au(x)—Au(x))dx

ue W»7(B) \ Wy ?(B), )
6_u=0 on 0B, )
on

admits at least one radially symmetric solution.

Proof. — In (a) below we show that the relaxed problem admits at least
one radially symmetric solution; in (b) we write several functions as convex
combinations and apply Liapunov’s theorem to begin defining a candidate
for a solution to the original problem; (c) is a technical integrability result
and in (d) we complete the construction of the solution.

(a) We consider the relaxed problem

MinimizeJ‘ a(|x|)u(x)dx+f ** (| x|, Au(x) — A u(x)) dx )

B B
ue W»?(B)\ Wy ?(B), (P5*)
@ =0 on 0B, S
on

Clearly, h** satisfies the growth condition (4;), therefore a well known
result (see [E-T]) assures that problem (P#¥*) has a solution #. We claim
that we can assume the functionu to be radially symmetric. If it is not so,
we can consider the function u: B — R defined by

u(x)= u (A x)du(A) (1)

SO (n)
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RADIALLY SYMMETRIC SOLUTIONS 471
instead of u, which by Proposition 1 belongs to W2 ?(B) N WP (B), is

such that Ou =0 on dB and u(x)=u(|x|). Let us show that u is another
n

solution to problem (P3*). Jensen inequality and (d) of Proposition 1
imply

P** (| x|, Aw(x) — L (x))
sf ** (| x),Au(Ax)—Lu(Ax)dp(A)<+w. (2)
SO (n)

Moreover, using Tonelli-Fubini’s theorem (see [C]) we have
J j B** (| x|, Au(A x) — A u (A x)) dp (A) dx
B +/SO (n)
=j j h** (| x|, Au(A x)— hu(A x)) dx du(A),
SO(m) VB
but
J ** (| x|, Au(A x)—ru(Ax))dx
B
=J r* (| y |, Au()—ru(p)dy, VAeSO®),
B
so that
f f h** (| x|, Au(A x)— L u(A x)) du(A) dx
B JSO (n)
=f f h** (| x|, Adu(A x)— L u(A x)) dx dp (A)
SO@m VB
=J B* (| y |, Au(y) — A u(y)) dy.
B
Hence, from (2) it follows that
f h**(]xl,AE(x)—-lJ(x))dng B** (| y |, Au () — A u(y)) dy
B B
Similarly we can show that
Ja(]xl)ﬁ(x)dx=f a(|x])u(x)dx,
B B
i.e. u is a radially symmetric solution to problem (P%*).

Vol. 9, n® 4-1992.



472 A. CELLINA AND F. FLORES
(b) Using spherical coordinates we obtain
B** (| x|, Aw (x) — A u(x)) dx

B
n—1

1
=nm,,j Pl <r,ﬁ"(r)+

(o]

u(P)—hu (r)> dar (3)

r

where ®, denotes the volume of the unit ball B. By (c¢) of Proposition 2
there exist measurable functions p; and v;, i=1,2; such that

2
Y p:(=1p;(N=0, i=1,2 )
i=1
2
S 5 (D)= )+ "L (- ra ), (5.9)
i=1 r

-1
r

Y pi(r) I (r, v, () = h** (r, 0+

i=1

u(r—Au (r)). (5.b)

On the other hand by Lusin’s theorem there exist a sequence (K;); of
disjoint compact subsets of I and a null set N, such that I=N U (UK}

J
and the restriction of each of the maps ri—h(r,v;(r)) to each K; is
continuous.

Consider the two functions ¢ and Vs, both belonging to
W27 (B) \ Wy ?(B),

where ¢ is the (radially symmetric, see for instance [G-T]) solution to the
Dirichlet problem

Ap—rp=1
P (©)
=0 on JB.
and V¥ is the (radially symmetric) solution to the problem
AY—2y=a(x) N
Yy=0 on 0B.

At this point we apply Liapunov’s theorem to construct from U a new
function u, that will be a solution to the original problem.

By Proposition 3 there exists a measurable partition of each K;, (E; );
i=1,2, such that: for everyj,

2 2
Y| p P the o) dr=Y | e, O hCo@)ds ©)

i=1 Jx; 2i=1 K;
2
S| prto(ndr=73 J Xe, (N o () dr; )
i=1JK; i=1JK;
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RADIALLY SYMMETRIC SOLUTIONS 473

2 2
Y| @ toendr=Y | xe " v e dr (10)

i=1JK;j i=1 K;

2 2
Y| TtV @dr=Y | xs, (DT oV (1)

i=1 Kj i=1 Kj
(c) We claim first that the map
© 2
r— Z Z XEi,j(r)rn_lh(r’vi(r))

j=1 i=1
belongs to L (I). If it is so,
|ZXE,-,J~(") =P, (r) |”=_Z')(E,-,j(f)r"_1 |v: (r) P
i, J L]

1
< =Y e, , 07 B m (D +BO),

i.e. the map

r— Z in, j (r) r(n i v; (r)
Lj

belongs to L? (I) or, equivalently, the map
x> Y am, (x Do (x]) (12)
i,j
belongs to L?(B). To prove the previous claim, first, notice that, from
(5.b), the map
r= Y p: (" h(r, v (r)

is integrable. On the other hand the sequence of maps

Za(D=3 { X Ae, ;O R0, (D) FB N}

jsm i

is monotone non decreasing and

j zu(dr=3 | Yxg, O (@ o)+ BE)dr.

] JEm Kj i
Set S,,= U K. By (8), the right hand side equals
jsm
) J Yo (B (v (D) +B (D) dr
ismJK; i

=f1xsm(r)ﬂ"(h** (r,ﬁ"(r)+ "_1&'(r)—x&(r)>+ﬁ(r))dr
0 r

éj‘ et (h** (,,,;u(,)J, n—1 ,;'(r)—xzi(r)>+3(r)>dr< 0.
r

o
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474 A. CELLINA AND F. FLORES
Hence

1
1 Y ;O B v )+ B () dr= j (lim z,, (r)) dr
o m

0 i j
1 1
=Iimf zm(r)dr=J r""1<h**<r,12"(r)
m 0 o

4l ﬁ'(r)—xﬁ(r))w(r))dr.

The latter implies

1
Z Xe,, (D" h(r o (D) dr
0 i Jj
! -1 “rr n—1 “r -~
= it (N + —— o' () —Au(r) | dr, (13)
0 r
so that the claim is proved.
(d) Since E, ;,i=1, 2, is a partition of K;, we have

h(r, 2 xe, ; (N0 (D=2 X, ; () R (0, ().

. J?

Therefore from (3) and (13) it follows that
j pE* (tx|,Aﬁ(x)—kﬁ(x))dx=J h( x|, .Z.XE"'qu Do (| x|)dx. (14)

Now, let u be the (unique) radially symmetric solution to the Dirichlet
problem

Au—ru=Y g, (| xDoi(|x]) (15)
i J
u=0 on 0B. (16)
We actually know that ue W ?(B) ([G-T]), i.e. that
ue W22 (B) "\ Wi 7 (B).

Notice that, from (12), the right hand side of (15) is in L?(B). We claim
that the function u is a solution to problem (P,). To infer it, we shall
prove that:

? =0 on 0B or, equivalently,
n

in spherical coordinates, that ' (1)=0; (17)
J‘ h** (| x|, Au(x)— A (x)) dx=J h(| x|, Au(x)—ru(x))dx; (18)
B B

Ja(lxl)ﬁ(x)dx=j a(|x|)u(x)dx. (19)
B B
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Ad (17). First, remark that (15) in sphertcal coordinates implies
rt u'(r)=kj st u(s)ds+f

Y Ax, ;(8) 0 €s) ds. (20)
0 0 ij

Then

u'(1)=xff—1u(s)ds+fs~-fZxﬁi,,-(s)viés)ds

[ ]

=X‘rs"_1u(s)ds+z s"_IZXEi’j(s)v,.(s)ds

0 i Kj
=k[1f_1u(s)ds+2 | "7y pi(s)vi(s) ds

] J JK;j

=xff—1u(s)+f1s"-lzpi(s)vi(s)¢v

0 0 i

=xj1s"—1u(s)+f(s"—1ﬁ'(s))'ds—xfs"'lﬁ(s)ds
[ [}

0

=XJ1s"_l(u(s)—ﬁ(s))ds,

o

where we have used (9) and (5.4) and #'(1)=0. On the other hand, by
taking into account (6), we have

nm,,jl st (u(s)—ﬁ(s))d¥=J (u(x)—u(x)) dx

0

= f (Ap ()= Ao (X)) (u(x) — u (x)) dx.
From Green’s Formula we have

f A (x) (u(x)—u(x)) dx= J @ (x) (Au (x)— Au (x)) dx
B

B

so that

nco,fls""l(u(s)—l?(s))ds

44

=I @ () (Aue (x) — A (x) — Ak (x) + A 1 (x)) dx

=n0, [ 7 (S 10,000~ TrOuO o ds

o}
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476 A. CELLINA AND F. FLORES

The last integral equals

nng{j S"_IZxai,,(s)vi(s)w(S)dS—J

K;j

51 Zpi (5)v; () @ (s)ds }
and, from (10) we conclude that

u'(l)=kjls""l(u(s)—z;(s))ds=0.

0

Ad (18). This is a straightforward consequence from (14) and (15).
Ad (19). From the definition of Y, '

j a(|x|u(x)dx= J (AY (x)— A (X)) u (x) dx.
B B

By means of Green’s Formula the right hand side can be written as

J (Au(x)— X u ()Y (x) dx.

Taking in account (15) in spherical coordinates, the last integral equals

1
nmnj r"_legi,j(r)vi(r)\ll(r)dr

0

=ne,y, r"_IZin’j(r)vi(r)\Il(r)dr

Jj JKj

=no, Y | " Yp() o) ()dr

Jj JK;

=nm,,flr"“Zp,-(r)vi(r)\ll(r)dr

=J (Au (x) = A u (X)) ¥ (x) dx
=J (A\l'(X)—W(X))ﬁ(X)dx=J a(|x|u(x)dsx,

where we have used (11), (5.4a) and (7), and the proof is complete. This
proves that u is a radially symmetric solution to problem (P,). W

Remark. — In the scalar case; n=1, p>1, B is the interval ]—1, +1[.
In this situation the proof remains as before (setting n=1), except only
that we take

- 1- 1.
X)=—u(x)+ -u(—
u(x) 2u( ) zu( x)
instead of that defined in (1).
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