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ABSTRACT. — We show that every functional which is defined on the
space .# (£2; R") of all R” valued measures with bounded variation on Q,
and which is local and sequentially weakly* lower semicontinuous, can be
represented in a suitable integral form.

RESUME. — Représentation intégrale de fonctionnelles nonconvexes défi-
nies sur des mesures. — Une formule de représentation intégrale est

établie pour toute fonctionnelle définie sur Pespace .4 (Q; R™) des mesures
boréliennes sur  a valeurs dans R", qui est locale et séquentiellement
semicontinue inférieurement pour la topologie * faible.

1. INTRODUCTION

In a recent paper (see Bouchitté & Buttazzo [3]) we introduced a class
of functionals defined on the space .# (Q; R™) of all R*-valued measures
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102 G. BOUCHITTE AND G. BUTTAZZO

with bounded variation on Q; more precisely, we considered functionals
F: . (Q; R") > [0, + 0] of the form

F(X)=jf<x,@>du+J o (x, X‘)+J glx, x(x)ds (1.1
Q du O\ A Ay

where p is a given finite positive non-atomic measure on Q, f, ¢, g are
suitable Borel functions on Q x R*, A= (dA/dp) p+ A* is the usual Lebesgue-
Nikodym decomposition of L with respect to p, A, is the set of all atoms
of &, and # is the counting measure. Under suitable conditions on the
integrands f, ¢, g, we proved that the functional F in (1. 1) is sequentially
lower semicontinuous with respect to the weak* convergence in .# (Q; R").
We stress the fact that, due to the presence of the “atomic term”

j .g(x, A(x))d#, in general the functional F in (1.1) is not convex.
Ay

Moreover, when f® =@ =g (where ™ (x, 5) denotes the recession function
of f(x, s) with respect to s), the functional above reduces to the well-
known form

F(X)=Jvf<x,@)du+ff°°(x, 25 (1.2)
Q dpu Q

studied by Goffman & Serrin [11], and more recently by Valadier [16],
Demengel & Temam [9], Bouchitté [2], De Giorgi & Ambrosio &
Buttazzo [8]. In these last two papers it is also proved that (1.2) is the
most general form for a mapping F: . (; R") —[0, + o] which is
convex, sequentially weakly* Ls.c., and additive in the sense that

FA+v)=FM)+F() whenever ALv. (1.3)

Then, the following question naturally arises: given a sequentially
weakly* ls.c. and additive (in the sense of (1.3)) mapping
F: 4 (Q; R") > [0, + 0], not necessarily convex, can we find three Borel
functions f, @, g such that the integral representation formula (1.1) holds?
In the present paper we answer affirmatively this question (see
Theorem 2.3) and we list some conditions on f, ¢, g which are necessary
for the lower semicontinuity of F. Moreover, we show that under a
very mild additional hypothesis, these necessary conditions are actually
sufficient (see Theorem 2.6): this extends our previous semicontinuity
results obtained in [3]. Finally, the uniqueness of the representation of F
in the form (1.1) is discussed (see Proposition 2.9).

The integral representation result of Theorem 2.3 will be used in a
forthcoming paper to characterize the lower semicontinuous envelope of
a given nonconvex functional like (1.1).
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INTEGRAL REPRESENTATION OF NONCONVEX FUNCTIONALS 103
2. NOTATIONS AND STATEMENT OF THE RESULTS

In this section we fix the notation we shall use in the following. In all
the paper (Q, #) will denote a measurable space, where Q is a separable
locally compact metric space with distance d and 4 is the c-algebra of all
Borel subsets of Q. For every vector-valued measure A: 4% — R” and every
Be % the variation of A on B is defined by

|A|(B)=sup { Y. |A(By]|: U B,=B, B, pairwise disjoint }
h=1

h=1

In this way, the set function B — | A |(B) turns out to be a positive measure,
which will be denoted by |A].

In the following we shall consider the spaces:

C, (Q; R"): the space of all continuous functions u: Q — R" “vanishing
on the boundary”, that is such that for every £> 0 there exists a compact
set K, =Q with |u(x)|<e for all xe Q\K,;

A (€; R™): the space of all vector-valued measures A: 4 — R” with finite
variation on Q. It is well-known that .# (Q; R") can be identified with the
dual space of C,(Q; R") by the duality

(A, u>Q=J udh(ueCy(Q; R"), e # (; R"),

Q

and for every Ae.# (£; R") we have
IM(Q)ZSUP nes ”>n‘3u€C0(Q; R"), lu“Co(n;n")§1 }

The space .# (©; R") will be endowed with the weak* topology deriving
from the duality between .# (Q; R") and C,(Q; R"); in particular, a
sequence {,} in 4 (€; R") will be said to w*-converge to e .# (Q; R")
(and this will be indicated by A, — ) if and only if

s uDq > (A, UDg for every ueC, (Q; R").
In the sequel, we denote by p: 4 — [0, + oo [ a positive, finite measure.

DerFmniTiON 2.1. — We say that he 4 (Q; R") is
(i) absolutely continuous with respect to | (and we write A< ) if

|A|(B)=0 whenever Be # and u(B)=0;
(i1) singular with respect to | (and we write L L) if
[A[(Q\B)=0 for a suitable Be # with 1 (B)=0.

In the following, given u€ L' (Q; R"; p) we shall denote by u p (or simply
by u when no confusion is possible) the measure of .# (Q; R") defined by

(up) (B)= j udu for every Be 4.
B
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104 G. BOUCHITTE AND G. BUTTAZZO

moreover, if u: - R is a bounded Borel function and Ae.# (2; R"), we
denote by u A the measure of .# (Q2; R")

(u)»)(B)=J\ udh for every Be4.

B

It is well-known that every measure Ae.# (Q; R") which is absolutely
continuous with respect to p is representable in the form A=up for a
suitable # e L' (Q; R"; p); moreover, by the Legesgue-Nikodym decomposi-
tion theorem, for every Ae.# (Q; R") there exists a unique function
ueL'(Q; R" p) (often indicated by dA/dp) and a unique measure
Ae A (Q; R™) such that

) A=up+Ars;

(ii) A*®is singular with respect to p.

If ¢: QxR" [0, o] is a Borel function, with ¢ (x, .) positively 1-

homogeneous for every xeQ, it is well-known (see for instance Goffman
& Serrin [11)]) that for every Be # and every Ae .4 (Q; R") the quantity

J (p()c, @) d3
B d9

does not depend on 9, when 9 varies over all positive measures such that
|A|«9. Therefore, in the following, we shall denote the quantity above

simply by
J @ (x, 1)
B

For every subset B of Q we denote by 1, the function
1 if xeB

lg(x)= .

0 if xe\B;

moreover, for every x e we indicate by 8, the measure of .# (£; R)

5(B)={ 1 if xeB
¥ 0 if xeQ\B.

Besides to .# (§2; R™) the following spaces of measures will be consi-
dered: .#°(Q; R the space of all non-atomic measures of .# (€; R");
H*(Q; R™) the space of all “purely atomic” measures of .# (; R"), that
is the measures of the form

A=) a8, (x,€Q, g;€R").
i=1
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INTEGRAL REPRESENTATION OF NONCONVEX FUNCTIONALS 105

It is easy to see that for every Ae.# (Q; R") there exist two unique
measures A’e #°(Q; R") and Afe.#*(Q; R") (respectively called non-
atomic part and atomic part of A) such that A=A°+A% In other words
we have

M (Q; RY=4°(Q; RHYD.#*(Q; R").
For every A e.# (Q; R") we simply write A (x) instead of A({x}), and we
denote by A, the set of all atomes of A, that is
A, ={xeQ:A(x)#0].

For every proper function f:R"—]— 00, + o0] we define as usual the
conjugate function f* by

S*(s)y=sup {sw—f (w):weR"} (seRY),
and the recession function f* by

Se@=sup {f(s+D)~f():teR", f ()< + 0 | (seR".

When fis convex and ls.c. it is well-known that f* is convex ls.c. and
proper, and we have f**=f, moreover, in this case, for the recession
function f* the following formula holds (see for instance Rockafellar [15]):

fo@s)= lim 1ot

t ++ o0 t

where s, is any point such that f(sy)< +co. It can be shown that the
definition above does not depend on s, and that the function f* turns
out to be convex, l.s.c., and positively 1-homogeneous on R”.

In the sequel we deal with Borel functions f: Q X R" — [0, + o0] such
that f(x, .) is convex Ls.c. and proper for p-a.e. xeQ. For this kind of
functions we define for every (x, s)e QA xR"

@y, ,(x, s)=sup {u(x)s:ueCO(Q; R"), fﬂ(x, wdp< +oo}

The function ¢, (x, ) is Ls.c. in (x, s5), convex and positively 1-homogen-
eous ins, and we have (see for instance Bouchitté & Valadier [4],
Proposition 7)

@, (x, IS (x, ) for p-ae. xel
Qs ,(x,.)=f"(x,.) for every xeQ
if the multimapping x — epi f*(x, .) is Ls.c. on Q.

In particular we have ¢, ,=f“ when f does not depend on x.
For every function g:R" - [0, + oo] with g (0)=0 we define

g (1s)

g8 ()=lim sup ==~  (seR™;
+ t

t~0
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106 G. BOUCHITTE AND G. BUTTAZZO

moreover, g will be called subadditive if
g(sy+5)=g(s)+g(sy) for every s, s,€R"
We remark that g is subadditive if and only if g* <g, hence g = g for
every subadditive function g with g(0)=0. Finally, if g: Qx R" - [0, + 0]
is a function, we denote by g: Qx R" - [0, + oo] the function
g(x, $)= lim inf g(y, £).

(y, )= (x,5)
y¥Ex

The following proposition holds (see Bouchitté & Buttazzo {3],
Proposition 2.2).

ProposiTion 2.2. — Let g:R"— [0, + o0] be a subadditive l.s.c. function,
with g (0)=0. Then we have:

() the function g°:R" [0, + o] is convex, Ls.c., and positively 1-
homogeneous;

(i) g°(s)=sup

t>0 I

26 _ 809
t

+

for every seR".
=0

The following theorem is our main integral representation result for
functionals F: . (Q; R") - [0, + o0].

THEOREM 2.3. — Let F: .4 (Q; R") - [0, + 0] be a functional such that

(1) F is additive (i.e. F (A+v)=F (A\)+ F (v) whenever A Lv);

(i) F is sequentially weakly* ls.c. on 4 (Q; R").

Then there exist a non-atomic positive measure ue 4 (Q) and three Borel
Sunctions f, @, g : QX R” - [0, + 0] which satisfy

(Hy) f(x, .) is convex and l.s.c. on R”, and f (x, 0)=0 for p-a.e. xeQ,

Hy) [ (x, )=0, ,(x,.) for p-a.e. xeQ,

(H;) g and g® are Ls.c. on QxR", and g (x, 0)=0 for every xeQ,

(Hy) g7 =0, and g” <g on Q% R",

(Hs) g0=(p=(\[)ﬁu on (QN\N) X R", where N is a suitable subset of Q,
and such that for every ke # (Q; R") the following integral representation
Sformula holds:

F(K)=Jf<x,d~x) dp+f o(x, KS)+J glx, A(x)ds. (2.1
Q d“ ONAL Ay

Remark 2.4. — The function g(x, .) in Theorem 2.3 is not, in general,
subadditive for every xeQ (see Example 2.7); however, setting

D={xeQ:g(x,.) is not subadditive }, 2.2

we may prove that D is at most countable. Indeed, let (x,, s,, T,) a
sequence which is dense in

epig={(x, 5, NeQxR"xR:g(x, 5)<r},

Annales de "Institur Henri Poincaré - Analyse non linéaire



INTEGRAL REPRESENTATION OF NONCONVEX FUNCTIONALS 107

and let D:={xh:heN}; it is enough to show that D<D’. Since by (H,)
itis g®=<g, by (2.2) we have

Dc{xeQ:g(x, s)<g(x, 5) for some seR"}.
Hence, if xeD, it is
g(x,s)<r<g(x,s) forsome seR" reR, 2.3)

so that (x, 5, r)eepi g; then there exists a subsequence (Xp,> Shy> Th) CON-
verging to (x, s, r). Assume by contradiction that x¢D’; then Xy, # X for
every keN, so that

g(x, )< lim inf g (x,,, s, ) <lim inf T =7
k— + oo k— + oo

which contradicts (2. 3).

Remark 2.5. — Conditions (H,;)— (Hs) are not sufficient, in general, for
the weak* lower semicontinuity of the functional (2. 1) (see Example 2. 8).
However, they become sufficient (see Theorem 2. 6) if the set D introduced
in (2.2) has no accumulation points.

The following lower semicontinuity theorem is an extension of a previous
result obtained by us (see Bouchitté & Buttazzo [3]) under the assumption
that g (x, .) is subadditive for every xe Q.

THEOREM 2.6. — Let pe.# (Q) be a non-atomic positive measure and
let f, ¢, g: Q*R"—>[0, + 0] three Borel functions satisfying conditions
(H,)—(Hs) of Theorem 2.3. Assume in addition that the at most countable
set D introduced in (2.2) has no accumulation points. Then the functional
F defined in (2.\) is sequentially weakly* ls.c.

Example 2.7. — Let Q=]—1, 1, let pu be the Lebesque measure on Q,
and let £, o, g: QxR" - [0, + 0] be the functions

f(x, 5)=]s|?
(x S)z{o if s=0
L B

kls|* if xs=0(k>0)

glx, s)={+oo if xs#0.

Then it is easy to check that all conditions of the semicontinuity
theorem 2.6 are fulfilled; indeed it is
g°°=§=(Pf,p=cp=f°° on QxR,

and the set D introduced in (2.2) reduces to {0}, that is g(0, .) is not
subadditive.

Vol. 9, n® 1-1992.



108 G. BOUCHITTE AND G. BUTTAZZO

Example 2.8. — Let Q, n, f; @ be as in Example 2.7, and let
g: QxR - [0, + o] be the function

0 if s=0
g(x, 5)=9sk|s]* if x=1/k with keN
+ 00 otherwise.
Then it is easy to check that all conditions (H,)—(Hs) of Theorem 2.3
are fulfilled; indeed it is
g°°=g:=(pf,p=(p=f°° on QxR.

However, the functional F defined in (2.1) is not weakly* l.s.c. In fact,
take A=48, and

h
A=Y

kzh k2

We have A, —» A and F(A)= + oo, whereas

Oy k-

AT
lim inf F (A,)=lim inf } k =,

h-+o E—+w k2h k2 2
Note that the set D introduced in (2.2) is in this case the set { 1/k: keN}
which has 0 as an accumulation point.

We now discuss the uniqueness of the integral representation of F in
the form (2. 1).

ProrosiTioN 2.9. —~ Let pe# (Q) be a positive non-atomic measure, let
fs 0, 8:QxR" [0, +o0] be three Borel functions, let F e the functional
defined in (2. 1), and let A be the set

={xeQ:f (x, )#¢(x,.)}.

Then, another representation of F in the form

Jfl( d)V)dul f @, (x, AS)+J' g (z, A(x)) dt 2.4
Q du, A, A

holds, where in (2.4) f¥(x, )=0,(x,.) for p-ae. xeQ and A* is the
singular part of \ with respect to y,, if and only if we have
(i) g=g, on QxR",
(i) there exists a countable subset N of Q such that o=¢, on
(ONN) xR",
(iit) There exists oL (Q; u,) such that 1, p=oy,,
(iv) there exists a Borel subset M of Q with u, (M)=0 such that

S if a(x)#0
£i(x )= a(x)f(x,a(x)> if olx)#

(. 5) (=0 on (M) xR".
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INTEGRAL REPRESENTATION OF NONCONVEX FUNCTIONALS 109
3. PROOF OF THE RESULTS

In this section we prove Theorem 2.3, Theorem 2.6, and
Proposition 2.9 stated in Section 2. We shall use some preliminary results
which we state separately in the following lemmas.

LemMMA 3.1. — Let F: 4 (; R") > [0, + 0] be a functional satisfying
conditions (i) and (ii) of Theorem 2.3. Then the Moreau-Yosida regulariza-
tions F, defined by

F,)=inf {[FW+k|A-v]:ve# (& R"}
satisfy (i) and (i) too. Moreover we have
F=sup {F,:keN}. 3.D

Proof. — Equality (3.1) is a well-known consequence of the fact that
F is lsc. with respect to the norm topology (see for instance
Proposition 1.3.7 of Buttazzo [6]).

Let us prove property (i) for F,. We first notice that for every
he # (Q; R and Be ® there exists ne.# (; R") such that

F,(g)=F(gn)+k{lzn—131|
Indeed, there exists ne.# (£; R") such that the infimum in the definition
of F, (151) is achieved, so that
Fo(IlyM=FM)+k|[n— 1A [[ZF(Ign)+k|[1gn— 15 [|2F, (15}).
Now, if B,, B,e# with B, "\ B,=(, and Ae.# (Q; R, we have for
suitable 1, n,e 4 (Q; R
Fi(1g, M+ Fk(le )= F(lgn)+ F(lg,n,)
+kl| lBlni_ 131)““+k“ lenZ_ lex“

= F(lBl n, + 1B2 nZ) +k“ le Ll + 132 N2~ lBluBz A I] é Fk(lBluBz )\‘)3

which proves F, is subadditive. The superadditivity of F, follows from

the fact that F, is an infimum of additive functionals.
Finally, we prove property (ii) for F,. Let A, — A be such that

lim infF, (A,) < + 0.

h~ o
Then for suitable n,e.# (Q; R") we have
F () =F () + k[ ne =2,
Possibly passing to subsequences we may assume 1, is bounded in

A (Q; R") and weakly* converges to a measure ne.# (Q; R"). Therefore,
by the weak* lower semicontinuity of the norm in .# (Q; R") we get

lim inf F, (4) 2F () +£ | n -1 |2 F, (),

h—» ©
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110 G. BOUCHITTE AND G. BUTTAZZO

and the proff of the lemma completely achieved. W

Lemma 3.2. — Let F: .l (Q; R") - [0, + ©] be a functional satisfying
conditions (i) and (ii) of Theorem 2.3, and let v be a positive non-atomic
measure of A (Q). Then there exist two Borel
Sunctions j, f-QxR" - [0, + oo] such that

(@) j(x,.) and f (x, .) are convex Ls.c. and j(x, 0)=f (x, 0)=0 for every
xeQ;

(b) [ (x, )=0, ,(x,.) for every xeQ;
(c) FW)= J_j(x, d\/dv) dv for every h<«v;

Q
(d) E(l)=f f(x, d\]dv) dv+j Qs (x, X)) for every \e.d (Q; R");
Q Q
where F is the functional defined by
A .
Fv(x)={F( )T kv (3.2)
+ o0 otherwise

and where F, denotes the greatest sequentially weakly* ls.c. functional
which is less than or equal to F,.

Proof. — Let us define J: L' (Q; R™ v) - [0, + o0] by setting
J@@)=F(uv)  forevery ueL!(Q; R v);
it is clear that

J is sequentially weakly l.s.c. on L (Q; R”; V)
J is additive on L (Q; R v)(i.e. J (u+7)
=J (u)+J (v) whenever uv=0 v-a.e. on Q).

Therefore (see for instance Hiai [12], Ioffe [13], Buttazzo & Dal Maso [7],
or the recent book of Buttazzo [6]) there exists a Borel function
JiQXR">[0, +o0] such that j(x,.) is convex and ls.c., j(x,0)=0 for
every xeQ), and

J(u)=J J(x,uydv  forevery ueL!(Q; R v),
Q

so that (c) is proved. The functional F, is then convex, proper, and
sequentially weakly* l.s.c. on .# (Q; R"). Therefore (see for instance Dun-
ford & Schwartz [10], Chapter V) F, is topologically weakly* ls.c. on
A (©; R"), and so, by a standard argument of convex analysis,

F,=F}*.
By a theorem of Rockafellar [14], we have

F*(uw)= f J¥(x, uydv for every ueC,(Q; R",
Q

Annales de I'Institut Henri Poincaré - Analyse non linéaire



INTEGRAL REPRESENTATION OF NONCONVEX FUNCTIONALS 111

so that

F,=FF=sup {f udl—fj*(x, wadv:ueCg,(Q; R")}.
Q Q

By Theorem 4 of Bouchitté & Valadier [4] we obtain
E(X)=J‘ f(x, @> dv+J h(x, )  forevery Ae.#(Q;RY,
Q dv Q

where h=¢; , and
flx, )=, )th*(x,.)) for every xeQ.
From Proposition 7 of Bouchitté & Valadier [4] it follows
fe(x, )=h(x,.) for v-a.e xeQ,

so that it remains only to prove that A=¢, ,, that is

Jj*(x, u)dv<+oo¢>ff*(x, uydv< + oo
Q Q

for every ueC,(Q; R").

Since f*=j*+ h* = j*, the implication <« in (3. 3) is obvious; conversely,

(3.3)

if ue Cy(€; R with f J¥(x, w) dv< + oo, by definition of 4 we have

Q
*(x, =0 for every xeQ,
which yields
J¥(x, w=f*(x, v for every xeQ.H

COROLLARY 3.3. — Let F be as in Lemma 3.2. Then F is convex on
MO (Q; R™).

Proof. — Let Ay, A, e4°(Q; R") and let v=|A,|+]|A,| By Lemma 3.2
we get

F(r,+(A-02)=tFQR)tA—-)FQ,) for every t€[0,1]. W

We are now in a position to prove our results.

Proof of Theorem 2.3. — Possibly passing to Moreau-Yosida regulariza-
tions F,, using Lemma 3.1, and letting k£ — o0, it is not restrictive to
assume on F that

[F(A)—F A |Sk||Ay— 2| for every Ay, Ae 4 (Q; R").(3.4)
Let us define on .# (Q; R") the functional
3 0 . n
FO(X)={F(D if )»e/l (Q; R")
+ o0 otherwise.

Vol. 9, n° 1-1992,



112 G. BOUCHITTE AND G. BUTTAZZO

For every ue C, (Q; R") we have
(F%)* (w)=sup { j udh—F°(\):he. 4°(Q; R") }
Q

and by the Lindeloff property of C,(Q; R"), the supremum above is
attained by taking a suitable sequence (A,) in #°(Q; R") (independent
of u). Setting

_ ¥ oh Ml
R TN
we have that p is a positive non-atomic measure of .# (), and
{AheN}c{hed (Q; R :A<p}c®(Q; RY).
Therefore, for every ue C,(Q; R"),

(F%)* (w)=sup {J udh—F°(A): A «p } =(F)* (),
Q

where F, is defined as in (3.2). Now, by Lemma 3.2 and Corollary 3.3,
F, and F° are convex; then

FO=(FO)** = (F,)** =F,
Hence, by Lemma 3.2 there exists a Borel function f:QxR" - [0, + 0]
with f (x, .) convex and ls.c. and f (x, 0)=0 for every x€Q, such that

ﬁf(m:f

f(x,@)dwf 97,06 %) forevery hed (@ RY)
Q dn Q

(3.5
We remark that, since F is sequentially 1.s.c., it is F=F° on .#°(Q; R.
Let us define for every (x, s)e Q xR"
o(x, =0, ,(x,5) and  g(x, )=F(s3)).
It is easy to verify that condition (3.4) implies
lf(X, sp—f(x, 52)l§kls1_szl
I(P(xa 51— (x, Sz)léklsf"szl (3.6)
Ig(x, 5)—8g(x, Sz)lékisx—sz !

By using the additivity and the lower semicontinuity of F, for every integer
M and every Le.#*(Q; R") of the form

A=Y 53,
heN
we obtain
M
Y F8,)SFRME Y F(s,d,,),
h=0 heN
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which yields

F)=1 g(x A(x))dt.
VA

Therefore, for every A e # (; R") we get

r
FM)=FQ)+FAH=F, A"+ | g(x M(x))d#
J A

=ff(x,@>du+J o (x, xs>+f g(x L () dt,
Q du Q\Ay Ay
that is (2.1).

It remains only to prove properties (H;), (H,), (Hs). The lower semicon-
tinuity of g and the fact that g (x, 0)=0 for every x € Q follow immediately
from the definition of g and from the lower semicontinuity of F; then
property (H;) will be achieved if we prove that g is ls.c. Since the
recession function F® of F is sequentially weakly* 1.s.c. (being supremum
of sequentially weakly* l.s.c. mappings), it will be enough to show that

F*(53,)=g%(x, 5) for every (x, s)eQxR",
Every measure Ae.# (; R") can be decomposed in the form A=¢06,+v
with v19,, therefore, by using the additivity of F, we have
F®(s8,)=sup {F(s8,+A)—FQ):Ae (4 R"), FA)< + o0}
=sup {F((s+08,)—F(8):1eR, F(18,)<+ 0 }
=sup {g(x,s+D)—g(x, H:1eR", g(x, N< + o0 }=g"(x, 3).

In order to prove (H,) let us fix xeQ and seR". By (3.5) we get
0y, (x s)=F%(s3,), hence, since F<F°, we have

g(x, )=F(s8,)SF°(s8)=¢; ,(x, 5).
By the subadditivity of ¢, ,(x, .) this implies

ga0 (x’ S)é(Pf’u(X, S).
In order to prove the inequality g*<g, let teR" and let
x,€QO\{x}, s5,€R" be such that x, - x, s, » 5, and

gx, 5)= lim g(x, 3.
h>+w
Taking A, =1t6,+5,0,, we obtain A, - (1+5) 6, and, by the lower semicon-
tinuity and additivity of F,
g(x, s+ =F((s+1)35,)<lim inf F (A,)

h—> +

=lim inf [F (¢3,)+ F (5,8, )]=g (x, +g(x, 5).

h-> +

By the definition of g®, this implies that g (x, 5) S g (x, 5).
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Let us prove now condition (Hs). From the definition of ¢ and from
(Hy) we get g<g” <0, ,=¢ on QxR hence, by the homogeneity of ¢,
it is g°< ¢ on Q x R". Then we have just to prove that the set

N={xeQ:g°%(x, s)<@(x, 5) for some seR"}

is at most countable, which is equivalent, by Lemma 3.1 of Bouchitté &
Buttazzo [3], to show that v(N)=0 for every positive non-atomic measure
ve# (). By (3.6) it will be enough to show that

j o (x, s)dv§J g%(x, s)dv 3.7

for every positive non-atomic measure ve.# (Q), every compact subset K
of Q, and every seR". Fix £>0, for every heN let (B; ), be a finite
partition of K into Borel sets whose diameter is less than 1/A, and let

S;n=sv(B; ). If D is the set defined in (2.2), we may find x; ,eB, ,\D
such that

g (xip 5)Set+g’(x,s)  forevery xeB; \D;

moreover, since g (x; ,, .) is subadditive and D is at most countable (see
Remark 2.4), we have

g(xi, s Si, h)égo (X, 1 55, h):V(Bi, h)go (xi, ho 5)§f [8+g0 (x, $)]dv.

Bi,h

It is easy to see that the sequence
Ay = Z Si,hax,-,;,

iely
weakly* converges to 1y sv, so that, by the lower semicontinuity of F,

jf(x, s ﬂ) du+j o(x, s)dv'=F(lgsv)<lim infF (%)
K dn K

h— oo

=lim infz g(x; 5 5, ) S lim inf Z v(B; h)go (Xi 1 8)

h = oo el h>+ o el

<lim inf j‘ [e+g°(x, 9)]dv=ev(K)+ j 2%(x, s)dv.
Bi n

h— o jely K

Letting £ — 0 and substituting s with zs (1> 0), we get

J lf(x, ts fi!) dp+j o (x, s)dvséj g%(x, 5)dv,
kK I dl.l K K

and passing to the limit as t » + oo, using the homogeneity of 1,

Jf"o(x, s) @du+J o (x, s)dvs§J 2% (x, s)dv.
K dp K

K
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Recalling condition (H,) already proved, we obtain (3.7), and so the
proof of Theorem 2.3 is completely achieved. W

Proof of Theorem 2.6. — Let A, — )k and set A,=lgp pA, and
A = 15\, Possibly passing to subsequences, we may assume that A; — A’
and A — A" with A’+A"=A, and that F(A,) has a limit. Denote by
X;, X5, - - . the elements of D; since every x, is isolated, the set D is closed,
so that A" is supported by D. Moreover,

Ay () = A (x) for every keN.

By the lower semicontinuity of g we have

lim inf F(\)=1lim inf ¥ g(x0 A (x))2 Y (i A (x))=F (1)

h—=+w h =+ o keN keN

Let us denote by G: .# (; R") — [0, + oo] the functional

G(l)=jf<x,@>du+J cp(x,xs>+J g (x, 1. () di;
Q du A, A

it is easy to check that g*(x,.) is subadditive for all xeQ and that
€*)°=¢=¢,, on (Q\N)xR", so that all assumptions of the lower
semicontinuity Theorem 3.3 of Bouchitté & Buttazzo [3] are fulfilled.
Moreover, G (A;)=F ();) because g=g> on (Q\ D) X R". Therefore

lim inf F(\;)=lim inf G (A)) =G (\),

h—+o h->+wo
so that
lim inf F (A,) 2 lim inf F (A;)+ lim inf F (A}
h—->+o h—+wo h—~++o

2G () +FM)=G(IgpA)+G(Ip1)+F(I1")
=F(lgpM+ J (g% (x, A (x)) +g (x, A" (x))] a¥

2F (Igup M)+ f g (e, M () + A (x)) dt
° =F(lgpoM+F(,)=F(}).

Proof of Proposition 2.9. — Let us recall that, by the measurable
projection theorem, the set A is analytic, hence p-measurable. Let M be a
Borel subset of Q such that

1 (M)=0, lomMB <y, Lyply,,
and set m=1,p+p,. Let he# (Q; R") and take its decomposition
A=um+v with respect to m, with ueL'(Q; R"; m) and vLlm. Then we

have
l=<u d_m) pt+v+u (m— dm p),
dp dp
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d .
where the measures p, v, m— d_m u are mutually singular. Therefore
n

F(l)=ff(X,udﬁ)du+j (p(x,v+um—ud—mu)
Q dy oA dp

+J g(x, A(x)) d¥
Ay

, =j]“(x, u)dm+f @ (x, v)+J g(x, A(x))dt,
Q O\ Ay

Ay

where

Ay _dndy
F(x,9) f(x,sdu)dm+(p(x,s)[l i drn:l

Analogously, denoting by F, the functional in (2.4), we have

F, (K)=f filx, u)dm+j
Q

Q\AL

91 (x, V)+f g (x, A (x)) d¥,

Ay

where

dm \ dyp, dm dp,
s = 3 - —+ b 1“_ - -
71(x 5) f1<x Sdpq) dm ¢, (x S)[ dn, dm

Since f©(x, .)=¢(x, .) for p-a.e. xeQ, we have f* (x, .)=o(x, .) for m-
a.e. xe(; analogously, from ¥ (x, .)=o, (x, .) for p,-a.e. xeQ, we have
Fe(x, . )=¢,(x, .) for m-a.e. xeQ. Now, by Proposition 3.2 of Bouchitté
& Buttazzo [3] we have that F=F, if and only if conditions (i) and (ii)
hold, and

o, )=f( ) for m-ae xeQ. (3.8)
By the definition of m, (3.8) splits into
S )=0,(x, )=0(x,.) for p-ae. xeM 3.9

f(x, .g&)—dﬁ+(p(x, ) lil—-glﬂ ﬂj'—jl=f1(x, J)

dp / du, du dy,
for p,-ae. xeQ\M. (3.10)

It is easy to see that (3.9) is equivalent to 1, p<«p,, that is (iii). On the
other hand, if « is the function in (iii), (3.10) becomes

f(x,.—1—~)cz(x)=f1(x,.) if a(x)#0
a(x)

@ (x, . )=f1(x,.) if a(x)=0
thatis (iv). W

for p,-a.e. xe N\ M,
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