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ABSTRACT. — We present a sharp local condition for the lack of
concentrations in (and hence the? convergence of) sequences of
approximate solutions to the incompressible Euler equations. We apply
this characterization to greatly simplify known existence results for 2D
flows in the full plane (with special emphasis on rearrangement invariant
regularity spaces), and obtain new existence results of solutions without
energy concentrations in any number of spatial dimensions.

Our results identify the ‘critical’ regularity which prevents concentra-
tions, regularity which is quantified in terms of Lebesgue, Lorentz, Orlicz
and Morrey spaces. Thus, for example, the strong convergence criterion
cast in terms of circulation logarithmic decay rates due to DiPerna and
Majda is simplified (removing the weak control of the vorticity at infin-
ity) and extended (to any number of space dimensions).

Our approach relies on using a generalized div-curl lemma (interesting
for its own sake) to replace the role that elliptic regularity theory has
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played previously in this problem.
© 2000 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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RESUME. — On présente une condition locale optimale qui garanti
l'inéxistence de concentrations dans des suites de solutions approchées
de I'’équation d’Euler incompressible (ce qui prouve leur convergence
L?). A l'aide de cette caractérisation on simplifie de fagon substantielle
les résultats d’existence connus pour les flots 2D dans tout le plan (on
insiste tout particulierement sur les espaces de régularité invariants par
réarrangement). On démontre de nouveaux résultats d'existence sans
concentrations d’énergie en dimension supérieure.

Notre résultat précise la régularité critique qui empeéeche I'apparition
de concentrations. Cette régularité est quantifiée grace aux spaces de
Lebesgue, Lorentz, Orlicz et Morrey. Ainsi, par exemple, le critére de
convergence forte basé dans les termes de circulation logarithmique de
corrélations dus a DiPerna et Majda sont simplifiés (en éliminant le
contrble faible de la vorticité a l'infini) et généralisés (en dimension su-
périeure).

Notre approche est basée sur Il'utilisation d’'un lemme div-curl géné-
ralisé (qui présente un intéret en soi-méme) qui remplace le role de la
régularité elliptique qui était utilisée auparavant.
© 2000 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

INTRODUCTION
Incompressible ideal fluid flow is modeled by the Euler equations:

u, +u-Vu=-Vp,
divu =0, (0.1)
initial and boundary data,

whereu = (u, ..., u,) is the velocity andp the pressure of the flow.
This system of equations is physically justified when the effects of
viscosity are small. Here, we are particularly interested in irregular flow
regimes that attempt to grasp the convective aspects of turbulent flow. It
is well known that the ideal flow assumption breaks down at the interface
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between fluids and solids, through boundary layer effects. In general,
Egs. (0.1) may be regarded as an appropriate model for high Reynolds
number flow far away from boundaries. Among the initial-boundary
value problems one may pose for the system (0.1), the full-space problem
is therefore the most natural one.

The theory of weak solutions for Egs. (0.1) is well developed in two
space dimensions. The best results on the existence of weak solutions are
existence for initial vorticities il3M N H~! due to Delort [19], and
for initial vorticities in L1 N H~1, due to Veecchi and Wu [44]. One very
important open problem is to determine whether these weak solutions
conserve kinetic energy or if it is possible to lose energy to the small
scales of the flow, i.e., through concentration of energy. Our main concern
in this work is to characterize those initial vorticities which generate flows
conserving kinetic energy, that is, without concentrations.

Our point of departure is a program set forth by DiPerna and Majda
in [16-18] to study the problem of existence of weak solutions. One
attempts to prove existence by producing an approximate solution
sequence with good a priori estimates and passing to the limit in the weak
formulation of the equations. DiPerna and Majda recognized that certain
physically interesting 2-D flows (vortex sheet initial data) would naturally
give rise to approximate solution sequences that might not converge in
LZ.. To deal with that, they introduced the notions of reduced defect
measures, concentration sets and concentration dimension, attempting to
describe precisely the energy loss in an approximate solution sequence.
Their two-pronged approach to the existence problem was to show that
the a priori estimates imply that the concentration set is very small, in
the sense of Hausdorff dimension, and that if the concentration set is
sufficiently small, there exists a weak limit of an approximate solution
sequence which is, in fact, a weak solution. This approach was shown
to work for stationary problems but has not yet proven useful in the
time-dependent problem. Nevertheless, their work has been a very rich
source of ideas and originated much of the current research on the weak
solutions of the Euler equations.

As part of their investigation, DiPerna and Majda proved two results
of particular interest here. The first is an existence result for 2D
flows with initial vorticity in L?(R?), p > 1 [16, Theorem 2.1]. They
obtained a weak solution by showing that the approximate solution
sequence generated by mollifying initial data and exactly solving 2D-
Euler is strongly compact i.2.. The second result is a criterion for
strong convergence of an approximate solution sequence in terms of
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a logarithmic decay condition on the circulation of the flow on small
circles, [16, Theorem 3.1]. The subsequent research on this problem has
concentrated in determining more precisely for which vorticitied in

one can obtain a strongly compact approximate solution sequence. In
[9,10], Chae presented proofs of the existence without concentrations
for flows in the full plane with initial vorticities in the Orlicz spaces
LlogL(R?) and L(logL)*(R?), for « > 1/2. In [33] Morgulis solved

the problem for flows in a 2D bounded doma with initial vorticity in

Orlicz spaces contained i(log L)Y/2(£2). P.-L. Lions proved an optimal
result for bounded domain flows, assuming that the initial vorticity lies
in the Lorentz spacé ™2 (£2). The results by Morgulis and Lions can be
easily extended to periodic flows or flows on a compact manifold.

Our objective here is to propose that the compactness of the sequence
of approximate vorticities inf ;- (R"), which we call H-stability, is
a sharp criterion for the strong convergence of approximate solution
sequences for the-dimensional Euler equations. Such Hjg}-stability
condition is implicitly present in Morgulis and Lions’ work on the 2D
problem. We will see that the sharpness of Higt-stability as a criterion
for strong L2-compactness is essentially trivial for flows in a bounded
domain or on a compact manifold.

We want to put our approach in proper perspective with regard to
previous work in this area. To this end, we restrict our attention to
two space dimensions and, to further fix ideas, we assumeothi a
sequence of approximate vorticities bounded in, gay, for some 1<
p < 2. In rough terms, our problem consists of showing that a bounded,
divergence free sequence of vector fiakisn L? is actually precompact
by making use of additional information on tli&’-boundedness of its
curl " = curlu”. To pass information fror” onto theu” we have to
use the ellipticity of the system div’ = 0, curlu” = ", which has been
done in the literature in one of two ways:

1. Study the properties of the Biot—Savart kernel as a singular integral

operator, mapping” into u";

2. Introduce the streamfunctiop”, satisfyingAvy" = ", andu” =
V¢, Then use well-known regularizing properties of the inverse
Laplacian.

The two approaches are equivalent for flows on bounded domains. But
these are not equivalent in the full plane.

The first approach in the full plane is based on the Hardy—Littlewood—
Sobolev Theorem, which together with thé-boundedness of the Riesz
transforms imply that the Biot—Savart kernel maggR?) into L?" (R?)
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continuously. This, together with the Calderon—Zygmund inequality,
imply that 4" is bounded inWg/ (R2), which in turn is compactly
imbedded inL2 (R?).

The boundedness imé’c” of " cannot be derived, however, using
the second approach, because the streamfunction requires an additional
a priori bound inWé’C”. The difficulty lies with the fact that)” lacks
an a prioriLj,.-bound, due to the growth at infinity of the fundamental
solution of the Laplacian in 2D (see [35] for an explicit examgle).
One way of circumventing this difficulty with the second approach, is
to have additional control of the vorticity at infinity. This is the role of the
hypothesis of weak control of vorticity at infinity, imposed by DiPerna
and Majda in their proof of the logarithmic decay of circulation criterion
for strong convergence. We note that even with this additional hypothesis,
the proof of their result in [16, Theorem 3.1] is extremely laborious. Of
course, the first approach is another way to circumvent this difficulty, at
the expense of relying on delicate estimates (of singular integrals) that
become more intricate to extend to spaces other iifafinally breaking
down as we go ‘nearl’.

In this work we propose a third approach, in which a (generalized)
div-curl lemma plays the role that elliptic regularity theory plays in
the first two approaches. With this new approach we recover DiPerna—
Majda’s original L? result, obtain a complete and simplified proof of
the L(log L)% results stated by Chae, extend thdogL)* and L&
results by Morgulis and Lions to the full plane, and prove a strengthened
version of DiPerna—Majda’s logarithmic decay of circulation, greatly
simplifying the original proof and eliminating the hypothesis of weak
control of vorticity at infinity. Moreover, our approach applies equally
well to the general-dimensional case; in particular, we extend the
circulation decay criterion (expressed in terms of Morrey regularity) to
then > 2-dimensional case.

Nothing is said here about uniqueness. In this context we refer
the reader to the classical uniqueness results of Yudovich [47] for
w(-, 1) € L®(R"), and of Vishik [45] forw(-,¢) € B{(L%*(R?)), and

4 This subtle difficulty in implementing the second approach has been overlooked in
the proof of [10, Lemma 6], and therefore the proof given by Chae of existence without
concentrations for initial vorticities it (log L)*(R?), 1/2 < a < 1, is incomplete. We
note that an arduous and correct proof of a version of [10, Lemma 6], based on the first
approach described above, was given by Schochet in [38].
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their recent ‘logarithmic’ refinements in [48,46]. The first examples of
nonuniqueneswithin the class ofL2 (R" x R)-bounded velocities were
constructed by Scheffer [37] and Shnirelman [39].

The remainder of this work is divided as follows. In the first section we
introduce the notion of,,-stability and we prove it is a sharp criterion
for the strongL2-compactness of approximate solution sequences. In
Section 2 we obtain existence without concentrations for 2D flows with
initial vorticity in L?, p > 1, in Orlicz spaces contained ih(log L),

a > 1/2, and in the Lorentz spacds’?, 1< ¢ < 2, by showing that,

in each case, the space in question is compactly imbeddé&kj in The
proof of existence is very simple in these cases. We consider the critical
Orlicz spaceL(log L)Y2 and note that an observation of Chae reduces
the problem here to the previous cases. Finally, we present a proof of the
L2 case, based on the ideas of P.-L. Lions for bounded domain flows.
We prove that approximate solution sequences correspondimgllified

initial vorticities in L2 are H;2-stable, even thougli>? itself is
continuously, but not compactly imbedded Afy,>. All these 2D cases

are singled out as they respect the rearrangement invariance property of
the 2D vorticity. Next, we move beyond the rearrangement invariant case.
In Section 3 we prove lack of concentrations if the velocity field belongs
to L>=([0, T]; L”(R?)) for some p > 2 with borderline regularity of
vorticity in BM_,(R?). (The corresponding-dimensional generalization

is outlined in Section 4.4). We then turn to the generalimensional
setup. In Section 4 we cast DiPerna—Majda’s circulation decay estimates
as bounds in the logarithmic Morrey spade"’(R?), « > 1, which

we prove to be compactly imbedded A, -(R?). Our argument extends
naturally to higher space dimensions wheW’(R"), p > n/2, is
compactly imbedded irH,;}(R"), and the result obtained is related to
work on well-posedness of the 3D Navier—Stokes equations with initial
vorticity in a Morrey spaceV¥/2(RR3) due to Giga and Miyakawa [22],
and to work by Constantin, E and Titi on the Onsager conjecture [13].
Finally, we conclude with two appendices. In Appendix A we include
still another proof which is interesting for its own sake, of the generalized
div-curl lemma stated and used in the first section. And in Appendix B
we provide a specific example for our convergence results in the context
of finite-difference approximations. We present the 2D high-resolution
central scheme recently introduced in [27] and we provaljs-stability.
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1. STRONG COMPACTNESS OF APPROXIMATE
SOLUTIONS— H,32-STABILITY

Let us start by fixing some notations.df = @ (x) is a vector field on
R" then the Jacobian matri®® has entrieD®);; = 9®'/dx;. A ball
of centerxg and radiusR is denotedBy (xg). Let £2 be a smooth domain
in R". If X is any Banach subspaceDf(£2) we denote byX . the space
of distributions inX with compact support if2. We useW*? to denote
Sobolev spaces anfd® for the Hilbert space$v* 2.

We begin by recalling from [16] the definition approximate solution
sequencefor the incompressible Euler equations (0.1), defined over any
fixed time intervall’ > 0.

DerFINITION 1.1 (Approximate Euler solutions). et {u®} be uni-
formly bounded ir.>°([0, T']; L2.(R"; R")). The sequencg:*} is anap-
proximate solution sequenad the n-dimensional incompressible Euler
equations(0.1) if the following properties are satisfied.

P1. The sequencé:®} is uniformly bounded itip ((0, T); ngCL(R";

R")), L > 1.

P2. For any test vector field € C°([0, T) x R"; R") withdiv® =0

we have

T
//cb,-ug—i-(DcDus)-usdxdt

0 R»

+/¢(x,0) -u®(x,00dx — 0 ase— 0.
RVL

P3. divu® =0inD'.

Remarks. —

1. In particular,u is aweak solutiorof the Euler equations (0.1) if it
forms a (fixed) sequence of approximate Euler solutiafis= u.
Thus, a weak solution, is an incompressible field, div= 0, such
that for all test vector field$’s with div @ = 0 there holds equality
in propertyP2,

0 R»

T
//CD,-u+(D¢u)-udxdt+/cD(x,O)-u(x,O)dx:O.
. 2,

2. Inthe general case, these weak formulations hold in some negative
Sobolev space tested against vector field&q[0, 7') x R"; R").
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It then follows from the assumed uniform bound on the kinetic
energy,u® € L>([0, T]; L3.(R"; R")), thatu® has the Lipschitz
regularity required irP1, u® € Lip((0, T); Hk‘,CL(R”; R™)), for some

L = L(s,n) > 1, consult [16, Lemma 1]. In particular, arfy -
weak solution satisfies properfyl.

3. The results in this paper (following the Main Theorem below)
apply to a larger class of approximate solutidm$} than those
classified by propertie®1—-P3. In particular, the requirement of
incompressibility?3 can replaced by the weakBr-approximate
incompressibility, namely

P3. divu® — 0in Hge.

Let us introduce the curl of a vector fiedld= (u?, ..., u") in R" as the
anti-symmetric matrix> = curl u whose entries ar@;; = (u'); — (u’).,.
We will denote the vector space afx n anti-symmetric matrices with
real entries byA”.

DEFINITION 1.2 (Hj;2-stability). — The sequencg:‘} is called H,y:-
stableif {curlu® = w®} is a precompact subset @ ((0, T); Hygo (R";
AM)).

If {u®} is an approximate solution sequence of thelimensional
Euler equations then we will refer @ as velocity and to cuu?® =
w® as vorticity. Note that, in contrast with [16, Definition 1.1], we
have not imposed any conditions on the behaviorudfnear infin-
ity in Definition 1.1. Consequently, the Biot—Savart Law, which relates
vorticity to velocity, is only valid up to an arbitrary harmonic func-
tion.

The above definitions are easily adaptable to flows on donsainsth
boundary; one needs only to remove the “loc” subscript in the function
spaces above and add the boundary conditionz = 0 on 942 in the
trace sense.

We are now ready to state our main result.

THEOREM 1.1 (Main Theorem). -Let {u®} be an approximate solu-
tion sequence of the-dimensional Euler equations. {i#°} is H,,_-stable
then there exists a subsequence which converges strongly to a weak solu-
tionu in L>([0, T]; LZ . (R"; R™)).

The conclusion of the Main Theorem may be referred testasng
compactnessf the approximate solution sequence. In particukag,. -
stability is a criterion which excludes the phenomena of concentrations,
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[16]. The proof of this theorem relies heavily on the following time-
dependent generalization of the classical div-curl lemma of Tartar and
Murat [40,34].

LEmMMA 1.1 (Generalized div-curl lemma). Fix 7 > 0 and let
{u®(-, 1)} and {v°(-, 1)} be vector fields oR" for 0 < < T. Assume
that

Al. u® — u andv® — v weakx in L>([0, T]; L2 (R")) and strongly

in C([0, T1; Hige (R));

A2. {divu?} is precompact irC([0, T; Hya (R"));

A3. {curlv®} is precompact irC ([0, T]; HZ(R"; A™)).
Thenu® - v¥ — u-vinD'([0, T] x R").

This generalization reduces to the classical div-curl lemma (see [40])
when the vector fieldg® andv® are constant in time, since the imbedding
L2 (R") — Hgé(R”) is compact. Although this generalization is not
surprising, it has not appeared previously in the literature, and a proof—
interesting for its own sake, is given in the appendix. Equipped with the
generalized div-curl lemma we now turn to the

Proof of the Main Theorem. ©ur objective is to apply the generalized
div-curl lemma with the same two vector fields,= u°®.

Note that sinceu® is divergence-free andd, . -stable, hypothesis
A2 and A3 are automatically satisfied, and thus it remains to
verify ALl. Since {uf} is assumed to have a uniformly bounded ki-
netic energyu® € L>([0, T]; L2 .(R")), we can extract a weak-* con-

loc
verging subsequenceu®} — u in L®([0, T]; L2.(R")) (for exam-
ple, by taking a diagonal of weak-converging subsequences in the
N-balls, L>([0, T1; L?(By(0)), and letting N — oo). Thus, the first
half of A1 holds. Moreover, thd 2 -energy bound {¢¢} bounded in
L>([0, T]; L2.(R"))), together with the Lipschitz regularity assumed in
P1 ({u°} bounded in Lig(0, T); H,o& (R*; R")) with L > 1), produce,
by the Aubin—Lions lemma [41], a strongly converging subsequence in
C([0, T; Hgl(R"), sinceL?_ > Higl < Hyk. Thus, the second half
of A1 also holds.

Granted that hypothesid1-.43 hold we can now apply the general-
ized div-curl lemma withu® = v#, to conclude that there exists a sub-
sequencegu®} such thatju®|?> — |u|? in D'([0, T] x R"). This implies
thatu®* converges strongly to in L%([0, T]; L2 (R")). Strong quadratic
convergence is all we need: it is then immediate to verify, by passing to
the limit in propertyP2 of Definition 1.1, thais is a weak solution. O

2
loc
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Remarks. —

1. We do not know whether the converse of the Main Theorem 1.1
is true. Of course, ifi* — u strongly in L2([0, T]; L2 .(R"; R™))
thenw® — curlu strongly inL?([0, T'1; H|0‘01(R"; A™")). However, it
is not clear how to improve the? into theC® convergence, required
by Definition 1.2 of H2-stability, nor is it clear how a weakened
version of that Definition still yields the main Theorem 1.1.

2. In contrast, for flows over bounded simply-connected domains,
H;2-stability is equivalent to strong compactness. The proof is a
trivial consequence of elliptic regularity theory Hi—*. To see this,
fix an approximate solution sequengé} to the Euler equations on
a bounded, smooth simply-connected dom@irc R". Denote by
A~ the solution operator of the homogeneous Poisson problem, so
thatA=1: H-1(2) — H(£2).

Sinceu’"* = >z axjA*lwfj, it follows that{u*} is precompact
in C([0, T]; L2(2; R™) if and only if {w®} is precompact in
C([0, T]; H71(82; AM)).

The interesting consequence of this equivalence is that® if
conserves kinetic energy in time then any strong limwvill as
well.

2. THE 2D PROBLEM—REARRANGEMENT-INVARIANT
SPACES IMBEDDED IN Hj1(R?)

In this section we will concentrate on the initial value problem for the
2-dimensional incompressible Euler equations in the full plane.

The study of incompressible fluid motion in two space dimensions
becomes considerably simpler than the 2-dimensional case, because
the 2D vorticity equation reduces to the (scalar) transport equation

w,+u-Vo=0. (2.2)

It is governed by a divergence-free velocity field,which is recovered
by the Biot—Savart law = K * w with K (£) := £+ /(2r|£|?). Of course,
this is literally true only for smooth solutions, where (2.2) implies
that (9, + u - V)¢ (w) = 0 for all smoothg’s, and hence, since is
incompressible, thab is a renormalized solution, [15], in the sense that

¢(@)+ V- (up(w)) =0, V¢'s. (2.3)
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It follows that the total mass/ ¢ (w(-, 7)) is conserved in time, and
hence the distribution function @ (with respect to the 2D Lebesgue
measure)i, (o) == measgx | |o(x,t)| > «}, is also invariant in time.
Our task is to carry these arguments of smoothness to the limiting
cases of regularity, and to this end one employs appropriate families of
(regularized) approximate solutions.

We say that an approximate solution sequence of the 2D incompress-
ible equations,{«®}, is associated with initial vorticitywo if L2, —
limu?(-,0) = ug = K * wg. Which wg give rise to permissible initial ve-
locities ug = K * wp € L2.(R?)? SinceK belongs to weak-?(R?) and
since convolution maps boundedly; L2 x LY7 — L?7<4 it follows
thatwo € L2 will do.

Let us mention a few possible approaches to generate approximate
solution sequences for the incompressible 2D Euler equations in ac-
cordance with Definition 1.1. DiPerna and Majda [16] have indicated
that one may obtain approximate solution sequences associated with
wo € BM.(R?) N H~(R?) by the following three strategie3:

e Mollification of initial data. Using the global well-posedness of
the 2D Euler equations fosmoothinitial data, one obtains a
family of approximate solutions{u*(-, )}, corresponding to the
mollified initial data,{uf, := n. *xuo} (Wheren, denotes any standard
Friedrichs mollifier);

e Navier—Stokes solution§aking the vanishing viscosity limit of the
2D incompressible Navier—Stokes equations, [41];

e Vortex methodsApproximating the solution by a desingularized
vortex (blob) method, [12,2,26]. There is a large literature devoted to
the convergence of these methods—consult the recent contribution
[29] and the references therein.

In addition, there is a whole variety of classical discrete methods—finite-
difference, finite-element and spectral schemes, with particular emphasis
on the 2D vorticity formulation. We make no attempt to list them all,
but refer instead to prototype studies in [3,7,24,23,21] and the references
therein. In particular, in the context of finite difference methods we refer
to the high-resolution central scheme recently introduced by Levy and
Tadmor in [27], which is singled out in the present context for its notable
stability properties. This central scheme andH;scl-stabiIity properties

are outlined in the appendix.

5 A complete discussion of the relevant temporal estimates involved in Definition 1.1
can be found in [25].
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Let X be arearrangement-invariant Banach function space with respect
to Lebesgue measurelR?. Canonical examples are Lebesduespaces,
Orlicz L? spaces and Lorentz "9 spaces. We refer the reader to [6,
Sections 1-2] for a comprehensive discussion. The relevant property
of such rearrangement-invariant spaces is that their norm is the same
for any pair of (Lebesgue) equimeasurable functions, i€y =
llgllx whenever their distribution functions, and A, coincide. We
recall that smooth solutions of the vorticity equation (2.2) form a time-
parameterized familyp (-, t), of equimeasurable functions,, (., (a) =
Awo(h(@). Thus, it is natural, when considering approximate solution
sequence&:®} associated withyy € X, to require the additional estimate:

{w°} is uniformly bounded ir.* ([0, T']; X). (2.4)

In fact, since under smooth flows the norm of vorticity in any
rearrangement-invariant Banach function sp&ds a conserved quantity
(being a function oh,(. ,(«)), it is natural to seek approximations that
respect the same invariance Xfregularity:

w5 e X = w(1) e L¥([0, T1, X); (2.5)

these approximations enjoy the advantage that verifying their initial
regularity, {wf} € X, will suffice to guarantee that (2.4) holds at later
times. This relation between approximate solutions and rearrangement-
invariant spaces is what distinguishes the 2D theory from higher dimen-
sional flows. We turn to a few examples.

e Mollification of initial data. If X is such that the Friedrichs mol-
lifications converge inX, then clearly (2.5) holds for approximate
solutions,{u®} obtained by exactly solving the 2D Euler equations
with the mollified initial velocityuf = K, * wo with wg € X, where
K. denotes the mollified kernét, := 5, * K. This is the generic
case which applies to all rearrangement-invariant spaces discussed
in this paper: a rearrangement-invariaftis closed under mollifi-
cation if it contains the continuous functions, as a dense subset,
e.g., [6, Section 3, Lemma 6.1, Lemma 6.3].

e Navier—Stokes approximate solutions. A large class of rearrange-
ment-invariant spaces is provided by Orlicz spack$,:= {f |
Jo(f(x))dx < oco}. With convex ¢’'s one hase¢’(w)Aw® <
eA¢(w®) which implies the usual ‘entropy’ decay in time of
lw® (-, )]l 0. It follows that (2.5) holds for approximate solutions
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obtained by the vanishing viscosity limit with initial vorticities in
Orlicz spaces.

e Vortex blob approximationsThere are difficulties in proving (2.4)
for vortex blob schemes. See [38] for a thorough discussion of this
problem.

e Finite difference schemei [27] we introduced a high-resolution
central difference approximation of the 2D vorticity equation (2.2)
which satisfies the maximum principle. In Appendix B we prove
that like the Navier—Stokes approximation, the difference solution,
w®(-, 1), maps every Orlicz spade? into itself.

Before turning to our main result dealing with rearrangement-invariant
spacesX, we need to clarify the precise notion of their localized version,
Xioc- We defineX o as the Fréchet space determined by the family of
seminormg| f llx = |l x50 f Il x. We say thaiX|oc is compactly imbedded
in H|gcl(R2) if any sequencg ¢} C X|oc With each seminorm uniformly
bounded, is precompact i,;:(R?). We note that this is equivalent to
X (B (0)) being compactly imbedded i ~1(B,(0)) for all k € N.

We are now ready to give the main application of Theorem 1.1 to 2D
flows.

COROLLARY 2.1.— Let X be a rearrangement-invariant Banach
space such thak .. is compactly imbedded imgcl(Rz). Let {u®} be
a family of approximate solutions associated with € X, so that
u®(-,0) = up = K * wp in L .. Assume thatw®} is uniformly bounded
in L>([0, T]; X). Then,{u®} is strongly compact i ([0, T]; L3 .(R?;
R?)), and hence it has a strong limii(-, #), which is a weak solution

associated withg with no concentrations.

Proof. —Since{u®} is a family of approximate solutions in the sense of
Definition 1.1, then propert1l implies that{w®} is uniformly bounded
in Lip([0, T'1; ngCL*l(RZ)). This, together with the assumption tHart}

is uniformly bounded InL>([0, T; X) with Xje o Hgl < Hgt™

imply precompactness i ((0, T); HoZ (R R)). Thus {u®} is Hig.-
stable and the desired result follows from Theorem 1.

In case of approximate solutions generated by initial mollification we
are led to a further simplification which allows us to check only the
regularity of the initial vorticity,wg.

COROLLARY 2.2.— Let X be a rearrangement-invariant Banach
space such thaf' is dense inX,,c which in turn is compactly imbedded
in H 1 (R?). Let {u®} be the family of approximate solutions associated
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with the mollified initial vorticitywg := n, * wg € X. Then{u®} is strongly
compact inL>([0, T]; L2.(R?; R?)) and hence it has a strong limit,
u(-,t), which is a weak solution associated with the initial velocity
ug = K * wg without concentrations.

The last corollary is particularly useful to identify regularity spaces of
initial vorticities which give rise to weak solutions with no concentra-
tions. In the remainder of this section we will use this strategy to derive
the existence of concentration-free solutions of the 2D incompressible
Euler equations with compactly supported initial vorticities in Lebesgue
spaced.”, p > 1, Orlicz spaces contained in(logL)*, « > 1/2, and
Lorentz spaces*?, 1< g < 2.

2.1. Initial vorticity in Lebesgue spaceL?(R?), p > 1

We begin with

THEOREM 2.1. — Let wp € L?(R?) with p > 1. Then there exists a
weak solution of the incompressil#@® Euler equationsyu(-, r), associ-
ated with the initial conditiongg = K * wg, with no concentrations.

This result—originally due to Yudovich [47] and DiPerna and Majda
[16], follows immediately from Corollary 2.2, sincel-*(R?) is com-
pactly imbedded irH,;}(R?) (and of course(, is dense inL?<>).

2.2. Orlicz spaced.(logL)*(R?), o > 1/2

We now extend our discussion to the more general Orlicz spaces.
An Orlicz space,L?, consists of all measurable functiong such
that [¢(|f(x)[)dx < co. Here, ¢ is any admissibleN-function—
a convex function such that lim,¢(s)/s =¢, £ € {0, c0}. (We refer
the interested reader to [1,6,20], for a detailed discussion on Orlicz
spaces.) Lebesgue spaces correspond (10 ~ s”, yet Orlicz spaces
offer refinement of the Lebesgue ladder of spaces. We consider initial
vorticities wg in the Orlicz spacel (log L)%, corresponding tap(s) ~
s(log™ s)%. Our objective is to simplify and complete the proofs of Chae
in [9,10] and extend the results of Morgulis in [33] to full plane flows.

THEOREM 2.2. — Let wp € L(log L)%(R?) with o > 1/2. Then there
exists a weak solution of the incompressiBI2 Euler equationsyu(-, 1),
subject to the initial conditiomg = K * wq, wWith N0 concentrations.

Remark — We observe that proof of Theorem 2.2 includes any of the
admissible Orlicz spaces considered by Morgulis in [33].
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Proof. —Let £2 be a bounded smooth domain Rf. We begin by
recalling Trudinger's imbedding theorem [43,20], which states that
H§(£2) is compactly imbedded iV (£2) for any N-function ¢ which
is dominatedby o := e’ -1 (¥ is dominated byr—denotedy « o, if
lim,_ o (cs) /v (s) — oo for all positivec’s). Next we invoke a duality
argument. The dual of.¥ is isomorphic toL? if the primitives of
the correspondingv-functions,® = [* ¢ (r)dr, ¥ (s) = [* ¥ (r)dr, are
complementary in the sense thato ¥ = Id. Denote¢ = /. Then the
dual statement of the compact imbeddifg P LV states that? is
compactly imbedded i ~1(£2) for any ¢ which dominatess (s), i.e.,
¢ > s(log* 5)"/2.

Let us assume first thabg € LZ’(Rz) for some N-function ¢ >
s(log™ s)Y2. For exampleg, = s(log* s)® corresponding td.(log L)“
with « > 1/2. Then Corollary 2.2 applies with the rearrangement-
invariant X = L?(R?) since X|oc Cngk;Cl. Hence there exists a subse-
quence of:* which converges strongly in2,. to a weak solution, having
ug as its initial data.

Finally, we consider the borderline cas®, € L(logL)Y?(R?). Then,
as was pointed out by Chae [10], there existsNaffunction ¢ which
dominatesp > = s(log* s)*/2 such thatwy € L?(R?), and we conclude
as before.

Remark— We note the special role df(logL)Y?(R?) which is on
the borderline of the logarithmic Orlicz spaces(logL)*(R?), « >
1/2, which are compactly imbedded imgcl R?). In Theorem 2.2
we maintain that certain specidl(logL)Y/?-sequences of approxi-
mate vorticities—those corresponding to mollified initia(log L)/?-
vorticities, areH,,.-stable; but, for other sequences, this need not be the
case sincd.(log L)Y?(R?) is not compactly imbedded i+ (R?), as
demonstrated by the following

Counterexample. Consider the domai®2 = B(0; ~/?), and the
sequence of radial functiong, (x) = g,(|x|?) given by

ogn
gn(s) = +/2s(logs)?’
0, 1/n<s <1

<s <
0<s<1/n, (2.6)

The functiong,(-) is non-negative and non-increasing, provided that
n > 9, and thusf,(-) coincides with its decreasing rearrangement,



386 M.C. LOPES FILHO ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 371412

fu(x) = fn*(n|x|2). It is easy to estimate, directly from the definition
that this sequence is bounded inlogL)Y2. Indeed, expressed in
terms of its decreasing rearrangement, ih@ogL)*(£2) norm of f
(say, with |£2|] = 1), is given by, e.g. [6, Section 4, Lemma 6.12],
I flLdogrye = fol(l — logs)* f*(s)ds. A straightforward computation
then yields|| /Il .qogryv2 ~ +/1097 fiog, (14 5)~*/?ds < Const.

Yet, we claim that this sequence is not precompadf it (£2). To this
end we compute the unique solution &f}, = £, in H}(£2), which can
be done explicitly, using the symmetry &f and of f,. It is then a simple
calculation that:

IV, |2 :
n - 87T £
B(0;(nm)~1/2)

for all n. However, f, is precompact inH~! if and only if v, is
precompact ind*, which by the Dunford—Pettis Theorem, implies that
{IVy,|2} must be uniformly integrable, which is contradicted by the
calculation above.

2.3. Lorentz spaced. 29 (R?), 1< g <2

Recall that s (o) = measx | | f (x)| > o} denotes the (non-increasing)
distribution function off, and let its (generalized) inversg?, denote the
usual non-increasing rearrangementfofThe Lorentz spaces”7(£2)
consist of all measurable functiorssuch thatfy?'(s¥/7 £*(s))? ds /s <
oo. WhereasL?-? coincides withL?, Lorentz spaces offer yet another
finer grading in the ladder of Lebesgue spaces. We refer the reader
to [6] for details. Here we remark that it is customary to use an
equivalent characterization of Lorentz spaces whgté) is replaced
by its maximal function® f**(s) := %fg f*(r)dr. We denote the latter
by LP®,

N

S—l/p/ / f*

0

LPD .— {f |

< OO}
L4(ds/s)

WhereasL”¢ and L7 coincide forp > 1, they differ, however, for
p =1, which is precisely the focus of our interest. Indeed, while the

6we recall its maximal property to be used later on, namef/*(s) =
SURg|=s 1/12] [ 1£1dy.
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LY%’s vary betweenLt> = weak{L'] and L*! = L, the L&9’s are
strictly smaller, varying betweeh™? = L(logL) andL> = L. The
interested reader is referred to a detailed discussion in [4,5]. For the sake
of completeness, we outline the following lemma which shows how the
Lorentz spaceg -9 interlace with the closely related Orlicz spaces we
encountered before.

LEMMA 2.1. - The following inclusions hold
1
LlogL)Y4(£2) c LY*7(2) c LlogL)*(2), a<=<1 (2.7)
q

Proof. —Consider a measurable functighh compactly supported on
£2. For simplicity we assumds$2| = 1. The characterization of its
L(log L)*-norm is given by (see [6, Section 4 Lemma 6.12]),

1
1/ | dogrye = / (1—logs)* f*(s) ds.
0

Integration by parts and the Holder inequality yield, dor O

”f”L(IogL)a

1 K
ds
=a [(1—logs)* L. ( () dr) —
Jo-swr (o)
/1' / ! ds v /l ds He
<o ( ( f5(r) dr> —) ( 1- |Ogs)(“_1)q/—> ,
s\ s ] s

and hence the estimalg’ || . (ogz)« < Const| [o f*IlLa(ds/s) Which proves
(2.7) for (1 — @)q’ > 1. The left side of the inclusion in (2.7) as well as
a refinement of the inclusion on the right can be found in Lemma 4.1
below. O

Using the compact imbedding of Orlicz spaces together with the last
lemma yields

THEOREM 2.3. — Let wp € L&Y (R?) with 1 < ¢ < 2. Then there
exists a weak solution of the incompressiB2 Euler equationsu(-, t),
subject to the initial conditiomg = K * wg With no concentrations.
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2.4. The Lorentz spacel. 2 (R?)

The spaceL?(R?) will play the role for Lorentz spaces that
L(log L)Y?(R?) did for Orlicz spaces. We observe thaf-? is strictly
larger thanZ (log L)Y/2 (consult Lemma 2.1). In fact, it was observed
by P.L. Lions thatL. 2 (£2) is the largest rearrangement-invariant space
which is continuously imbedded iH~1(£2).8

In this subsection we will be concerned with putting together the basic
approach of Section 1 and the ideas developed by P.L. Lions for the
bounded domain case in [30, Section 4.2] in order to prove existence
and absence of concentrations for an initial vorticitye L2 (R?).

We first note that a straightforward application of dg:-stability
result, e.g., Corollary 2.2, does not apply, sidcg? is not compactly
imbedded inH,,2; in fact, our counterexample above shows that already
its subsetL (log L)/? lacks H,y+ (R?)-compactness. We will show, how-
ever, that as in thé (log L)Y/ case, special?-sequences of approxi-
mate solutions—those corresponding to mollified initial vorticitywith
wo € L-?(R?), are Hy2-stable.

We begin with the following sufficient condition for thig —-precom-
pactness of.(1-? subsets, taken from [30, Lemma 4.1].

LEMMA 2.2 (P.L. Lions). —A family {o®} ¢ L®&?(£2) is precompact
in H~1(£2) if the following conditions hold:
1. There exist€ > 0 such that||w®|| a2 ) < C uniformly ine,

2. 2 (J5@)*(r)dr)?% — 0ass — 0, uniformly ine.

Our next step is to prove a basic functional analytic result which will
allow us to develop the time-dependent aspect of the work done so far.

LEMMA 2.3.— Let X be a reflexive, separable Banach space. Let
{f»} be a bounded sequence ([0, T']; X). Then{f,} is precompact
in C([0, T']; X) if and only if the following two conditions hald
(@) {f.}is precompactirC([0, T]; w — X).
(b) For any ¢ € [0, T] and for any sequenceg, — ¢, we have that
{ ()} is precompact in.

7Let F(r) denote the primitive of f*. Then, f belongs to L(logL)Y/2 if
(log)~Y2F 1)/t € L1(0, 8), and it belongs ta. 12 if 1=1/2F (1) e L2(0, §). Hence
F(1) = (logt)~Y2(loglogr)~# with 1/2 < 8 < 1 are examples for functions in the gap
LA2 _ L(ogL)1/2.

8We note the difference in notations—Lorentz spat:€59) are denoted as 14 in
[30].



M.C. LOPES FILHO ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 371-412 389

Proof. —Itis immediate that if f,,} is precompact it ([0, T']; X) then
conditions (a) and (b) hold.

We now assume (a) and (b). By (a), we can choose a subsequence
(without relabeling) such that:

fn— f strongly inC ([0, T]; w — X). (2.8)

We will show that this subsequence converges strongly (i, 7']; X).
Considerr € [0, T] and a sequencg,} C [0, T] with ¢, — r. From the
strong convergence i@ ([0, T']; w — X) it follows that:

Ja(tn) = f(1),

weakly in X. Since{ f,(z,)} is strongly precompact, the weak conver-
gence implies thaf f,(z,)} has f(¢) as its single possible strong limit.
Hence,

Ja(t) = (1), (2.9)

in X, without needing to pass to a further subsequence.

Our next step is to prove that € C([0, T']; X). It is enough to show
that, for anyr € [0, T] and {z,} € [0, T] with 7, — ¢, we have that
f(t,) — f(@)in X.Fixr and{s,} as above. First observe that, fofixed,
fu(t) — f(t,), whenm — oco. Fix ¢ > 0. We choose a subsequence
{ fm,} such that:

Hfmn (tn) - f(tn)Hx < 8/2 (210)

On the other hand, sind¢/,,, } is a subsequence §f,,} it satisfies (2.8)
and condition (b). Therefore we have, as in (2.9):

S, () = [ (1),

asn — oo. Hence, there exist¥y = Np(¢) such that, fon > Ng:

| fona ) — FO | < /2. (2.11)

Putting together (2.10) and (2.11), we have shown fhatC ([0, T']; X).

Now that this is established, it is easy to see that the convergence
of f, to f in C([0,T]; w — X) can be improved to convergence in
C([0, T]; X). This is done by contradiction, using the compactness of
[0,T]and (2.9). O
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Before we proceed, a couple of remarks are in order.

Remarks. —

1. A compactness derivation of this nature—with= L?(£2) and
f, as an approximate velocity sequence for incompressible 2D
Euler in a bounded domait? was argued as part of the proof
of [30, Theorem 4.3]. Our contribution is to observe that no fluid
dynamical considerations are necessary to prove it.

2. The proof of this Lemma shows that, in a very general sense, the
absence of sequential concentrations (in the sense of DiPerna and
Majda) in a pointwise fashion in time (condition (b)) is equivalent
to the absence of dynamical concentrations, i.e., strong temporal
continuity in the limit.

We are ready to prove the main result of this subsection, stating
an existence result for full plane flows with initial vorticity in{*?),
thus extending the corresponding result [30, Theorem 4.3] for flows in
bounded domains.

THEOREM 2.4. — Let wy € L(X?(R?). Then there exists a weak
solution of the incompressib@D Euler equationsyu(-, t) subject to the
initial condition ug = K * wg with no concentrations.

Proof. —As before we first mollify, denoting by" (-, t) the vorticity
corresponding to the mollified initial datay := ., * wo, wheree, :=
1/n. To show H,y2-stability it is clearly enough to show that for any
fixed test fUﬂCtIOf\(p € C°(Bg(0)), we have thafpw"} is precompact
in C([0, T1; H*(Bx(0))).

We appeal to Lemma 2.3 withf, = pow” and X = H1(Bz(0)). Its
requirement (a) holds sinceé®? (B,(0)) is boundedly imbbeded in
H~1(B(0)), and hence, consult [30, Lemma C.{}w"} is precompact
in C([0, T]; w — H™Y(Bg(0)).

Next, letr, — t € [0,T], and we turn to consider the second
requirement of Lemma 2.3, verifying the requirétt-compactness of
{pa" (-, t™M)}. Itis an elementary consequence of the definition of the non-
increasing rearrangement functions thgd" (-, 1))* < ||@|l L= (@™ (-, 1))*.
Furthermore, since” (-, t) is a rearrangement afy, (" (-, 1))* = (wg)™.
And finally,

N

[ @) = sup [ |n,, x| < [ ol 48 [ o)
. 21=s .

0 e
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< /(wo)*(r) dr. (2.12)
0
It follows that £, = " (-, ") are uniformly bounded ia>?. Moreover,
§ s 2 § s 2
/(/fn*(r)dr> Ci_sg /(/wé(r)dr) ds—s—>0
0 0 0 0

asé — 0, uniformly inn. The precompactness of, (-, t")} follows from
Lemma 2.2.

We can now use Lemma 2.3 witki = H (B (0)) to conclude the
H|gcl-stability. Of course, by Theorem 1.1, we conclude existence of
a weak solution for initial vorticities in.(? (R?), without concentra-
tions. O

Lemma 2.1 shows that Orlicz spade(log L)*(£2),« > 1/2, and
Lorentz spacel.t9(£2),q < 2 (as well as, of coursd,”(2), p > 1),
are all contained in.%?(£2). Hence Theorem 2.4 covers, in fact, all
the previous existence results. However, the proof of existence without
concentrations in those spaces other thér?’ was so much simpler than
in L&2 that the authors felt justified in including them as independent
results. This simplicity will reinforce itself as we turn to the general
dimensional case.

3. THE 2D PROBLEM—BEYOND
REARRANGEMENT-INVARIANT SPACES

3.1. Velocity in Lebesgue spacé> ([0, T, LL(R?)), p > 2

As the regularity of the 2D vorticities approaches the limiting case
of bounded measure$i M., (and in fact, even before that—consult
the discussion in Section 4.3.1 below on the limiting case of Morrey
spaceM 51/2)) one encounters the phenomenon of energy concentration.
Our next theorem shows that if one departs from the borderline case of
L% .(R?) energy bound on the velocity, then there are no concentrations.

THEOREM 3.1. — Let{u®} be a family of approximate solutions of the
2D Euler equations(0.1), with vorticities, {w®}, uniformly bounded in
L>=([0, T1; BM.(R?). Assume that théu®} is uniformly bounded in
L>([0, T; LE (R? R?)) for somep > 2. Then,{u¢} is strongly compact
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in L>°([0, T1; L2 .(R?; R?)), and hence it has a strong limit(-, #), which

loc
is a weak solution with no concentrations.

The proof—a straightforward application of the main Theorem 1.1 on
H|gcl-stability, proceeds along the lines of the Murat Lemma, [34],[11,
Theorem 2.3]. The assumetl’ bound on the velocity implies that
{»*} is uniformly bounded inL>([0,T]; X,) with X, = We”(£2)
for some p > 2, and the B M, bound on the vorticity implies that
{w®} is compactly imbedded inL*([0,T]; X,(£2)), Yq < n/(n —
1). It follows, by interpolation, that{w?®} is compactly imbedded in
L®([0, T); Wge" (£2)) for all s, ¢ < r < p. This, together with the
uniform boundedness ofv®} in Lip([0, T1; Ho-1(£2)) (by property
P1) imply H,2-stability and the result follows.

4. THE GENERAL n-DIMENSIONAL PROBLEM
4.1. Vorticity in Lebesgue space ([0, T'], L?(R")), p > 2n/(n + 2)

The extension of ouH,,2-stability theory to the generakdimensional
case is straightforward. For example, arguing along the lines of Corollary
2.1 we have

THEOREM 4.1.— Let {u®} be a family of approximate solutions
of the n-dimensional Euler equationg0.1), so that propertiesP1—
P3 hold. Assume thafw?(-, 1)} is uniformly bounded inL*° ([0, T,
LP(R", A™)) with p > (p*) = 2n/(n + 2). Then{u®} is strongly compact
in L]0, T];L%C(R”;R”)), and hence it has a strong limii(-, 1),
which is a weak solution of the Euler equations with no concentrations.

The proof is immediate based on the dual statement of the compact
imbedding, HL(R") 5" LP(R") with p < p* = 21/(n — 2).

Of course, one can refine the above statement with Orlicz and Lorentz
scaling. In the generak-dimensional case, however, rearrangement-
invariant spaces play no special role and therefore we prefer to continue
our discussion with the non-rearrangement-invariant Morrey spaces. In
order to put the latter in proper perspective, it would be instructive to
briefly overview the Lorentz—Zygmund spaces.
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4.2. Lorentz—Zygmund spacedq.(”-4:%) (R")

The most refined scaling of the Lebesgue spaces is offered by the
Lorentz—Zygmund spaces. We refer the reader to the detailed survey [6,
5]. Here is a readers’ digest.

Consider a bounde@® c R” (for simplicity, we assum?| = 1). The
spacelL??* = LP1(logL)*(§2) consists of all measurable functionfs
such that|s%/?(1 — l0gs)® f*(s)lLacdsss) < oo. If we replace f* with
its maximal function,f**, we obtain the closely related spaces denoted
L(P-¢®): these are the Lorentz—Zygmund spaces which consist of all
measurable functiong such that

1

1/q
d
I f 1l (@) = (/{Sl/p(l_ IOgS)af**(S)]q?s> <00, ¢g<o0.

0

Similar to the situation with the regular Lorentz spade’$;7:® coincide
with L?-%:¢ for p > 1, [5, Corollary 8.2]. Forp = 1, one has, in the
notations of [5, Section 11], 4% = £¥(log £)*. The secondary index
of ¢ = oo is of particular interest to us. Using the maximality0f(s) =
Supg - (1/IE]) [ 1 f1, we find thatL "> consists of all functionsf
such that

Lo = {f! /!f(y)!dy < Const | E|*"'|1— (log| E[)| ™",
E
V|E| < 1}. (4.13)

The L»%%’s are rearrangement-invariant spaces which include as
special cases both the Lorentz spadeg;” = L74:9 and the logarith-
mic Orlicz spaces we encountered before, [5, Theorem 11.1],

L(logL)*(§2) = LYYV (). (4.14)

The basic hierarchy of these spaces is given by (consult [5, Theorem 9.3],
[6, Section 4, Theorem 6.14] fat»-¢® with p > 1, and [5, Theorem
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11.2] for the corresponding statement fgf-4:):

(i} «+1/a>pB+1/band

L@ « [:bh)if either (p—1D(a—->b) =20,
il a+1/a=p+1/banda <b.
(4.15)
We shall concentrate on two cases, depending on whatke or
n>2:
e The 2D case(n = 2). Restricting attention tp = 1, we find the
following refinement of Lemma 2.1.

LEMMA 4.1.— We have the following relations
LogL)Y4(£2) c L9 (2) c L&Y D(2), Vg>1. (4.16)

The left of (4.16) follows from (4.15) withia, o, b, 8) = (1, 1/q —
1,4,0). The right of (4.16) (which follows with(a, «, b, B) =
(g,0,00,1/q)) offers a refinement of Lemma 2.1, since (4.15-
4.14) imply thatZL V4 ¢ L(logL)* wheneverag < 1. In fact,
the latter can be verified directly in view of the straightforward
inequality,

n q 1 s q
: d
Iog(l/m( / f*(r)dr> < / ( / f*(r)dr> S <
0 s=n 0

which yields the desired estimate for the right side of (4.16)

IE]|

/|f(y)|dy < /f*(r) dr <1l an|(log|EN)| 7, VIE| <1
'E 0

e Then-dimensional case; > 2. Here we restrict attention to= 0,
where L7-%:9 coincide with the usual Lorentz spacds?-%:9 =
L7 for p > 1.

4.3. Morrey spacesM 7@ (R") and M%) (R")

In this section we will consider vorticities in multidimensional Morrey
spaces. These further extend the Lorentz-type spaces we encountered so
far.
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Motivated by the Lorentz—Zygmund spade9 %), we introduce the
Morrey-type spaced/”:*)(£2) which consist of allL{.(£2)-functions
such that

||f||M<p;a>(m:=§ugR*"/P’(l—(logR)f)“sup / Ifldy}<oo,

Q2 CR" (4.17)

(Of course, one might further refine this definition with a secondary
indexq along the lines of.(7-%:*)), A comparison with (4.13) shows that
these Morrey spaces enlarge the ladder of spaces beyond the Lorentz—
Zygmund spaces

Lo () M7 (0). (4.18)

We shall concentrate on two cases depending whetkeR orn > 2.
In two space dimensions we will consider the logarithmic Morrey
spaces\ 1) (2) D L1 ()

MED(2) = {f| sup / |fldy <C(1—(ogR)_)"", VR >0}-

RZ
T B (N2

(4.19)
We conclude that the ladder of two-dimensional spaces is endowed with
a complete hierarchyL(logL)*(2) ¢ L&Y () ¢ LE9(Q) C
M(l;a)(g).
In the n-dimensional case; > 2, we consider the canonical Morrey
spaceM 7:0(2) = MP(2) for p > 1,

MP(2) = {f| sup / |fldy < CRY?' | VR > o}. (4.20)
XERHBR()C)F\Q
In the present context, we inquire about the compact imbedding of
these space if;_(R"). This issue is addressed in the following theorem,
proved independently by DeVore and T&o.

THEOREM 4.2 (R. DeVore; T. Tao). —Let 2 ¢ R” be a bounded
domain and let{w®} C C>*(£2) be a bounded sequence M :* N
LY(£2). If either:

@) p>n/2 or,

9 Private communication.
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(b) p=n/2anda > 1,
then{w?®} is precompact i ~*(R").

Proof. —For simplicity, assume thaf2 is included within the unit
n-box, Qp = [0, 1]". We will consider an orthonormal wavelet basis
for L2(£2), {y;x}. This basis may be built using a (finite) wavelet set,

= {1y}, supported inQo, which we will require to belong td7*(R")
(consult [14, Section 3.6] for a brief overview). Specifically, the wavelet
basis consists of

Vir(x) =22y (2x — j), keZ',jeZ',yeWw,

which are supported in the dyadic cub@s, := 27%(Qo + j); of course,
diam(Q ;) ~ 27* for all j’s.
Next, we consider the wavelet expansion of eath

" = Z Z Z Wk, 0= / Y ji dx

+ iegn
eV keZt jel O

The boundedness ¢&°} in Morrey’s M7*% yields two type of bounds
on the corresponding wavelet coefficients. First, e@ch has a volume
of 27% and is covered by a ball with radius= c2*, and hence

|5, | < 22 / || < Const || || e - 2722757 |11+ Ky |70
Ok
(4.21)
Next, we estimate thet’(Z")-norm of the wavelet coefficients
{%}jezn In terms of thellw®|| 1. In fact, since for each fik, the Q ;'s
form a pairwise disjoint cover of2, we have

> || < Const 223" [ || < Const 2/2||° 1. (4.22)

n n
JEL JEZ Ok

We conclude that the®’s are bounded i 1. Indeed, they;;’s are
H~'-orthogonal, each of which does not exceed || . <

min{2-2 [ | (n)[2/In|2, 1}, and hence

[of 5= S (@ Il < Consty” 272 3 |, 2

Vev (jle@ Zh) keZt JEZ!
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Using (4.21)x (4.22) we find the upper-bound

|7 < Const>_ 272 supw’, | x (
kez* J

./IEZ”

<Const)  2/P=2 |14 k|
keZ+t

which shows thatw® are H~'-bounded if either (a) or (b) holds.
Moreover, we haveH ~*-compactness ofw°} in view of the uniform
summability

&
2D @iV
k>ko jeZ

< Const) ~ 28/P=2|1 4k, |7 — 0, uniformly ine. (4.23)
k>ko

H1

The uniform high-frequency decay (i) converts weak compactness
in H~1into a strong one. O

Next, following [22], we introduce the spacezﬂ"“) as the spaces of
measureg. € B Mo With the estimates analogous to (4.17)

Il g7 = ﬁug[R—"/"’(l— (logR)_)* sup|ul(Bg(x))] < co.

xeR”

Our objective is to_extend Theorem 4.2 to a result regarding the
compact imbedding oM 7 in H~1(R"). Unfortunately, these spaces
are not separable and we can not perform the obvious density argument
suggested by Theorem 4.2. We will work around this difficulty with an
argument inspired on Lemma 2.3.

THEOREM 4.3. — Let 2 ¢ R" be a bounded domain. Thed”® N
BM(£2) is compactly imbedded iH1(2) if (p —n/2), + (@ — 1), >
0.

Proof. —We denote byx eitherM X (), if 2 < R? with somex > 1
or MP($2),if 2 CR", n> 3, with somep > n/2.

Givenpu € X, defineu™ = u = n™, wheren™ is a standard Friedrichs
mollifier. It is easy to see that” may not converge tp in the topology
of X. Our first observation is that th&-norms of 4™ do converge to
the X-norm of u nevertheless (this property is, in a sense, inherited from
BM, where it is rather trivial). Indeed, the total variation (which is the



398 M.C. LOPES FILHO ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 371412

norm of u in BM) is lower semicontinuous with respect to the weak-
convergence il8M. Hence, by the definition of the Morrey norms:

lelle < limvinf ™[] .

On the other hand, the spaBéV1 is a Banach algebra under convolution,
so that, once again using the definition of the Morrey norms we get:

1™ [ < |7 | g g lliellx = Nlellx.

Consequently,

HMme — |lnllx asm — oo. (4.24)

Next we use (4.24) and the proof of Theorem 4.2 to deduceXhiat
continuously imbedded it/ ~*. Letp € C°(£2). Then:

()= lim (™", @) <liminf||u” || 2l m

lim
m—00
<liminf Cllu" I llellg: = Cllimlix @l e,

where, in the last inequality, we used (the proof of) Theorem 4.2. We
conclude thaiX is in fact continuously imbedded i .

We will now prove the compactness of the imbedding. (€t} be a
bounded sequence . By what we have just proved, we may extract a
subsequencgu’*}, converging weakly ind — to 4 € H~1. We will have
concluded the proof once we show that in fact converges strongly to
n.
We introduce the mollificationg’” = n™ % 1’ and observe that, since
{u'} is uniformly bounded inH 1, the mollifications ™ converge
weakly in H=1 to u' asm — oo, uniformly ini. Indeed, forp € Hy:

(™ — ' )| = (' 0™ %o — @) < Clln™ %0 — @) 1,

which converges to zero as— oo, uniformly ini.

From the fact thatu* is bounded inX and (4.24), we have that,
for any increasing sequence of natural numbgng}, the sequence
of mollifications {u*™*} is bounded inX and, by Theorem 4.2, is
precompact ind ~1. Becauseg:’ is weakly convergent, we can prove that
{n'*m} is not only strongly compact, but actually strongly convergent
to the weak limitu of . To see that, we consider some subsequence
of p't™ (which, for obvious reasons, we do not relabel), strongly
convergent inf ! to somev. Then:
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0= lim {(u'*" @) — (v, )
k— 00

I H ig,mg ik ik _
_lerr;ow wr o)+ (', @) — (v, @)

= <Ms§0> - (U,gl)),

since

[Jim (e —pk, @) <€ lim [ln™ 5 ¢ — ¢ 1 =0.
Henceu = v. Since the converging subsequence above was arbitrary, we
may conclude that" converges strongly ta in H~! as we wished.

Note that, by standard properties of mollifications, we have that for
each fixed, u"™ — u' strongly inH—* asm — oc.

We are now ready to conclude the proof, by proving jiiatconverges
strongly tou. Lete > 0 and choose:, an increasing sequence of natural
numbers such that:

ik Mk

™™ = s < 8/2

Also choosekX sufficiently large so that it > K then:

L Mk

i = | yoa < £/2.

Consequentlyu’* — w strongly inH=t. O

We now return to incompressible flows, beginning with the 2-dimen-
sional case.

4.3.1. Vorticity in 2D Morrey space M&® (R?), « > 1
We have

THEOREM 4.4.— Let {u®} be a family of approximate solutions
of the 2D Euler equations(0.1), and assume that the corresponding
sequence of vorticitiegw®} is uniformly bounded irL> ([0, T]; M-
(R?)), witha > 1. Then,{u®} is strongly compact i.>*([0, T]; L2 (R?;
R?)), and has a strong limitx(-, #), which is a weak solution with no

concentrations.

The proof, based on tkﬁo]l-stability asserted in Theorem 4.3, follows
along the lines of Corollary 2.1.
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Remarks. —

1. The result stated in Theorem 4.4 is originally due to DiPerna and
Majda [16, Theorem 3.1]. They show, using elliptic regularity,
that the streamfunction corresponding to approximate vorticity
of (-, 1) € M5 (R?) has a logarithmic Hélder regularity of order
oa—1,

¢ (x) — ¢ ()| < Const [loglx —y[|"*, a>1, [x—y| <1/2.

Here we extend their result in both generality and simplicity. In
particular, we remove their extra assumption of weak uniform
control at infinity on the approximate vorticities, since our approach
based on the generalized div-curl lemma is local, in contrast to the
elliptic regularity used in [16, Theorem 3.1].

2. Why Morrey spaces? bounds in Morrey spaces have physical sig-
nificance as estimates on the decay rates of circulation of the flow.
Since M%) (R?) are not rearrangement-invariant spaces, how-
ever, there is no known strategy for obtaining a priori Morrey-
type bounds. One interesting exception that was observed by Ma-
jda, [31], deals with approximate vorticitiego®} in the cone
of positive measures it ~1(R?): conservation of the pseudoen-
ergy, — [ ¥¥w(-,1), implies thate® € BM are contained in
MY (R?), In [31], Majda has shown how the Morrey regularity
in M1Y/2(R2) of one-signed vorticities, plays a fundamental role
in his simplified proof of the concentration-cancelation argument
of Delort [19]. We note in passing that in fact, the concentration-
cancelation property is guaranteed by Morrey regularity, though
with no a priori specified rate. That is, if sufy, . lo®(x)|dx <
¢(R)R:>00, then the corresponding?.(R?) velocity field satisfies

the concentration-cancelation property, u’ — u; - u; fori # j.

3. The discussion above leaves us with a gap between those weak
solutions obtained from approximate solution sequeneiisout
concentrations, correspondingdco- 1, and approximate solutions
with concentration associated, for example, with positive vorticities
corresponding tax = 1/2 (for a specific example, consult [16,
Section 1]). The gap/R2 < « < 1 remains open with regard to the
question of compact imbedding 81 &) (R?) in HgZ(R?).
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4.3.2. Vorticity in n-dimensional Morrey space]\ZI.’(R”), p>n/2

We now consider three and higher dimensional flows. First we remark
that the Morrey space estimates do not have the physical interpretation
as circulation decay estimates in higher dimensions. On the other hand,
there is no natural set of a priori estimates for vorticity, in contrast with
dimension two. We state

THEOREM 4.5. — Let{u®} be a family of approximate solutions of the
n-dimensional Euler equation®.1), and assume that the corresponding
sequence of vorticitiegw?} is uniformly bounded in.> ([0, T]; (ML.)
(R™)), with p > n/2. Then, {uf} is strongly compact inL*([0, T'];
L2 (R";R™)), and hence it has a strong limit(-, #), which is a weak
solution with no concentrations.

Remarks. —

1. In the particular case of three-space dimensions, Theorem (4.5)
indicates that the Morrey spadeg®?(R3%) is the borderline case
for H~1-compactness and hence existence without concentrations.
This space was already addressed by Giga and Miyakawa [22] who
proved existence and uniqueness of a global solution to the 3D
incompressible Navier—Stokes (N-S) equations on the full space
with initial vorticity sufficiently small indM3/2(R3).

2. Why Morrey spaced/"/2(R") with n > 2? One important feature
of the work [22] is that it includes vortex ring initial data, i.e., initial
vorticities supported on closed curves. These vorticities generate
physically interesting flows that do not have locally finite kinetic
energy. In particular, generalizing this example in the obvious way
for higher dimensions, this implies that the conditipn> n/2 is
optimal for our compactness results inside the Morrey hierarchy,
since we can exhibit compactly supported measure®/’if? (R")
which are not inH,;2(R"), for n > 3.

We note in passing that Morrey regularity is also related to the
sharp partial regularity result for the 3D Navier—Stokes equations
obtained by Caffarelli, Kohn and Nirenberg [8]; consult also the
simplified proofs in [28,42]. These results involve an a priori space-
time Morrey-type estimate of the form

1
sup = / | (v, 5)|*dy ds < Const 1, (4.25)
O<R<Rg RB -~

RX,
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where B (x, t) denotes the space-tinparabolic ball, B (x, 1) :=
Br(x) x (t — R? t). We observe that this kind of bound re-
spects the basic similarity invariance of N-S solutiong(x, t) :=
A2w(ix, A%t), YA > 0. Our arguments are essentially stationary and
cannot be directly interpreted in this context. Under the assumptions
of [42, Theorem 3.1] one concludes $YR.1) |Vu| < Const- R—2

and (4.25) then yields Morrey boundednessMii/?(R3%) we en-
countered before.

3. And finally, we comment on the existing gap between Morrey vs.
Lebesgue regularity. Theorem 4.1 implies that within the Lebesgue
hierarchy, the critical Lebesgue exponen{pg) = 2n/(n + 2), so
that all L?*°(R") with p > 2n/(n + 2) are compactly imbedded
in Hgyt(R™). Theorem 4.2, however, identifies the critical Morrey
spacesM?(R") for a smaller range of exponents wifh> n/2.
Though the Morrey space are bigger than the corresponding weak-
L?, L?*° c MP, they both admit the same scaling. Thus, for
n > 2 we are left with the open question with regard to the
‘correct’ scaling exponent within the intermediate gaf2 > p >
2n/(n + 2), which will suffice for compact imbedding ingcl(R").

4.4. Velocity in Lebesgue spacé> ([0, T, Li,.(R™)), p > 2

2n

The spaceL:"?(R") is the borderline case within the Lebesgue
hierarchy for the regularity (lack of concentration) of approximete
dimensional vorticities, analogous to the borderline roléb(or BM.,)
in the 2D setup. Observe, for example, that witke) ~ |£|1" € L7
one finds for the corresponding velocity fieli, w: L2/ +2(R") —
L2 (R™M).

Following the 2D setup of Theorem 3.1 we have

THEOREM 4.6. — Let{u®} be a family of approximate solutions of the
n-dimensional Euler equationd).1), with vorticities, {w®}, uniformly
2n

bounded inL*®([0, T]; L& (R")). Assume that théu®} is uniformly
bounded inL>([0, T']; L .(R"; R")) with p > 2. Then,{uf} is strongly
compact inL*>([0, T']; L%C(R”;R”)), and hence it has a strong limit,
u(-, 1), which is a weak solution with no concentrations.

For the proof one makes use of the interpolation argument between
X,’s, X, = W=L"(R"). The compact imbedding >/ "+ (R") Cgpxq



M.C. LOPES FILHO ET AL. / Ann. Inst. Henri Poincaré 17 (2000) 371-412 403

with ¢ < 2 together with the boundedness{af} in X, for somep > 2
imply H~! stability.

Here, there are no known strategy to guaranteel/thbounds on the
vorticity (for r > 2n/(n + 2)) and the velocity (for > 2).

5. CONCLUDING REMARKS

The analysis developed in this paper is related to the question
of characterizing weak solutions which conserve kinetic energy. This
question was considered for 3D-flow by Onsager in [36], in connection
with conditions of asymptotic validity for Kolmogorov’s description of
the energy spectrum of turbulent flow in the inertial range. More recently,
P. Constantin, W. E and E. Titi, [13] proved that weak solutions of the 3D
incompressible Euler equations for periodic flow conserve kinetic energy
if the velocity belongs td.3([0, T'1; B:, (L3(R®))) N C([0, T]; L3(R3)),
for any s > 1/3, answering in the affirmative part of the Onsager
conjecture, that the energy would be conserved if and only if the
velocity is at least Holder continuous of exponeri81We observe that
our work shows that flows which are much more irregular may still
conserve kinetic energy. For instance, consider a periodic, or bounded
domain flow obtained as a limit of an approximate solution sequence
of velocities iInL*([0, T']; W*-?), for anys > (3/p) — (3/2). Then, in
view of the discussion in the end of Section 1, this flow conserves kinetic
energy. Finally, note that this observation does not disprove the “only
if” part of the Onsager conjecture, since we are not able to produce
such an approximate solution sequence. We are merely saying that it is
conceivable that such a counterexample exists.
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APPENDIX A. A GENERALIZED DIV-CURL LEMMA

Below we present a proof of Lemma, 1.1. This proof is based on a new
proof of the classical div-curl lemma, [40,34].

Proof. —The first (and standard) step is to observe that, without loss of
generality, one can assun } and{v®} share a single compact support
and the same weak limit= v = 0.

Indeed, fixg € C*([0,T] x R") and lety € C*([0,T] x R")
be such thatyy = 1 on the support ofp. Let L = ¢(u® — u) and
vé =y (v® — v). It is easy to see, passing to a subsequence if nec-
essary, that* — 0 and v® — 0 weaks in L>°([0, T']; L2 .(R")) and
strongly in C([O, T'1; H|0‘01(R")), so that assumptiotdl holds. More-
over, {divLf} and {curlv¢} are precompact i€ ([0, T']; H[,Cl(R”)) and
respectively inC ([0, T]; Hg&(R"; A™)) (and thus assumptiond2—.43
hold). Indeed, from the hypothesis, the only non-trivial condition to
verify is that diWeu) and curlyv) belong to C([0, T]; H1(R"))
and toC([0, T1; H 1(R"; A")), respectively. This follows since, pass-
ing to a subsequence if necessary, (div') converges strongly in
C([0, T1; H~(R™)) to a limit which has to equal diyu) a.e. in time;
analogously for cuth/v).

Our next step is at the heart of matter. Denote

rf:=divL’, S® = curlv?, a® =L, b® = Ve,
Fourier transform in the spatial variables leads to the following system

{ﬁ= ia® £,

S¢=i(b* @& —EQD°).

We view these as a system @f/2)n(n — 1) + 1 equations in the
unknownst. In the 2-dimensional case, one finds & 2 system which is
easily inverted; in the-dimensional case, > 2, it is an over-determined
system. In either case, we can solve this elliptic system and regover
as long as the inner product of and5® does not vanish. To this end,
multiply the second equation on the right fdyand use the first equation
to obtain(b®, a®)¢é = i(§?+r7?b5). Take the inner product of both sides
of the last equality by the vectdy/|£|2. We obtain our main identity
which reads

(5@ E) | (e
b®,a’) = — , A.l
b ’(|§|-|5| el |§|> A1)

where
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{ (@, b*) := (L, V¥)
(r%, §%) ;= (divL?, curlve).

Thus, we can integrate (A.1) di®, 7] x R"” and use the Plancherel
Theorem and the Cauchy—Schwartz inequality to get:

//u vEdrdr < (// ||§|2 dg df) IVl 20,722y
0 R”
(/ /

Therefore, to conclude thaﬁ, Jga U° - vedx dr — O, it is enough to

show that both/|&| and SS/|§| converge to 0 strongly ih.2([0, 7] x
R™). We will give the proof forr¢; the proof forS® is analogous.
We proceed by separating the low and high Fourier modes:

I a|2 172 172
/ ez // £12 dgd+// gz &
_.Il—i-.'[z.

The assumption off ~* compactness tells us precisely that the high
Fourier modes vanish in the limit— O:

IS¢
|£12 dgdt) 19 20,7y 2y (A-2)

5|2 r
zzgz// il Ldedr<2 [ a0
0 |Ej>1 e 0

Of course, the low-modes are already controlled by the weak conver-
gence (to zero), sincg (£, 1) = & - LE (&, 1), and hencér (&, 1)|2/|€|2 <
ILE (&, 1)|2. But thel are uniformly bounded il.>°([0, 7] x R") (since
the® are inL>([0, T]; L*(R"))), and they converge pointwise to zero:
sincel® — 0in C([0, T]; H (R")) and

LE(E, 1) = /e*fxfw(x, 1)L (x,t)dx — 0,
Rn
e 5y (x, 1) e C([0, T1; Hy(R")).

Consequently, by dominated convergenﬁﬁlflgldm\ﬂz, and hencé&q,
tends to zero.
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From the fact tha]foT Jgn L7 - VEdx dr — O it follows that, at least up
to subsequence,

T T
/ ¢u5-v8dxdt—>//(pu-vdxdt.
0

R 0 R”

To prove that the entire sequendg [, u® - v:dxdr — [ [, gu -
vdx dr we observe that this is the only possible limit of any converging
subsequence of the bounded sequence of real nun{\tﬁérﬁv ou’ -

v® dx dt}. This concludes the proof.O

APPENDIX B. A HIGH-RESOLUTION CENTRAL SCHEME
AND ITS Hi-STABILITY

We describe the approximation of (0.1) by the central scheme recently
introduced in [27]. It enjoys the advantages of having high-resolution
while avoiding spurious oscillations. Indeed, we extended the maximum
principle studied in [27, Theorem 4.1], proving the more genéigf-
stability statement below.

The solution of this central scheme is realized as a piecewise-constant
approximate solutione (x, y, t), at the discrete time levels! = nAt,
w(x,y,t") =3, @5, 1c;,, with cell-averages@’ ,, corresponding to
the cellsC; i :={(£.0) |I€ — xj| < Ax/2, ¢ — | < Ay/2}.

To evolve in time, we first need to be able to recover the velocity
field (u, v) from the discrete vorticity. To this end, we define the discrete
vorticity at the mid-cells as the average of the four corners of each cell,
ie.

1

i1l = 2 (@) 41 k1 + @) ps1+ D)k +Dj11k)- (B.1)

We then use a streamfunctiof, such thatAy = —a, which is obtained
in the mid-cells, e.g., by solving the five-points Laplacian,

A‘/’j+%,k+% = TOi s
Then, its gradientyy recovers the velocity field

ujk:=pVyWin.  Vik=—pyVajn  (Ve+ V)Y =—a. (B.2)
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Here and belowu,, 1, denote averaging in the- and y-directions,
e.0., Uy fu = é(faﬂ/z + foz 1/2) and similarly,V,, V, denotex- and
y-differencing, e.9.V,gs 1= A (g,g+1/2 — 8p-1/2)- Thus for example,
(B.2) amounts to

1
Ujk= E(‘/’ﬁ%,k% ~Viedaod TV taed — Viodao)-

Observe that with this integer indexed velocity field, we retain the fol-
lowing discrete incompressibility relation (centered around; + 1/2, k +
1/2)),

HyVxthjigeed 1V, 1 4,1 =0 (B.3)
This discrete incompressibility plays the key role in tHe'! stability
study below.

Equipped with the velocity values at we advance in time in two
steps: we first compute theldvaluesw”+ /2 using a first-order Taylor
expansion X, := At/Ax and i, := At/Ay, are the usual fixed mesh-
ratios),

"‘*‘2 -n Ax / y \

Wk =a)j’k—?(uw)j’k—3(vw)j’k, (B.4)
and using these midvalues, the vorticity at the next time stép =
t" + At is then realized by itstaggerectell-averages,

n+l —n+l
(x, E w
Y.t j+3k+3 ;+2k+%’

where
~n+1 _
wH%’H%—MxMy 1+ k+1+8MVV a)jJr k+1+8MxV a)]+ rd

_ At{,u}V W)™ 2 4V, (vw) 1k+ } (B.5)

Here, f;, and g}, denote discrete ‘numerical slopes’ in theand
respectlvelyy -directions. Let us consider two examples.

As our first example, we set these numerical slopes to z&rg,g' =
0. Thenw™ /2 = &" and the central scheme (B.4)—(B.5) is reduced to the
classical Lax—Friedrichs (LxF) scheme

+k+

—n+1 ~n ~n ~n ~n
" =— (" " " "
i+ atd 4( Tt O O+ @)

= A V@) 1+ Vo)) (B6)
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Here is the key observation. By the discrete incompressibility relation
(B.3) we find thato"** can be rewritten as @nvexcombination of the
neighboring averages at= 1", namely

1

-n+1 n n ~n

w = —(1 20 .u" 2,07 o
j+3k+3 4( + 20ty + 20,05, )

1 n -n
+ Z(l — 2t 2V D g

1
+4(1+2/\ AU g — 20 ”,k+1) Jok+1
1 —
+ 4(1 2\ M]+1k+1 21 v/+1k+1> Jj+1k+1

=: > O D - D Oup=1 (B.7)
le—(j+1/2)|=1/2
|B—(k+1/2)|=1/2

Observe, that thé@’s are nonnegative under the CFL conditiapju| +
Ay|v] < 1/2. By convexity, therefore,

n+l
O3 4 3) <D 0upd (@l p)

for all convex ¢'s and thanks to the incompressibility relation (B.3)
we find thatw (-, -, ¢) is a renormalized ‘entropy’ solution satisfying the
discrete analogue of (2.3)

-n 1 -n -n -n ~n
‘15(‘0]-1;“%) < Z{‘ﬁ(@/,k) + ¢ (@ 10) + (@] rh1) + S (D1 p40)
— At{pyV, (”n¢(wn)>j+% k+3

—l—uxvy(v”(ﬁ(w"))ﬂr%’“%}. (88)

It follows that the total mass of our piecewise-constant approximate
solution, [ ¢ (w(x, y, ") is nonincreasing in time.

/gb(a)(x, y, ")) < /.(b(w(x, y,0)), Vconvexe. (B.9)

In particular,w (-, 0) = w (-, ") maps any Orlicz space into itself.

The LxF scheme (B.6) is a first-order, low-resolution scheme. Higher
resolution is obtained if we set the discrete slogése' as appropriate
numerical derivatives. Namely, second order accuracy is guaranteed
wherever these slopes approximate the corresponding derivafives;

Ax - fr(x), 3, ") + O(AX)?, g, ~ Ay - gy (xj, i, 1) + O(AY)2.
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There is a variety of choices to reconstruct such discrete slopes from
the given cell-averages. As our second example for the class of central
schemes, we set

- - 1. -
w;‘,k = MM{Q(“’?H,k - w;f,k)’ E(w?+1,k - w;ffl,k)’
03~ 1)

_ _ 1, _
w},k = MM{9 (w?,k+l - w;f’k), 2 (a’?,kﬂ - w;f,kfl)’

9(&;’;’,{ — @?’k_l) } (B.10)
Here,M M, denotes the usual Min-Mod limiter
0, if (3G, j) | sgn(w;) # sgn(w;)},

MM ({we) = {s -minjwy|, If {Vk's | sgn(wy) = s},

and 0 € (0,2), is a free parameter which retains the non-oscillatory
properties of the approximate solution. We note in passing that stability
enforces this type ohonlinear reconstruction of discrete slopes from
the cell-averages of the vorticity. Straightforward divided differences are,
of course, another accurate choice but they sacrifice stability. Following
the argument along the lines of [27, Theorem 4.1] one finds that under
a restricted CFL condition (outlined below)*! can be written as a
convex combination of its neighboring gridvalues at t". We conclude

THEOREM B.1. -Consider the two-dimensional central scheme
(B.4)~(B.5), complemented by the streamfunction computation of the ve-
locity field (B.2), and discrete slopes using thedependent Min-Mod
limiter (B.10).

{i} Then for any < 2 there exists a constant,

36+ 1002 —0) —6
N 206 ’
such that if the CFL conditionmax{2, |u/|, A,|v|} < Cy is fulfilled,
then(B.9) holds.
{ii} In particular, the evolution mapping (-, 0) — (-, t") maps any
Orlicz space into itself, i.e(2.5) holds.

Cy

The last statement ofi,-stability implies that the finite difference
solution,w?(-, 1), is an approximate solution (satisfying properties,
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P2 and 1), and L?-convergence follows fop™' (-, 0) in the host of 2D
rearrangement-invariant spaces outlined in Section 2.
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