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ABSTRACT. — Consider a plasma described by the Vlasov-Poisson system
in a cube Q with the specular boundary condition. We prove that an
equilibrium 4 (v), which satisfies the Penrose linear instability condition
and which decays like O (Jv|™3), is nonlinearly unstable in the C' norm
with a weight function in v.

RESUME. — On considére un plasma décrit par le systtme Vlasov-Poisson
dans un cube avec la condition aux limites spéculaire. Nous démontrons
qu’un équilibre p (v) qui satisfait & la condition d’instabilité linéaire de
Penrose et qui décroit comme O (Jv|~3), est instable au sens non linéaire
dans la norme de C! avec un poids en v.

0. INTRODUCTION

We consider a plasma described by the Vlasov-Poisson system in a cube
@ = [-, 7]* with the specular boundary condition on the density and
the Neumann condition on the potential. We consider an equilibrium g (v)
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340 Y. GUO AND W. A. STRAUSS

which satisfies the Penrose linear instability condition

1) / [w (v1, va, v3) — (0, vz, v3)]/[v3] dv > 1.

Over thrity years ago Penrose [P] derived his celebrated criterion for
linearized instability, which takes the form of (1) for the case of the cube.
His criterion is a standard feature in most textbooks on plasmas (e.g. [K]).
However, in all the intervening years no one has found a rigorous proof
of true nonlinear instability.

Here we prove that u (v) is nonlinearly unstable in the C' ! norm with a
weight function in v. This is reasonable formulation because it is known
that solutions exist globally in this norm for arbitrary initial data. The
existence was proved in the present situation by [BR1], following the work
of [Pf], [H], [S] and [LP].

Furthermore, it has been known for some time that a monotone decreasing
equilibrium g (v) is nonlinearly stable. The stability was proved by [BR2],
following more formal work of [G], [HM] and [MP]. Still left unresolved
is the question of nonlinear stability in the case that p (v) is not monotone
but satisfies the linear stability criterion of Penrose.

The specular condition in a cube is equivalent to periodicity in each
spatial variable. In paragraph 1 we discuss the periodicity and the existence
of solutions. In paragraph 2 we explicitly exhibit an unstable eigenfunction
of the linearized problem. Then we use a general form of Weyl’s Theorem
to deduce the discreteness of the spectrum in the unstable half-plane. In
paragraph 3 we prove the main instability theorem in the space C! with a
weight in v. In fact a slightly larger space, denoted Y, suffices. The idea
is to show that the eigenvalue with the largest real part dominates. The
main estimate is of the LP norm in z and v with the weight (v)* where
p>3and 3 - p/3 < a < p-—3/p. The most serious error term involves
the derivative V,, (f — p), which is estimated separately in Lemma 3.2.

1. VLASOV-POISSON SYSTEM IN A CUBE

We consider the Vlasov-Poisson system in a cube @ = [, )3, where
the particles specularly reflect at the boundary of Q. Let 0Q) be the set
of points z € 0Q which are not corners or edges. Let n, be any outward
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normal vector at the boundary point z € Q. The Vlasov-Poisson system
takes the form

( 8tf+vvzf+vz¢vvf:07
f(ov z, U) = fo (:I’" U)7 _
ft,z,v)=f(t, z,v—2(ny -v)ng) for z€0Q,

(1.1 4 Ap=p(t z) = / f (i, z, v) dv — py,
R3
9 | _y, / $dz = 0.
8Q Q

\ on
Here f (¢, z, v) is the density of the electrons, ¢ is the potential, and po
is a constant background charge density of ions. We must assume that the
plasma is initially neutral:

(1.2) / Jo (z, v) dzdv — / podr =0
QxR3 Q

We first study the global existence of a classical solution for (1.1). The
difficulty arises from the complicated particle paths, because particles can
bounce repeatedly off the “walls”. However, the special geometric structure
of (1.1) and the boundary conditions enable us to reduce (1.1) to an easier
periodic Cauchy problem, which has been solved by J. Batt and G. Rein
in [BRI1].

THEOREM 1.1. - Let 0 < fo € CY(Q x R®) satisfy (1.2) and n, -V, fo =0
on 0Q. Fix p > 3 and assume

/(v)2 fo (z, v) dv < o0,
[fo (@, 0)|+|Vzfo (z, v)[+]|Vufo (z, v)] < C(v)7P,
where (v) = (1 + |v|2)}/2. Then there exists a unique solution (f, ¢) of
(1.1) such that f € C' and ¢ € C>.

Proof. — Given a C* solution (f, ¢) in BT x Q x R3, we extend it to
the whole space R x R? x R3? by the following simple reflection method.
We let z = (1131, To, ZE3), T; = y;+ 2kj7r, (] =1, 2, 3), for Yy € Q and
(ky1, ko, k3) € Z3. We define

Ttz 0) = f (% (0" g1, (1) g2, (1) ys;
(1.3) (1) o1, (=D)* va, (=1)% v3),
d(tz) =0t (D", (D" y2, (-1)® ys3),
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342 Y. GUO AND W. A. STRAUSS

forall y € Q and all (ky, k2, k3) € Z>. Then ¢ and f are periodic functions
of period 47. Notice that from the boundary conditions in (1.1), f and ¢
are continuous. Thanks to the Neumann and specular boundary conditions,
by a direct computation we get

(1.4) fetv-Vof+V.$-V,f=0

in R* x R® x R3. By assumption, f, € C* (R® x R®). By [BR1], there
exists a unique solution g € C* and ¥ € C? in R x R?* x R® with
g(0, 2, v) = f,. Now f(t, 2, v) and ¢ (¢, z) satisfy the same system (1.1)
for the same initial data f,, by (1.4). Therefore, f = ¢ and @ = 1) from the
uniqueness. Let (f, ¢) be the restriction to Q. Then by (1.3) we recover
the specular and Neumann boundary conditions by restricting x € 0Q).
QED.

2. LINEARIZED VLASOV-POISSON SYSTEM

Clearly f = p(v) is a stationary solution for (1.1) if x(v) is a non-negative
function even in each coordinate v, vo and vs, and

/R3 p(v)dv = pg.

Moreover, we assume the Penrose and finiteness conditions

2.1 / [ (v) = 12 (0, vy, v3)]/v? dv > 1,
R3

(2.2) I (V)] + Ve )]+ 1V i (v)] < Cv)7?,

where 3 < p < oo. Condition (2.1) is the form that the Penrose Criterion

takes in the cube Q. Here || - ||, is the L? norm of a function. Notice that
(2.1) can be written as

(2.3) / [81,1/ @ (v) dvzdvg}/vldvl
R R?

_ / [t (v) = 1 (0, vg, v3)}/w? dv > L.
R3

Therefore / p (v1) dvadvs cannot be a decreasing function of |v;}. For

b R &6 2 1
instance, it may be “double-humped” as when a beam of electrons is
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injected into the plasma. We are interested in the long-time behavior of
solutions of (1.1) near x (v). Thus we linearize (1.1) around p (v) as:

8tg+v'vzg+vww'vvﬂ:0

(24) g(t’ z, ’U)-_—g(t, -T,U—2(nz"l))nz), V.’EE@Q,
B 6,¢
Azb:/g(t,a:,v)dv, — =0, /¢=0,
6” Q

where g is a perturbation of x (v). In the spirit of Penrose, we establish
the following:

LemMa 2.1. — If p (v) satisfies (2.1) and (2.2), there is a growing mode
for the linearized problem (2.4).

Proof. — By the Penrose condition (2.3), there exists A > 0 such that

/ vlam © (’U) dv =1

v? + A2

where we have used the observation that

lim /Mdvz&

A—00 ’U% + AZ

For this value of A\, we define

At V10, 1 (v) a Ay, (V)
r(t,z,v)=e —U%—m— CoS Ty — € —1)%—+—/\—2— sin z1,
¥ (r) = —eMcos z;.

By a direct computation we get

Or+v-Vor+Vetp (1) Vyu
o {20

E e [Avy cosz; — A2 sinzy — (v]) sinzy — Avy cos 2]
1

+ 0y, 1 (v) sin:cl} =0.

Therefore r is an eigenvector of (2.4) with the eigenvalue A > 0 of the
operator —v - V, — V- VA™? / dv.
QED.
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344 Y. GUO AND W. A. STRAUSS

Now we are going to establish a weighted L? estimate for (2.4). We shall
quote a invariant of Weyl’s Theorem for a perturbed linear operator. The
following lemma is a special case of Shizuta [Sh].

LeEMMA 2.2. — Let Y be a Banach space and A be a linear operator that
generates a strongly continuous semigroup on Y such that |le *4|] < M
forallt > 0. Let K be a compact operator from'Y to'Y. Then (A + K)
generates a strongly continuous semigroup e”* At and o (—A - K)
consists of a finite number of eigenvalues of finite multiplicity in {Re A > 6}
for every 6§ > 0. These eigenvalues can be labeled by

ReAdi > Redy > ...>2 ReAy 2 6.

Furthermore, for every A > Re Ay, there is a constant Cy such that

(25) ”e—t (A+K)”L(Y, ¥) S CAeM.
We define
(2.6) Wfllz = [{v)* fllzr @xr2)

for fixed parameters 3 < p < o0 and 3 -3/p < a < p—3/p.

LemMma 2.3. — Let

Amqp(t,x):/g(t,m,v)dv for €@

%:0, / Pdx = 0.
on Q

Then ||Vz Ylloo < Cligliwz» (@) < CllAY[l, < Cligllz.

Proof. — We estimate

HAapnggc/Q (/ 1 dv)pda;
<o [ ([ 1w an)- ( fore dv)”p’ i,

Notice that (fu)“"P' is integrable since ap’ > 3. Therefore

a9, < Cli{v)* gll, = Cligllz-
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The first two inequalities of the lemma come from the Sobolev imbedding

and from the standard elliptic estimates applied to the periodic extension.
QED.

THEOREM 2.4. — For the linearized problem (2.4), we have

Q@7 lg )|z < Caeifollz

where A > max {Re A : ) is an eigenvalue of (2.4)}.

Proof. — We again reduce this boundary value problem (2.4) to the
periodic Cauchy problem through the reflection (1.3). Let g and %) be as
in (1.3). We define the Banach space

Z = {g € R® x R?, gisperiodicin z1, 72, 3, lgllz < oo}.

Let A(f) =v-V, f and K (g) =V, ¥V, where A = /gdv. Then

A generates a strongly continuous semigroup on 2 through the formula
g(ta z, ’U) = e_tA ?0 = 70 (‘T - ’Ut, ’U).
By Lemma 2.3

1K @llz = IVelpll ) Vall, < Cllgllz

and K is easily seen to be a compact operator from Z to Z. By (2.5) with
Y = Z, g satisfies (2.7). Finally we recover our boundary problem 2.4)
by the restriction to @ x R>.

QED.

3. NONLINEAR INSTABILITY
Let p > 3 and
(3.D I1£llx = sup(v)? (|| + V= £l + (Vo £I)-

Let X be the space of C? functions on @ x R for which || f||x < oo.

Vol. 12, n® 3-1995.



346 Y. GUO AND W. A. STRAUSS

MAIN THEOREM. — If i (v) is an even function in each coordinate that
satisfies (2.1) and (2.2), then p (v) is nonlinearly unstable in || - || x.

Explicitly, this means that there exist initial data fJ' (z, v) and times

t, > 0 such that || f' — pl|x — 0, but || f* (t,) — pl|x does not go to 0, as
n — 0o. We shall prove the Main Theorem through several lemmas.

LemMa 3.1. — Ler R (z, v) be any eigenvector of the linearized problem
(2.4) with a nonzero eigenvalue for which ||R||z < oco. Then | R||x < oo.

Proof. — By assumption ||R||z < co. We may consider R and ¢ even
and periodic as in paragraph 1. We have

v-VoR+V,¢-V, u=-AR,
3.2)
Ap = /Rdv, /¢dx—0

By Lemma 2.3, V¢ is bounded. Let © (L) = Q x (—L, L) Multiplying
(3.2) by (v)PV|R|¥~lsgn (R) and integrating over €2 (L), we get

(v Bllv, oy < ClIVe (v)? Villn, @)

Letting N — 0o and then L — oo, we get (v)? R € L™ (Q x R3).
Next, taking the spatial derivatives of (3.2), we get

33)  v-VoRy, +Vige, - Vop=-AR,, 1<j<3.

This process can be justified by a finite difference argument. Multiplying
(3.3) by (v)*?|R,, [P~ 'sign (R,,) and integrating over Q (L), we find

G4 ) Reyllp, 2wy < ClH ) Ve (¢2) Vo pllp, 2 )

where no boundary contribution appears of the periodicity, (i.e. the boundary
condition). By Lemma 2.3, V2¢ € L? (Q). By (2.2), (v)* V p € L? (R%).
Therefore we deduce from (3.4) that (v)* R, € L? (Q x R®). That is

V.R € Z. From the equation A¢,, = / R, dv and the periodicity, we

obtain as in Lemma 2.3

IV?4llo < ClIVoR||z < oo.
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Now multiplying (3.3) by (v)?V|R,,|Y " 'sgn (R.,) and integrating over
Q (L), we get

3.5 ()P Ro,line @) < ClVllooll(v)? Vopllne (ny)-

Letting N — oo and then L — oo, we get (v)? VR € L>=(Q x R?).
Similarly, taking the velocity derivatives of (3.2) yields:

(3.6) v-Va Ry, + Ro, + Vo -V i, = —AR,,,.

Multiplying (3.6) by (v)?"|R,,|¥ ~'sgn (R,,) and integrating, we get

WY Ry line @y < Cll(0)? Reylin @y + {0} VoV2ullno @yl

Again, there is no boundary contribution due to the periodicity. Letting
N — oo and then L — oo, we deduce (v)? R, € L™ (Q x R?).
QED.

Now let

11 = [ { [ 1 (Ifl+lefl+IvaI]sdw}p/s v,

where we fix3 < p<o00,3-3/p<a<p—3/pand s =p*/(p—1) > p.
Since a < p — 3/p, we have

c(lfllz +1IVAll2)? < IFlY < ClIfII% /(v)““’_“’z dv < O fll-

LemMma 3.2. — If f is a C! solution of the nonlinear problem (1.1) with
f(t) € X, then

6 SV A1, < OIS = wlzl 1

68 LIV~ mllz < ClF = ullz (14117 = wlly) + CIVe Sl
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Proof. — Let h = 9., f. Differentiate the Vlasov equation with respect
to z; to get

(e +v-Vo+ V¢ -V} h=—8, V¢ V,f.

Multiply by p (v)*?|h|P~1sgn (h) and integrate to get:

d

& [ (e hfe dado < / IV, ((0)) [ V|| dodo

+p / (v)°P|hPH V29|V, fldody = I) + L.
We estimate the two integrals as

LSCWVMm/XW”*MFSCWVMwWW%M

< ClIf = wllzll FI5

by Lemma 2.3 since s > p, and as

L <oV, [ { [t by 2w dw}w dv

<Cls = ullz [ 101 HE | (0)" 9 Sl
< C|If = pllz o) Ve f15z (rey 1) Vo flle (o)
< Clf - A1

We thus deduce (3.7).

Next, differentiate the Vlasov equation with respect to v;. Let g =
3y, (f — p). Multiply the differentiated equation by p(v)*?|g|P~'sgn (g)
and integrate to get,

& [ weigp dadv < [ 19, (@) IVellgp dody

+p / (0)?1g1P 1 {14, £1 + [V 6|80, Voul} dalo
=13+ 14+ I5.
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We estimate these three integrals as

13| < ClIVlloo / (v)°?~ gl dzdv < C|If — pllzlgll%,

L] < Cll)* gl {0} Ve fllp = Cllglly IV fl2,
\Is| < Cll(w)*glls ™ {0)* Vbl Vonlllp

1/p
= Oyl IV, [ [ wrieuy dv]
< Ol 1f - ullz.

The last integral is finite by (2.2). Dividing by {|g||%"", we deduce (3.8).
QED.

LemMA 3.3. — Assume f(t, z, v) is a C* solution of the nonlinear problem
(1.1) with f (t) € L* ([0, T); X). Assume there exists 3 > 0 such that

If (8) = pllz < Ce” || (0) — pllz
in [0, T). Then
(39) 1V, (f (8) = W)z < Be™/7 £ (0) - ully/”
where 0 < t < T and B depends on sup || f (t)||y, on u and on 3.
Proof. — By Lemma 3.2, we have
Vo (f () = pllz < ClIV. (f(0) — W)l + C/O |f () — plizdr
w0 [V, 5 ol ar
<O ©) = uly+C [ 1F (r) = il dr
0
0 [ 10+ [ 17 @) - plado} dr
BP N, P

where No = || (0) — plly < C|if (0) — pllx.
QED.
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Proof of the main theorem. — We follow the idea of Theorem 6.1 of

[GSS]. Suppose the theorem is false, so that y is nonlinearly stable. Thus
for any ¢ > 0, there exists § > 0 such that f € C ([0, co0); X) and

(3.10) sup ||f (1) —pllx <e

0<t<oo

provided ||f (0) — p|lx < 6. We choose

f (07 z, U) '—,u,(’U) = 6R(:L.7 U)
where R is an eigenvector in Lemma 3.1 with ||R||x = 1, such that its

eigenvalue A = A; has the largest real part. By the nonlinear Vlasov
equation (1.1),

(B f(t)—p=6Re* — /t e~ AT (V- [V, (F (1) — )] dr

0

where A + K is the linearized operator in Theorem 2.4. Let Re A < A <
Re A (14 1/p). Let

1
T = sup {t’ () — u~8ReM||z < 5 §eR X R||z for 0 <t < t’}.
Then 0 < T < oo. Thus for 0 < ¢t < T we have

B2 7 (6 = llz < 5 RN IRl

By Lemma 2.3,
(3.13) IV ()lloo < CHIF (1) — pllz < OB,
Thus we may apply Lemma 3.3 with § = Re A to obtain
Gl () - -8R

< [ AT OleliV (7 1) = )z o

t
< C / eA (t—7) 6e‘rReA 6l/p e ReX/p dr
0

< 81T/ o(ReX) (1+1/p)t
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Thus for 0 < ¢ < T we have

(3.15) I (&) — pllz > [|Rllz 67 — C (8t X)1H1/P,

We choose t = t5 so that
§et X = ([[R]|z/(20))*.

We claim that 0 < ¢5 < T. In fact, if T < oo, then from (3.14) and the
definition of T,

SIRIZ65 T = [ (T) — = 6B < C (67F N,

Hence éefie?ts = (||R||z/2C)P < eferT, and so ts < T. Now that
0 < ts <T, from (3.15) we have

p+1 +1
(3.16) If (ts) — ullz 2 |RIIZ™ /(27 CP).
This contradicts (3.10) since ¢ is arbitrarily small.
Q.E.D.
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