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ABSTRACT. – We give a smallness condition on|m|, and‖f ‖q for the existence of a solution
for the model problem:−�pu= f (x)|u|γ +mµ with u= 0 on∂
, where
 is a bounded open
set ofRN , f (x) ∈ Lq(
), q � 1,m ∈ R andµ is a Radon measure with bounded variation on


such that|µ|(
)= 1.

RÉSUMÉ. – Nous donnons une condition suffisante sur|m|, et ‖f ‖q pour l’existence de
solution au problème modèle :−�pu = f (x)|u|γ +mµ avecu = 0 sur∂
, où
 est un ouvert
borné deRN , f (x) ∈ Lq(
), q � 1,m ∈ R etµ est une mesure de Radon à variation bornée sur

 telle que|µ(
)| = 1.

1. Introduction and main results

The main goal of this paper is to prove, if the data are small enough, the existence of
a solution for the model problem{−�pu= f (x)|u|γ +mµ in 
,

u= 0 on ∂
,
(1.1)

whereN � 1, 
 is a bounded open subset ofR
N , −�p is the so calledp-Laplace

operator,f (x) ∈ Lq(
), q � 1, µ ∈ MB(
) (that is to sayµ is a Radon measure with
bounded variation in
) such that|µ|(
)= 1 andm ∈ R.
In fact we study the more general problem{−div(a(x,Du))= h(x,u)+mµ in 
,

u= 0 on ∂
,
(1.2)

whereu �→ −div(a(x,Du)) is a monotone operator defined onW 1,p
0 (
) with values in

W−1,p′
(
), p > 1, 1

p
+ 1

p′ = 1. We suppose more precisely that,

a :
× R
N → R

N is a Caratheodory function, (1.3)
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that is to saya(., ξ) is measurable on
 for everyξ in R
N , anda(x, .) is continuous on

R
N for almost everyx in 
, that,

a(x, ξ)ξ � α|ξ |p, (1.4)

for almost everyx in 
 and for everyξ in R
N , whereα > 0 is a constant, that,

|a(x, ξ)| � d
(
b(x)+ |ξ |)p−1

, (1.5)

for almost everyx in 
 and everyξ in R
N , whered > 0 is a constant andb is a

nonnegative function inLp(
), and that,

(
a(x, ξ)− a(x, ξ ′)

)
(ξ − ξ ′) > 0, (1.6)

for almostx in 
, and for everyξ, ξ ′ in R
N , ξ �= ξ ′. We also assume that,

h :
× R → R is a Caratheodory function, (1.7)

that is to sayh(., t) is measurable on
 for everyt in R, andh(x, .) is continuous onR
for almost everyx in 
, and that,




|h(x, t)| � f (x)|t|γ ,
for some 1� γ <+∞ and somef ∈Lq(
),

where 1� q � +∞,

(1.8)

for almost everyx in 
 for everyt in R.
Observe that there is no sign assumption onh(x, t), only the growth ont is considered.

We now recall some well known results about measures.
For every measureµ ∈ MB(
) there exists a unique pair of measures(µ0,µs) such
that µ = µ0 + µs (see [5] and [10]) withµ0 in M0(
) (that is to say the set of all
measures inMB(
) which are absolutely continuous with respect to thep-capacity)
andµs in MS(
) (that is to say the set of all measures inMB(
) which are singular
with thep-capacity). In other words,µs is concentrated on a subsetE of 
 with zero
p-capacity, andµ0 does not charge the set of zerop-capacity. Moreover it is equivalent
for a measure to be inM0(
) and to belong toL1(
)+W−1,p′

(
), that is to say every
µ0 can be written asµ0 = f − divg with f ∈L1(
) andg ∈ (Lp′

(
))N . In short, every
µ ∈MB(
) can be decomposed as follows,

µ= f − divg +µ+
s −µ−

s

wheref ∈ L1(
), g ∈ (Lp′
(
))N , µ+

s , µ−
s (the positive part and negative part ofµs)

are two nonnegative measures inMs(
) which are concentrated on two disjoint subsets
E+ andE− of zerop-capacity. Recall also (see [3,7,8]) that ifu is a measurable func-
tion defined on
, which is finite almost everywhere, and satisfiesTk(u) ∈W

1,p
0 (
) for

everyk > 0 (whereTk(u) is the truncate at levelk), then there exists a measurable func-
tion v :
→ R

N such thatDTk(u)= vχ{|u|�k} almost everywhere in
, for everyk > 0,
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which is unique up to almost everywhere equivalence. We define the gradientDu of u
as this functionv.

Let us recall the definition of a renormalized solution (see [7,8]).

DEFINITION 1.1. –We suppose(1.3)–(1.6), p > 1, µ ∈ MB(
). We say thatu is a
renormalized solution of

{−div(a(x,Du))= µ in 
,
u= 0 on ∂
,

(1.9)

if,
• the functionu is measurable and finite everywhere andTk(u) belongs toW 1,p

0 (
)

for everyk > 0,
• the gradientDu in the previous sense satisfies,

|Du|p−1 ∈Lq(
), ∀q, 1� q <
N

N − 1
,

• if w belongs toW 1,p
0 (
) ∩ L∞(
) and if there existsk > 0 and w+∞,w−∞ ∈

W 1,r (
)∩L∞(
) with r > N such that,

w =w+∞ a.e. on the set{u > k},

w =w−∞ a.e. on the set{u <−k},
then, ∫




a(x,Du)Dw dx =
∫



w dµ0 +
∫



w+∞ dµ+
s −

∫



w−∞ dµ−
s . (1.10)

In [8] the authors give equivalent definitions of renormalized solutions. Whenµ ∈
M0(
), this definition is equivalent to the definition of an entropy solution (see [3] and
[5]).

Let us observe that whenp > N , the renormalized solution is just a usual weak
solution and belongs to someC0,α(
); therefore the notion of renormalized solution
is not really needed. This is also the case for example in the linear case wherea(x, ξ) =
A(x)ξ when the matrixA has smooth coefficients. However, when the coefficients are
not smooth, a new notion is necessary even in the linear case in order to obtain both
existence and uniqueness results (see [16]). Observe in particular that the test function
w which is used in (1.10) actually depends on the solutionu itself, and that in some
senseu = +∞ on the set whereµ+

s is concentrated, whileu = −∞ on the set where
µ−
s is concentrated since the action ofµs on the set where|u| � k does not appear

in (1.10). For more comments on the notion of renormalized solutions, see [8]. These
equations have been widely studied. Especially in [1,2,11], the authors give a sufficient
and necessary condition for the existence of a solution of equations closed to (1.2) in the
casep = 2, but their method doesn’t extend top �= 2. See also [15] for the case of an
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eigenvalue problem. Let us also quote [4] in which the authors give counter examples to
the existence for the equation of the type (1.2). Quasilinear equations have been studied
with more regular data in [9,12,14] for instance. In these papers existence results are
obtained assuming that the data are small enough relatively to a convenient norm.
The main result of this paper is the following,

THEOREM 1.1. – Assume(1.3)–(1.8), let m ∈ R and µ ∈ MB(
), such that
|µ|(
) = 1, 1 � γ < +∞, 1 � q � +∞ with q �= 1 if N = p and γ q ′ < (p−1)N

N−p
if

N > p. Then there exists a renormalized solution of(1.2)
(1) if 1� γ < p − 1 (thusp > 2)

with no additionnal condition on‖f ‖q,m;
(1) if γ � p − 1 then the condition is

‖f ‖q |m| γ−p+1
p−1 � C

|
| 1
q′ + γ

p−1 (−1+ p
N
)

(1.11)

for some constantC = C(N,p, γ ).

Remarks. –
• First observe that whenp < N , there exists someq with 1 � q � +∞ and some
γ � 1 such thatγ q ′ < (p−1)N

N−p
if and only if p > 2N

N+1.
This is a restriction on the values ofγ andq, which is natural. Indeed, in order to
define a renormalized solution of (1.2), we needh(x,u) to belong toL1(
). But
even ifh(x,u) ≡ 0, the renormalized solutionu of (1.2) belongs toLr(
) for any

r, 1 � r < (p−1)N
N−p

and is not in general inL
(p−1)N
N−p (
). Consequently ifγ q ′ � (p−1)N

N−p

we shall not haveh(x,u) ∈ L1(
).
• If γ = p − 1 condition (1.11) reads

‖f ‖q � C|
| 1
q − p

N

with no condition onm. Actually, if u solves

−�pu= f (x)|u|p−1 +mµ,

then for anyc > 0, v = cu solves

−�pv = f (x)|v|p−1 + cp−1mµ.

That is to say, if there is a solution form andµ given, then there is a solution for
every|m|.

• If µ � 0 andh � 0, then a solution of (1.2) is nonnegative. Indeed, we can use
w = −Tk(u

−) as test function in the equation satisfied byu and then (observe that
µ−
s = 0 and w+∞ = 0)

−
∫



a(x,Du)DTk(u
−)dx =

∫



h(x,u)
(−Tk(u

−)
)
dx +

∫



−Tk(u
−)dµ0 � 0,
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from (1.4), we deduce that,

α‖DTk(u
−)‖p � 0

for anyk > 0, and thenu− = 0. It means that Theorem 1.1 gives conditions for the
existence of a positive renormalized solution of

{−�pu= h(x,u)+µ in 
,
u= 0 on ∂
.

2. Estimates and preliminary lemmas

Recall the following estimates,

LEMMA 2.1. –We suppose(1.3)–(1.6), µ ∈ MB(
), such that|µ|(
) = 1, m ∈ R

andp > 1. Letu be a renormalized solution of

{−div(a(x,Du))=mµ in 
,
u= 0 on ∂


then the following estimate holds

‖u‖r �C|
| 1
r + 1

p−1 (−1+ p
N )|m| 1

p−1 , (2.1)

for some positive constantC = C(N,p, r) and for anyr ∈ [1,+∞] if p > N , r ∈
[1,+∞) if p =N , andr ∈ [1, N(p−1)

N−p
) if p <N .

This estimate is proven in [13] for instance, where explicit value forC is explicitely
given in a more general context. It can also be proven by symmetrization techniques
(see [17]). We have to specify that in [13], the right-hand side is inL1(
), but the proof
extends toµ ∈MB(
) without difficulty.

COROLLARY 2.1. –Assume(1.3)–(1.8), 1� γ <+∞, 1� q � +∞. If v ∈Lγq ′
(
),

m ∈ R andµ ∈MB(
) such that|µ|(
)= 1, if q �= 1 whenN = p and if γ q ′ < (p−1)N
N−p

(thusp > 2N
N+1) whenN > p, and ifu is a renormalized solution of

{−div(a(x,Du)) = h(x, v)+mµ in 
,
u= 0 on ∂
,

(2.2)

then,

‖u‖γ q ′ �A+B‖v‖
γ

p−1
γ q ′

where

A= C|
| 1
γ q′ + 1

p−1 (−1+ p
N
)|m| 1

p−1 , B = C|
| 1
γ q′ + 1

p−1 (−1+ p
N
)‖f ‖

1
p−1
q ,

for some positive constantC = C(N,p, γ ).
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Proof. –We have

(|h(x, v)+mµ|(
)) 1
p−1 �

(‖h(x, v)‖1 + |m|) 1
p−1 ,

then from (1.8), and Hölder inequality,

(|h(x, v)+mµ|(
)) 1
p−1 �

(‖v‖γγ q ′‖f ‖q + |m|) 1
p−1

and then,
• if 1

p−1 < 1,

(|h(x, v)+mµ|(
)) 1
p−1 � ‖f (x)‖

1
p−1
q ‖v‖

γ
p−1
γ q ′ + |m| 1

p−1 ,

• if 1
p−1 � 1,

(|h(x, v)+mµ|(
)) 1
p−1 � 2

2−p
p−1 ‖f (x)‖

1
p−1
q ‖v‖

γ
p−1
γ q ′ + 2

2−p
p−1 |m| 1

p−1

and we get the corollary from (2.1) withr = γ q ′.
We now study the function,ϕ :R+ → R defined by,

ϕ(X)=A+BX
γ

p−1 −X,

whereA, B � 0.
• If γ > p − 1, then,ϕ(0) = A � 0 and limX→+∞ ϕ(X) = +∞, moreover, by

calculation of the derivative, we get thatϕ has a minimum at the point,

X0 =
(
p − 1

Bγ

) p−1
γ−p+1

with

ϕ(X0)=A+ 1

γ
γ

γ−p+1

(p − 1)
p−1

γ−p+1

B
p−1

γ−p+1

(p − 1− γ ),

thenϕ has at least one root if and only ifϕ(X0)� 0 that is to say if,

AB
p−1

γ−p+1 � 1

γ
γ

γ−p+1
(p − 1)

p−1
γ−p+1 (γ + 1− p), (2.3)

andϕ has two roots if,

AB
p−1

γ−p+1 <
1

γ
γ

γ−p+1
(p − 1)

p−1
γ−p+1 (γ + 1− p).
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• If γ = p − 1, then,

ϕ(X)= (B − 1)X +A,

thenϕ has a root if

B < 1, ∀A� 0. (2.4)

• If γ < p − 1, then,

ϕ(X)=A+BX
γ

p−1 −X

and then,

lim
X→+∞ϕ(X)= −∞ and ϕ(0)� 0,

thenϕ has a root for anyA,B � 0.
We henceforth denote (when it exists),

Y : the smallest root ofϕ. (2.5)

3. Proof of Theorem 1.1

First observe that,
• if γ > p − 1, condition (2.3) is equivalent to

|
| 1
q′ + γ

p−1 (−1+ p
N )|m| γ−p+1

p−1 ‖f (x)‖q �C

for some constantC = C(N,p, γ ).
• if γ = p − 1, condition (2.4) is equivalent to

|
|− 1
q
+ p

N ‖f (x)‖q �C

for some constantC = C(N,p), and we recognize the condition which appear in
the second case of Theorem 1.1.

We set

hn(s) = Tn
(
h(s)

)
,

whereTn is the truncate at leveln.

LEMMA 3.1. – We suppose(1.3)–(1.8), let µ ∈ MB(
) ∩ W−1,p′
(
), such that

|µ|(
) = 1 andm ∈ R, we suppose thatY defined by(2.5) exists, that is to say if the
previous conditions are fulfilled. Then, for anyµn ∈ W−1,p′

(
) ∩ MB(
) such that,
|µn|(
)�m there exists a solutionu ∈W

1,p
0 (
) of the equation:



∫



a(x,Du)Dw dx =
∫



hn(x,u)w dx + 〈µn,w〉

∀w ∈W
1,p
0 (
),

(3.1)
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such that,

‖u‖γ q ′ � Y,

whereγ , q ′ satisfy the same conditions as in Corollary2.1.

Proof. –We shall use Schauder Fixed Point Theorem.
Let v ∈ W

1,p
0 (
) then hn(x, v) + µn ∈ W−1,p′

(
) and there exists a uniqueu ∈
W

1,p
0 (
), such that,



∫



a(x,Du)Dw dx =
∫



hn(x, v)w dx + 〈µn,w〉

∀w ∈W
1,p
0 (
).

(3.2)

Moreover since|hn(v)| � n, usingu as test function we easily get

‖Du‖p �Cn, (3.3)

whereCn is a constant which depends onn but not onv.
Let v ∈W

1,p
0 (
), we henceforth setAn(v)= u the solution of (3.2).

LetE = {v ∈W
1,p
0 (
)∩Lγq ′

(
),‖Dv‖p � Cn,‖v‖γ q ′ � Y }, then,
• E is a closed convex subset ofW 1,p

0 (
).
• Observe that from definition ofY , if v ∈E then

‖u‖γ �A+B‖v‖
γ

p−1
γ �A+BY

γ
p−1 = Y.

Moreover we have already seen that

‖Du‖p � Cn

then,

An :E →E.

• Suppose that(vε) is a sequence inE such thatvε → v in W
1,p
0 (
) strong and

let uε = A(vε). Since(vε) is bounded inW 1,p
0 (
) there exists a subsequence still

denoted(uε) such that,

uε → u Lp(
) strong, a.e. in
 andW 1,p
0 (
) weak.

Using(uε − u) as test function in (3.2) we get,

∫



a(x,Duε)D(uε − u)dx =
∫



hn(vε)(uε − u)dx + 〈µn,uε − u〉.

We can easily see that the right-hand side tends to zero asε tends to zero, then,
since,
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(
a(x,Duε)− a(x,Du)

)
D(uε − u)dx

=
∫



a(x,Duε)D(uε − u)dx −
∫



a(x,Du)D(uε − u)dx

we have,

lim
ε→0

∫



(
a(x,Duε)− a(x,Du)

)
D(uε − u)dx = 0

from a lemma of [6] it implies that,

lim
ε→0

‖D(uε − u)‖p = 0.

This implies that we can pass to the limit in the equation satisfied byuε, and we
getu = A(v). Consequently the whole sequence(uε) converges tou and finally it
proves thatA is continuous.

• With same arguments we can prove thatA(E) is precompact. Indeed if(uε) is a
bounded sequence inA(E) thenuε = A(vε) with (vε) or a subsequence is such
that,

vε → v a.e. in
 andLp(
) strong

and we deduce like previously that,

uε → u in W
1,p
0 (
) strong.

End of the proof of Theorem 1.1.
Letµ ∈MB(
) such that|µ|(
)= 1 and m∈ R, thenmµ can be decomposed as,

mµ= f − divg + λ+ − λ−.

Let (µn) a sequence of measures inMB(
) such that,

µn = fn − divg + λ⊕
n − λ�

n

with,

fn ∈ Lp′
(
) and(fn) converges tof weakly inL1(
), (3.4)

λ⊕
n is a sequence of nonnegative functions inLp′

(
) that

converges toµ+
s in the narrow topology of measures,

(3.5)

λ�
n is a sequence of nonnegative functions inLp′

(
) that

converges toµ−
s in the narrow topology of measures,

(3.6)
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|µn|(
)�m, (3.7)

then there exists a solutionun of the corresponding Eq. (3.1) which satisfies

‖un‖γ q ′ � Y.

Observe that in (3.1) the right-hand side is bounded inMB(
), then it is proven in [8] that
we can extract a subsequence which converges in measure and a.e. in
 to a measurable
functionu which is finite almost everywhere. Moreover since the right-hand side in (3.1)
is bounded inMB(
), from Lemma 2.1 we have, ifq �= 1, with a smallδ

‖un‖γ q ′+δ � C,

whereC is a constant which does not depend onn. We deduce that(uγ q
′

n ) converges to
(uγ q

′
) in L1(
) strong (see [3]). Moreover, we have,

∥∥f (x)|un|γ − f (x)|u|γ ∥∥
L1(
)

� ‖f ‖q
(∫




(|un|γ − |u|γ )q ′
)1/q ′

(3.8)

but, (|un|γ − |u|γ )q ′
tends to 0 a.e. in
 and,

(|un|γ − |u|γ )q ′
� 2q

′−1|un|γ q ′ + 2q
′−1|u|γ q ′

.

The right-hand side converges inL1(
) strong. Then by Vitali Lemma and (3.8), we
deduce that,

f (x)|un|γ tends tof (x)|u|γ in L1(
) strong. (3.9)

We assert again thathn(x,un) converges a.e. in
 to h(x,u) and by (1.8) and (3.9),
we deduce thathn(x,un) converges toh(x,u) in L1(
) strong. The same conclusion
holds whenq = 1. Sofn +hn(x,un) converges inL1(
) weak, and with the additionnal
assumptions (3.5), (3.6) onλ�

n andλ⊕
n we can apply Theorem 3.2 of [8] and conclude

thatu is a renormalized solution of (3.1).
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