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ABSTRACT. — Let Q be a bounded domain d@&”, with boundarydQ. Let I'p andT" be
connected components &f2. We assume tha® is surrounded alonfp andI" by thin insulating
layersx§ andx? of varying respective thicknessk§(s) andh®(s), s being the generic point of
I'p andI". We denote by"g andI™ the parts ob X§ andd X° which do not meef2. We consider
a class of quasilinear elliptic problems with different exponept#s(<2, o in X3, ¢ in X¢) and
with the following boundary conditions:

eonTly, uf =0,

e ONTI?, the total flux is prescribed and is constant, but unprescribed,

e ONnI'g andr’, the natural transmission conditions.

The restricted equations B and ¢ have nonconstant coefficienjsy and ., in the form
ug(x) = ugloo(x)) (respectivelyu®(x) = u®(o(x))), oo ando being the respective projections
onI'g andI’. We predict the asymptotic behaviour of this problenk@and g (respectively:®
andu®) tend to zero in a suitable sense, provided they are related in a convenient way.
© 2002 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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RESUME. — SoitQ un domaine borné de", de frontieredQ. Soientl'o etI" des composantes
connexes d&2. Nous supposons que est entouré le long dEg et I' par de fines couches
isolantesXj et ¢ d’épaisseurs variables respectivggs) et 2°(s), s étant le point générique
deTl'o ouT'. Nous deésignons pdi; etI™* les parties dé X etoX* qui ne bordent pa®. Nous
considérons une classe de problémes elliptiques quasilinéaires, avec des exposants de Sobc
différents (p dansQ, go dansxg, ¢ dansx?) et avec les conditions au bord suivantes :

esurl’g, u® =0,

E-mail addressmossino@cmla.ens-cachan.fr (J. Mossino).
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e surl?, le flux total est prescrit et® est constant, mais indéterminé,
e surl'g etT’, les conditions de transmission naturelles.
Les équations restreinteg et *° ont des coefficients non-constantg, et .., de la forme
up(x) = pugloo(x)) (resp.u’(x) = uf(o(x))), oo eto étant les projections respectives $iyr
etT". Nous prédisons le comportement asymptotique de ce probleme, lar§etg (resp.h®
et u?) tendent vers zéro simultanément, tout en vérifiant une relation de corrélation convenable

© 2002 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. Introduction

Let Q be a bounded domain @&”" and letI'y and " be connected components
of the boundaryd2 of Q2. We assume tha® is surrounded alond@’o and I' by thin
reinforcements

o= {s+1n(s),s €To,0<t <hgy(s)(<e)}, (1.1)

= {s+1n(s),sel,0<t <h®(s)(<e)}, (1.2)

wheren(s) denotes the outer normal @ at the points of T'y or I'. Then we denote

by Q* =QU X5U X UTyUT the reinforced domain and we defifi§ andI'* as

the parts ofd £§ and 9X® which do not meef2. We study the limit behaviour (when

¢ tends to zero) of some quasilinear problems with three (possibly different) exponent:
P, 40, q € (1, 00) of the type:

—div(|Vu®|P=2Vu®) = f* in Q,
— div(u§| Vul|972Vut) = g§  in ¢,
—div(uf|Vut|9"2Vu®) = g°  in ¢,
u® =0 onlg= (3§ \ Io,
u® is constant (undetermined) &1 =(0X°)\ T, &)
ou® .
/;LEIVuEI"_zai ds =1I° (given),
n
l"E

ou’

5 =0 onaoQ\ (I'guTr?),
n

+ transmission conditions ary andT",

where we write “transmission conditions” for:

&€
Ms _ {MES On FO,
fe)

ujge onrl,
(ufse)
£ s 90—2 |z
Vi, |P—28(”m)_ HE Vg an O"TO
“ 9 & & q_za(ufzg)
u |Vu|2; onT,
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and where: denotes the outer normal &2 or 9Q2¢. In an electric (or heat propagation)
setting, if Q¢ is doubly connected, witli'® as inner part of the boundag® andI']
as outer part, the boundary constraints mean that the potential (or temperature) has
given value orl"§ and thatl™® surrounds a perfect conductor, in which consequently the
potential (or temperature) is constant, but unprescribed. The total flu¥;?j.es then
given in terms of the integral of the source term over the perfectly conducting region.
The assumption thatf and .° are small means thal§ and ¢ modelize (unperfect)
insulating layers. The torsional rigidity problem for a cable of multiconnected cross
section also is of the same form.

To be more explicit, consideP® such thatoD® = I'j and C® such thatoC® = I'*
(D? = Q° U C#); the model problem consists in minimizing the energy

Sg(u):/cﬂvmzdx—/fgvdx,
'Ds

De

over the subset of functionsin Hol(Ds) such thatvVv = 0 in ¢, with a conductivity
coefficientc® having value 1 inQ2, u® in £°, ug in X§. This problem is equivalent to
minimizing
Ss(v):/CEIVvlzdx—/fsvdx—v‘ps/fsdx,
QE QE CS

over the subset of functionsin H1(£?) such thatv =0 on I'§ andv is constant (but
unprescribed) om¢. Now the Euler equation of the above minimization problem is

—Au® = f* in Q,
—div(u§Vut) = f¢ in X§,
—div(pfVu) = f* in ¢,
ut=0 onTIyg,
u® is constant (undetermined) o,
8 &
/“8 ab; ds:/fgdx’
Te Ce
ou’, 8(”8 s)
ufg =ufy; and 8)19 = 1§ 8‘; on o,
ou’, a(us ET)
Ujq =ujy. and arle =ut E)lnz onl,

which is the model equation fqg£).

Similar problems (nhot involvingZ¢) were considered by Boutkrida, Mossino and
Moussa in [4] and [5]. Previous works on reinforcement problems were done by
Sanchez-Palencia [13,14], Acerbi and Buttazzo [1], Brezis, Caffarelli and Friedman [6],
Buttazzo and Kohn [7] and by Buttazzo, Dal Maso and Mosco [8]. To our knowledge,
the condition on the given flux and the undetermined constant boundary value appeare
only very recently in this context of boundary layers [11].

As in [4] and [5] the shape of the reinforcement may depend,@dhat is we consider
“general” functionshg and /#°, and the insulating (or reinforcing) material may be
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inhomogeneous along, and I', but xj and ©° are constant along each normal to
I'o andT': in other wordsug(x) = ug(oo(x)) (respectivelyu®(x) = u®(o (x))), where
oo(x) (respectivelyo (x)) denotes the projection of € Xj (respectivelyX®) on I'g
(respectivelyT"). We definea§: Ty — R (respectivelya® : T' — R) by a§ = pg(hg)t=
(respectivelya® = uf(h®)1~7). We assume essentially tha§ are positive functions in
L*>(T'g) (and the same far® € L>°(TI")), with uniformly bounded inverses, and tHas
(respectivelyl) is divided into two parts:

o I'; (respectivelyl”) such that eitherl o (respectively\l”) is empty or% tends to zero

in L%~X(L o) (respectivelyt — 0in L¢~X(I")), ¢, andg’ denoting the conjugates g4
andg (e.9.7 + 5 = 1),

e I (respectivelyl’) such that eithel’ (respectivelyl’) is empty or ¢ tends to
ao in weakx — L>®(T) (respectivelya® — a in weak« — L>(T")) and such that
(respectivelyk?) does not oscillate too much dny (respectivelyl").

We prove that the limit problem has the form

—div(|Vul|P=2Vu) = f in ,
u=~0 onlo,
_,0u 5 _
[Vu|? 8——i—aolulq0 u=>0 onT,
n
u = k(undetermined constant onT,
0 _
|Vu|f'—28—” talu—kl*2u—k)=0 onT, (L)
n

9

/ Vi 2 s = 1,
J on

ou

— =0 ona2\ (F'qul),
on

where f and I are respective limits of* and 7¢. As Acerbi and Buttazzo did in [1],
we use thd-convergence theory introduced by De Giorgi [10] (see also Attouch [2]
and Dal Maso [9]) and we actually are able to predict the explicit limit of more general
minimization problems than those associated with (1.1), (1.2)&nd

e One can introduce additional constraintsugg;

e The reinforcements (1.1) and (1.2) can be generalized to

2= {s+1tnp,(s),s €To,0<r <hi(s)(<e)},

S={s+mus),sel,0<r<h’(s)(<e)},

where ny,(s) (respectivelyny(s)) is supported by the line of points havingy
(respectivelyH)-projections on I'y (respectivelyl”) and whereHy and H are general
norms @y = n, the unit normal vector, iff is the euclidian norm);

¢ In the energy functional, the term

1 1 1
—/|Vv|”dx+—/ugoo()|Vv|q°dx+—/usoo|Vv|qu
pJ 9. q

0

EE‘
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can be generalized to the anisotropic one

F(U‘Q)‘i‘/hoo OGo(hf)oang(Vv))dx+/Z c)GG(h*’oaH"(Vv))dx
oo
ZE

where (e.g.Juf oo)(x) = uf(o(x)), o (x) (respectivelyog(x)) is the projection ofc for
the H-norm (respectivelyHy-norm) and where (e.g ¢ denotes the dual norm df,
defined as
H?(&%) = SUIOéE S
g0 H(E)

We give the precise assumptions BnG, Go, H, Hp in the following.

We would like to emphasize the connection between the geometry of the reinforce-
mentsXx®, Xj (defined byH and Hp) and the energy functional, whose integrands on
¢ andx§ are defined in terms of the dual norm$ and Hg.

Finally, let us mention that the result can be easily generalized to reinforcements alon
a finite number of components 6f2.

2. Statement of the problem and of the result

Let H :RY — R* be a norm. In particular

VieR, VEe€RY, H@E)=|t|H(E), (2.1)
381,82, > 0,VE e RY, 81| < H(§) < 82l€], (2.2)
VELE eRY, HE +E&) S HE)+ HE) (2.3)
and from (2.1), (2.3)H is convex. The dual function aff, defined as
§°.8

H°(£%) =su

H(g),g eRN &+ o} =sup{e°.£,6 e RV, 0< H(E) <1} (2.4)

is also a norm, with

1 1
vES e RY, 8—‘§0|<H0(50)<8—‘50 (2.5)
2 1
H and H? are dual to each other and satisfy
VE eRY,VECeRY, |£°.5| <HE)H(£°); (P.1)

In this paper we consider two such nornis and Hp; we assume that they are
differentiable at any point but zero and tifét and H§ are strictly convex.

Now consider a bounded regular domanin R and letI’ andI'y be connected
components 062. We introduce the distances (relatedHoand Hp) from x to I and
Iy, defined by

t(x)=minH(x —s), fo(x) =min Hy(x — s).
sel’ selo
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Let us remark that the above minima are achieved. Moreover if, for exaraple,
minimizesH (x — s) for s € I" and if y is on the segmerib, x], theno also minimizes
H(y —s) fors e I'. (Actually assumes’ is onT" with H(y — ¢’) < H(y — o). Then
Hx—0)<Hx—-y)+H(y—-0)<Hx—y)+ H(y—0)=H(x — o) and we get
a contradiction.) It follows that the set of points havilgprojectiono onT is a line
emanating fronw .

Let @' O @ be the domain having bounda(9<2 \ (I' UTg)) UT" U T, with I and
'y at given small distance (relative toH and Hprespectively) fronT" andI"y. We have
Q'\ Q = ¥'U ¥} and we assume that' and &, areC*-diffeomorphic tol" x (0, ') and
o x (0, ¢") by the mapping®D andDy:

D:xeX — (o(x),1(x)) €I x (0,1,

with 7 (x) = minycr H(x — s) as above and (x) = argminer H(x — s). (Dy is defined
similarly). We notice that (e.g.PpY(o,1) = o + tny (o) with H(ny (o)) = 1 (since
t = H(tny(0))).

Let ¢ < ¢’ be a small parameter (hereafteiwill describe a sequence of positive
numbers tending to zero) and lgt:I" — R* \ {0} be a positiveC*-function such that

Vo el', h%(o)<s; (2.6)
h¢ defines the reinforcemei® of 2 alongrl:
Y={xe¥,0<t(x) <h®(o(x))} ={oc+tnp(o),0c €l,0<t <h®(0)}.

We set
I'“={o+h"(o)ny(c),oel}.

We consider also a similar functiok defined onI'y and we associate with it the
reinforcementX; (of 2 along I'p) and the partl’§ of its boundary which does not
meet2. We denote by2* = QU X U X5 U T U Ty the reinforced domain. Note that
QCCA=QUEUE UT'UT,.

With the above geometrical data and giveng, go in (1, 00), we consider the
functional space

Ve = {l) (Qf— R, ViQ € Wl’p(Q), Vize € Wl’q(Es), U‘Eg € W]-JIO(ES)’
vio =Yz ONT, vig = vz ON Lo, vjre = (undetermined) constanr: = 0}.

We are given datd®, f*, g%, g, F, K, G, Go, a®, a§ such that
o e R, ffeLV(Q), ¢ € LY(X), g5 € LY(Z§), with p/, ¢’ and ¢’y the
conjugates op, g andgqo,
e F:WLP(Q)— R is a continuous strictly convex functional such that

IA>0,31 >0,Vve WHP(Q), F@)> )»||Vv||i,,(Q)N —Nvllwirg), (2.7)

e K is a nonempty closed convex subsetist?(R2), corresponding to conditions
that concern neithdr nor I'g,
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e G andGo:R* — R are increasing, strictly convex functions and
Jur, 2 >0,VneRT,  puin? <G) < pan? (2.8)

(respectivelyin® < Go(n) < uzn®),
e af € L®), a* >0 a.e. andalg L®(I), a§ € L®(Tp), a§ > 0 a.e. and= €
L (Tp). ’
Now we are able to defing®: V¢ — R by

JF(U)—F(U|Q)+/ G(h®* oo H’(VV)) dx+/ Go(hf)oang(Vv))dx

hS

/fgvdx /g vdx — /govdx—l Ure,

where (e.g.Jaf oo)(x) = a®(o (x)) and the first integral ovex¢ is meaningful since by
(2.5), (2.6), (2.8) the nonnegative integrand is boundegt a3y 18,7 ||a®|| Loy Vvl.

Our aim is to study the limit, as tends to zero, of the sequence of minimization
problems

Inf {J°(v),veV* vqeK}. (P?)
PrROPOSITION 1. —(P?%) has a unique solution®.

Proof. —In this proof, as well as in the whole pape¥, denotes various constants
and we writeC# for constants depending an It follows from (2.5), (2.8) and the
Lebesgue dominated convergence theorem that G (hf o o H°(Vv)) iS continuous
from W19(x?) to L1(Z¢), so that the first integral oveZ® is a continuous function on
Wka(z#). The same is true foE§.

Let us prove that

lvllve = [IVVllzr@ny + [IVVllLa(zeyy + ”vv”L‘IO(ZS)N

is a norm onV¢ which is equivalent to the usual one inducedigy” () x W17 (x¢) x
whao(x¢). Actually by Poincaré inequality

vl whao(zs) <C*Vv ”L"O(ES)N

and

vl ey < CLIVUllLr@n + Vol Liarg) ]

vllLecsey < C VYl agzey + el iy -
Moreover

lvirell2rg) < Cllvirgllzeo(rg) < CEIVl a0 (s
(9]

lvrllizaey < Cllvrllzeay < Cllvliwerg)-
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It follows
lvllr@ < CIVVllLo@y + CEllvl wl-fm(zg)]
<CIVollngy + CoIVDI aoczg]
lollLacze) < CE[IVVllLaczey + vllwer )]
< CE IVl + IVVllLo@y + [ V0ll Laogz)v].-

This gives the equivalence of the two norms under consideration.

Clearly J¢ is a continuous strictly convex functional &f. MoreoverJ¢ is coercive
since by (2.5), (2.7), (2.8) and the above equivalence, one hasafitbuch that
0 < of < min(inf,cr a®(0)h (o)7L, inf,ery a§ (o) (o)1),

JE(U) 2 }\'HVUHZI)(Q)N - )\,/”U” wir(Q)
+ ﬂlagéz_q ”VU ”iq(ge)N + Mlag(sz_qo ”VU”(l{,%O(ZS)N
- ”fE”LI’/(Q) ”U”Wl-l’(sz) - ”gg”Lq’(zS)”v”leﬂl(Es)

—1g° ol yraoss) — CE IV Iweacse

’
L)

> MVl gy + maat [87 V]| v +8&CIVollE ]

Loz LI0(zg)N
— C*[Ivllwrrg) + IVllwracse) + ||U||Wl-q0(28)]

> [)»”VU”Z,;(Q)N — C*|IVvllLr (o]
+ [Nla£3z_q||vv||(zq(zs)zv — C*[| VUl La(zeyv]
+ [M1a852_%||Vv||i°qo(28)N - CEHVUHL‘JO(ES)N}

and since, whefiw|y: — 400, atleast one of V|| .» v, | VUl Lg(xeyv OF IVl Lo gy
tends to infinity. O

We study the limit behaviour afP?) under the following additional assumptions on
a®,ag, h®, hy, 1°, ¢, g°, g6, valid whene tends to zero. First we assume tl{laé;t}s and
{a—lg} are respectively bounded it (I") and L*°(T'p):

0 ¢

Jdu >0, aesel, aespely, Ve a®(s) > a,ag(so) > o. (2.9

Moreover we assume that, up to a se{df— 1)-dimensional measure zero, there exists
a partition of " (respectivelyl') into two open regular subselsandT (respectively
'y andT ) independent of (one of them being possibly empty, none of them being
necessarily connected), such that

1 ,
eitherC =0 or — —0 inLY YD)
a‘r

(respectively eitheFo=9 or —0 in Lqé‘l(Lo)> (2.10)

doirg
and
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eitherT =0 or JaeL*T),a’r—a inweaks-L>(T) (2.11)

(respectively eitheFo=¢ or 3Jage L*(To), agE, = do N weakx-L>(Tp)),

Vh®*—0 inL%T) (respectivelyVhi— 0 inL%®(Tp)). (2.12)
We also assume that
for anyv € K with vp =1 (constant)vp, =0, vy € LY(T), v, € L?(To),
there exists a sequence of elemants C1($2) N K such that

Vair =1, vr, = 0, v, > v in WHP(Q), v, — v in LY(T), v, 5, — v, in L°(To).

(2.13)
Finally we assume that
15— L) s ). and{||g8||L,,6(Eg)}5 are bounded and
Af e LY (Q), f© — f weakly inL” (). (2.14)

Let us comment (2.12). It means that the oscillations‘aindig onT andl'g are small.
Of course this holds true if (e.ghy (s) = sh(s) with & of classC*(d2), 0 < h < 1, but
also if (e.g. )N =2, T" is a closed curves =n~", h®(s) = n""H(ny(s)) for s € T,
y(s) = arc length(s), H periodic of periodr whereY is the lengthofl”,0 < H <1, H
of classC'(R*) andr > 1. (Actually in this cas¢VA¢| — 0 in L>=(T").) On the contrary
it does not hold true in the periodic case of [7] or [11], where 1, unless if, in the
notations of [7],R¢/S® tends to zero.
Under the above assumptions we have

THEOREM 1. —Letu® be the solution of
Inf{J¢(v),ve Ve vgeK}, (P9)

whereK is a nonempty closed convex subseWdf? (Q), corresponding to conditions
that concern neitheF nor I,
Ve={v:1Q° > R, yq € WH(Q), vz € WH(EF), vz € WHO(Z),

Vi = VYize ON r, Vi@ = Uz onlp, U|re is Constan,tl)‘rg = 0},

) =Fa)+ [ £22G (0 oo B (Vo)) de+ [ F°%Go(hg o ooHg (Vv)) d
htoo hg o o
ne DAy
—/f":vdx—/gsvdx—/ggvdx—lgv‘rs.
Q %e D

Let us defingP) by
Inf{J(v,1); (v,)e W,v €K}, (P)
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W={(1)eW"(Q) xR, vz e L!T), vz, € L?To),
Ur =1 (lf L # @), U|£O = O(lf LO # @)}
(the restrictionv;r € L(T) being effective only iff # ¢ andg > p, similarly for To),

J(v,l):F(v)—l—/aG(lv—ll)H”(n)ds+/a0G0(|v|)Hg(n)ds—/fvdx—Il,
T Q

To

wheren = n(s) is the unit normal td" or 'y at the points.

Then(P) has a unique solutiol, k) € W with u € K. Moreover wherz — 0,

(1) u®|q tends tou in weakW 7 (Q) and in L?(2);

(2) the functionv® : ¥’ — R given byi® = u® — uj. in £¢, 0in X'\ ¢ tends to zero
in L9(X"); the functionvg : £j — R given byvg = u® in £§, 0in Xj \ X§ tends to zero
in L(Xg);

(3) uﬂp — Ur in Lr(T), Mg‘r —ur in weakd.? ), uﬂro — Ui, in LP(Ty), u8|1"0 -
ujr, iIn weakL%(I'g), the weak convergences being of interest onjy p (respectively
qo > p)), ujre =~ kINR;

4) Je(®) — J(u, k).

Except for an example given in the last section, the rest of the paper is devoted to th
proof of this theorem.

3. Existence and uniqueness of the solution (u, k) of (P)
o If T =0, thatisif =T, (P) reduces to
Inf{J'(v),ve V' NK}, P)

where

V' ={ve Wh(Q), v is constant v, € L?(To), v, = O},

J/(v):F(v)—i—/aoGo(lvl)Hé’(n)ds—/fvdx—Iv‘r.
To Q

If also ' (together withl") is empty, then/’ reduces to
{ve WhP(Q), yr, =0, yr is constan},
J'(v) reduces to

F()— [ fvdx —Ivyr
/

and it is very classical thatP’) admits a unique solution € V' N K. If T = ¢ and
To # @, thenV’ is a Banach space for

lolly: = 1Vl ooy + 101l ooy
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and for anyv € V', one has by Poincaré inequality
vl < ClIVUIL @y + Cllvli iy < ClIVUILr @y + CllvllLaory).

so that/’ is coercive onV".
e Otherwise, that is it” # ¢}, W is a Banach space for

I, Dllw = [IVVllLr@n + [Vl ooy + 1V =l o)

Note that this norm is equivalent to the natural one:

1, DI = Tollwar @ + 101 a0y + 10l o + 11]-

Actually since

llv l”Lq(r) ||U||Lq(r) + ”l”Lq(r) ||U||Lq(r) + Cll|,
we get clearlyi|(v, D|lw < |l|(v, D]|||; on the contrary by Poincaré inequality,

||UI|W1-P(Q) X C”vv”LP(Q)N + C||U||Ll(r0)
< CIVOll oy + Cllvll oy < Cllw, Dllw,

|l|=ﬁ’/vds—/(v—1)ds gC/|v|ds+C/|v—l|ds
T T T T

< Clvllwir +Cllv =l o, < Cl Dl
1ol o < v = Ul agm + ClI < Do =Ll a i + Cll@, Dllw < Cll@, Dllw

and we get|| (v, D||| < C||(v, D|lw. The functionalJ is strictly convex and continuous
on W and it is coercive since by (2.5), (2.7), (2.8), (2.9), (2.11), (2.14) and by the above
inequalities

T, D) 2 MVl g = 2 I0llwer ) +aady  [llo =112, o + 0119

L4(T) L90(T )]
- ”f”Lp’(Q)”U”Wl«I’(Q) — 1] [C”U”WLI’(Q) +Cllv— l”Lq(F)]
1
> MVUll} g — CIVUllLp @y + [@pady v — l||(z,,(r) Cllv =1l o))
+ [aNlSZ ||U| L90(Tp) C||U||L<10(Fo)]

and since, whetli(v, ) [lw — +oo , either Vvl n OF [l aor,), OF v — L4
tends to infinity.

Remark 1. — Note that ifT = @, there is no link betweemn and!/ for (v,I) in W.
Otherwise, that is if” £ @, (P) can be formulated as the nonlocal problem:

Inf{J"(v),veV"NK]), (P")
with

V' ={ve W (Q), v, =0, v, € LP(To), v € LY(T), v is constany,
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J"(v) = F(v)+/aG(|v —vr)H’(n)ds +/a0Go(|v|)H0(n) ds —/fvdx —Ivu.
T To
4. A priori estimates and consequences for u®

The a priori estimates are given in

LEMMA 1.—(1)3C > 0, Ve, Vv € WH4(Z¢), vyjre = k¢ (constant =

/\v — k" dx < C/(hf 00)'H(Vv) dx,
ZET Eé‘

/ lv— k|7 ds < C/(hf 00) " H (V) dr,
r e

which applies ta:?, giving also

/|u |q°dx<C/ (h§ 0 00) ™ HS (Vu)® dx,
/|u |q°ds<C/ £ 0.00) " HY (Vi)™ d.

(2) u®|q is bounded iV (), uf - is bounded irR.

() F(ufio), [y 22G(h* oo H°(Vu®))dx and S5 ‘ZFOGOG(h oo HY(Vu®))dx are
bounded.

(4) u®r is bounded inL?(T") andu® 1, is bounded inL%°(I").

(5) Jge lu® — uj.|? dx and fZS |uf]90 dx tend to zero.

Proof of (1). -By using theC*-diffeomorphism of£} ontoI'y x (0, ¢), it is proved in
[5] that3C > 0, Ve, Yw € WH(%6), wyrs = 0=

/lwlqodx<C/ h§ 0 00) ™ HY (Vw)4© dx,
/|w|q°ds<C/ (5 0 00) " HY (Vi) .

Applying this tow = v — k¢ and deletlng the subscript zero gives the first two estimates.
Proof of (2), (3) and (4). et k® = ujr.. It follows from (1) that

1/q

& & -1 o &
ey < €l = Ky <€ [ (00 (V)

Eé‘

and hence
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1/q
IR | = 1Ky < I sy + €| 5 00)" 27 () k|

Eé‘

1/q
< CHuEHWl«I’(Q) +C { /(hff o g)q—lHo(Vus)q dx}

ZS
<c|vur|

Lr@N T CHM8||L‘10(F0)

1/q
+C{/(hsoo)q_1H"(Vu€)qu}
ES
and it follows that

1/q0
K| < C||Vur]

Lr@)N + C|: /(hBOgo)qO_ng(vus)qo dX:|

%5

1/q
+C{/(h5 oa)q_lH”(Vug)qu} .
Eé‘
Moreover for smalk (¢ < 1), we have using (1) again

1/q
||M5HL‘1(E£) < C||k8|’“(26) T C[ /(hs 00 ) HO(Vut)* dx}
ZS
1/q
<Clk| +C[/(hgoa)qH0(Vu8)qu}
ZET

and by means of (4.1)

1/q
L@y € { /(hg 0a) T H(Vuf)! dx}

Eé‘

< c|vr]

H“E ||Lq(2f
1 1/q0
+C [ /(hf"J 000)™ THE (Vu§)™ dx}
%o
Similarly one has by making® = 0 in the penultimate inequality

1/q0
||M8HL‘70(28) <C [ /(hg o 00) ™ HE (Vi)™ dx}
%5
Now leta be as in (2.9). One has by (2.8)
o /(hs 00 ) HO (Vi) dx < /(ag 00) (i 00)" T H (V) d
EE‘ ZS
1 at oo

<= £ HO (Vut
oy hsoaG(h oo H°(Vu®)) dx

25

(4.1)

(4.2)

(4.3)

(4.4)
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and similarly

_ 1 ag o o

@ | (50 00)"  Hy (Vut) e < = [ 0200
HaJ, hg o oo

0

Go(h§oooH§(Vu®))dx,  (4.5)

Zo
so that by (2.7), (2.14), (4.1) to (4.3), one has with V*, vio € K, v =0in £° and 2§,

)‘HV” ||LP(Q)N )‘/H“gHWl-P(sz)

+ i /(hs o a)q_lH"(Vug)q dx + pac /(hg o ao)qo_lHé’(Vug)qo dx

4

M 1 +/Cl OU OO’HO(VME))dX

hgoa

+ [ 9090 G (he 0 aoHE (Vu)) d
hgo o9
Eé‘

0

<F(U‘Q)+/fgu8dx—/fgvdx—i—/gsusdx+/g8u8dx+18kg
Q Q 5 i

(asu® solves(P*) and asH’(0) = H5(0) =0 and G0) = G(0) = 0)
<C+ CHMEHWLI’(Q) + CHuEHL‘I(Ef) + CHL‘EHUIO(ES) + C|k8|

1/q
<C+ CHMEHWP(Q) + C(/(hg o g)q—lyo(vu8)q dx)

Eé‘
qo0—1 q0 H/ao
+c</( £ 000)° L HY (Vut) dx) . (4.6)
o
As already noticed
1/40
& -1 o &
HM lep(sz) CHV” ‘LI’(Q)N +C(/(h0°00)q0 H§(Vu )qo dX) 4.7)

Zo
and it follows from (4.6) and (4.7) that

Ha /(hg ° O)q_lHo(vug)q dv — C(/(hs o a)q_lHo(Vug)q dx) N

¢ e
& q0—1 ;50 £\40 & q0—1 170 £\40 Yao

+ s [ (1000 Hg (Vi) dx—C(/(hooao) HE (Vu) dx)
s D

0
+ x|;w5||i,,(w - CHW@HU,(Q)N <C.
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We remark that each of the above lines has the féirh — C’t, hence it is bounded
below and tends to infinity with. We conclude that

1V s [ (1 00)" "HO(Vu) dx and [ (o o0) " Hy (V)
xe A

are bounded. By (4.7)¢ is bounded inW'?(Q) and by (4.1)k* = ujr. is bounded in
R. From the arguments following (4.5),

at oo

héoo

Ao

£ oo
F(uﬂg), hg 5 O’Z Go(/’lg (o) O’oHS (Vus)) dx

G(h*ooH®(Vu®))dx and /
5

Eé‘

are bounded. By (1-) it is clear thaf -, is bounded inL%(I"g). Moreover we get that
ujr — k* is bounded inL4(T") and ask® is bounded, it follows thak. is bounded in
L1(T).

Proof of (5). -From (1) and (2.6)

Eé‘

“dx < C/(h'soa)qHO(Vus)q dx < Ce/(hsoa)q_lH"(Vus)q dx < Ce,
Eé‘

Eé‘

as we have just seen thft. (¢ o )4~ H°(Vu®)4 dx is bounded. Similarly

/|u8|q°dx < Ce.

%5
From the a-priori estimates we are going to deduce

LEMMA 2. —There exists a subsequencef ¢ and an elementu, k) of W such that
ue K and

/

ut o —u inweakWl’(Q), uiq—u in LP(Q),
u e >k (nR),
u®\r —up  inLP(I')  (henceinLY () if ¢ < p),
u® \ry— ur, IN LP(To)  (hence inL%(Ty) if go < p),
u5/|1~ —ur inweakl!(I'),
U \rg = i, in weakL?®(Iy),
(@nd ¢ = (u® — uf. in ¢,0in '\ £°) — 0in LI(T), 5§ = (u® in B§,0in ¢ \
%§) — 0in L%(X()). Moreover

|iminf/z,°0G(hf’oaH0(Vuf’))dx>/aH0(n)G(|u—k|)ds, (4.8)
o0
xe’

r
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I|m|nf/ Golhs o 0oHS (Vu* ))dx>/a0Hg(n)G0(|u|)ds. (4.9)
0 0 0o J
Fo

Proof. —-We recall that the injection mappin@/%?(Q) — L?(R) is compact and that
the trace mappings€ W7(Q) — vjsr € LP(dT") or vjsr, € LP(3T) also are compact.
Hence all the convergences follow from Lemma 1 and from compactness and we knov
thatu € K, uyr € LY9(T") and ujp, € L9°(I'g). It just remains to prove that = k if
L #0,ur,=0if [y # ¢, and to prove (4.8), (4.9).

* We begin by recalling the following properties of the distance functiofThese
properties are already mentionned in [5], where a proof is given.)

Vi(x).ny(o(x)) =1, (4.10)
HO(Vi(x)) =1, (4.11)
1 o

S = H’(n(x)), (4.12)

wheren(x) is the normal atx to the hypersurface = ¢(x). Of course one has similar
versions of (4.10) to (4.12) with subscripts zero.

* For anyv € C1(Z¢), v = [ (constant), we have, using the diffeomorphismsf
on a2 x (0, 1), refining an argument already used above and denetiags + tny(s),

0 ar(s) .o
/ 2G(h oo H' (V) dx—//hs(s)cxh (s)HO (Vo(s) ¥ (5, 1) dr dis

and

oy 1
1//(s,t):i//(s,0)+¥(s,0(s,t)) —ﬁ+<b(s Nt=H’@n) + d(s, 1)t

by (4.12), where: is the normal td” and whered is bounded |@| < M). Hence
at oo

htoo

G (h* o o H’(Vv)) dx
EE‘
he(s)

:/ / T G (1 () HO (Vo (s5,))) HO(n) e ds + A° (4.13)
r o

h®(s)
with

R (s)
. a*(8) o pe ey O
A \<F/ O/ hg(s)G(h (s)H°(V(s,)))|® (s, 1)]¢ de ds

h? (s)

“G) e gro
<8MF/ 0/ ZS(E)G(}’ (s)H(Vo(s,))) de ds
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(as|®| < M and 0< ¢t < h(s) <¢€)

&
<C8M/a °% G (h* o0 H*(Vv)) dx.
héoo
ZE

We get from (4.13)

hE(s)
“(s) . 0 0
F/ 0/ Zg(i)G(h (s)H*(Vo(s,))) H (n) dr ds

2 2% G(h* 0o HO(Vv)) dr. (4.14)
hé¢oo

<1+ CeM) /
5e

Asin [5]
he (s)

lv(s) — 1] < / H’(Vu(s,;)) dt

and asG is monotone nondecreasing

he(s) h®(s)
G(v(s) —=1]) < G( / Ho(Vv(s,)> dt> = G(hgj(.s) / hg(s)Ho(Vv(s,)) dt)
0 0
1 he (s)
< 0/ G (1 (5) H* (Vu(s,))) de

(by Jensen inequality). It follows, by means of (4.14),

/ag(s)G(lv(s) —IDH’(n)ds

r

_ [a‘(s)
) hes)
r

h*(s)G(Jv(s) —I|)H’(n)ds

h?(s)

</G(hs(s)H"(Vv(st)))dt)Ho(n)ds
0

a‘(s)

=) he(s)
r

at oo

<1+ CSM)/ G (h* 0o H*(Vv)) dx.
ZE'

htoo

This is also true by density for anye W4 (%?) such thatr- =/ and in particular for
u®, with ujr.. denoted by*:

/as(s)G(|u’s —k°|)H (n)ds

r
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<(1+CsM)/“ °% G(h* oo HO(Vuf)) dx

2. h¢oo
<C(1+ CeM) (by Lemma 1)< C, (4.15)
which gives from (2.5), (2.8), (2.10)

/|u5(s) — k| ds

_/ a ()" (a () |uf (s) — k°| dis
, 1/q 1q
< ( (as(s))_q & ds) ( a®(s)|u®(s) —kg‘qu>
/ /
<(/r
/ 14
C(/[(as(s))_l]q - ds) — 0.

r

1/q

I—J\

14
(a°(s))~ " ds) (ul)_l/q(S%/q(/as(s)G(\u*’(s)—k*’|)H"(n)ds>
r

As us'[ — uyr in (strong)L”?(I") and ask®’ — k, we getu;r = k. By the same way one
can prove thai -, = 0.

» Now we prove (4.8). This is trivial iff is empty and is easy to prove from
(4.15) if ¢ < p since thenu®'r — wur in (strong-) L¢(I") and k*" — k imply that
G(|u8"r —k) > G(lur —kl) in (strong-)LY(I"), so that as® — a in weake — L>(T)

/aG(lu — k|)H(n)ds =lim /aE’G(|u8’ — k') H®(n) ds

r

TG oo H(Vu®))dv by (4.15).

If T is not empty andy > p, the proof (also valid otherwise) goes as follows. By
convexity

G(|u* —k°|) = G(lu — k) + D (|u® — k°| — |u — k])
>G(lu—k|) — D|u — k°

for any D € 0G(lu — k|), the subdifferential ofz at the pointju — k|. We notice that
(2.8) and the monotonicity af imply

Iu>0 VEeR' VdedGE), 0<d<ug?™?

and henceD € L4 ("),
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/as/G(|u5/ - k8,|)H”(n) ds
r

> /aE’G(\m’ — k) H (n) ds
T
/ 'G(|lu—k|)H®(n)ds — /Da |t — k* —u 4 k|H(n) ds.
T
Now
/as/G(|u —k))H’(n)ds — /aG(lu —k|)H’(n)ds.
T T
Moreover

/Da8/|u8/ —k —u +k|H°(n)ds > 0

sinceD H?(n) belongs taL? (T") anda®' [u®’ — k¢ —u + k| — 0 in weakL4(T), because
a® luf — k¥ — u + k| is bounded inL?(T") anda® [u®’ — k* — u + k| — 0 in (strong)
L?(T). Therefore by (4.15)

“ G(hs/ o O'HO(VMS/)) dx > liminf /ag/G(‘ug/ — ks/‘)Ho(n) ds
r

> /aG(Iu — k|)H’(n) do.

r
Inequality (4.9) is proved similarly (see also [5])0

5. Proof of the convergence of (P¢) to (P)

We first prove it from Lemma 3, whose proof is postponed.

LEMMA 3.-Letv e CY(Q)NK, vr, =0 and let/ e R. If T # ¢, we assume that
vr = [, otherwise there is no additional restriction anand /. For any suchv and/,
there exists a sequence of elemarits V* such that, € K and

l)é“Q =", l)‘srg = l, ||v8 — l”L‘I(ES) d 0, vfrg = 0, HvEHL‘IO(ZS) — 0, (51)

lim sup/z °% G(h* oo HO(Vv*)) dr < /aG(Iv —IDH () ds,  (5.2)
oo

r

(h§ o 0ooHS (V) dx /aoGo(Ivl)H”(n)ds. (5.3)

To

lim sup
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Proof of Theorem 1 assuming Lemma 3.et u° be the solution of(P¢). From
Lemmal,

/|u5—u8|ps|qu and /|u8|q0dx—>0,
25 Eé‘

so that (2) is proved. Lalu, k) € W ande’ be as in Lemma 2. As the solution @P) is
unique it just remains to prove that, k) solves(P) and that/¢' (u®') — J (u, k). (Then
a classical argument give$= ¢: one has the convergences for the whole sequence
LetveCY(Q)N K, v, =0and letl € R. If T # ¢, assume that;r = /. Finally let v*
be as in Lemma 3.

(A)  liminf J¢ (u®) <limsupJ® (u®) < limsupJ® (v*)

. aE/OO' o 0 M
:I|msup{F(v)+/h5,oa (h* oo H?(Vv®)) dx

z¢

+/“0 ©90 Go(h o 0o HG (Vo)) d
000'0

/fgvgdx /ggvgdx /ggvgdx—ls}
Q

ZE'

But [, fSvdx — [, fudx, since f& — f in weakL” (Q), v € LP(RQ), and ¥ —
I in R. Moreover

ggvgdx’ ‘/g G dx‘

PARY,
~’)(||U _IHM(ZS’)+|Z|‘Z | q)
C<Hv8’—lllm/>+|l||28’|1/q>
(by (2.14)), which tends to zero thanks to (5.1). Similarly,

/gglvsl dx — 0,

=g
so that by Lemma 3,

liminf 7' («®") < limsupJ® (u')

<F(v)—/fvdx—ll+|imsup/z,o (h's/ooHO(Vvsl))dx
o0
Q se

+I|msup/ Go(h§ o ooHG (Vve)) dx

EF
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<F(v)—/fvdx—ll

+/aG(|v —IDH’(n) ds+/aoGo(|v|)H0(n) ds
To

:J(v,l).

B) J* (u (u® ‘Q +/Z TG oaH"(Vug/))dx
& oU

+/“° ©%0 Go(h o 0oHS (V') d

/fgugdx /ggugdx /gou de — I%u TFF

As above

o

’ l/
— M‘FS/ 28 | q)

H” Loz T |”|rf’

’/gsu dx| <

tends to zero. Of course the same holds for the corresponding integraEgveéfhen
from Lemma 2 and (2.14) we get

liminf J¢ (u*') > liminf F (u® g) + liminf / Z,—wc(hg’ oo H(Vu')) dx
oo

z¢

I|m|nf/ Golhs o 0oHS (Vu®) dx—/fudx—lk
000’0 o

F(u)—l—/aG(|u —kDH’(n) ds—l—/aoGo(ILtI)Ho(n)ds
To
— /fudx — Ik

Q
=J(u,k)

(by using the lower semi-continuity df, the weakW” () convergence o:fﬁ'm and

(4.8)).
(C) From (A) and (B): For any € R, v € C*(Q) N K such thatr, =0 andv =1
(only if " # ),

J(u, k) <liminf J¢ (u®) < limsupJ® (u®) < J (v, 1).
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By the density property (2.13) and by continuity, this is also true for@ny) € W, v €
K, that is(u, k) solves(P) and J¢' (u*') tends toJ (u, k). This completes the proof of
Theorem 1, except that we have to prove Lemmai3.

Proof of Lemma 3. et v € C1(Q) N K, vr, =0 and letl e R. If " # ¢, we assume
thatvr = 1. Let v® be the continuous function definedti by

v(x) if x € Q,
vi(x) = { wx)f(x) +1(1—¢f(x)) ifxeX,

wo(x)@5(x) if x 20,
with w(x) = (UOU)(X), U)o(x) = (UOO’o)(X), (ps(x) = %, (po(x) = 1—%7

so thatv® = v in Q, v* =/ onT¥, v* = 0 on I§. Clearlyv® € V¢. Moreover
3 q e |14
[0 = s, = 0 = D9 sy < [ lw =117 >0,
ZS

sincew — [ is bounded and sindez¢| tends to zero. Similarlyjv* Il L90(zs) tends to zero.

It just remains to prove the inequalities (5.2), (5.3) in Lemma 3. In the following we
consider only (5.2), since the proof of (5.3) is very similar and was published in [5]. One
writes for simplicity

&

Ké‘(x,s)=z °Z<x>G((hsoa)<x)H0<s>),

so that, denoting=? = {s + tny(s),s € T,0 <t < h®(s)} the reduced part oE¢ with
H -projection inT,

&
ZEZZG(h oo H(Vo°) /KE x, Vo) (5.4)
ZS

whereK*¢ is convex iné. Using a classical convexity argument valid for ahg (0, 1),

\Y% V*
/Ks(x,va)dx:/K*’"(x,@gogTw—i—(l—@)(w—l)l 4 )dx
¢ ¢

0

v Vo
<0/K’5<x,<p5—w>dx+(1—9)/K8(X,(w—l) 4 )dx-
0 1-6
P x5

By definition of K and by (2.5), (2.6), (2.8), (2.11),
. Vuw . 9°H°(Vw)
O/K <x<p )dx O/hfoo (h 0 )dx

K2 - Cpz -
< 51041 /(0800)(}1800)(] (‘Ps)qIlequg 8‘1104—18q 1/|Vw|qu—>0,
B¢ e
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sinceVw is bounded, so that

Iimsup/ K¢ (x, Vvs) dx < (1-0)lim SUp/ K¢ (x, %) dx
& ES

for any6 € (0, 1) and lettingé tend to zero

lim sup/ K¢ (x, Vo©) dr < lim sup/ K*(x, (w — 1)Ve*) dh. (5.5)

Now on Xf, we have by the classical properties of the ndithand (4.11)

H°(V¢) = H”(_ e OG)) <O t  H°(V(h*oo))

htoo (ht00)2 )~ htoo  htoo htoo
1 HOV(hfoo))
S htoo héoo

which implies, by the same convexity argument and by monotonicity, that

/Kg (x, (w—=1)Ve®) dx</ G(lw—I|+|w—=IH°(V(ho0)))dx

h¢

co [ oaG(lw— l)dx+(l 9)/a oo (|w—l|H (V(h oa)))dx.
 htoo 0 1—6

r

Using (2.5) and (2.8), the last integral is bounded by

V(h® 4 C V(h® q
#/asoawm_”qmg /asoaﬂdx
51 (1—0)4 hé¢oo (1-06)4 hétoo
5 =

< C/ag‘th|qu

T

and therefore by (2.11), (2.12) it tends to zero witlone obtains by letting tend to
one

Ilmsup/ K®(x, (w—1)Vg®) Ilmsup/ —1]) dx. (5.6)

Finally thanks to the usual diffeomorphism argument

afoo _ 4Sa8(s) o
ZthooG(|w_l|)dx_/ 0/ hg(s)G(lv(s)—lD(H (n(s)) + ®(s, t)t) dr ds
; r

=/a5(s)G(|v(s) — )b (s) ds,
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where
he(s)

/ (HO(n()) + (5. 1) .

YO
0

As b* is uniformly bounded and®(s) — H°(n(s)) for a.e.s of T, we haveb® —
H°(n) in LYT). Then, asi® — a in weak — L>®(T") (see (2.11)), one obtains

/a OGG(Iw—l|)dx—>/aG(|v—l|)H0(n)ds
htoo
e T

and by means of (5.5), (5.6) this implies

Iimsup/z °% G(h* 00 H' (Vo)) d
o0
Eé‘

— lim sup/ K*(x, Vo) dr < /aG(lv — 1)) H"(n) ds
>h T

and the proof is complete. O

6. Example

For givenX?, X5 and u® (respectivelyug) in L°°(I") (respectivelyL>°(I'g)), let us
consider the problem of minimizing dw: Q2° — R, v € V*, v € K} the functional

Jé(v) = 1/(AVu,Vz;)I’/zdx +/\D(v)dx+ l/yfoo—(lsew,Vv)q/zdx
p q
Q Q

Eé‘

1
+—/M8000(BOVU,Vv)q°/2dx—/fgvdx
q0
Q

£

where A, B and By are given coercive symmetric matrices with constant coefficients,
¥ :R — Ris of classC?, convex, nonnegative and satisfies the growth condition:

() <Clo)”+C,

for some positive constants andC’. Denoting byg the derivative ofl, it follows that
¢ satisfies a similar growth condition:

1p(6)| <Clo|P~+C'.

Then it is classical thab — W(v) is continuous fromL”(€2) into L(2) and that
v — ¢(v) is continuous fromL? () into L”' (Q).
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For ¢ (respectivelyXj) given, let us definé®:T" — R (respectivelyhy:I'o — R)
by
B¢ = {5+ 60Bn(s),0 <0 < h*(s)(Bn(s), n(s)) *}
(respectivelysg = {s + 60 Bon(s), 0 < 6 < hi(s)(Bon(s), n(s))"?}),

wheren(s) is the normal tal” (respectivelyl’y) at s, pointing outside2. Now let us
assume that
e Ve, h* € CY(I") andVs € T', 0 < h®(s) < ¢ (respectivelyr§ € C1(I'p), 0 < h®(s) <
&);
e Ju >0, a.e.s € I',Ve, uf(s) > a(h®(s))? (respectively a.es € T, u§(s) >
a(hy(s))9t);
e there exists a partition, ' of I and a partitior, I'g of I'g such that

/h’s 1qu—>0 and /|Vh€|qu—>0

T

(respectlvely/hg us) ™ ds >0 and /|th|qO s — O)

To
uf (h*)17 — a in weaks -L*°(T) (respectivelyus(h5) =% — ag

in weakx -L>°(Tg)), for somea in L*°(T") andag in L= (Tp).

(The datak, ¢, f*, g°, g; satisfy the general assumptions.)
In this case one can apply the abstract result given in Theorem 1 with

F(v) = 1/(Aw,vl))l’/zdx+/\If(v)dx,
p Q Q

1 _ 1
G =—n? (reSpectlvelyGo(n) = —an),
q qo

H(E) = (B‘lg,g)l/z (respectivelyHo(&) = (By &, 5)1/2)

H(£°) = (B&°,£°)"?  (respectivelyHS (£°) = (Bot?. £°)"%),

ny(s) = Bn(s)(Bn(s).n(s)) "> (respectivelyn,(s) = Bon(s)(Bon(s), n(s))~"?).
The application of Theorem 1 gives as limit problem

Inf{J(v,0), (v,]) € Wv € K}, (P)

whereW is as before and where
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1 1
J(v,l):;/(AVU,Vv)p/zdx—i—/\IJ(v)dx—i——/(Bn,n)l/zalv—llqu
q
Q Q T

1
+ = /(Bon, n)Y?ag|v|? ds — /fv dx — 11.
qo0
T, Q

Let us interpret this result. The solutian of (P¢) is characterized by the variational
formulation:

u®eve, qu € K, and for everyy € V¢, v/ € K,

/(AVM*’, Vus)g_l(AVu*’, V(v—u®))dr + /d)(zf)(u —u®)dx
Q

Q

+/(/ﬁ 00)(BVu, Vi) (BYU, V(v — uf)) dr
+/Mooao)(30vM Viue) 2L (BoVut, V(v — uf))

/fg v—uf dx—/g v—u’ —/gf)(v—us)dx—ls(v—us)‘rg20-
%5

The solutionu of the limit problem(P) is characterized by the variational formulation:

ue kK, keRuge L1(T), Ur, € L®Tg),u=konl,u=0o0nl,
and for anyv € K,l € Rujr € LY(T), v, € L?(To),v=10nL,v=0o0nLy,

/(Aw, Vu)2 Y (AVu, V(v — u)) dx + /¢(u)(v —u)dx

Q
+ /(Bn, MY2alu — k|97 2w —k)(v =1 —u + k) ds
T
+ /(Bon )Y ?aplu | 2u(v — u) ds — /f(v —w)dx —I1(—k) >
To
For example, ifK = W17 (), u® is characterized by
u® € V¢ and for everyy € V?#,
/(AVuE, Vus)%_l(AVus, Vv)dx + /¢(u8)vdx
Q Q

+ /(yf oo)(BVu®, Vus)%_l(BVus, Vo) dx
Eé‘
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+/ (ugooo)(BoVu®, Vu®) 2 2- (BOVM5 V) dx

/fgvdx /g vdx — /govdx—l vre =0

andu is characterized by:

ue W (Q), k € Rug € L4(T), up, € LTo),u =k onL,u=0o0nTo
and for anyv € W"#(Q),1 € Ry € LY(T), v, € L®(To), v=10onL,v=00nLy,

/(Aw VM)__l(AVM,VU)dx+/¢(M)de
Q
+ /(Bn, mY?alu — k|72 — k)(v — 1) ds

+/(Bon )Y ?ag|u|?0” 2uvds—/fvdx—ll—o

To

In other termsy? is a weak solution of

—div((AVEE, Vit ) T AV ) + o (uf) = fF ing,

—div(u oo (BVu®, V)2 BVU) = g° in ¢,

— div(u® o og(BoVu?, Vus)%o_lBoVME) =g in ¢,
(AU, Vut) 2 (AVuf ) =0 ona\ (I'UTy),
u® is contant oé,

Jre (1 0 0) (BVu?, Vus)%_l(BVus, n)ds = I¢,

ut=0 onTIg,

+ transmission conditions onI' UTy,

where the transmission conditions read
Ujg =ufz. ONT, ufg = ”\828 onTY,
21
(AVMTQ, Vufg) 2 (AVqu, n)
q_
= (u° 00)(BVufs:, Vuls:)? 1(BVufzg,n) onT,

(AVuty, Vuiy) 2 (AVisy, n)
40
= (1§ 0 00) (BoVulys, Vit ) ? ' (BoVusiy: ,n)  onTo.
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Moreover the limitt of ¢ is a weak solution of

—div((AVu, Vi) 2 T AVY) + p(u) = f in ,
(AVu, Vu) 2 (AVi,n) =0 ondQ \ (I'UTy),
u = k, undetermined constant onl,

P
2

(AVu, Vu) _1(AVM, n)+ (Bn,n)Y?alu — k| ?(u—k)=0 onT,
/(AVu, Vu)%_l(AVu, n)ds =1,

r

u = O on LOV
b _ —

(AVu,Vu)? 1(AVu, n) + (Bon, n)l/zaolulqo_zu =0 onT.
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