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ABSTRACT. — We consider minimizerg € W7 (2, RY) of uniformly strictly quasiconvex
functionalsF (u) = [, f(D™u)dL" of higher order. Her€ is a domainirR”, m > 1, andf is a
C?-integrand with growth of ordep, p > 2. Using the technique of harmonic approximation we
give a direct proof of almost everywhe€®"*-regularity for such minimizers.
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RESUME. — Nous étudions des minimiseugzse W™ 7 (2, RY) des fonctionnelles (1) =
fQ f(D™u)dL™ uniformément strictement quasiconvexes du ordre2re 1. Ici, Q C R” est
une domaine ef est une fonction de clas§# avec une crossance du orgrep > 2. A 'aide de
la technique d’approximation harmonique nous obtenons une preuve directe pour la regularité
classeC™* pour les minimiseurs dans un ensemble ouged Q2 avecL" (2 \ ) =0.
© 2002 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. Introduction

In this paper we are interested in the question on the regularity of minimizers of
guasiconvex functionals of higher order. Precisely we consider minimizers of functionals
of the form

F(u) :/f(D’"u) dcr, (1)
Q

where Q is a domain inR”, u is a function inw™r(Q,RY), p > 2, £" is the n-
dimensional Lebesgue measure ghis a strictly quasiconvex’?-function which maps
symmetricm-linear functions fronR” to RV, m > 1, toR.

Considering these settings, the questions on existence and regularity of such minimiz
ers appear. Imposing for example Dirichlet boundary conditiongd,&u, ..., D" u}
are prescribed of<2, the question on existence of minimizers can be answered by prov-
ing that the functional is lower semicontinuous with respect to weak convergence in the
Sobolev spac& ™7 (22, R"). The quasiconvexity condition as a sufficient condition for
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lower semicontinuity of certain functionals in the calculus of variations was first intro-
duced by Morrey [19]. He proved that a necessary and sufficient condition for weak
lower semicontinuity in the case of certain first order functiorfals.e.m = 1, on cer-

tain Sobolev spaces a quasiconvexity conditioan the integrandf. That means that

for all ¢ € C5°(2, RY) and all linear functionst : R" — RY

/ FAYAL < / F(A+ Dg)dL". ®)
Q Q

Further results on the quasiconvexity condition on function&lswere given by
Meyers [18], Ball [2], Acerbi and Fusco [1], Marcellini [17], Zhou [22] and Guidorzi
and Poggiolini [15]. Especially one result, going back on Meyers [18] and also proved
in the last paper [15], shows that a quasiconvexity condition on the functional (1) of
higher order angh-growth conditions

0< f(A) <L(1+]Al7) 3

for the integrandf are sufficient for weak lower semicontinuity in the Sobolev
spaceW™ (2, R"). Here a quasiconvexity condition for the integrafidneans that
inequality (2) (with D™¢ instead of Dy) is satisfied for allp € C5°(2, RY) and
all symmetricm-linear RY-valued functionsA on R". This growth conditions for a
quasiconvex integrang together with an auxiliary coercivity condition

1
T(1H141) < f(A)

imply for given Dirichlet boundary data — according to the direct method in the
calculus of variations — the existence of at least one minimizerw™?(Q, R"Y) of
the functionalF.

For functionalsF (v) = [, f (Du)dL" of first order with uniformly strictly quasicon-
vex integrandf, fulfilling the p-growth condition (3), partial regularity results for mini-
mizers were derived by Evans [9]. He proved, using the indirect approach of blowing-up,
that for each O< « < 1 minimizers ofF are locallyC** on an open subsét C Q with
LM(Q\U)=0.

In this paper we extend the results of Evans on the partial regularity theory
for minimizes of quasiconvex functionals of first order to those of minimizers of
quasiconvex functionals of higher order.

To prove partial regularity results for minimizers of such functionals, we assume, that
the integrandf in (1) is uniformly strictly quasiconvex, which means (in the case 2)

/(f(A+D’"<p) — f(A))dL” >x/\l)’"<pyzdcn
Q Q

for all test functionsp € C3°(€2, RY) and any symmetrig:-linearR" -valuedA on R".
The following partial regularity results are proven precisely:



M. KRONZ / Ann. I. H. Poincaré — AN 19 (2002) 81-112 83

THEOREM 1. — Letu € W™?(Q2, RY) be a minimizer of the functiondl) with uni-
formly strictly quasiconveg 2-integrand f fulfilling the growth condition D2 f (A)| < L
for every symmetrien-linear RY-valued functionA on R”. Thenu is locally C™-
continuous for ever® < « < 1 on an open sel/ with £"(Q\ U) =0.

THEOREM 2. — Letu € W™r(Q,RY), p > 2, be a minimizer of the functionl)
with uniformly strictly quasiconvexC?-integrand f fulfilling the growth condition
D?f(A) < L(1 + |A|P~?) for every symmetrion-linear RY-valued functionA on
R". Thenu is locally C™*-continuous for everf) < o < 1 on an open setU/ with
LM(Q\U) =0.

As in the case of first order problems the uniformly strictly quasiconvexity condition
for f implies that the corresponding Euler equations Foare elliptic in the sense of
Legendre—Hadamard (see Remark 3 below). With regard to regularity theory, uniform
strict quasiconvexity permits the proof ofGaccioppoly inequality- sometimes called
reverse Poincaré inequality for minimizers of F. After showing that a in terms of
Caccioppoli’s inequality rescaled minimizer is nearly a solution of a strictly elliptic
constant coefficient system, we derive an excess-decay estimate on an opjen Set
This is done, using the technique of-harmonic approximationas expressed in
Lemma 6. For harmonic approximation, this technique has its origins in Simon'’s proof
of the regularity theorem of Allard (see [20]). The point of this approximation technique
is to show that for a bilinear formd, which is elliptic in the sense of Legendre—
Hadamard, a functiorg which is “approximately @, m)-harmonic” — that means
Jq A(D™g, D™ ) dL" is sufficiently small for all test functiong — lies L2-close to some
(\A,m)-harmonic functiorv — that means a function with [, A(D"v, D"¢)dL" =0
for all test functionsp. Then, standard a priori estimates for solutions of elliptic constant
coefficient systems can be used to derive estimates for excess terms. Precisely we de
with A= D?f(D™P,, ,) whereP,, , is a polynomial of degree at most, associated
with the minimizeru of the functionalF on a ball B, (xo). Using the(A, m)-harmonic
approximation technigue we derive decay estimates which can be iterated for our exce:
term (we restrict here to the cape= 2)

1/2
— m— 2 n
Wy (x0, 0, Poy.p) = (p 2 ][ D" (U — Py )| dﬁ)
By (x0)

in points xo € 2, where Wa(xo, p, Py, ) is sufficiently small. The smallness of this
guantity can be ensured on an open Bebf full Lebesgue measure if2. lterating
this excess term, we derive estimates for . , [u — Py, ,|2dL" from which we infer,
applying an integral characterization fat"-*-functions due to Campanato ([5], [6]),
local C™*-regularity of minimizers: of F on the open sdt/.

Beginning with notations and preliminary lemmas (special kinds of Poincaré’s and
Sobolev’s inequalities, remarks on polynomials, minimizing fifedistance to given
L?-maps) in Section 2, the main results Theorem 1 and Theorem 2 of this paper ari
formulated in Section 3. After proving the above mentioned Caccioppoli inequality in
Section 4, we study the — for our settings — suitable harmonic approximation technique
in Section 5. Finally, we give proofs of our theorems in the last two sections.
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At last we should mention the following remarks on our proofs: THem)-harmonic
approximation lemma is the only time where we argue indirectly. In all the other parts of
this paper we argue directly. This leads to explicit constants in our estimates and som
quantitative control of the smallness conditions. Furthermore, even in thepcaseof
non-quadratic growth of the integrand in functional (1) we only usd.2-theory, i.e.
standard a priori estimates for solutions of elliptic constant coefficient systems, to derive
partial regularity for minimizers of non-quadratic functionals.

2. Notationsand preliminary lemmas

As mentioned above, we consider a dom@irin R* and mappings fronf2 to R
with n > 2 and N > 1. We write £" for the n-dimensional Lebesgue measure. For a
L-functionu : © — R" we denote the average ofover a ballB,(xo) C Q by

1
Uy p = udl'= ——— / udl".
7 ][ L"(B,(x0))
By (x0)

By (x0)

OF (R, RY) will be the vectorspace of symmetrtelinear RY -valued functions oiR”.
Since the dimension of this vectorspace}ﬂgﬂ’i‘l) we may identify this space with the
vectorspacd%"’ ("Tl); so we may considey : " (R",RY) — R in (1) as a function
£:RY(0T) 5 R and D™u as the set of all weak partial deriatives of oraerGiven

¢ € R" the tensor product

g@...@é—:;;m
%,—/
m times

is symmetric andn-linear and hence an element G§” (R”, R). So, forn € RV, the
tensor product™ ® n is an element of)” (R*, RV).
Here, we first prove a Poincaré inequality which is suitable to our setting:

LEMMA 1.— Letu,v € W™P(B,(xp), RY) with Js, (xo P — v)dL" = 0 for all
0<k<I—-1(<m—1). Thenthere exists a constaﬁp Cp(n, N,I) such that

1/p
(/|Dk(u—v)|pd£”) <cppl—’<( / |D’(u—u)|pdﬁ”)

By (xq) By (x0)

1/p

Proof. —Let w* = D*(u — v) with wf e wm*r(Q, O ®R", RY)) and wi, , =0,
Then the ususal Poincaré inequality shows:

1/p 1/p
</|Dk(u—v)|pd£”> :( / |w —wxop|pd£”>

By (x0) B (x0)

1/p
<ck(n,N)p< / |Dwk|pd£”)

Bp(x0)
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1/p
=ck<n,N>p< / |Dk+1<u—v)\f’dm) <.

By (x0)
-1 1/p
<IIci@, N),ol_k< / D' (u — v)\”dc")
j=k B, (x0)
1/p
=Cp(n, N, l),ol_k< / |D'(u — v)|”d[,") :
B (xo0)

Note that the constants; (n, N) depend on the dimension 6f and the dimension of
the vectorspace®’ (R*, RY). 0O

A fruitful way, showing that a giverl.”-function has a Hdlder continuous represen-
tative is Campanato’s integral characterization of Holder continuous functions (see [12
Theorem 3.1]). Campanato has also derived an integral characterizatior fofunc-
tions [3,4], from which it follows, that a function € L? (2, R") is C"™* nearxg € Q,

O<a <1, 1< p <o, ifthere exists a constaidt independent op andxg such that

1/p
( ][ - P),,,|Pd,c"> < Crme 4)

Br(y)
for all y nearxo and all» < p. Here P, , is the unique polynomial of degre€ m
minimizing
P> ][ u— PPdC
B, (y)

among all polynomialsP : B, (y) — R”" of degree< m. We will use this result in the
proof of our main theorems. We are also dealing with the explicit structure of the
polynomial P,, , of degree 1 minimizing

P ][ lu — PI?dL" := W(P),
By (x0)

ue Lz(Bp(xo), R") given, among all polynomial® : B,(xo) — R" of degree< 1. To
get an explicit formula forP,, , we note first, thatV is a strict convex, coercive and
continuous on the finite dimensional space of polynomials of degrée Therefore a
unigue minimum pointP, , of W exists. We write

PXOaﬂ(x) =dxq,p + on,p(x — XQ)-

A straightforward elementary computation gives that

Gxop = ][ udl" =uy, , (5)

Bp (x0)



86 M. KRONZ / Ann. |. H. Poincaré — AN 19 (2002) 81-112

is the mean value aof on B, (xo) and

Oxop = np_—l—22 ][ u(x) ® (x —xg)dL" (x) (6)

Bp (x0)

is a momentum.
SlncefB U — P p) dL" =0, we get a Poincaré inequality fore wir(Q, RY)
of the foIIowmg form:

1/p

1/p
(/|u—Pxo,p|f’d£") <cpp( / |D(u—Pxo,p)|f’dﬁ") NG

By (x0) B, (x0)

In an analogous way we get Sobolev inequalitiesfer W7 (Q, RV). If

* nnTp if 1< p<n,
g _{p*pe [1, oof fixed if p>n, 8

the usual Sobolev inequality fare W7 (Q, R") states?

i 1/p*
( ][ [ — tyy " dﬁ”) <CS,0( ][ |Du|pd£”>

B (x0) By (x0)

1/p

This inequality implies

1/p

1/p*
( ][ |u—Pxo,p|P*d£") <csp( ][ |D(u—Pxo,p)|f’dﬁ") )

B, (x0) By (xo0)

LEMMA 2. — Letu € L?(B,(x0)), 0 <0 <1, ¢r0.6p» Gxo.p @S IN(5), Qo600 Oro.p AS
in (6) and Py, , the polynomial of degre& with P, ,(x) = g, , + Ox,. p(x — x0). Then
the following estimates hald

() 101069 — Qxopl> <n(n+2)(0p)~2 ][ lu — Py, ,|°dL";
By, (x0)
(i) [D Py, — (Di)yy 0> < Con(n +2) ][ |Du — (Du),, ,|?dL".
Bp(x0)

Proof. —For (i), first we observe that for every linear mgpfrom R” to RY

(0p)°
} 06— @« —x ' =20
By, (x0)
1 For p < n see [10, p. 141]; fop > n see Morrey’s inequality in [10, p. 143]; for the critical cgse-n

the inequality follows fromBMO-theory, for example from [16, Theorem 7.21]; in the case& n the
constantC; depends onp*.
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and for every constant € RY
][ g ® (x —x9)dL"(x) =0.
By, (x0)

Therefore we can compute
2
|on,9p - on,p|

n+2\2 2
= ( 2) ][ (M — Y4xo,p — on,p(x - XO)) ® (x — x0) dl™(x)

©p)

Bﬁp(xo)
(n+2)? \ )
< (90)4 |M — Yxo,0 — on,p(x _XO)‘zd[f ()C) ][ |X —XO|2d£ (x)
Bep (x0) Bep (x0)
=n(n+2) (Bp)~? ][ lu — Py, ,|7dL".
Bﬁp(xo)

To prove (ii), we see, using Poincaré’s inequality,

|D Py — (Dtt)sy |
n—+2 2

= ( 02 ) ][ (tt = ttry,p — (D), (x — X0)) ® (x — x0) AL" (x)

B, (x0)

<n(+ 2),0_2 ][ ‘u —Uyyp — (Du)yy p(x —x0)|2d£”.
Bp(x0)
<C2n(n+2) ][ |Du— (Du)y, ,|7dC”. O

By (x0)

2

3. Hypotheses and statements of results
Assume that the functional (1) fulfills the following conditions:
Caep=2

(H1) The C?-function f is (uniformly) strictly quasiconvex, i.e. there exists a
constant» > 0 such that for all ballsB,(xo) € 2, all A € ©"(R",R") and
all ¢ € C3(B,(x0), RY) there holds

/ (f(A+D"p) — f(A))dL" > A / D" | dC;
By (x0) By (x0)

(H2) there existsL > 0 such that for allA € ©™(R",RY) D?f is uniformly
continuous with

|D?f(A)| < L.



88 M. KRONZ / Ann. |. H. Poincaré — AN 19 (2002) 81-112

The condition thatD?f in (H2) is uniformly continuous, can be removed, see
Remark 4 below and hypothesis (H4).

Casep>2

(H3) The C?-function f is (uniformly) strictly quasiconvex, i.e. there exists a
constant» > 0 such that for all ballsB,(xo) € 2, all A € ©@"(R",R") and
all ¢ € C&(B,(x0), RY) there holds

/ (f(A+D"9) — F(A)dL" > A / (D" + |D"|") dL?;
By (x0) By (x0)
(H4) there existd. > 0 such that for ald € O™ (R", R") there holds
|D2f(A)| < L(1+]|A]P72).
Remark1l. — Notice that the conditions (H2) resp. (H4) imply

| £(A)] < Const(1+[A]), |Df(A)| < Const(1+|A]),

resp. |f(A)| < Const(1+|A|?), |Df(A)|<Const(1+ AP,

From this we infer
o that (H1) respectively (H3) is valid for a$p € Wg”z(Bp(xo), RY) respectively for
all p € W(')"’I’(Bp(xo), RM);
e that the functionaF (v) = [, f(D™u)dL" is lower semicontinuous with respect to
weak convergence iWg"%(2, RY) resp.Wy"” (2, RY) (see [18,15]).

Remark2. — The Euler equations for minimizers of the functional
Fu) = / f(D"u)dcC"
Q

are given by (see [11, p. 14] and note thfabnly depends om-order deriviatives of):

/Df(D’"u)D’”cp dc’ =0 (10)
Q

forall ¢ € C5°(22, RY).
Remark3. — In view of Remark 1 we see that in the case (H1) for givea
W 2(22, RY) the nonnegative function

I(t):/[f(A—i—tDmv) — f(A) — A?|D™v|?] dL”
Q
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attains its absolut minimum at= 0, hence

d?r

20 = /[sz(A)(D’”v, D"v) — 24| D™v|*]dL" >0 (11)

Q
for everyv € W{)"’Z(Q, RY). In the case (H3) we obtain the same inequality for every
v e Wy (2, RY) since higher order terms vanish when carrying out the differentiation

similar to (11). We have demonstrated here, that the quasiconvexity conditions (H1) resg
(H3) together with the growth conditions (H2) resp. (H4) imply

/sz(A)(D’"v, D) dC" > 2A/|Dmv|2d£” (12)
Q Q

forall A e ©™(R",RY) and for allv € Wg"?(2, R") resp.v € W5"" (22, RY). Note that
this integral condition — as in the cage= 1 — is equivalent to the Legendre—Hadamard
condition

2\
D*f(A) (" ®n, (" ®n) = m;lz'”mlz

forall A € ©"(R*,RY), ¢ ¢ R" andn € R", see [18, Theorem 7].

Remark4. — Hypothesis (H2) — i.e. the condition th&f f is uniformly continuous
— leads to the existence of a monotone increasing and concave functiomp — Rxo
with v(0) = 0 and

|D2f(A) — D*f(B)| <v(|A— B))

forall A, B € ®"(R",R"). In the case of hypothesis (H4) there exists — see (H4) in [14,
p. 194] — a continuous, non-negative functigm, s), for fixeds monotone increasing in
t and vice versa, concave srwith v(s, 0) = 0 and

|D?f(A) — D*f(B)| < (14 |A|”"2+ |BI""?)v(|A|,|A — B)

for all A, B € ©"(R",RY). This implies that there exists a monotone increasing and
concave function, : R>o — Rxg, with vy, (0) = 0 and

|D?f(A) — D?£(B)| < (14+ M2+ |B|"?)vyu(|A — B])

for all A, B € ©O"@®R",R") with |A] < M. Removing the condition thaD?f is
uniformly continuous in (H2), we would get an analogous expression in thepcase.

This would make the arguments in the proof of Theorem 1 below a bit more complicated
Note, that the hypotheses (H1) and (H2) are included in (H3) and (H4) and therefore the
more general case is included in Theorem 2 below.

We call a map: € W™?(Q, RY) aminmizerof the functionalF in (1) if and only if
Fu) < Fu+¢)

for everyp € Wi" (2, RV).
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We are now in the position to state our main results

THEOREM 1. — Suppose the functiondl in (1) satisfies(H1) and (H2) and « €
wm2(Q, RV) is a minimizer ofF. Then there exists an open subset Q2 with

LYQ\U) =

andu € Cip (U, RYN) for every0 < « < 1. Furthermore

Q\UCS= {xo € @ liminf ][ |D"u — (D™ )y, | dL" > o}.
P
B, (x0)

THEOREM 2. — Suppose the functiondl in (1) satisfies(H3) and (H4) and « €
wmr (2, RV) is a minimizer ofF. Then there exists an open subset Q2 with

LY(Q\U) =
andu € C»* (U, RM) for every0 < o < 1. FurtherQ \ U C ¥, U =, where

_ clim m m p n
Y= {xo e Q: |Ir;ﬂ\[5]f ][ |D"u — (D u)x07p| dac” > O},
B, (x0)
Yo = € Q: liminf | (D™
2= {xo minf |(D"u)

)Co,p| = OO}

It is obvious that the same results hold for local minimizers of the functiénal (1).

4. Caccioppoli inequality

In this section we prove Caccioppoli inequalities for minimizers W2(Q, RV)
resp.u € W?(Q,R") of the functional [, f(D™u)dL" where f satisfies (H1)
and (H2) resp. (H3) and (H4). In the situatien= 1 we refer to [9]. We start with
the casep = 2.

LEMMA 3.— Letu € W™2(Q, R") be a minimizer of the functiondl, f(D™u) dL",

where f satisfiegH1) and (H2). Then there exists a constaBitac = Ceac(m, L, 1) such
that

/ D" (u — P)[dC" < € Cacz,;?(k m / |D*(u — P)PdL

B, /2(x0) By (x0)

for all balls B,(xo) € Q and all polynomialsP:RY > @ — R" of degree< m.
Moreover, |ff3 (x0) D¥(u — P)dL" =0 for 0 < k < m — 2, then there exist€cac =
Ceac(m, L, A, n, N) such that

/ D" (u — P)|PdL” < C2p2 / |D" Y — P)|*dLC”.

B, /2(x0) By (x0)
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Proof. —Take a polynomialP of degree at most: with D" P =: A € O™ (R",R"V)
and choose the following functions

¢ =nu—P)=:nv, ¥ =0A-nv,

wheren € C3°(B,(xp))) satisfies (O<t <s < p) 0<n<1,n=1o0nB(xp), n=
on Q\ B,(xp), |D" | < (C,(s — 1))~ for all 0 < k < m. According to Remark lrp is
admissible in (H1) with

D"¢+ D"y =D"v=D"(u— P)=D"u — A. (13)

Using in turn (H1), (13), the minimal property afand (H2), we deduce:

w [ Ipreffacr< [ [7(a+ D) pea)dcr

By (xo) By (x0)
_ / [F(D™u = D"y) — f(A)]dL"
By (x0)
< [ 70" =D"y) — fD w]der
By (x0)

+ / £ (D"u) — f(D"u — D"o)]dL"

By (xo)
+ [ ("= D7) - Fa)de’
B (xo0)
< [ 170" =Dmy) = f(D"w)dL”
By (x0)
+ / (A+D"y) — f(A)]dL"
By (xo)

_ / /[Df(A—i—tD’”w)—Df(D’"u—tD’”w)]dtD’”wdE”
Bs(xp) O
<L / (|D™v| + | D™y |)| D"y | dL"

B (x0)
=L [ (| |D"y)| D"y e

By (x0)\ B (x0)

L
<< | DALt 4oL [ 1ol

B (x0)\ Bt (x0) By (x0)\ B (x0)
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Noting? D™y = D™((1—nv) =Y}, (7) D™ (1 —n) ® D*v, we proceed
L
x/|mw%w<5 / PR
B (x0) B (x0)\ B: (x0)

2

3 m
+ —L’ / S (") o1 —n) @ Drvde?
2 2o\ k
Bs (x0)\ Bt (x0)
3n+4
2

P

By (x0)\ Bt (x0)

3 m—1 2
+2Lm+1 > (" / | D" (1 —n)[P| DFo| dL”
2 —\k
Bs (x0)\ B (x0)
3m+4

<
2

L / |D"v|dC”

By (x0)\ Bt (x0)

2
3 m—1
+§L(m+1)z <’Z> [C,](s—t)]Z(k—m) / |Dkv|2d£”.
k=0 By (x0)\ B; (x0)

Using [y, (., D" v[>dL" < [5 ) D" 9]?dL" and “filling the hole” on the right side we
conclude:

Bm +4)L 2
D"™v|? < / D™v| dL"
/' S GnraL 1o D™

B; (xo) B; (x0)

3Lm+1) "L (m\’
)

(Bm + 4L + 21 k) [Cyfs =P / Dh[Fac. (14)
By (x0)\ B; (x0)

Now we use the following technical lemma which is an extension of Lemma 5.1 in [12]:

LEMMA 4. — Let0<6 <1, Ay, >20anda, >0fork=0,1,...,land f >0a
bounded function satisfying

k=0

l
F@) <Of(s)+ Y Als =)™

k=0

forall 0 < r <t < s < p. Then there exists a constafifech = Crech(o, - - -, &7, 8) such
that

1
f(r) < Ctech(ZAk(,O — ")_ak>.

k=0
Apply this technical lemma to (14) with=m — 1 and then choose = p/2. This
guarantees the existence of a consta@nt = Ceac(m, L, 1) such that the asserted Cac-

2This easily follows from the product formul(f ® g) = Df ® g + f ® Dg for tensor products.
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cioppoli inequality holds. The “moreover”-case is a direct implication from Poincarés
inequality Lemma 1.

Proof of Lemma 4. — For & 7 < 1 satisfyingr ™6 <1 fork=0,...,/ (i.e. 1>
M@ > 9) define the recursive sequenge=r andt,,1 =t, + (1 —1)t"(p —r) < p.
We get

n—1 1
)= fto) <O"f(t,)+> 67 (ZAk [(A-D)/(p - r)]“"")

Jj=0 k=0
! n—1 )
0 )+ 30 A =] (e,
k=0 =0

Define Ciech= maX—o.__; (11_‘9’2:5: and get the desired estimate letting> co. O

Now we state a Caccioppoli inequality in the casg 2.
LEMMA 5. — Letu € W™? (2, RY) be a minimizer of the functiong}, f (D™u) dL",

where f satisfies(H3) and (H4). Then for each¥ > 0 there exists a constanfcac =
Ccac(L, )\4, p,m, M) SUCh that

/ (D" (u — P)? + | D" (u — P)|"] dL”

B, /2(x0)
m—1
<CL> [pz“—m) / |D*u — P)|PdL" 4 pP k) / |D*(u — P)|"dc"
k=0

By (x0) By (x0)

for all balls B,(xo) € Q and all polynomialsP :R" > B,(xo) — R" of degree< m
satisfying

ID"P|< M.
Moreover, if [, . D*(u— P)dL" = 0for 0<k <m — 2, then

[|D"(u — P[>+ |D"(u — P)|"] dL”
B, /2(x0)
< Cgac[,o_z / |D"t(u — P)|2d[,” +p7P / |D" Y (u — P)|"dC"],
B, (x0) B, (x0)
whereCeac = Ceac(L, A, p,m,n, N, M).
Proof. —Take ¢, ¥, v and A as in the proof of Lemma 3. Using the quasiconvexity

condition (H3), (13) and the minimality of we obtain:

A / [|[D"g|? + |D"¢|"]dL" < / [f(A+D™p) — f(A)]dL"

By (x0) By (x0)
= / [f(D’"u — D’"w) —f(A)]d[,"

Bs (x0)
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< [ 1r(p"u=D"y) = f (D)) de"

B; (x0)
+ [ 1(D") = £(D"u - D"g)]dc"
B; (x0)
+ / [f(D"u— D"g) — F(A)]dL"
B; (x0)
< / [f(D"u — D"y) — f(D™u)]dL"
B; (x0)
+ / (A+D"y) — f(A)]dL".
B; (x0)

Using Taylor’s formular, we can further derive

N

Bs(x0)

1
< / [—Df(Dmu)me+/(1—t)D2f(t(D’"u—D’"lﬁ)
0

By (x0)

+ @ —1t)D"u) (D™, D™ ) dt] dc"

1
- / lDf(A)D’"l//+/(1—I)sz(t(D’”1//+A)—I—(l—t)A)(D’"x/x,D’"x/x)dt dc’.
0

By (x0)

From the estimate

2@’ +b"?), 0<p-—-2<1,

P2<
(@+b) {ZI’ $ar=2+br7?), p-2>1,

(15)
for a, b > 0, hypothesis (HAW 5,y =0, v=u — P and|A| < M we now get

i [ D"l + D7) dcr
B (x0)
1

<L / /(1+ 1A+ (1— 1) D™u|P~2)| D"u — A|| D™ i dC"
Bs(xg) O

1
+L / /(1+ |D"u — D™y | %) | D™y | dr AL

Bs(x0) O
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1
+L / /(1+|A+tme|f"2)\Dm¢\2dsz
Bs(x0) O
<22 [ [@+ M7 24| D"ul" ) D"~ 4]0y
B (x0)
+ (14 M2 4 [D"u|" 7 4 | D"y |7 D"y P dL”
<o [ [aemrte o ooy
By (x0)\ Bt (x0)
+ (1+ M2 [ D] [ Dy |7 Dy P de
Using Hélder's and Young’s inequality we obtain
i [ D" + D7) der
B; (x0)
<g41’_2L(1+M1"2){ / (|D"™v[? +|D"v|") dL”
B (x0)\ Bt (x0)
v [ GePeprePyac s [ qomel s Dy
By (x0)\ Bt (x0) By (x0)\ Bt (x0)
<3-41’_2L(1—|—M1’_2)[ / (|D"v|* +|D™v|") dL”
By (x0)\ Bt (x0)
+ / (\me|2+|me|”)dL:"}
By (x0)\ Bt (x0)
SinceD™v = D™ ¢ on B,(xg) we find
A / (|72 + |D"v|")de”
Bt (xo0)
<3-4P—2L(m+1)P—1(1+MP—2)-[ / (|D™v|* + |D™v|") dL”

By (x0)\ B; (x0)

m—1 2
+) ('Z) C2(s — 1)*+=™ / |D*v|*dL”
k=0

By (x0)
m—1 m p
+Z<k> CP(s —ryr—m / |D’<v|”dﬁﬂ}.
k=0 By (x0)

“Filling the hole” on the right-hand side leads to
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[ "o+ |7l Jae
B (x0)
3-4°L(m+ 1P YA+ MP~?)
S A4+3-4r2L(m 4+ 1)P-L(1 4+ MP-2)

[ (oo + D7) ac

Bg (x0)
m—1 5
+cg(mz)ﬂz[(s—z)2<k—’"> / | D] AL + (s — 1Pt / |Dkv|pd£”}
k=0 By (x0) By (x0)

Here we have used,f < C! and

Cr(m!)P -3-4=2L(m + D11+ M"~?)
A+3-4r=2L(m+ 1)r-1(14 Mr—2)

< Cr(mhHP.
Now, an application of Lemma 4 with

3421 (m 4+ 1P 11+ MP?)

0=
A+3-4r=2L(m + P11+ MP—2)

yields the desired estimate

/ [|D™(u — P)|2 + D™ (u — P)|"]dC"
Bpj2

m—1

S CaadLohopom. M) D {pz‘k‘"’) [ 10t pyPac

k=0 5,

+p17(k—m) / ‘Dk(u _ P)|P d[,n:| )
By
The dependence of.,c on M follows from the dependence dfiecn, On 6. Note,

that M — oo implies 6 — 1 and Gech — oco0. The second estimate follows with an
application of Poincaré’s inequality (cf. Lemma 1)0

5. The(.A, m)-harmonic approximation lemma

The result of this section, the4, m)-harmonic approximation lemma, is central to
our technique. In the case = 1 the result was given in [8, Lemma 3.3] (confer [21],
Section 1.6 for the case of Laplace’s equation and harmonic approximation).

LEMMA 6 ((A, m)-harmonic approximation lemma). for any givene > 0 there
existsé = 8(n, N, A, L, m, ¢) € 10, 1] with the following propertyfor any givenA e
QY@ (R",RY), R) satisfying

/A(me,me)d.c" >A/|me|2d£” (16)
Q Q
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for all w € W§"*(2, R") and
A(A, B) < LIA||B| (17)
forall A, B e ©®"(R",RY), and for anyg € W"2(B,(xo), R") satisfying

][ |ID"g|?<1 and
B (x0)
‘ ][A(D’"g,D’"cp)dL”
Bp(XO)

there exists a function W’”’z(Bp (x0), RY) with the following properties

<8 sup |D"¢| forall g € CF(B,(x0),RY),
Bp(XO)

][ ID"[PdCr < 1,
By (x0)
][ A(D"™v, D")dC" =0
By (x0)

for all ¢ € CF'(B,(x0), RY) and

m—1
p2 ][ > D" (- 2)fdc <e.
Bp(XO) }/=0

Proof. —We assume first thaty = 0 and p= 1, B1(0) = B. If the conclusions of the
theorem were false, we could firsd> 0 such that for everg € N there exist bilinear
forms A, : O™ (R", RY) — R and functionsg;, € W™2(B, R"), so that for allk ¢ N we
would have

][ |D"gPdLr <1, (18)
B
1

][Ak(Dmgk, D"p) < %Sup| D"¢| forallg e C(B,RY), (19)
/ B

m—1 P

but ][Z DY (v —go)|"dL" > ¢ (20)
B =0

for all v € H,. HereH; denotes the nonempty set of ale W™2(B, R") for which
][|D’”h\2d£” <1 and
B

][Ak(Dmh, D"¢)=0 forallp e C¥(B,RY);
B

the second of these conditions expresses the facktisat4,, m)-harmonic onB.
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Without loss of generality we can assume

][Dygk dc’ =0 21)
B

forall 0<y <m —1 and allk € N (by simply replacingg; with g, — P, where P,

is the unique polynomial of degree at mast— 1 satiyfying [, D (gx — Px) dL" =0

for 0O<y <m —1; see Lemma 1.1 in [13]). From (18) and (21) we have, using
Poincaré’s inequality, thaf| gl wn.2s g~} is uniformly bounded for alk € N. From
Rellich’s lemma and the upper bound (17) fdr we have the existence of a function
g € W™2(B,R") and a bilinear functiond € ©*(®™([R", RY),R) such that, after
passage to subsequence (which we label againiyjtthere holds:

g — g weakly inw™?(B,RY), (22)
g—g inwm"t2(B RY) and (23)
A A in O (Q"®.RY).R). (24)

Hence we see from (18)

][|D’”g|2d£” <1 (25)
B

Further we have for everly e N and everyy € C°(B, R")

][.A(D’”g, D" ) dL" < ][.A(Dmg — D" gy, D) dL"
B B

+ ][(A — A (D" g, D) dL" + ][Ak(Dmgk, D"p)dL",
B B

where the terms on the right side vanish via (22), (24), (25) and (19). Thergfisre
(A, m)-harmonic inB. We denote byV, € W™2?(B,R") the unique solution of the
Dirichlet problem
][Ak(D’" V. D"g)dC" =0 forallg e CF(B,RY),
B
DY (V, —g) e W§"*(B,RY) forO<y <m—1.
In view of (16), (24) and th€.A4, m)-harmonicity ofg we then have:

A/UWU@—@fMT</AAUWw—gLDWW—g»MT
B B
—_ /Ak(Dmg, D"(Vi — g)) dL”
B

=/M—&MW%DWW—@NU
B
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<14 A [ |D"g|[D" (Ve - ] 4L’
B

) 1/2 ) 1/2
<ia=ad( [Ipsfact) ([ 1omwi-gffac)
B B
(26)
In view of (24) and (25) this implies strong convergence
Vi—g inwW>"(B,R"). (27)

We now definey, := V,./by whereb, = max{1, || D" V|l 2. rv)}; thenv, € H; with
lve — grllwm-12 < lloe — Villwm-12 + Vi — gllwn-12 + 1§ — gk llwm-12 — 0.

From (27) and (22) we see that the second and the third term on the right-hand sid
approach 0 ag — oco. From (27) we seé;, — 1 ask — oo. Together with (24) this
implies that the first term of the right-hand side also tends to @ as co. But this
contradicts (20).

The general result follows from a simple scaling arguments.

The next result is a standard estimate for solutions of systems with constan
coefficients (see [5,6]).

LEMMA 7.— ConsiderA € ©*(@®™(R", RM), R) satifying (16) and (17) and i €
W"2(B,(x0), RY) with [, . A(D"h, D"p)dL" = 0 for all ¢ € C5°(B,(x0), RY).
Then there exists a constaldthgm = Charm(n, N, m, A, A) such that the following
estimate holds:

p~2 sup |D"h|*+ sup |D"h|? < C2yp ][ |D"n|?dL".
B, /2(x0) B /2(x0) B (o)
P

The last lemma in this section is required in order to be able to applyAhe:)-
harmonic approximation technique. For a @ll(xo) C 2, u € W’"*Z(Bp(xo), RY) resp.
u € W"?(B,(xo), RY) and a polynomialP : B, (xo) — R" of degree< m we define

1/2
d>2(x0,,0,P):=< ][ |D’”(u—P)|2d£”) :

Bp (x0)

1/2
P, (x0, p, P) = ( ][ D™ (u — P)[2dL" + ][ |D™(u — P)|”d[,") :
By (x0) B, (x0)
LEMMA 8. -—
(i) Letu e W™2(Q,R") be a weak solution of the Euler equatigfi®) and assume

that f satisfies hypothesi$i2). Then for every polynomiaP of degree at most
m and every ballB, (xg) € 2 there holds:
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’ ][ D?f(D™P)(D™(u— P), D"¢) dL"
By (xo0)

< Cen\/V(P2(x0, p, P))P2(x0, p, P) SUP|D™g|

Bp (x0)

for all ¢ € CP(B,(x0), RY) with a constantCey = +/2L = Cey(L). (The
constantL is from hypothesig¢H2) and v is the modulus of continuity fab? f,
see Remark.)

(i) Letu e W™r(Q2,RY) be a weak solution of the Euler equatiofi®) and let f
satisfy hypothese@dH4). Then for everyM > 0 there existLq, = Ceu(p, L, M)

p—1
(we can choos€e, = T 1+ M P=2)) such that

’ ][ D?f(D™P)(D™(u— P), D"¢)dL"
Bp(XO)

< Cewvit (P, (x0, p, P)) " ®,(x0, p, P) SUp |D"g)

By (x0)

for all B,(xo) € 2, ¢ € C§°(B,(x0), R"Y) and every polynomiaP of degree at
mostm with

®,(x0,p, P)<1 and |D"P|<M.
(The constanL is from hypothesigH4) and vy, is from Remarld.)
Proof. —From the Euler equations (10) and the fact th&tP is constant, we get
0= ][ (Df (D"u) — Df (D" P)) D" dL”

By (x0)

1
- ][ /%Df(DmP —tD"(u — P))dr D" dL”
B,(x0) 0
1
= ][ /sz(D’"P —tD"(u— P))dt (D" (u — P), D" ) dL".
B,(x0) 0

In view of hypothesis (H2) this leads to, using the statement in Remark 4, Holder’s and
Jensen’s inequality,

‘ ][ D?f(D™P)(D™(u— P),D"¢p)dL"

Bp (x0)

1

- ’ ][ /(sz(D’”P) — D2f(D"P — tD"(u — P)))dr

B, (x0) O

x (D™(u — P), D"¢p)dL"
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1
V2L ][/\sz(DmP)—sz(DmP—tDm(u P))[Vae
B, (x0) 0

x |D™(u— P)|dL" sup |D"¢|
By (x0)

1
<\/_][/v t(D™(u — P))|)"?dt | D" (u — P))|dC" sup |D"g|
0

B, (x0) (o)
1/2 1/2
<JZ< ][v(|(D’”(u—P))|)d£”> ( ][ |D’"(u—P)|2dL'”)
B, (x0) B, (x0)
x sup |D"¢|
By (x0)
< V2L \[v(®2(x0, p, P)) P2(xo, p, P) SUP [D"g).

p(XO

To prove (ii), we argue similarly using (H4), (15) and Remark 4

‘ ][ D?f(D™P) (D™ (u — P), D"¢)dL"

Bp(x0)

1
< ][/|D2f(D'”P)—sz(D’”P—tDm(u—P))|l/pdt

B, (x0) O

< (2P L(1+ MP2 1 |D"(u — P)["2)'T

D" (u— P)|dL" sup |D"¢|

By (x0)
-2 m p—2 m Yp
< ][<(1+M” + D" @ = P)" "o (| D" — P))))
Bp(x0)
p-1
x (2°L(1+M" 24 (D"~ P)["%)) 7 [D" (@~ P)|dL"
x sup |D" ¢l
By (x0)

<2 LT (1+MP 2) ][ vy (| D" (u — PY))M”
By (x0)

x (14 D" (u — P)|[" )| D" (u — P)|dL" sup |D"g|.
By (x0)
Therefore Holder’s, Jensen’s and Minkowski’s inequality together \If;ol_itfng 2 imply

][ D?f(D"P)(D™(u— P), D"¢p)dL"
By (x0)

<ot (1+ MP=2) vy (@, (x0, p. P)) "
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p—1

x( ][ (\Dm(u—P)|+|D’"(u—P)\f"1)ﬁd,c"> ’ sup |D"¢|

B
Bp (x0) p(xO)

<ot (1+ MP2) vy (®(x0. p. P))"”

p=1

T4 | D — P)|p)d£”) " sup | D"yl

B (x0)

1
x( ][ 2r-1(|D™(u — P)
B, (x0)
P p=l p—2 1/p
S2PL 7 (14 M"Y vy (P ,(xo, p, P))

1/2 -1
x(( ][ |D’”(u—P)|2dL'”) +( ][ |Dm(u—P)|de'”> )BSl(Jp)|Dm(p|

B (xo0) By (x0)

’

p=t _ 1 m
<27 (14 MP72)uy (@, (x0, p. P)) 7" ®, (x0, p, P) SUP | D"
By (x0)

provided® ,(xp, p, P) <1. O

6. Proof of Theorem 1
Step 1. Setting

Forxo € © and a given BalB, (xp) € 2 choose the unique polynomi&l, , of degree
m such thatD™ -1 P, , minimizes

P / D" — P)[*dc”  and (28)
B, (x0)
/ D*u — Py )dL" =0 forO<k <m —2. (29)

By (x0)

From (5) and (6) we see
D" Py p () = drg.p + Qrg (X — Xo0),

whereg,, , = (D" 'u),, , and

m n+?2 me1 ;

D Pxo,p = on,p = 7 ][ D u® (x — xg) dc (x). (30)
B, (x0)
With this choice ofP,, , we write
5 1/2
(0, /2, Py p) = ( £ 1D Py, d,cn) ,

B, /2(x0)
q)z = <D2(XO, ,0/2, Pxo,p)v (31)
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1/2
_ m— 2 n
%(xo,p,Pxo,p):(p 2 D Py dzt) . (32)
By (x0)

Since pr(xm D*u — P, ,)dL" =0 for 0< k < m — 1 we can apply Caccioppoli's
inequality Lemma 3 to infer

m 2 n — m— 2 n
q% = ][ |D (u — Pxo,p)| dc" < Cgacp 2 ][ |D 1(M - PXOsP)| dz
By /2(x0) By (x0)
= Cgac\Isz(xo’ P Prop)- (33)

Moreover, from Lemma 8(i) applied witR = P, , on B,,»2(xo) we see

sz(DmPXOsP) (Dm(” — Pxyp), Dm‘/’) dc”

By 2(x0)

< CeuV/v(®2) D2 sup |D"gl.

B /2(x0)

(34)
Step 2: Decay estimate

CLAIM 1. —For all 6 €10, 1/4] there existss = §(n, N, A, L, m,0) such that the
smallness condition

Couy/V(Ceac¥a(x0, p, Pry,p)) <8 implies W2(xo, p, Prggp) < Cod®WE(x0, p, Prg, )

with a constanCgyec= Cyedn, N, A, L, m). Heren, N, A, L, m are as in hypothesg$i1)
and (H2), v denotes the modulus of continuity Bf f (see Remark), W, (xo, p, Py, )
is as in(32) and Cyyc, Cey are the constants from Lemm3aLemmaB(i) (see(33), (34)).

Proof. —We define

vz T Por i pry = PP Proy)

> o (35)

In view of (34) this leads to

q)Z
|D"y[Pd" = —2=1 and
3

B /2(x0)

d
’ ][ D?f(D™P,,,)(D™v, D"¢)dL" <Ceu\/v(<D2)—q)z su(p)\D’"(p\.
Bpa(xo
By /2(x0)

For6 €10, 1/4] chooses = 0"** ands =8(n, N, A, L,m, &) =8(n, N, x, L, m, ) from
Lemma 6. TherCey/v(P2) < Ceur/v(CeaV (X0, p, Py, ,)) < & by (33), our smallness
assumption and the fact that— v(¢) is non-decreasing. Hence the assumptions of
Lemma 6 are fulfilled. This implies that there exist&4 m)-harmonic functiom with

D*f(D™ Py, ,)(D"h, D"¢)dL" =0, (36)

By 2(x0)
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][ \D"h2dC" <1 and 37)
Bp2(x0)
-2
(g) ][ |D" Yy — D" Pl <o =6, (38)
B, /2(x0)

The standard a priori estimate for solutions of the linear system (36) (cf. Lemma 7)
applied toh on B, >(xo) yields

-2
(g) sup |D"h|*+ sup | D" h|? < CEunp/2) ][ |D"h|PdC”

B B
0/4(x0) 0/4(X0) B, 2(x0)

-2
P
< Cﬁarm(i) ;
the last line follows from (37).
Applying Taylor’s theorem td on By, (xo) we deduce

sup | D" h(x) — D" h(xe) — D™ h(xo) (x — xo)|°

Bﬁp (x0)

(6p)? . 2
g( — sup |D +1h|> < CEnp 2.
2! By a(x0)

Denotion byP,, 4, the unique polynomial associatedit@n By, (xo) by the construction
from Step 1, we infer using the minimal property (28)Rf ¢,, the above mentioned a
priori estimate for: and Caccioppoli’s inequality (33):

0pWa(x0,0p, Pryop)

m—1 2 n vz
_ ][|D (U — Poyop)|2dLC

Bﬁp (x0)

g < ][ ‘Dm—lu _ Dm—lpxo’p

Bﬁp (x0)

2 1/2
— @p(D" " h(x0) + D" h(x0) (x — xo))‘ dc")

1/2
< ( ][ | D™ty — (D™ h(xg) + D™ h(x0)(x —xo))|2d£”> d,

Bﬁp (x0)

5 1/2
g( ][ |D" "ty — D" h| dE") D,

Bﬁp (x0)

1/2
+ ( ][ |D"~h — D" h(xo) — D" h(xo) (x — xo)|2d[,”) @,

Bﬁp (x0)



M. KRONZ / Ann. |. H. Poincaré — AN 19 (2002) 81-112 105

n+2
< (277 + Cram)0%0®2 < Caed?pWa(x0, P, Prgp) (39)
With Cgec= (2" + Charm) Ceac. This proves Claim 1. O

Given O< o < 1 we now fix@ sufficiently small such thafge < 6¢. This fixese =
g"*t* and alsas = §(n, N, A, L, m, €). We choosgg > 0 such thatCeyv/(V(Ceacso)) < 8.
Then, if for some ballB,(xg) € 2 the smallness conditioWz(xo, o, Py, ) < So IS
satisfied, we have the decay estimate

W2(x0, 00, Prgpp) < O7*W5(x0, 0, Prg p)- (40)
Step 3: Iteration

CLAIM 2. —Suppose¥s(xo, p, Py, p) < so for some ballB,(xg) € Q. Then for all
keN
][ |Dm—1(u _ Pxo,é)’fp)|2 dc” < 9(2+2a)k ][ |Dm—1(u _ Pxo,p)|2 dc”
Byk ,(x0) By (x0)
i.e., Wa(xo, 0 p, Py gk ,) < OZT2KW5(xo, p, Py ).

Proof. —For k = 1 this is still the decay estimate (40). By induction we see, noting
that the smallness conditiow,(xo, 6/ p, P, 0,) < so can be verified iteratively for
[=1,...,k—1, that

| D" Hu — Py gr,)| AL < 020 ][ D" Y — Py gi,)| AL
Bk , (x0) Byk-1,(x0)
< 9(2-‘1—20!)1{ ][ |Dm_1(l/£ _ Pxo,p)|2d£n-
By (x0)
This proves the asserted estimatel
Step 4: Partial regularity
For 0<r < p we fixk € Ng with 0¥t1p < r < 6%p. Then Step 3 implies

J[ D" = Py,,) | dL" < ][ D" M = Py )L

By (x0) By (x0)

2420
<0 (n+2+206)(;) ][ |D"H(u — Py, )| dL"
By (x0)

Using Poincaré’s inequality Lemma 1 with= 0,/ =m — 1 on B.(xo) (which is possible
by our choice ofP,, ,) we obtain

- - - 2
|u _Pxo,r|2d£n < €29 (nt2H20 =242 ][ D" Y — Pyl den 2t

By (x0) By (x0)

(41)
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provided we havel,(xo, p, Py, ,) < So.

Supposexo € 2\ Z. Then liminf o, () 1Du — (D" u)y,,|* = 0 and therefore
(using Poincaré’s inequality and recalllng the choicePgf,)

_ e 2y on
W2(x0, 0, Prgp) = p° ][ D" Y — Py ) PdL

B, (x0)
—2 m— 1 m— 1 m 2 n
][ |D (D )xo,p_(D ”)xo,p(x_XO)‘ dc
B, (x0)
<c? ][ D"u — (D"), P dL". (42)
Bp(XO)
Hence
5 2
( ][ |D"u — (D"u) | dﬁ”) <=2 (43)
0,0 C,
Bp(XO)

implies Wy(xo, p, Py, p) < So. Sincey — —fB vy D" u — (D™ u)y, p|2d£” is continuous,
we see that (43) implies the same condition for ang B, (xp), o > 0. Therefore
Vo (y, p, Py ) < soforanyy e B, (xo) and (41) holds foy € B, (xg) and any O< r < p.
Campanato’s integral characterization (4)@f* functions shows”-*-regularity ofu
on B, 2(xo). Finishing the proof of Theorem 1 we note, tit(X) = 0 by the Lebesgue
differentiation theorem.

7. Proof of Theorem 2
Step 1. Setting
In this section we modify the arguments of the last section, starting with the same
setting:

For a given ballB,(xo) choose the unique polynomidl,, , of degreem specified
in (28) and (29). Let

1/2
q)p(-x09 10/29 Pxo,p)= ( ][ |Dm(u_Pxo,p)|2d£n+ ][ |Dm(M_Px0,p)|pd£”> ’

By /2(x0) By 2(x0)

lI"p(xO’ P, Pxo,p)

1/2
— (p—Z ][ |D"t(u — Pxo,p)|zd£" +p? ][ |D"t(u — Pxo,p)|pd£"> ,

By (x0) By (x0)

q)p = d>p(x0,p/2, Pxo,p)9 \ij = lij(x& IO’P)C(),,O)'

From Lemmas 5 and 8 with € C3°(B,,2(x0), R") we see



M. KRONZ / Ann. |. H. Poincaré — AN 19 (2002) 81-112 107

@2 = ][ D™ (u — Py )|PdL" + ][ D" (u — Py, )| dL”

By 2(x0) By 2(x0)
_ m— 2 1 an - m— n
<c§ac<p 2 ][ |D"Hu — Py )| dL" + p7F ][ |D"(u — Py )| dLC )
By (x0) By (x0)
=CZ, V2, (44)

][ D?f(D™Py,,) (D™ (u — Py, ,), D"p) dL"

By /2(x0)
< Cewp (®,)7d, sup [D"¢
B /2(x0)

provided|D™ P, ,| < M. Note, that in difference to (33) and (34) the constalig =
Ccac(M) andCeu: Ceu(M) depend OrM.

: (45)

Step 2: Decay estimate

CLAaM 1. —Let M > Ofixed. For anyd € 10, 1/4] there exist$ = 8(n, N, A, L, m,0)
andg = g(n, p) such that if

(1) Ceu(M)VM(Ccac(M)\I’p(XO, P, Pxo,p))l/p <4,

(2) "Ilp(XO» P, Pxo,p) <67, and

(3) |DmP)C(),p| < Ml
then

W2(x0, 00, Pro,op) < Chod* W5 (X0, p. Pry. )

with a constantCyed M) = Cgedn, N, A, L, m, M). Here n, N,A,L,m are as in
hypothesegH3) and (H4), vy, is the modulus of continuity fob? f from Remark4,
v, is defined in Stefd and the constant€ca(M), Cey(M) are from Lemmeb and
Lemma8(ii).

Proof. —As in the proof of Theorem 1 we define

- P, _ D" (u — P,

46

5, 5, (46)
In view of (45) and hypotheses (1) and (3) we can make the same observations as in tt
proof of theorem (1) in regards to an application of i m)-harmonic approximation
lemma. Arguing in the same way we get the same conclusions as iip the?) case,

i.e. we get the estimate (39)

n2
2

][ |D’”_1(u — ngo,p)|2d£" < (27

By, (x0)

+ Charm)z(ezp)zq)i = C% ((92,0)2@%, (47)

for 6 €10, 1/4], providedCeyvy (®,)Y? <8 =38(n, N, », L, m,0).
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Next we derive an estimate for the second tq%Epp(xo) | D" Y(u — Py, g,)|P dL" Of
the right side in Caccioppoli’'s inequality.For this we let (in the casg > 2)

. n’Z’p > p, the conjugated Sobolev exponent foin the case 2 p <n,
p= p*>p, fixedinthe casep > n,

with £ > % > pi Therefore we find € 10, 1] such that
1 1 1
—=1-t)z+r—. (48)
p 2 p*

Using Hoélder's inequality, Sobolev’s inequality (9), Caccioppolli's inequality (44)
and (47) we compute:

|D"(u — Pyygp)|” dL”

Bﬁp (x0)

) (1—;)% N 1
< ( ][ | D™ (u — Pyyap)| dﬁ”) ( ][ |D" L (u — Pyyap)|” dLi”)

By, (x0) By, (x0)

*|"’

t
— 1- — m n
< Cil z)p(ezp)( t)pq>§71 t)pcgp(ep)tp< ][ |D (u— Pxo,@p)|p dc >

Bﬁp(xo)
t
<cé’ﬁ"(Bepoco))"(ep)f’eﬂ—’”’w;l—’”’( / |Dm(u—PXO,9,,)|pd£”), (49)
Bﬁp(xo)

whereC, = CL-0C{Y"CL = Ca(n, N, A, L,m, M, p, p*). From Lemma 2 we deduce

(Px,.00 denoting again the unique polynomial associated om By, (xo))

1/p
/ |D™ (1 — Pryap)|” dﬁ")

Bﬁp (x0)

1/p
< ( / D" (u — Py, ,)|" d/:”) + L"(Bop(x0)) " | D" Py gp — D" Py |

Bﬁp (x0)

n 1/p m p n Hr
< (Bya0) " ( f D" Py ")

Bp2(x0)

1 2 12
+ L7 (Byy(x0)) ™" <n(n +2)(9p) 2 ][ D" u — Py )| dLZ")

By, (x0)

3 Observe, that by Campanato’s integral characterization, in regular poimtsho$ term is much smaller
thanfy ) ID" (U — Pyy p)?dL".
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1/p
n 1 — m— n
< (L7 (By2(x0)) C2W2) " + v/n(n + 2)(6p) 1( / D" Hu — Py, )| dL )
B (x0)
n 1p, — —n 1
<(L"(Byx0))) 071 (27" Co0) " + Vn(n +2) )W,
From this estimate, inserted in inequality (49) and Young’s inequality we get, letting
Ci=Cl((2"CLIY" +/n(n+2))"? =C5(n,N, A, L,m, M, p, p*)
©p)" ][ D" — Py )| dL" < C29407 w;l—:)p 9—(n+p)t\p§l

By, (x0)
of A=Dp 5 5 P _ppt
<cg<——75——9 wp4-;;9 I T
< C302W5, (50)

provided w2r" =»)/r < gmtrr'/p+2 |f we choosey = % in hypothesis (2) the
desired estimate follows from (44), (47) and (50) with,.= C2C2.+ C3. Note that

Cdec= Cdec(M)- O

Given 0< a < 1 we now fix@ sufficiently small such tha€Cyed2M)6 < 6%. This
also fixese = 6"** ands = 8(n, N, A, L, m, ). We choose, > 0 (depending on 2M
also) such that e (2M) (voy (Ceacd(2M)s0)Y'? < 8. Then, if for some ballB,(xo) €
the conditions

\Ilp(XOap» Pxo,p) §S0, ‘pr(xo, P, Pxo,p) <9q and |Dmeo,p| <2M (51)
are satisfied, we have the decay estimate
W2 (x0, 0, Proop) <O W2(x0, . Pry ). (52)
Step 3: Iteration

CLAIM 2. —SupposeV,(xo, p, Py, ) < S0, Wp(x0, p, Py p) <609 and [ D" Py, ,| <
M for some ballB, (xo) € Q. Suppose further that
0" (1—6%)
nn+2)

\Ilp(an P, Pxo,p) g

Then for allk e N
W2 (x0, 0%, Pyggr,) <OC?M W2 (x0, p, Py ).

Proof. —For k = 1 this follows from the decay estimate (52). Suppose that the
statement is true for all< k — 1 € Ny. Firstly, we will show that the assumptions (51) of
the decay estimate (52) are fulfilled on the k&l ,(xo). Therefore it remains to show,
that| D™ P, 4¢,| < 2M. From (30) and Lemma 2 we infer
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|D™ Py, g, < M+Z\D 065+ — D" Py i |

k-1 1/2
1
<M+ /n(n+206" ‘"*2’/2§ ( ][ D"t = Pyyi,)| dﬁ”)

Byj,(x0)

=M+ /n(n+206~ (”+2)/2Z\IJ (x0,07p, Py ip)

g M =+ v/ l’l(l’l + 2)9—()1-‘1-2)/2 Zeaj\pp(-xOv P, Pxo,p)

j=0

1
<M++/nn+2)06" (n+2)/2 Y v (xo,,O Pxop)
<2M,

provided W, (xo, p, Py, ) < 9"—32(1 —0%)//n(n+2)M. Hence we can apply (52) and
conclude the estimate at level O

Step 4: Partial regularity

For 0< r < p fix k € Ng with 6*T1p < r < 6%p. Then Step 3 implies

o 2 o (0%p)" m— n
F 10w popaer < CE5 L D Py de
By (x0) Bk , (x0)
0" p)" CL ,0)
< o (Gk ) \Ilz(xo,ek,o t0.0% p )S 9(2+2°‘)k 2?2 (xo,,o Pyy.p)

r (2+2a)
< 0_(n+2+20l) (;> /02\1‘15()(0, /03 Pxo,p)-
Using Poincaré’s inequality Lemma 1 with= 0,/ =m — 1 on B,(xg) we obtain

][ = Pug|2AL" < CROTTE0 p™2 U (xo, . Prg )22,

By (xo0)

provided

0" (1 —0%)
)\ , p, Py <max| sg, 0%, ——————M | =: S
p(xO 1Y o,p) (SO CES) ) 0
and|D" Py, ,| < M.
Supposeg € 2\ (X1U X)), whereX; andX; are from the formulation of Theorem 2.
Then iminf,\ oy () |DU — (D™i)55,1* = 0 @nd lim sup. o(D" 1), < 0©.
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Using Lemma 2(ii) and Holder's inequality we see

1/p
D"P,,| < |(Dmu)x07p|+Cp\/7n(n+2)< ][ |Dmu_(Dmu)xo,p|f’dcn) .

B, (x0)
Hence

M
|(D"u)xy,p| < > and

1/p M
D" — (D" u), ”dﬁ”) S — 53
][‘ U= (D"t NN ICEY] 3)

By (x0)

implies|D™ Py, ,| < M.
Next we will show that the smallness conditions #y(xo, p, Py, ,) can be achieved
onQ\ (X1 U X,). Firstly, we see from (42) and Hélder’s inequality

p2 ][ D" Y — Py, ,)|*dL" < C2 ][ |D"u — (D™ )y, | AL
B, (x0) B, (x0)
2 14 2/p
<Cp( ][ |Dmu—(Dmu)xo,p| dE") .
By (x0)

Secondly, we have from (7), Lemma 2(ii) and the above estimate

o P ][ |Dm_1(u — Pxo’p)|p ac”
By (x0)
<CP ][ D" (u — Py, )| dL”
B (x0)
1/p P
<cp|( £ D= 0, P de) (D P, - (D)
By (x0)
< Cg(l-i- Cpvn(n+2) )p ][ |D"u — (Dmu)xo’p‘pdﬁn.
By (x0)

Hencefy (. [D"u — (D™u)y,,|” dL" < 1 and

X0,p0 |

1/p
S
(f'Dm”_(Dm”)xO,deﬁ”) < . _ (59)
By (x0) \/C§+C5(1+Cp«/n(n+2))

Imply Wy (xp, P, Pxo,p) < So.

Sincey > (D"u)y,, andy = £ ) [D"u — (D"u)y ,|P dL" are continuous, we see
that (53) and (54) imply the same conditions negrNow arguing as in the proof of
Theorem 1 we get the desired partial regularity result.
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