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ABSTRACT. – We consider minimizersu ∈Wm,p(�,RN) of uniformly strictly quasiconvex
functionalsF(u)= ∫

� f (D
mu)dLn of higher order. Here� is a domain inRn,m� 1, andf is a

C2-integrand with growth of orderp, p � 2. Using the technique of harmonic approximation we
give a direct proof of almost everywhereCm,α-regularity for such minimizers.

RÉSUMÉ. – Nous étudions des minimiseursu ∈ Wm,p(�,RN) des fonctionnellesF(u) =∫
�
f (Dmu)dLn uniformément strictement quasiconvexes du ordre 2m, m� 1. Ici, �⊂ R

n est
une domaine etf est une fonction de classeC2 avec une crossance du ordrep, p � 2. À l’aide de
la technique d’approximation harmonique nous obtenons une preuve directe pour la regularité de
classeCm,α pour les minimiseurs dans un ensemble ouvert�̃⊂� avecLn(� \ �̃)= 0.

1. Introduction

In this paper we are interested in the question on the regularity of minimizers of
quasiconvex functionals of higher order. Precisely we consider minimizers of functionals
of the form

F(u)=
∫
�

f
(
Dmu

)
dLn, (1)

where� is a domain inR
n, u is a function inWm,p(�,RN), p � 2, Ln is the n-

dimensional Lebesgue measure andf is a strictly quasiconvexC2-function which maps
symmetricm-linear functions fromR

n to R
N ,m� 1, toR.

Considering these settings, the questions on existence and regularity of such minimiz-
ers appear. Imposing for example Dirichlet boundary conditions, i.e.{u,Du, . . . ,Dm−1u}
are prescribed on∂�, the question on existence of minimizers can be answered by prov-
ing that the functional is lower semicontinuous with respect to weak convergence in the
Sobolev spaceWm,p(�,RN). The quasiconvexity condition as a sufficient condition for
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lower semicontinuity of certain functionals in the calculus of variations was first intro-
duced by Morrey [19]. He proved that a necessary and sufficient condition for weak
lower semicontinuity in the case of certain first order functionalsF , i.e.m= 1, on cer-
tain Sobolev spacesis a quasiconvexity conditionon the integrandf . That means that
for all ϕ ∈ C∞

0 (�,R
N) and all linear functionsA :Rn → R

N

∫
�

f (A)dLn �
∫
�

f (A+Dϕ)dLn. (2)

Further results on the quasiconvexity condition on functionalsF were given by
Meyers [18], Ball [2], Acerbi and Fusco [1], Marcellini [17], Zhou [22] and Guidorzi
and Poggiolini [15]. Especially one result, going back on Meyers [18] and also proved
in the last paper [15], shows that a quasiconvexity condition on the functional (1) of
higher order andp-growth conditions

0 � f (A)�L
(
1+ |A|p) (3)

for the integrandf are sufficient for weak lower semicontinuity in the Sobolev
spaceWm,p(�,RN). Here a quasiconvexity condition for the integrandf means that
inequality (2) (withDmϕ instead ofDϕ) is satisfied for allϕ ∈ C∞

0 (�,R
N) and

all symmetricm-linear R
N -valued functionsA on R

n. This growth conditions for a
quasiconvex integrandf together with an auxiliary coercivity condition

1

L

(
1+ |A|p)� f (A)

imply for given Dirichlet boundary data – according to the direct method in the
calculus of variations – the existence of at least one minimizeru ∈ Wm,p(�,RN) of
the functionalF .

For functionalsF(u)= ∫
� f (Du)dLn of first order with uniformly strictly quasicon-

vex integrandf , fulfilling the p-growth condition (3), partial regularity results for mini-
mizers were derived by Evans [9]. He proved, using the indirect approach of blowing-up,
that for each 0< α < 1 minimizers ofF are locallyC1,α on an open subsetU ⊂� with
Ln(� \U)= 0.

In this paper we extend the results of Evans on the partial regularity theory
for minimizes of quasiconvex functionals of first order to those of minimizers of
quasiconvex functionals of higher order.

To prove partial regularity results for minimizers of such functionals, we assume, that
the integrandf in (1) is uniformly strictly quasiconvex, which means (in the casep= 2)∫

�

(
f
(
A+Dmϕ)− f (A))dLn � λ

∫
�

∣∣Dmϕ∣∣2 dLn

for all test functionsϕ ∈ C∞
0 (�,R

N) and any symmetricm-linearRN -valuedA on R
n.

The following partial regularity results are proven precisely:
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THEOREM 1. – Let u ∈Wm,2(�,RN) be a minimizer of the functional(1) with uni-
formly strictly quasiconvexC2-integrandf fulfilling the growth condition|D2f (A)| �L
for every symmetricm-linear R

N -valued functionA on R
n. Thenu is locally Cm,α-

continuous for every0<α < 1 on an open setU with Ln(� \U)= 0.

THEOREM 2. – Let u ∈Wm,p(�,RN), p � 2, be a minimizer of the functional(1)
with uniformly strictly quasiconvexC2-integrand f fulfilling the growth condition
D2f (A) � L(1 + |A|p−2) for every symmetricm-linear R

N -valued functionA on
R
n. Thenu is locally Cm,α-continuous for every0 < α < 1 on an open setU with

Ln(�\U)= 0.

As in the case of first order problems the uniformly strictly quasiconvexity condition
for f implies that the corresponding Euler equations forF are elliptic in the sense of
Legendre–Hadamard (see Remark 3 below). With regard to regularity theory, uniform
strict quasiconvexity permits the proof of aCaccioppoly inequality– sometimes called
reverse Poincaré inequality– for minimizers ofF . After showing that a in terms of
Caccioppoli’s inequality rescaled minimizer is nearly a solution of a strictly elliptic
constant coefficient system, we derive an excess-decay estimate on an open setU ⊂�.
This is done, using the technique ofA-harmonic approximation, as expressed in
Lemma 6. For harmonic approximation, this technique has its origins in Simon’s proof
of the regularity theorem of Allard (see [20]). The point of this approximation technique
is to show that for a bilinear formA, which is elliptic in the sense of Legendre–
Hadamard, a functiong which is “approximately (A,m)-harmonic” – that means∫
�A(Dmg,Dmϕ)dLn is sufficiently small for all test functionsϕ – liesL2-close to some

(A,m)-harmonic functionv – that means a functionv with
∫
�A(Dmv,Dmϕ)dLn = 0

for all test functionsϕ. Then, standard a priori estimates for solutions of elliptic constant
coefficient systems can be used to derive estimates for excess terms. Precisely we deal
with A = D2f (DmPx0,ρ) wherePx0,ρ is a polynomial of degree at mostm, associated
with the minimizeru of the functionalF on a ballBρ(x0). Using the(A,m)-harmonic
approximation technique we derive decay estimates which can be iterated for our excess
term (we restrict here to the casep= 2)

�2(x0, ρ,Px0,ρ)=
(
ρ−2

∫
–

Bρ(x0)

∣∣Dm−1(u−Px0,ρ)
∣∣2 dLn

)1/2

in points x0 ∈ �, where�2(x0, ρ,Px0,ρ) is sufficiently small. The smallness of this
quantity can be ensured on an open setU of full Lebesgue measure in�. Iterating
this excess term, we derive estimates for

∫
Bρ(x0)

|u − Px0,ρ|2 dLn from which we infer,
applying an integral characterization forCm,α-functions due to Campanato ([5], [6]),
localCm,α-regularity of minimizersu of F on the open setU .

Beginning with notations and preliminary lemmas (special kinds of Poincaré’s and
Sobolev’s inequalities, remarks on polynomials, minimizing theL2-distance to given
L2-maps) in Section 2, the main results Theorem 1 and Theorem 2 of this paper are
formulated in Section 3. After proving the above mentioned Caccioppoli inequality in
Section 4, we study the – for our settings – suitable harmonic approximation technique
in Section 5. Finally, we give proofs of our theorems in the last two sections.
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At last we should mention the following remarks on our proofs: The(A,m)-harmonic
approximation lemma is the only time where we argue indirectly. In all the other parts of
this paper we argue directly. This leads to explicit constants in our estimates and some
quantitative control of the smallness conditions. Furthermore, even in the casep > 2 of
non-quadratic growth of the integrandf in functional (1) we only useL2-theory, i.e.
standard a priori estimates for solutions of elliptic constant coefficient systems, to derive
partial regularity for minimizers of non-quadratic functionals.

2. Notations and preliminary lemmas

As mentioned above, we consider a domain� in R
n and mappings from� to R

N

with n � 2 andN � 1. We writeLn for the n-dimensional Lebesgue measure. For a
L1-functionu :�→ R

N we denote the average ofu over a ballBρ(x0)⊂� by

ux0,ρ =
∫
–

Bρ(x0)

udLn = 1

Ln(Bρ(x0))

∫
Bρ(x0)

udLn.

⊙k(Rn,RN) will be the vectorspace of symmetrick-linearR
N -valued functions onRn.

Since the dimension of this vectorspace isN
(n+k−1

k

)
we may identify this space with the

vectorspaceRN(
n+k−1
k ); so we may considerf :

⊙m(Rn,RN)→ R in (1) as a function
f :RN(

n+m−1
m ) → R andDmu as the set of all weak partial deriatives of orderm. Given

ζ ∈ R
n the tensor product

ζ ⊗ · · · ⊗ ζ︸ ︷︷ ︸
m times

=: ζm

is symmetric andm-linear and hence an element of
⊙m(Rn,R). So, forη ∈ R

N , the
tensor productζm ⊗ η is an element of

⊙m(Rn,RN).
Here, we first prove a Poincaré inequality which is suitable to our setting:

LEMMA 1. – Let u, v ∈ Wm,p(Bρ(x0),R
N) with

∫
Bρ(x0)

Dk(u − v)dLn = 0 for all
0� k � l − 1(�m− 1). Then there exists a constantCP = CP (n,N, l) such that

( ∫
Bρ(x0)

∣∣Dk(u− v)∣∣p dLn
)1/p

�CPρl−k
( ∫
Bρ(x0)

∣∣Dl(u− v)∣∣p dLn
)1/p

.

Proof. –Let wk = Dk(u − v) with wk ∈ Wm−k,p(�,
⊙k(Rn,RN)) andwkx0,ρ

= 0.
Then the ususal Poincaré inequality shows:( ∫

Bρ(x0)

∣∣Dk(u− v)∣∣p dLn
)1/p

=
( ∫
Bρ(x0)

∣∣wk −wkx0,ρ

∣∣p dLn
)1/p

�Ck(n,N)ρ
( ∫
Bρ(x0)

∣∣Dwk∣∣p dLn
)1/p
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=Ck(n,N)ρ
( ∫
Bρ(x0)

∣∣Dk+1(u− v)∣∣p dLn
)1/p

� · · ·

�
l−1∏
j=k
Cj (n,N)ρ

l−k
( ∫
Bρ(x0)

∣∣Dl(u− v)∣∣p dLn
)1/p

=CP (n,N, l)ρl−k
( ∫
Bρ(x0)

∣∣Dl(u− v)∣∣p dLn
)1/p

.

Note that the constantsCj(n,N) depend on the dimension of� and the dimension of
the vectorspaces

⊙j (Rn,RN). ✷
A fruitful way, showing that a givenLp-function has a Hölder continuous represen-

tative is Campanato’s integral characterization of Hölder continuous functions (see [12,
Theorem 3.1]). Campanato has also derived an integral characterization forCm,α func-
tions [3,4], from which it follows, that a functionv ∈ Lp(�,RN) is Cm,α nearx0 ∈�,
0< α � 1, 1< p <∞, if there exists a constantC independent onρ andx0 such that

( ∫
–

Br (y)

|u−Py,r |p dLn
)1/p

� Crm+α (4)

for all y nearx0 and all r � ρ. HerePy,r is the unique polynomial of degree� m

minimizing

P �→
∫
–

Br (y)

|u−P |p dLn

among all polynomialsP :Br(y)→ R
N of degree� m. We will use this result in the

proof of our main theorems. We are also dealing with the explicit structure of the
polynomialPx0,ρ of degree 1 minimizing

P �→
∫
–

Bρ(x0)

|u− P |2 dLn :=�(P ),

u ∈ L2(Bρ(x0),R
N) given, among all polynomialsP :Bρ(x0)→ R

N of degree� 1. To
get an explicit formula forPx0,ρ we note first, that� is a strict convex, coercive and
continuous on the finite dimensional space of polynomials of degree� 1. Therefore a
unique minimum pointPx0,ρ of � exists. We write

Px0,ρ(x)= qx0,ρ +Qx0,ρ(x − x0).

A straightforward elementary computation gives that

qx0,ρ =
∫
–

Bρ(x0)

udLn = ux0,ρ (5)
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is the mean value ofu onBρ(x0) and

Qx0,ρ = n+ 2

ρ2

∫
–

Bρ(x0)

u(x)⊗ (x − x0)dLn(x) (6)

is a momentum.
Since

∫
Bρ(x0)

(u− Px0,ρ)dLn = 0, we get a Poincaré inequality foru ∈W 1,p(�,RN)

of the following form:( ∫
Bρ(x0)

|u− Px0,ρ|p dLn
)1/p

� Cpρ
( ∫
Bρ(x0)

|D(u− Px0,ρ)|p dLn
)1/p

. (7)

In an analogous way we get Sobolev inequalities foru ∈W 1,p(�,RN). If

p∗ =
{ np

n−p if 1 � p < n,
p∗ ∈ [1,∞[ fixed if p� n,

(8)

the usual Sobolev inequality foru ∈W 1,p(�,RN) states:1( ∫
–

Bρ(x0)

|u− ux0,ρ|p
∗
dLn

)1/p∗

�CSρ
( ∫

–
Bρ(x0)

|Du|p dLn
)1/p

.

This inequality implies( ∫
–

Bρ(x0)

|u−Px0,ρ|p
∗
dLn

)1/p∗

� CSρ
( ∫

–
Bρ(x0)

|D(u−Px0,ρ)|p dLn
)1/p

. (9)

LEMMA 2. – Let u ∈ L2(Bρ(x0)), 0< θ � 1, qx0,θρ , qx0,ρ as in (5), Qx0,θρ , Qx0,ρ as
in (6) andPx0,ρ the polynomial of degree1 with Px0,ρ(x)= qx0,ρ +Qx0,ρ(x − x0). Then
the following estimates hold:

(i) |Qx0,θρ −Qx0,ρ|2 � n(n+ 2)(θρ)−2
∫
–

Bθρ(x0)

|u− Px0,ρ|2 dLn;

(ii) |DPx0,ρ − (Du)x0,ρ|2 � C2
pn(n+ 2)

∫
–

Bρ(x0)

|Du− (Du)x0,ρ|2 dLn.

Proof. –For (i), first we observe that for every linear mapQ from R
n to R

N

∫
–

Bθρ(x0)

Q(x − x0)⊗ (x − x0)dLn(x)= (θρ)2

n+ 2
Q

1 Forp < n see [10, p. 141]; forp > n see Morrey’s inequality in [10, p. 143]; for the critical casep = n
the inequality follows fromBMO-theory, for example from [16, Theorem 7.21]; in the casep � n the
constantCs depends onp∗.
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and for every constantq ∈ R
N∫

–

Bθρ(x0)

q ⊗ (x − x0)dLn(x)= 0.

Therefore we can compute

|Qx0,θρ −Qx0,ρ |2

=
(
n+ 2

(θρ)2

)2∣∣∣∣ ∫
–

Bθρ(x0)

(
u− qx0,ρ −Qx0,ρ(x − x0)

)⊗ (x − x0)dLn(x)
∣∣∣∣2

� (n+ 2)2

(θρ)4

∫
–

Bθρ(x0)

∣∣u− qx0,ρ −Qx0,ρ(x − x0)
∣∣2 dLn(x)

∫
–

Bθρ(x0)

|x − x0|2 dLn(x)

= n(n+ 2) (θρ)−2
∫
–

Bθρ(x0)

|u−Px0,ρ|2 dLn.

To prove (ii), we see, using Poincaré’s inequality,

|DPx0,ρ − (Du)x0,ρ|2

=
(
n+ 2

ρ2

)2∣∣∣∣ ∫
–

Bρ(x0)

(
u− ux0,ρ − (Du)x0,ρ(x − x0)

)⊗ (x − x0)dLn(x)
∣∣∣∣2

� n(n+ 2)ρ−2
∫
–

Bρ(x0)

∣∣u− ux0,ρ − (Du)x0,ρ(x − x0)
∣∣2 dLn.

� C2
p n(n+ 2)

∫
–

Bρ(x0)

∣∣Du− (Du)x0,ρ

∣∣2 dLn. ✷

3. Hypotheses and statements of results

Assume that the functional (1) fulfills the following conditions:

Case p = 2

(H1) The C2-function f is (uniformly) strictly quasiconvex, i.e. there exists a
constantλ > 0 such that for all ballsBρ(x0) � �, all A ∈ ⊙m(Rn,RN) and
all ϕ ∈ C∞

0 (Bρ(x0),R
N) there holds∫

Bρ(x0)

(
f
(
A+Dmϕ)− f (A))dLn � λ

∫
Bρ(x0)

∣∣Dmϕ∣∣2 dLn;

(H2) there existsL � 0 such that for allA ∈ ⊙m(Rn,RN) D2f is uniformly
continuous with ∣∣D2f (A)

∣∣� L.
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The condition thatD2f in (H2) is uniformly continuous, can be removed, see
Remark 4 below and hypothesis (H4).

Case p � 2

(H3) The C2-function f is (uniformly) strictly quasiconvex, i.e. there exists a
constantλ > 0 such that for all ballsBρ(x0) � �, all A ∈ ⊙m(Rn,RN) and
all ϕ ∈ C∞

0 (Bρ(x0),R
N) there holds∫

Bρ(x0)

(
f
(
A+Dmϕ)− f (A))dLn � λ

∫
Bρ(x0)

(∣∣Dmϕ∣∣2 + ∣∣Dmϕ∣∣p)dLn;

(H4) there existsL� 0 such that for allA ∈⊙m(Rn,RN) there holds∣∣D2f (A)
∣∣� L(1+ |A|p−2).

Remark1. – Notice that the conditions (H2) resp. (H4) imply

|f (A)| � Const
(
1+ |A|2), |Df (A)| � Const

(
1+ |A|),

resp. |f (A)| � Const
(
1+ |A|p), |Df (A)| � Const

(
1+ |A|p−1).

From this we infer
• that (H1) respectively (H3) is valid for allϕ ∈Wm,2

0 (Bρ(x0),R
N) respectively for

all ϕ ∈Wm,p
0 (Bρ(x0),R

N);
• that the functionalF(u)= ∫

� f (D
mu)dLn is lower semicontinuous with respect to

weak convergence inWm,2
0 (�,RN) resp.Wm,p

0 (�,RN) (see [18,15]).

Remark2. – The Euler equations for minimizers of the functional

F(u)=
∫
�

f
(
Dmu

)
dLn

are given by (see [11, p. 14] and note thatf only depends onm-order deriviatives ofu):∫
�

Df
(
Dmu

)
Dmϕ dLn = 0 (10)

for all ϕ ∈ C∞
0 (�,R

N).

Remark3. – In view of Remark 1 we see that in the case (H1) for givenv ∈
W
m,2
0 (�,RN) the nonnegative function

I (t)=
∫
�

[
f
(
A+ tDmv)− f (A)− λt2|Dmv|2]dLn
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attains its absolut minimum att = 0, hence

d2I

dt2
(0)=

∫
�

[
D2f (A)

(
Dmv,Dmv

)− 2λ
∣∣Dmv∣∣2]dLn � 0 (11)

for everyv ∈ Wm,2
0 (�,RN). In the case (H3) we obtain the same inequality for every

v ∈Wm,p
0 (�,RN) since higher order terms vanish when carrying out the differentiation

similar to (11). We have demonstrated here, that the quasiconvexity conditions (H1) resp.
(H3) together with the growth conditions (H2) resp. (H4) imply∫

�

D2f (A)
(
Dmv,Dmv

)
dLn � 2λ

∫
�

∣∣Dmv∣∣2 dLn (12)

for all A ∈⊙m(Rn,RN) and for allv ∈Wm,2
0 (�,RN) resp.v ∈Wm,p

0 (�,RN). Note that
this integral condition – as in the casem= 1 – is equivalent to the Legendre–Hadamard
condition

D2f (A)
(
ζm ⊗ η, ζm ⊗ η)� 2λ

m! |ζ |
2m|η|2

for all A ∈⊙m(Rn,RN), ζ ∈ R
n andη ∈ R

N , see [18, Theorem 7].

Remark4. – Hypothesis (H2) – i.e. the condition thatD2f is uniformly continuous
– leads to the existence of a monotone increasing and concave functionν :R�0 → R�0

with ν(0)= 0 and ∣∣D2f (A)−D2f (B)
∣∣� ν(|A−B|)

for all A,B ∈⊙m(Rn,RN). In the case of hypothesis (H4) there exists – see (H4) in [14,
p. 194] – a continuous, non-negative functionν(t, s), for fixeds monotone increasing in
t and vice versa, concave ins with ν(s,0)= 0 and∣∣D2f (A)−D2f (B)

∣∣� (
1+ |A|p−2 + |B|p−2)ν(|A|, |A−B|)

for all A,B ∈ ⊙m(Rn,RN). This implies that there exists a monotone increasing and
concave functionνM :R�0 → R�0, with νM(0)= 0 and∣∣D2f (A)−D2f (B)

∣∣� (
1+Mp−2 + |B|p−2)νM(|A−B|)

for all A,B ∈ ⊙m(Rn,RN) with |A| � M . Removing the condition thatD2f is
uniformly continuous in (H2), we would get an analogous expression in the casep = 2.
This would make the arguments in the proof of Theorem 1 below a bit more complicated.
Note, that the hypotheses (H1) and (H2) are included in (H3) and (H4) and therefore the
more general case is included in Theorem 2 below.

We call a mapu ∈Wm,p(�,RN) aminmizerof the functionalF in (1) if and only if

F(u)� F(u+ ϕ)
for everyϕ ∈Wm,p

0 (�,RN).
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We are now in the position to state our main results

THEOREM 1. – Suppose the functionalF in (1) satisfies(H1) and (H2) and u ∈
Wm,2(�,RN) is a minimizer ofF . Then there exists an open subsetU ⊂� with

Ln(� \U)= 0

andu ∈ Cm,αloc (U,R
N) for every0< α < 1. Furthermore

� \U ⊂2 =
{
x0 ∈�: lim inf

ρ↘0

∫
–

Bρ(x0)

∣∣Dmu− (Dmu)x0,ρ

∣∣2 dLn > 0
}
.

THEOREM 2. – Suppose the functionalF in (1) satisfies(H3) and (H4) and u ∈
Wm,p(�,RN) is a minimizer ofF . Then there exists an open subsetU ⊂� with

Ln(� \U)= 0

andu ∈ Cm,αloc (U,R
N) for every0< α < 1. Further� \U ⊂21 ∪22 where

21 =
{
x0 ∈�: lim inf

ρ↘0

∫
–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣p dLn > 0
}
,

22 = {
x0 ∈�: lim inf

ρ↘0

∣∣(Dmu)
x0,ρ

∣∣= ∞}
.

It is obvious that the same results hold for local minimizers of the functionalF in (1).

4. Caccioppoli inequality

In this section we prove Caccioppoli inequalities for minimizersu ∈ Wm,2(�,RN)

resp. u ∈ Wm,p(�,RN) of the functional
∫
� f (D

mu)dLn where f satisfies (H1)
and (H2) resp. (H3) and (H4). In the situationm = 1 we refer to [9]. We start with
the casep = 2.

LEMMA 3. – Letu ∈Wm,2(�,RN) be a minimizer of the functional
∫
� f (D

mu)dLn,
wheref satisfies(H1) and(H2). Then there exists a constantC̃cac= C̃cac(m,L,λ) such
that ∫

Bρ/2(x0)

∣∣Dm(u−P)∣∣2 dLn � C̃2
cac

m−1∑
k=0

ρ2(k−m)
∫

Bρ(x0)

∣∣Dk(u− P)∣∣2 dLn

for all balls Bρ(x0) � � and all polynomialsP :RN ⊃ � → R
N of degree� m.

Moreover, if
∫
Bρ(x0)

Dk(u − P)dLn = 0 for 0 � k � m − 2, then there existsCcac =
Ccac(m,L,λ,n,N) such that∫

Bρ/2(x0)

∣∣Dm(u− P)∣∣2 dLn � C2
cacρ

−2
∫

Bρ(x0)

∣∣Dm−1(u− P)∣∣2 dLn.
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Proof. –Take a polynomialP of degree at mostm with DmP =: A ∈ ⊙m(Rn,RN)

and choose the following functions

ϕ = η(u−P)=: ηv, ψ = (1− η)v,

whereη ∈ C∞
0 (Bρ(x0))) satisfies (0< t < s � ρ) 0 ≤ η � 1, η ≡ 1 onBt(x0), η ≡ 0

on� \ Bs(x0), |Dkη| � (Cη(s − t))−k for all 0 � k �m. According to Remark 1,ϕ is
admissible in (H1) with

Dmϕ +Dmψ =Dmv =Dm(u−P)=Dmu−A. (13)

Using in turn (H1), (13), the minimal property ofu and (H2), we deduce:

λ

∫
Bs(x0)

∣∣Dmϕ∣∣2 dLn �
∫

Bs(x0)

[
f
(
A+Dmϕ)− f (A)]dLn

=
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (A)]dLn

�
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (Dmu)]dLn

+
∫

Bs(x0)

[
f
(
Dmu

)− f (Dmu−Dmϕ)]dLn
+

∫
Bs(x0)

[
f
(
Dmu−Dmϕ)− f (A)]dLn

�
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (Dmu)]dLn

+
∫

Bs(x0)

[
f
(
A+Dmψ)− f (A)]dLn

=
∫

Bs(x0)

1∫
0

[
Df

(
A+ tDmψ)−Df (Dmu− tDmψ)]dtDmψ dLn

�L
∫

Bs(x0)

(∣∣Dmv∣∣+ ∣∣Dmψ∣∣)∣∣Dmψ∣∣dLn
=L

∫
Bs(x0)\Bt(x0)

(∣∣Dmv∣∣+ ∣∣Dmψ∣∣)∣∣Dmψ∣∣dLn
� L

2

∫
Bs(x0)\Bt(x0)

∣∣Dmv∣∣2 dLn + 3

2
L

∫
Bs(x0)\Bt (x0)

∣∣Dmψ∣∣2 dLn.
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Noting2 Dmψ =Dm((1− η)v)=∑m
k=0

(m
k

)
Dm−k(1− η)⊗Dkv, we proceed

λ

∫
Bs(x0)

∣∣Dmϕ∣∣2 dLn � L

2

∫
Bs(x0)\Bt (x0)

∣∣Dmv∣∣2 dLn

+ 3

2
L

∣∣∣∣ ∫
Bs(x0)\Bt(x0)

m∑
k=0

(
m

k

)
Dm−k(1− η)⊗Dkv dLn

∣∣∣∣2

� 3m+ 4

2
L

∫
Bs(x0)\Bt(x0)

∣∣Dmv∣∣2 dLn

+ 3

2
L(m+ 1)

m−1∑
k=0

(
m

k

)2 ∫
Bs(x0)\Bt (x0)

∣∣Dm−k(1− η)∣∣2∣∣Dkv∣∣2 dLn

� 3m+ 4

2
L

∫
Bs(x0)\Bt(x0)

∣∣Dmv∣∣2 dLn

+ 3

2
L(m+ 1)

m−1∑
k=0

(
m

k

)2

[Cη(s − t)]2(k−m)
∫

Bs(x0)\Bt (x0)

∣∣Dkv∣∣2 dLn.

Using
∫
Bt (x0)

|Dmv|2 dLn �
∫
Bs(x0)

|Dmϕ|2 dLn and “filling the hole” on the right side we
conclude:∫

Bt (x0)

|Dmv|2 � (3m+ 4)L

(3m+ 4)L+ 2λ

∫
Bs(x0)

∣∣Dmv∣∣2 dLn

+ 3L(m+ 1)

(3m+ 4)L+ 2λ

m−1∑
k=0

(
m

k

)2

[Cη(s − t)]2(k−m)
∫

Bs(x0)\Bt(x0)

∣∣Dkv∣∣2 dLn. (14)

Now we use the following technical lemma which is an extension of Lemma 5.1 in [12]:

LEMMA 4. – Let 0< θ < 1, Ak � 0 and αk > 0 for k = 0,1, . . . , l and f � 0 a
bounded function satisfying

f (t)� θf (s)+
l∑
k=0

Ak(s − t)−αk

for all 0< r � t < s � ρ. Then there exists a constantCtech= Ctech(α0, . . . , αl, θ) such
that

f (r)� Ctech

(
l∑
k=0

Ak(ρ − r)−αk
)
.

Apply this technical lemma to (14) withl = m − 1 and then chooser = ρ/2. This
guarantees the existence of a constantC̃cac = C̃cac(m,L,λ) such that the asserted Cac-

2 This easily follows from the product formulaD(f ⊗ g)=Df ⊗ g + f ⊗Dg for tensor products.
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cioppoli inequality holds. The “moreover”-case is a direct implication from Poincarés
inequality Lemma 1.

Proof of Lemma 4. – For 0< τ < 1 satisfyingτ−αkθ < 1 for k = 0, . . . , l (i.e. 1>
τmax(αk) > θ ) define the recursive sequencet0 = r andtn+1 = tn + (1− τ)τn(ρ− r)� ρ.
We get

f (r)= f (t0)� θnf (tn)+
n−1∑
j=0

θj

(
l∑
k=0

Ak
[
(1− τ)τ j (ρ − r)]−αk)

= θnf (tn)+
l∑
k=0

Ak
[
(1− τ)(ρ − r)]−αk n−1∑

j=0

(
θτ−αk)j .

DefineCtech= maxk=0,...,l
(1−τ )−αk
1−θτ−αk and get the desired estimate lettingn→ ∞. ✷

Now we state a Caccioppoli inequality in the casep� 2.

LEMMA 5. – Letu ∈Wm,p(�,RN) be a minimizer of the functional
∫
� f (D

mu)dLn,
wheref satisfies(H3) and (H4). Then for eachM > 0 there exists a constant̃Ccac =
C̃cac(L,λ,p,m,M) such that∫

Bρ/2(x0)

[∣∣Dm(u−P)∣∣2 + ∣∣Dm(u− P)∣∣p]dLn

� C̃2
cac

m−1∑
k=0

[
ρ2(k−m)

∫
Bρ(x0)

∣∣Dk(u−P)∣∣2 dLn + ρp(k−m)
∫

Bρ(x0)

∣∣Dk(u−P)∣∣p dLn
]

for all balls Bρ(x0) � � and all polynomialsP :RN ⊃ Bρ(x0)→ R
N of degree� m

satisfying ∣∣DmP ∣∣�M.
Moreover, if

∫
Bρ(x0)

Dk(u− P)dLn = 0 for 0� k �m− 2, then∫
Bρ/2(x0)

[∣∣Dm(u− P)∣∣2 + ∣∣Dm(u−P)∣∣p]dLn

� C2
cac

[
ρ−2

∫
Bρ(x0)

∣∣Dm−1(u− P)∣∣2 dLn + ρ−p
∫

Bρ(x0)

∣∣Dm−1(u− P)∣∣p dLn
]
,

whereCcac= Ccac(L,λ,p,m,n,N,M).

Proof. –Takeϕ, ψ , v andA as in the proof of Lemma 3. Using the quasiconvexity
condition (H3), (13) and the minimality ofu we obtain:

λ

∫
Bs(x0)

[∣∣Dmϕ∣∣2 + ∣∣Dmϕ∣∣p]dLn �
∫

Bs(x0)

[
f
(
A+Dmϕ)− f (A)]dLn

=
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (A)]dLn
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�
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (Dmu)]dLn

+
∫

Bs(x0)

[
f
(
Dmu

)− f (Dmu−Dmϕ)]dLn
+

∫
Bs(x0)

[
f
(
Dmu−Dmϕ)− f (A)]dLn

�
∫

Bs(x0)

[
f
(
Dmu−Dmψ)− f (Dmu)]dLn

+
∫

Bs(x0)

[
f
(
A+Dmψ)− f (A)]dLn.

Using Taylor’s formular, we can further derive

λ

∫
Bs(x0)

[∣∣Dmϕ∣∣2 + ∣∣Dmϕ∣∣p]dLn

�
∫

Bs(x0)

[
−Df (Dmu)Dmψ +

1∫
0

(1− t)D2f
(
t
(
Dmu−Dmψ)

+ (1− t)Dmu)(Dmψ,Dmψ)dt

]
dLn

+
∫

Bs(x0)

[
Df (A)Dmψ +

1∫
0

(1− t)D2f
(
t
(
Dmψ +A)+ (1− t)A)(Dmψ,Dmψ)dt

]
dLn.

From the estimate

(a + b)p−2 �
{

2p−2(ap−2 + bp−2), 0<p− 2 � 1,
2p−3(ap−2 + bp−2), p− 2 � 1,

(15)

for a, b � 0, hypothesis (H4),�|Bt (x0) = 0, v = u− P and|A| �M we now get

λ

∫
Bs(x0)

[∣∣Dmϕ∣∣2 + ∣∣Dmϕ∣∣p]dLn

� L
∫

Bs(x0)

1∫
0

(
1+ |tA+ (1− t)Dmu|p−2)∣∣Dmu−A∣∣∣∣Dmψ∣∣dt dLn

+L
∫

Bs(x0)

1∫
0

(
1+ ∣∣Dmu− tDmψ∣∣p−2)∣∣Dmψ∣∣2 dt dLn
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+L
∫

Bs(x0)

1∫
0

(
1+ ∣∣A+ tDmψ∣∣p−2)∣∣Dmψ∣∣2 dt dLn

� 2p−2L

∫
Bs(x0)

[(
1+Mp−2 + ∣∣Dmu∣∣p−2)∣∣Dmu−A∣∣∣∣Dmψ∣∣

+ (
1+Mp−2 + ∣∣Dmu∣∣p−2 + ∣∣Dmψ∣∣p−2)|Dmψ |2

]
dLn

� 4p−2L

∫
Bs(x0)\Bt(x0)

[(
1+Mp−2 + ∣∣Dmv∣∣p−2)∣∣Dmv∣∣∣∣Dmψ∣∣

+ (
1+Mp−2 + ∣∣Dmv∣∣p−2 + ∣∣Dmψ∣∣p−2)∣∣Dmψ∣∣2]dLn.

Using Hölder’s and Young’s inequality we obtain

λ

∫
Bs(x0)

[∣∣Dmϕ∣∣2 + ∣∣Dmϕ∣∣p]dLn

� 3

2
4p−2L

(
1+Mp−2)[ ∫

Bs(x0)\Bt (x0)

(∣∣Dmv∣∣2 + ∣∣Dmv∣∣p)dLn

+
∫

Bs(x0)\Bt (x0)

(∣∣Dmψ∣∣2 + ∣∣Dmψ∣∣p)dLn +
∫

Bs(x0)\Bt (x0)

(∣∣Dmv∣∣p + ∣∣Dmψ∣∣p)dLn
]

� 3 · 4p−2L
(
1+Mp−2)[ ∫

Bs(x0)\Bt (x0)

(∣∣Dmv∣∣2 + ∣∣Dmv∣∣p)dLn

+
∫

Bs(x0)\Bt (x0)

(∣∣Dmψ∣∣2 + ∣∣Dmψ∣∣p)dLn
]
.

SinceDmv =Dmϕ onBt(x0) we find

λ

∫
Bt (x0)

[∣∣Dmv∣∣2 + ∣∣Dmv∣∣p]dLn
� 3 · 4p−2L(m+ 1)p−1(1+Mp−2) ·

[ ∫
Bs(x0)\Bt (x0)

(∣∣Dmv∣∣2 + ∣∣Dmv∣∣p)dLn

+
m−1∑
k=0

(
m

k

)2

C2
η(s − t)2(k−m)

∫
Bs(x0)

∣∣Dkv∣∣2 dLn

+
m−1∑
k=0

(
m

k

)p
Cpη (s − t)p(k−m)

∫
Bs(x0)

∣∣Dkv∣∣p dLn
]
.

“Filling the hole” on the right-hand side leads to
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Bt (x0)

[∣∣Dmv∣∣2 + ∣∣Dmv∣∣p]dLn
� 3 · 4p−2L(m+ 1)p−1(1+Mp−2)

λ+ 3 · 4p−2L(m+ 1)p−1(1+Mp−2)

∫
Bs(x0)

(∣∣Dmv∣∣2 + ∣∣Dmv∣∣p)dLn

+Cpη (m!)p
m−1∑
k=0

[
(s − t)2(k−m)

∫
Bs(x0)

∣∣Dkv∣∣2 dLn + (s − t)p(k−m)
∫

Bs(x0)

∣∣Dkv∣∣p dLn
]
.

Here we have usedC2
η � Cpη and

Cpη (m!)p · 3 · 4p−2L(m+ 1)p−1(1+Mp−2)

λ+ 3 · 4p−2L(m+ 1)p−1(1+Mp−2)
� Cpη (m!)p.

Now, an application of Lemma 4 with

θ = 3 · 4p−2L(m+ 1)p−1(1+Mp−2)

λ+ 3 · 4p−2L(m+ 1)p−1(1+Mp−2)

yields the desired estimate∫
Bρ/2

[∣∣Dm(u−P)∣∣2 + ∣∣Dm(u− P)∣∣p]dLn

� C2
cac(L,λ,p,m,M)

m−1∑
k=0

[
ρ2(k−m)

∫
Bρ

∣∣Dk(u− P)∣∣2 dLn

+ ρp(k−m)
∫
Bρ

∣∣Dk(u− P)∣∣p dLn
]
.

The dependence ofCcac on M follows from the dependence ofCtech on θ . Note,
thatM → ∞ implies θ → 1 and Ctech → ∞. The second estimate follows with an
application of Poincaré’s inequality (cf. Lemma 1).✷

5. The (A,m)-harmonic approximation lemma

The result of this section, the(A,m)-harmonic approximation lemma, is central to
our technique. In the casem = 1 the result was given in [8, Lemma 3.3] (confer [21],
Section 1.6 for the case of Laplace’s equation and harmonic approximation).

LEMMA 6 ((A,m)-harmonic approximation lemma). –For any givenε > 0 there
existsδ = δ(n,N,λ,L,m, ε) ∈ ]0,1] with the following property: for any givenA ∈⊙2(

⊙m(Rn,RN),R) satisfying∫
�

A
(
Dmw,Dmw

)
dLn � λ

∫
�

∣∣Dmw∣∣2 dLn (16)
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for all w ∈Wm,2
0 (�,RN) and

A(A,B)�L|A||B| (17)

for all A,B ∈⊙m(Rn,RN), and for anyg ∈Wm,2(Bρ(x0),R
N) satisfying∫

–

Bρ(x0)

|Dmg|2 � 1 and

∣∣∣∣ ∫
–

Bρ(x0)

A
(
Dmg,Dmϕ

)
dLn

∣∣∣∣� δ sup
Bρ(x0)

∣∣Dmϕ∣∣ for all ϕ ∈C∞
0

(
Bρ(x0),R

N
)
,

there exists a functionv ∈Wm,2(Bρ(x0),R
N) with the following properties:∫

–

Bρ(x0)

∣∣Dmv∣∣2 dLn � 1,

∫
–

Bρ(x0)

A
(
Dmv,Dmϕ

)
dLn = 0

for all ϕ ∈ Cm0 (Bρ(x0),R
N) and

ρ−2
∫
–

Bρ(x0)

m−1∑
γ=0

∣∣Dγ (v− g)∣∣2 dLn � ε.

Proof. –We assume first thatx0 = 0 and ρ= 1, B1(0)= B. If the conclusions of the
theorem were false, we could findε > 0 such that for everyk ∈ N there exist bilinear
formsAk :

⊙m(Rn,RN)→ R and functionsgk ∈Wm,2(B,RN), so that for allk ∈ N we
would have ∫

–
B

∣∣Dmgk∣∣2 dLn � 1, (18)

∫
–
B

Ak

(
Dmgk,D

mϕ
)
� 1

k
sup
B

∣∣Dmϕ∣∣ for all ϕ ∈C∞
0

(
B,RN

)
, (19)

but
∫
–
B

m−1∑
γ=0

∣∣Dγ (v − gk)
∣∣2 dLn � ε (20)

for all v ∈Hk. HereHk denotes the nonempty set of allh ∈Wm,2(B,RN) for which∫
–
B

∣∣Dmh∣∣2 dLn � 1 and

∫
–
B

Ak

(
Dmh,Dmϕ

)= 0 for all ϕ ∈C∞
0

(
B,RN

);
the second of these conditions expresses the fact thath is (Ak,m)-harmonic onB.
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Without loss of generality we can assume∫
–
B

Dγgk dLn = 0 (21)

for all 0 ≤ γ � m − 1 and allk ∈ N (by simply replacinggk with gk − Pk wherePk
is the unique polynomial of degree at mostm− 1 satiyfying

∫
B D

γ (gk − Pk)dLn = 0
for 0 � γ � m − 1; see Lemma 1.1 in [13]). From (18) and (21) we have, using
Poincaré’s inequality, that{‖gk‖Wm,2(B,RN)} is uniformly bounded for allk ∈ N. From
Rellich’s lemma and the upper bound (17) forAk we have the existence of a function
g ∈ Wm,2(B,RN) and a bilinear functionA ∈ ⊙2(

⊙m(Rn,RN),R) such that, after
passage to subsequence (which we label again withk), there holds:

gk → g weakly inWm,2(B,RN), (22)

gk → g inWm−1,2(B,RN) and (23)

Ak →A in
⊙2(⊙m(

R
n,RN

)
,R

)
. (24)

Hence we see from (18) ∫
–
B

∣∣Dmg∣∣2 dLn � 1. (25)

Further we have for everyk ∈ N and everyϕ ∈C∞
0 (B,R

N)∫
–
B

A
(
Dmg,Dmϕ

)
dLn �

∫
–
B

A
(
Dmg −Dmgk,Dmϕ)dLn

+
∫
–
B

(A−Ak)
(
Dmgk,D

mϕ
)
dLn +

∫
–
B

Ak

(
Dmgk,D

mϕ
)

dLn,

where the terms on the right side vanish via (22), (24), (25) and (19). Thereforeg is
(A,m)-harmonic inB. We denote byVk ∈ Wm,2(B,RN) the unique solution of the
Dirichlet problem∫

–
B

Ak

(
DmVk,D

mϕ
)
dLn = 0 for all ϕ ∈C∞

0

(
B,RN

)
,

Dγ (Vk − g) ∈Wm,2
0

(
B,RN

)
for 0� γ �m− 1.

In view of (16), (24) and the(A,m)-harmonicity ofg we then have:

λ

∫
B

∣∣Dm(Vk − g)∣∣2 dLn �
∫
B

Ak

(
Dm(Vk − g),Dm(Vk − g))dLn

= −
∫
B

Ak

(
Dmg,Dm(Vk − g))dLn

=
∫
B

(A−Ak)
(
Dmg,Dm(Vk − g))dLn
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� |A−Ak|
∫
B

∣∣Dmg∣∣∣∣Dm(Vk − g)∣∣dLn
� |A−Ak|

(∫
B

∣∣Dmg∣∣2 dLn
)1/2(∫

B

∣∣Dm(Vk − g)∣∣2 dLn
)1/2

.

(26)

In view of (24) and (25) this implies strong convergence

Vk → g inW 2,m(B,RN). (27)

We now definevk := Vk/bk wherebk = max{1,‖DmVk‖L2(B,RN)}; thenvk ∈Hk with

‖vk − gk‖Wm−1,2 � ‖vk − Vk‖Wm−1,2 + ‖Vk − g‖Wm−1,2 + ‖g − gk‖Wm−1,2 → 0.

From (27) and (22) we see that the second and the third term on the right-hand side
approach 0 ask → ∞. From (27) we seebk → 1 ask → ∞. Together with (24) this
implies that the first term of the right-hand side also tends to 0 ask → ∞. But this
contradicts (20).

The general result follows from a simple scaling arguments.✷
The next result is a standard estimate for solutions of systems with constant

coefficients (see [5,6]).

LEMMA 7. – ConsiderA ∈ ⊙2(
⊙m(Rn,RN),R) satifying (16) and (17) and h ∈

Wm,2(Bρ(x0),R
N) with

∫
Bρ(x0)

A(Dmh,Dmϕ)dLn = 0 for all ϕ ∈ C∞
0 (Bρ(x0),R

N).
Then there exists a constantCharm = Charm(n,N,m,λ,?) such that the following
estimate holds:

ρ−2 sup
Bρ/2(x0)

∣∣Dmh∣∣2 + sup
Bρ/2(x0)

∣∣Dm+1h
∣∣2 � C2

harmρ
−2

∫
–

Bρ(x0)

∣∣Dmh∣∣2 dLn.

The last lemma in this section is required in order to be able to apply the(A,m)-
harmonic approximation technique. For a ballBρ(x0)⊂�, u ∈Wm,2(Bρ(x0),R

N) resp.
u ∈Wm,p(Bρ(x0),R

N) and a polynomialP :Bρ(x0)→ R
N of degree�m we define

@2(x0, ρ,P ) :=
( ∫

–

Bρ(x0)

∣∣Dm(u− P)∣∣2 dLn
)1/2

,

@p(x0, ρ,P ) :=
( ∫

–

Bρ(x0)

∣∣Dm(u− P)∣∣2 dLn +
∫
–

Bρ(x0)

∣∣Dm(u− P)∣∣p dLn
)1/2

.

LEMMA 8. –
(i) Letu ∈Wm,2(�,RN) be a weak solution of the Euler equations(10) and assume

that f satisfies hypothesis(H2). Then for every polynomialP of degree at most
m and every ballBρ(x0)�� there holds:
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–

Bρ(x0)

D2f
(
DmP

)(
Dm(u− P),Dmϕ)dLn

∣∣∣∣
�Ceu

√
ν
(
@2(x0, ρ,P )

)
@2(x0, ρ,P ) sup

Bρ(x0)

∣∣Dmϕ∣∣
for all ϕ ∈ C∞

0 (Bρ(x0),R
N) with a constantCeu = √

2L = Ceu(L). (The
constantL is from hypothesis(H2) and ν is the modulus of continuity forD2f ,
see Remark4.)

(ii) Let u ∈Wm,p(�,RN) be a weak solution of the Euler equations(10) and letf
satisfy hypotheses(H4). Then for everyM > 0 there existsCeu = Ceu(p,L,M)

(we can chooseCeu= 2p+1L
p−1
p (1+Mp−2)) such that∣∣∣∣ ∫

–

Bρ(x0)

D2f
(
DmP

)(
Dm(u−P),Dmϕ)dLn

∣∣∣∣
� CeuνM

(
@p(x0, ρ,P )

)1/p
@p(x0, ρ,P ) sup

Bρ(x0)

∣∣Dmϕ∣∣
for all Bρ(x0) � �, ϕ ∈ C∞

0 (Bρ(x0),R
N) and every polynomialP of degree at

mostm with

@p(x0, ρ,P )� 1 and
∣∣DmP ∣∣�M.

(The constantL is from hypothesis(H4) andνM is from Remark4.)

Proof. –From the Euler equations (10) and the fact thatDmP is constant, we get

0=
∫
–

Bρ(x0)

(
Df

(
Dmu

)−Df (DmP ))Dmϕ dLn

=
∫
–

Bρ(x0)

1∫
0

d

dt
Df

(
DmP − tDm(u−P))dt Dmϕ dLn

=
∫
–

Bρ(x0)

1∫
0

D2f
(
DmP − tDm(u− P))dt

(
Dm(u−P),Dmϕ)dLn.

In view of hypothesis (H2) this leads to, using the statement in Remark 4, Hölder’s and
Jensen’s inequality,∣∣∣∣ ∫

–

Bρ(x0)

D2f
(
DmP

)(
Dm(u− P),Dmϕ)dLn

∣∣∣∣
=
∣∣∣∣ ∫

–

Bρ(x0)

1∫
0

(
D2f

(
DmP

)−D2f
(
DmP − tDm(u− P)))dt

× (
Dm(u− P),Dmϕ)dLn

∣∣∣∣



M. KRONZ / Ann. I. H. Poincaré – AN 19 (2002) 81–112 101

�
√

2L
∫
–

Bρ(x0)

1∫
0

∣∣D2f
(
DmP

)−D2f
(
DmP − tDm(u− P))∣∣1/2dt

× ∣∣Dm(u−P)∣∣dLn sup
Bρ(x0)

∣∣Dmϕ∣∣
�

√
2L

∫
–

Bρ(x0)

1∫
0

ν
(∣∣t(Dm(u−P))∣∣)1/2

dt
∣∣Dm(u−P))∣∣dLn sup

Bρ(x0)

∣∣Dmϕ∣∣
�

√
2L

( ∫
–

Bρ(x0)

ν
(∣∣(Dm(u−P))∣∣)dLn

)1/2( ∫
–

Bρ(x0)

∣∣Dm(u− P)∣∣2 dLn
)1/2

× sup
Bρ(x0)

∣∣Dmϕ∣∣
�

√
2L

√
ν
(
@2(x0, ρ,P )

)
@2(x0, ρ,P ) sup

Bρ(x0)

∣∣Dmϕ∣∣.
To prove (ii), we argue similarly using (H4), (15) and Remark 4∣∣∣∣ ∫

–
Bρ(x0)

D2f
(
DmP

)(
Dm(u− P),Dmϕ)dLn

∣∣∣∣
�

∫
–

Bρ(x0)

1∫
0

∣∣D2f
(
DmP

)−D2f
(
DmP − tDm(u−P))∣∣1/pdt

× (
2pL

(
1+Mp−2 + ∣∣Dm(u− P)∣∣p−2)) p−1

p
∣∣Dm(u−P)∣∣dLn sup

Bρ(x0)

∣∣Dmϕ∣∣
�

∫
–

Bρ(x0)

((
1+Mp−2 + ∣∣Dm(u− P)∣∣p−2)

νM
(∣∣Dm(u− P)∣∣))1/p

×
(
2pL

(
1+Mp−2 + ∣∣Dm(u−P)∣∣p−2)) p−1

p ∣∣Dm(u−P)∣∣dLn
× sup
Bρ(x0)

∣∣Dmϕ∣∣
� 2p−1L

p−1
p
(
1+Mp−2) ∫

–
Bρ(x0)

νM
(∣∣Dm(u−P)∣∣)1/p

× (
1+ ∣∣Dm(u−P)∣∣p−2)∣∣Dm(u− P)∣∣dLn sup

Bρ(x0)

∣∣Dmϕ∣∣.
Therefore Hölder’s, Jensen’s and Minkowski’s inequality together withp

p−1 � 2 imply∣∣∣∣ ∫
–

Bρ(x0)

D2f
(
DmP

)(
Dm(u− P),Dmϕ)dLn

∣∣∣∣
� 2p−1L

p−1
p
(
1+Mp−2)νM(@p(x0, ρ,P )

)1/p
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×
( ∫

–

Bρ(x0)

(∣∣Dm(u−P)∣∣+ ∣∣Dm(u−P)∣∣p−1) p
p−1 dLn

) p−1
p

sup
Bρ(x0)

∣∣Dmϕ∣∣
� 2p−1L

p−1
p
(
1+Mp−2)νM(@p(x0, ρ,P )

)1/p

×
( ∫

–

Bρ(x0)

2
1
p−1

(∣∣Dm(u−P)∣∣ p
p−1 + ∣∣Dm(u−P)∣∣p)dLn

) p−1
p

sup
Bρ(x0)

∣∣Dmϕ∣∣
� 2pL

p−1
p
(
1+Mp−2)νM(@p(x0, ρ,P )

)1/p

×
(( ∫

–
Bρ(x0)

∣∣Dm(u− P)∣∣2 dLn
)1/2

+
( ∫

–
Bρ(x0)

∣∣Dm(u− P)∣∣p dLn
) p−1

p

)
sup
Bρ(x0)

∣∣Dmϕ∣∣
� 2p+1L

p−1
p
(
1+Mp−2)νM(@p(x0, ρ,P )

)1/p
@p(x0, ρ,P ) sup

Bρ(x0)

∣∣Dmϕ∣∣,
provided@p(x0, ρ,P )� 1. ✷

6. Proof of Theorem 1

Step 1: Setting

Forx0 ∈� and a given BallBρ(x0)�� choose the unique polynomialPx0,ρ of degree
m such thatDm−1Px0,ρ minimizes

P �→
∫

Bρ(x0)

∣∣Dm−1(u−P)∣∣2 dLn and (28)

∫
Bρ(x0)

Dk(u− Px0,ρ)dLn = 0 for 0� k �m− 2. (29)

From (5) and (6) we see

Dm−1Px0,ρ(x)= qx0,ρ +Qx0,ρ(x − x0),

whereqx0,ρ = (Dm−1u)x0,ρ and

DmPx0,ρ ≡Qx0,ρ = n+ 2

ρ2

∫
–

Bρ(x0)

Dm−1u⊗ (x − x0)dLn(x). (30)

With this choice ofPx0,ρ we write

@2(x0, ρ/2,Px0,ρ)=
( ∫

–

Bρ/2(x0)

∣∣Dm(u−Px0,ρ)
∣∣2 dLn

)1/2

,

@2 :=@2(x0, ρ/2,Px0,ρ), (31)
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�2(x0, ρ,Px0,ρ)=
(
ρ−2

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn

)1/2

. (32)

Since
∫
Bρ(x0)

Dk(u − Px0,ρ)dLn = 0 for 0 � k � m − 1 we can apply Caccioppoli’s
inequality Lemma 3 to infer

@2
2 =

∫
–

Bρ/2(x0)

∣∣Dm(u− Px0,ρ)
∣∣2 dLn � C2

cacρ
−2

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn

=C2
cac�

2
2(x0, ρ,Px0,ρ). (33)

Moreover, from Lemma 8(i) applied withP = Px0,ρ onBρ/2(x0) we see∣∣∣∣ ∫
–

Bρ/2(x0)

D2f
(
DmPx0,ρ

)(
Dm(u−Px0,ρ),D

mϕ
)
dLn

∣∣∣∣�Ceu

√
ν(@2)@2 sup

Bρ/2(x0)

∣∣Dmϕ∣∣.
(34)

Step 2: Decay estimate

CLAIM 1. –For all θ ∈ ]0,1/4] there existsδ = δ(n,N,λ,L,m, θ) such that the
smallness condition

Ceu

√
ν(Ccac�2(x0, ρ,Px0,ρ)) < δ implies �2

2(x0, ρ,Px0,θρ)�C2
decθ

2�2
2(x0, ρ,Px0,ρ)

with a constantCdec= Cdec(n,N,λ,L,m). Heren,N,λ,L,m are as in hypotheses(H1)
and (H2), ν denotes the modulus of continuity ofD2f (see Remark4), �2(x0, ρ,Px0,ρ)

is as in(32) andCcac, Ceu are the constants from Lemma3, Lemma8(i) (see(33), (34)).

Proof. –We define

v = u− Px0,ρ

@2
with Dmv = Dm(u− Px0,ρ)

@2
. (35)

In view of (34) this leads to∫
–

Bρ/2(x0)

∣∣Dmv∣∣2 dLn = @2
2

@2
2

= 1 and

∣∣∣∣ ∫
–

Bρ/2(x0)

D2f
(
DmPx0,ρ

)(
Dmv,Dmϕ

)
dLn

∣∣∣∣�Ceu

√
ν(@2)

@2

@2
sup

Bρ/2(x0)

∣∣Dmϕ∣∣.
Forθ ∈ ]0,1/4] chooseε = θn+4 andδ = δ(n,N,λ,L,m, ε)= δ(n,N,λ,L,m, θ) from
Lemma 6. ThenCeu

√
ν(@2)� Ceu

√
ν(Ccac�(x0, ρ,Px0,ρ)) < δ by (33), our smallness

assumption and the fact thatt �→ ν(t) is non-decreasing. Hence the assumptions of
Lemma 6 are fulfilled. This implies that there exists a(A,m)-harmonic functionh with∫

–
Bρ/2(x0)

D2f
(
DmPx0,ρ

)(
Dmh,Dmϕ

)
dLn = 0, (36)
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–

Bρ/2(x0)

|Dmh|2 dLn � 1 and (37)

(
ρ

2

)−2 ∫
–

Bρ/2(x0)

∣∣Dm−1v−Dm−1h
∣∣2 dLn � ε = θn+4. (38)

The standard a priori estimate for solutions of the linear system (36) (cf. Lemma 7)
applied toh onBρ/2(x0) yields(

ρ

2

)−2

sup
Bρ/4(x0)

∣∣Dmh∣∣2 + sup
Bρ/4(x0)

∣∣Dm+1h
∣∣2 �C2

harm(ρ/2)
−2

∫
–

Bρ/2(x0)

∣∣Dmh∣∣2dLn

�C2
harm

(
ρ

2

)−2

;
the last line follows from (37).

Applying Taylor’s theorem toh onBθρ(x0) we deduce

sup
Bθρ(x0)

∣∣Dm−1h(x)−Dm−1h(x0)−Dmh(x0)(x − x0)
∣∣2

�
(
(θρ)2

2! sup
Bρ/4(x0)

∣∣Dm+1h
∣∣)2

� C2
harmθ

4ρ2.

Denotion byPx0,θρ the unique polynomial associated tou onBθρ(x0) by the construction
from Step 1, we infer using the minimal property (28) ofPx0,θρ , the above mentioned a
priori estimate forh and Caccioppoli’s inequality (33):

θρ�2(x0, θρ,Px0,θρ)

=
( ∫

–

Bθρ(x0)

∣∣Dm−1(u− Px0,θρ)
∣∣2 dLn

)1/2

�
( ∫

–

Bθρ(x0)

∣∣∣Dm−1u−Dm−1Px0,ρ

−@2
(
Dm−1h(x0)+Dmh(x0)(x − x0)

)∣∣∣2dLn
)1/2

�
( ∫

–

Bθρ(x0)

∣∣Dm−1v − (
Dm−1h(x0)+Dmh(x0)(x − x0)

)∣∣2 dLn
)1/2

@2

�
( ∫

–

Bθρ(x0)

∣∣Dm−1v −Dm−1h
∣∣2 dLn

)1/2

@2

+
( ∫

–

Bθρ(x0)

∣∣Dm−1h−Dm−1h(x0)−Dmh(x0)(x − x0)
∣∣2 dLn

)1/2

@2
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�
(
2− n+2

2 +Charm
)
θ2ρ@2 �Cdecθ

2ρ�2(x0, ρ,Px0,ρ) (39)

with Cdec= (2− n+2
2 +Charm)Ccac. This proves Claim 1. ✷

Given 0< α < 1 we now fixθ sufficiently small such thatCdecθ � θα. This fixesε =
θn+4 and alsoδ = δ(n,N,λ,L,m, ε). We chooses0> 0 such thatCeu

√
(ν(Ccacs0)) < δ.

Then, if for some ballBρ(x0) � � the smallness condition�2(x0, ρ,Px0,ρ) � s0 is
satisfied, we have the decay estimate

�2
2(x0, θρ,Px0,θρ)� θ2α�2

2(x0, ρ,Px0,ρ). (40)

Step 3: Iteration

CLAIM 2. –Suppose�2(x0, ρ,Px0,ρ) � s0 for some ballBρ(x0) � �. Then for all
k ∈ N ∫

–

B
θkρ
(x0)

∣∣Dm−1(u−Px0,θ
kρ)

∣∣2 dLn � θ(2+2α)k
∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn

i.e.,�2(x0, θ
kρ,Px0,θ

kρ)� θ(2+2α)k�2(x0, ρ,Px0,ρ).

Proof. –For k = 1 this is still the decay estimate (40). By induction we see, noting
that the smallness condition�2(x0, θ

lρ,Px0,θ
lρ) � s0 can be verified iteratively for

l = 1, . . . , k− 1, that∫
–

B
θkρ
(x0)

∣∣Dm−1(u− Px0,θ
kρ)

∣∣2 dLn � θ(2+2α)
∫
–

B
θk−1ρ(x0)

∣∣Dm−1(u− Px0,θ
k−1ρ)

∣∣2 dLn

� θ(2+2α)k
∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn.

This proves the asserted estimate.✷
Step 4: Partial regularity

For 0< r < ρ we fix k ∈ N0 with θk+1ρ < r � θkρ. Then Step 3 implies∫
–

Br (x0)

∣∣Dm−1(u− Px0,r)
∣∣2 dLn �

∫
–

Br(x0)

∣∣Dm−1(u−Px0,θ
kρ)

∣∣2 dLn

� θ−(n+2+2α)
(
r

ρ

)2+2α ∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn.

Using Poincaré’s inequality Lemma 1 withk = 0, l =m−1 on Br(x0) (which is possible
by our choice ofPx0,r ) we obtain∫

–
Br(x0)

|u−Px0,r |2 dLn �C2
P θ

−(n+2+2α)ρ−(2+2α)
∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLnr2m+2α,

(41)



106 M. KRONZ / Ann. I. H. Poincaré – AN 19 (2002) 81–112

provided we have�2(x0, ρ,Px0,ρ) < s0.
Supposex0 ∈ � \ 2. Then lim infρ↘0

∫
–Bρ(x0)

|Du − (Dmu)x0,ρ|2 = 0 and therefore
(using Poincaré’s inequality and recalling the choice ofPx0,ρ)

�2
2(x0, ρ,Px0,ρ)= ρ−2

∫
–

Bρ(x0)

∣∣Dm−1(u−Px0,ρ)
∣∣2 dLn

� ρ−2
∫
–

Bρ(x0)

∣∣Dm−1u− (
Dm−1u

)
x0,ρ

− (
Dmu

)
x0,ρ
(x − x0)

∣∣2 dLn

�C2
p

∫
–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣2 dLn. (42)

Hence ( ∫
–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣2 dLn
)1/2

<
s0

Cp
(43)

implies�2(x0, ρ,Px0,ρ) < s0. Sincey �→ ∫
–Bρ(y) |Dmu − (Dmu)y,ρ|2 dLn is continuous,

we see that (43) implies the same condition for anyy ∈ Bσ (x0), σ > 0. Therefore
�2(y, ρ,Py,ρ) < s0 for anyy ∈ Bσ(x0) and (41) holds fory ∈ Bσ (x0) and any 0< r < ρ.
Campanato’s integral characterization (4) ofCm,α functions showsCm,α-regularity ofu
onBσ/2(x0). Finishing the proof of Theorem 1 we note, thatLn(2)= 0 by the Lebesgue
differentiation theorem.

7. Proof of Theorem 2

Step 1: Setting

In this section we modify the arguments of the last section, starting with the same
setting:

For a given ballBρ(x0) choose the unique polynomialPx0,ρ of degreem specified
in (28) and (29). Let

@p(x0, ρ/2,Px0,ρ)=
( ∫

–

Bρ/2(x0)

∣∣Dm(u−Px0,ρ)
∣∣2 dLn+

∫
–

Bρ/2(x0)

∣∣Dm(u−Px0,ρ)
∣∣p dLn

)1/2

,

�p(x0, ρ,Px0,ρ)

=
(
ρ−2

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn + ρ−p

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣p dLn

)1/2

,

@p :=@p(x0, ρ/2,Px0,ρ), �p :=�p(x0, ρ,Px0,ρ).

From Lemmas 5 and 8 withϕ ∈C∞
0 (Bρ/2(x0),R

N) we see
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@2
p =

∫
–

Bρ/2(x0)

∣∣Dm(u−Px0,ρ)
∣∣2 dLn +

∫
–

Bρ/2(x0)

∣∣Dm(u− Px0,ρ)
∣∣p dLn

�C2
cac

(
ρ−2

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2dLn + ρ−p

∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣p dLn

)

=C2
cac�

2
p, (44)

∣∣∣∣ ∫
–

Bρ/2(x0)

D2f
(
DmPx0,ρ

)(
Dm(u− Px0,ρ),D

mϕ
)

dLn
∣∣∣∣

� CeuνM(@p)
1/p@p sup

Bρ/2(x0)

∣∣Dmϕ∣∣, (45)

provided|DmPx0,ρ | �M . Note, that in difference to (33) and (34) the constantsCcac =
Ccac(M) andCeu= Ceu(M) depend onM .

Step 2: Decay estimate

CLAIM 1. –LetM > 0 fixed. For anyθ ∈ ]0,1/4] there existsδ = δ(n,N,λ,L,m, θ)
andq = q(n,p) such that if

(1) Ceu(M)νM(Ccac(M)�p(x0, ρ,Px0,ρ))
1/p < δ,

(2) �p(x0, ρ,Px0,ρ)� θq , and
(3) |DmPx0,ρ| �M ,

then

�2
p(x0, θρ,Px0,θρ)� C2

decθ
2�2

p(x0, ρ,Px0,ρ)

with a constantCdec(M) = Cdec(n,N,λ,L,m,M). Here n,N,λ,L,m are as in
hypotheses(H3) and (H4), νM is the modulus of continuity forD2f from Remark4,
�p is defined in Step1 and the constantsCcac(M), Ceu(M) are from Lemma5 and
Lemma8(ii).

Proof. –As in the proof of Theorem 1 we define

v = (u− Px0,ρ)

@p
with Dmv = Dm(u− Px0,ρ)

@p
. (46)

In view of (45) and hypotheses (1) and (3) we can make the same observations as in the
proof of theorem (1) in regards to an application of the(A,m)-harmonic approximation
lemma. Arguing in the same way we get the same conclusions as in the(p = 2) case,
i.e. we get the estimate (39)∫

–

Bθρ(x0)

∣∣Dm−1(u− Pθx0,ρ)
∣∣2 dLn �

(
2− n+2

2 +Charm
)2(
θ2ρ

)2
@2
p =:C2

1

(
θ2ρ

)2
@2
p, (47)

for θ ∈ ]0,1/4], providedCeuνM(@p)
1/p � δ = δ(n,N,λ,L,m, θ).
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Next we derive an estimate for the second term
∫
–Bθρ(x0)

|Dm−1(u − Px0,θρ)|p dLn of

the right side in Caccioppoli’s inequality.3 For this we let (in the casep > 2)

p∗ =
{ np

n−p > p, the conjugated Sobolev exponent top in the case 2<p < n,
p∗ > p, fixed in the casep � n,

with 1
2 >

1
p
> 1

p∗ . Therefore we findt ∈ ]0,1[ such that

1

p
= (1− t)1

2
+ t 1

p∗ . (48)

Using Hölder’s inequality, Sobolev’s inequality (9), Caccioppolli’s inequality (44)
and (47) we compute:∫

–

Bθρ(x0)

∣∣Dm−1(u−Px0,θρ)
∣∣p dLn

�
( ∫

–

Bθρ(x0)

∣∣Dm−1(u− Px0,θρ)
∣∣2 dLn

)(1−t ) p2( ∫
–

Bθρ(x0)

∣∣Dm−1(u−Px0,θρ)
∣∣p∗

dLn
)t p

p∗

� C(1−t )p
1

(
θ2ρ

)(1−t )p
@(1−t )p
p C

tp
S (θρ)

tp

( ∫
–

Bθρ(x0)

∣∣Dm(u−Px0,θρ)
∣∣p dLn

)t

� Cp2Ln
(
Bθρ(x0)

)−t
(θρ)pθ(1−t )p�(1−t )p

p

( ∫
Bθρ(x0)

∣∣Dm(u− Px0,θρ)
∣∣p dLn

)t
, (49)

whereC2 = C(1−t )
cac C

(1−t )
1 CtS = C2(n,N,λ,L,m,M,p,p

∗). From Lemma 2 we deduce
(Px0,θρ denoting again the unique polynomial associated tou onBθρ(x0))( ∫
Bθρ(x0)

∣∣Dm(u− Px0,θρ)
∣∣p dLn

)1/p

�
( ∫
Bθρ(x0)

∣∣Dm(u−Px0,ρ)
∣∣p dLn

)1/p

+Ln
(
Bθρ(x0)

)1/p∣∣DmPx0,θρ −DmPx0,ρ

∣∣
�Ln

(
Bρ/2(x0)

)1/p
( ∫

–

Bρ/2(x0)

∣∣Dm(u− Px0,ρ)
∣∣p dLn

)1/p

+Ln
(
Bθρ(x0)

)1/p
(
n(n+ 2)(θρ)−2

∫
–

Bθρ(x0)

∣∣Dm−1(u−Px0,ρ)
∣∣2 dLn

)1/2

3 Observe, that by Campanato’s integral characterization, in regular points ofu, this term is much smaller
than

∫
–
Bθρ(x0)

|Dm−1(u− Px0,ρ)|2 dLn.
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�
(
Ln

(
Bρ/2(x0)

)
C2

cac�
2
p

)1/p +√
n(n+ 2)(θρ)−1

( ∫
Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣p dLn

)1/p

�
(
Ln

(
Bρ(x0)

))1/p
θ−1((2−nC2

cac

)1/p +√
n(n+ 2)

)
�2/p
p .

From this estimate, inserted in inequality (49) and Young’s inequality we get, letting
C2

3 = Cp2 ((2−nC2
cac)

1/p + √
n(n+ 2) )tp =C2

3(n,N,λ,L,m,M,p,p
∗)

(θρ)−p
∫
–

Bθρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣p dLn �C2

3 θ
(1−t )p �(1−t )p

p θ−(n+p)t�2t
p

�C2
3

(
(1− t)p

2
θ2�2

p + tp

p∗ θ
− (n+p)p∗

p �2p∗/p
p

)
�C2

3θ
2�2

p, (50)

provided�2(p∗−p)/p
p � θ(n+p)p∗/p+2. If we chooseq = (n+p)p∗+2p

2(p∗−p) in hypothesis (2) the

desired estimate follows from (44), (47) and (50) withC2
dec= C2

1C
2
cac + C2

3. Note that
Cdec= Cdec(M). ✷

Given 0< α < 1 we now fix θ sufficiently small such thatCdec(2M)θ � θα . This
also fixesε = θn+4 andδ = δ(n,N,λ,L,m, ε). We chooses0 > 0 (depending on 2M
also) such thatCeu(2M)(ν2M(Ccac(2M)s0)1/p < δ. Then, if for some ballBρ(x0) � �
the conditions

�p(x0, ρ,Px0,ρ)� s0, �p(x0, ρ,Px0,ρ)� θq and
∣∣DmPx0,ρ

∣∣� 2M (51)

are satisfied, we have the decay estimate

�2
p(x0, θρ,Px0,θρ)� θ2α�2

p(x0, ρ,Px0,ρ). (52)

Step 3: Iteration

CLAIM 2. –Suppose�p(x0, ρ,Px0,ρ) � s0, �p(x0, ρ,Px0,ρ) � θq and |DmPx0,ρ| �
M for some ballBρ(x0)��. Suppose further that

�p(x0, ρ,Px0,ρ)�
θ
n+2

2 (1− θα)√
n(n+ 2)

M.

Then for allk ∈ N

�2
p

(
x0, θ

kρ,Px0,θ
kρ

)
� θ(2+2α)k�2

p(x0, ρ,Px0,ρ).

Proof. –For k = 1 this follows from the decay estimate (52). Suppose that the
statement is true for alll � k−1 ∈ N0. Firstly, we will show that the assumptions (51) of
the decay estimate (52) are fulfilled on the ballBθkρ(x0). Therefore it remains to show,
that |DmPx0,θ

kρ | � 2M . From (30) and Lemma 2 we infer
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∣∣DmPx0,θ
kρ

∣∣�M +
k−1∑
j=0

∣∣DmPx0,θ
j+1ρ −DmPx0,θ

j ρ

∣∣
�M +√

n(n+ 2)θ−(n+2)/2
k−1∑
j=0

1

θjρ

( ∫
–

B
θj ρ
(x0)

∣∣Dm−1(u−Px0,θ
j ρ)

∣∣2 dLn
)1/2

=M +√
n(n+ 2)θ−(n+2)/2

k−1∑
j=0

�p
(
x0, θ

jρ,Px0,θ
j ρ

)

�M +√
n(n+ 2)θ−(n+2)/2

k−1∑
j=0

θαj�p(x0, ρ,Px0,ρ)

�M +√
n(n+ 2)θ−(n+2)/2 1

1− θα �p(x0, ρ,Px0,ρ)

� 2M,

provided�p(x0, ρ,Px0,ρ)� θ
n+2

2 (1− θα)/√n(n+ 2)M . Hence we can apply (52) and
conclude the estimate at levelk. ✷
Step 4: Partial regularity

For 0< r < ρ fix k ∈ N0 with θk+1ρ < r � θkρ. Then Step 3 implies

∫
–

Br(x0)

∣∣Dm−1(u− Px0,r )
∣∣2 dLn � (θkρ)n

rn

∫
–

B
θkρ
(x0)

∣∣Dm−1(u− Px0,θ
kρ)

∣∣2 dLn

� (θkρ)n

rn

(
θkρ

)2
�2
p

(
x0, θ

kρ,Px0,θ
kρ

)
� (θkρ)n

rn
θ(2+2α)kρ2�2

p(x0, ρ,Px0,ρ)

� θ−(n+2+2α)
(
r

ρ

)(2+2α)

ρ2�2
p(x0, ρ,Px0,ρ).

Using Poincaré’s inequality Lemma 1 withk = 0, l =m− 1 onBr(x0) we obtain∫
–

Br (x0)

|u−Px0,r |2 dLn � C2
P θ

−(n+2+2α)ρ−2α�2
p(x0, ρ,Px0,ρ)r

2m+2α,

provided

�p(x0, ρ,Px0,ρ) <max
(
s0, θ

q,
θ
n+2

2 (1− θα)√
n(n+ 2)

M

)
=: S0

and|DmPx0,ρ|<M .
Supposex0 ∈�\ (21∪22), where21 and22 are from the formulation of Theorem 2.

Then lim infρ↘0
∫
–Bρ(x0)

|Du− (Dmu)x0,ρ|2 = 0 and lim supρ↘0(D
mu)x0,ρ <∞.
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Using Lemma 2(ii) and Hölder’s inequality we see

∣∣DmPx0,ρ

∣∣� ∣∣(Dmu)
x0,ρ

∣∣+Cp√n(n+ 2)
( ∫

–
Bρ(x0)

∣∣Dmu− (Dmu)x0,ρ

∣∣p dLn
)1/p

.

Hence ∣∣(Dmu)x0,ρ

∣∣< M
2

and( ∫
–

Bρ(x0)

∣∣Dmu− (Dmu)x0,ρ

∣∣p dLn
)1/p

<
M

2Cp
√
n(n+ 2)

(53)

implies |DmPx0,ρ|<M .
Next we will show that the smallness conditions for�p(x0, ρ,Px0,ρ) can be achieved

on� \ (21 ∪22). Firstly, we see from (42) and Hölder’s inequality

ρ−2
∫
–

Bρ(x0)

∣∣Dm−1(u− Px0,ρ)
∣∣2 dLn �C2

p

∫
–

Bρ(x0)

∣∣Dmu− (Dmu)x0,ρ

∣∣2 dLn

�C2
p

( ∫
–

Bρ(x0)

∣∣Dmu− (Dmu)x0,ρ

∣∣p dLn
)2/p

.

Secondly, we have from (7), Lemma 2(ii) and the above estimate

ρ−p
∫
–

Bρ(x0)

∣∣Dm−1(u−Px0,ρ)
∣∣p dLn

� Cpp
∫
–

Bρ(x0)

∣∣Dm(u−Px0,ρ)
∣∣p dLn

� Cpp
[( ∫

–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣p dLn
)1/p

+ ∣∣DmPx0,ρ − (
Dmu

)
x0,ρ

∣∣]p

� Cpp
(
1+Cp

√
n(n+ 2)

)p ∫
–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣p dLn.

Hence
∫
–Bρ(x0)

|Dmu− (Dmu)x0,ρ|p dLn � 1 and

( ∫
–

Bρ(x0)

∣∣Dmu− (
Dmu

)
x0,ρ

∣∣p dLn
)1/p

<
S0√

C2
p +Cpp(1+Cp√n(n+ 2)

)p (54)

imply �2(x0, ρ,Px0,ρ) < S0.
Sincey �→ (Dmu)y,ρ andy �→ ∫

–Bρ(y) |Dmu− (Dmu)y,ρ|p dLn are continuous, we see
that (53) and (54) imply the same conditions nearx0. Now arguing as in the proof of
Theorem 1 we get the desired partial regularity result.
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