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1. Introduction

In this note we introduce a model of nonlinear Schrödinger equation inR3 with
a nonlinearity concentrated in a finite number of points. The corresponding ca
dimension one was studied in [1,2]. The three-dimensional case exhibits a more s
character. As a consequence, the formulation of the problem and the techniques u
not a straightforward generalization of the one-dimensional case.

In order to introduce the model it is convenient to start with the linear case. It is
known [4] that, for givenα1, . . . , αn andy1, . . . ,yn, with αj ∈ R, yj ∈ R3, j = 1, . . . n,
one can define the Schrödinger operator inR3 with local point interactions aty1, . . . ,yn

with strengthα1, . . . , αn. Such operator, denoted byHα, whereα = (α1, . . . , αn), is
selfadjoint and bounded from below inL2(R3). The domain and action are respectiv
given by

D(Hα)=
{
u ∈ L2(R3) | u = φ +

n∑
j=1

qjG0(· − yj ), φ ∈ H 2
loc

(
R3),

∇φ ∈ L2(R3),�φ ∈ L2(R3), (q1, . . . ., qn) ∈ Cn,

lim
x→yj

(
u(x) − qjG0(x − yj )

) = αjqj , j = 1, . . . , n

}
, (1.1)

Hαu = −�φ, (1.2)

whereGλ denotes the Green’s function

Gλ(x − x′) = (−� + λ)−1(x − x′) = e−√
λ|x−x′|

4π |x − x′| , λ � 0. (1.3)

Roughly speaking, the operatorHα should be understood as the laplacian wit
generalized boundary condition aty1 . . .yn expressed by the limit relations in (1.1).

Note that in the literature the generalized boundary condition is often written i
following equivalent form

∂

∂rj

(
rju(x)

)∣∣
rj=0 = αj

(
rju(x)

)∣∣
rj=0, rj = |x − yj |. (1.4)

It is clear from (1.4) that the boundary condition is local in the sense that it co
the (renormalized) value of the function and of its radial derivative at the same poyj .

One can also introduce the quadratic form associated to the operatorHα

Fα(u) =
∫
R3

dx
∣∣∇φ(x)

∣∣2 +
n∑

j=1

αj |qj |2 − ∑
j �=k

qj qk

4π |yj − yk| (1.5)

defined on the following form domain or space of finite energy

V =
{
u ∈ L2(R3) | u = φ +

n∑
j=1

qjG0(· − yj ), φ ∈ H 1
loc

(
R3),



R. ADAMI ET AL. / Ann. I. H. Poincaré – AN 20 (2003) 477–500 479

a
at this
omain

ice
ll

ring
is
∇φ ∈ L2(R3), q1, . . . , qn ∈ C

}
(1.6)

which can also be written in the following equivalent form (forλ > 0)

V =
{
u ∈ L2(R3) | u = φλ +

n∑
j=1

qjGλ(· − yj ), φλ ∈ H 1(R3), q1, . . . , qn ∈ C

}
(1.7)

(see e.g. [14]).
Note that the spaceV is strictly larger thanH 1(R3), soHα cannot be defined as

small perturbation of the laplacian in the sense of the quadratic forms. We stress th
is the main difference with respect to the one dimensional case, where the form d
of the operator is in factH 1(R).

We shall consider the case where theα’s depend on time. Letα(t) be a sufficiently
smooth function oft in Rn and letHα(t) be the corresponding family of operators. Not
thatD(Hα(t)) is varying with time whereas the form domain remains the same for at .

The linear evolution problem associated to the time dependent generatorHα(t) is

i
∂

∂t
ψ(t) = Hα(t)ψ(t), ψ(0) = ψ0. (1.8)

Following [13], the strong solution of (1.8) can be written in the form

ψ(t,x) = (
U(t)ψ0

)
(x) + i

n∑
j=1

t∫
0

ds U(t − s,x − yj )qj (s), (1.9)

whereU(t) is the free unitary group defined by the integral kernel

U(t,x − x′) = ei
|x−x′|2

4t

(4πit)3/2
(1.10)

and the functionsqj (t) solve the system of linear Volterra integral equations

qj (t) + 4
√
πi

t∫
0

ds
αj (s)qj (s)√

t − s
−

n∑
l=1, l �=j

√
i√

π |yj − yl|
t∫

0

ds
ei

|yj−yl |2
4(t−s)√
t − s

ql(s)

= 4
√
πi

t∫
0

ds
[U(s)ψ0](yj )√

t − s
. (1.11)

Our nonlinear evolution problem in its integral form is then defined by conside
the strength of the interactionα(t) as a function of the solution itself. Note that th
corresponds to impose a nonlinear boundary condition atyj (cfr. the limit in (1.1)). We
fix

αj(z) = γjz
σj , z = ∣∣qj (t)∣∣2, γj ∈ R, σj ∈ R+. (1.12)
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With this choice the solution of the nonlinear evolution problem is given by (
where theqj (t)’s solve the system of nonlinear Volterra equations

qj (t) + 4
√
πiγj

t∫
0

ds
|qj (s)|2σj qj (s)√

t − s
−

n∑
l=1, l �=j

√
i√

π |yj − yl|
t∫

0

ds
ei

|yj −yl |2
4(t−s)√
t − s

ql(s)

= 4
√
πi

t∫
0

ds
[U(s)ψ0](yj )√

t − s
. (1.13)

We will prove that (1.9), (1.13) define a flow on constant energy surfaces inV , even if,
for technical reasons, in a first stage we will consider slightly more regular initial d

We emphasize that the evolution problem (1.9), (1.13) cannot be analyzed foll
the usual techniques of the standard nonlinear Schrödinger equation [5,6,8,11,15
the spaceV is strictly larger thanH 1(R3). In particular, this fact prevents a dire
application of Sobolev inequalities, which are the typical tools for proving exist
theorems.

We collect here some notation which will be used in the sequel.
We shall denote byr and k the modulus of the three-dimensional vectorsx and k

respectively.
We shall indicate with the same symbol the same function although expres

different coordinates:ψ(x) andψ(r,ϑ,ϕ) will be the same if the vectorx is represented
in polar coordinates by(r, ϑ,ϕ).

The Fourier transform with respect to the space variables will be denoted byψ̂ , i.e.

ψ̂(k) =
∫
R3

dx eik·xψ(x), (1.14)

ψ(x) = (2π)−3
∫
R3

dk e−ik·xψ̂(k). (1.15)

The symbolFf will denote the Fourier transform of the functionf with respect to
the time variable

(Ff )(ω) =
∫
R

dt eiωt f (t), (1.16)

f (t) = (2π)−1
∫
R

dωe−iωt (Ff )(ω). (1.17)

GivenT ∈ [0,+∞] andf : (0, T ) → C, we define the functioñf a,b :R → C, 0� a <

b � T

f̃ a,b(τ ) = f (τ) if τ ∈ [a, b], f̃ a,b(τ ) = 0 if τ /∈ [a, b]. (1.18)

In what follows we will often use fractional Sobolev spaces. We recall some
definitions [3].
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DEFINITION 1. –For 0< s < 1, 1 � p < +∞, a, b ∈ [−∞,+∞], a < b, we denote
byWs,p(a, b) the subspace of functionsf in Lp(a, b) such that∫

[a,b]2
dudv

|f (u)− f (v)|p
|u− v|1+sp

< ∞. (1.19)

The spacesWs,p(a, b) are Banach spaces endowed with the norm:

‖f ‖p
Ws,p(a,b) = ‖f ‖p

Lp(a,b) +
∫

[a,b]2
dudv

|f (u)− f (v)|p
|u− v|1+sp

. (1.20)

The spacesWs,2(a, b) are usually denoted byHs(a, b).
In the casea = −∞, b = +∞ one can equivalently defineHs(R) requiring f ∈

L2(R) and ∫
R

dω
∣∣|ω|s(Ff )(ω)

∣∣2 < +∞. (1.21)

The corresponding norm is defined as follows

‖f ‖2
Hs(R) = ‖f ‖2

L2(R) +
∫
R

dω
∣∣|ω|s(Ff )(ω)

∣∣2. (1.22)

The remaining part of the paper is organized as follows.
In Section 2 we prove the local existence of the solution of (1.9), (1.13) inV for a

restricted class of initial data.
In Section 3 we show that the solution satisfies the boundary condition given in

at any time of existence.
In Section 4 we extend the local existence result to allow the initial datum to b

arbitrary element ofV .
In Section 5 we prove the conservation laws of theL2-norm and the energy of th

solution.
In Section 6 we use the conservation laws to obtain a global existence theorem

repulsive and in the weakly attractive case.

2. Local existence for a restricted class of initial data

We shall consider the local (in time) existence problem in the spaceV for an initial
datumψ0 = φ0λ + ∑n

j=1 qj0Gλ(· − yj ), φ0λ ∈ H 2(R3).
We start recalling some technical lemmas proven in [2].

LEMMA 2. –Letf ∈ Hβ(R) with support in[0, T ], T < ∞, β � 0, and let

F(t) =
t∫
ds

f (s)√
t − s

. (2.1)
0
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ThenF is an element ofHβ+1/2
loc (R).

LEMMA 3. – Givenρ ∈ [0,1/2) and T > 0 considerf ∈ Hρ(0, T ) ∩ C0([0, T ]).
Thenf̃ a,b ∈ Hρ(R) for anya, b ∈ [0, T ].

Now we can prove the main result of this section:

THEOREM 4. –Let ψ0 = φ0λ + ∑n
j=1 qj0Gλ(· − yj ), φ0λ ∈ H 2(R3). Then∃T > 0

such that for anyt ∈ [0, T ] problem(1.9), (1.13)has a unique solutionψ(t) ∈ V .

Proof. –The proof proceeds in several steps. In the first step we compute the So
degree of the inhomogeneous term in Eq. (1.13); in the second step we pro
existence and uniqueness result and study the regularity of the solution of (1.1
the third step we show how this regularity transfers to the functionφλ(t), via (1.9), and
conclude that the regular part of the solution actually lies inH 1(R3) at any time of
existence.

Step1. First we introduce the mean value over the unit sphere, both in position
and in momentum space, as a continuous map fromL2(R3) to L2(R+, r2 dr)

ψm(r) = 1

4π

2π∫
0

dϕ

π∫
0

ψ(r, θ, ϕ)sinθ dθ, (2.2)

(ψ̂)m(k) = 1

4π

2π∫
0

dζ

π∫
0

ψ̂(k, η, ζ )sinηdη. (2.3)

We recall that(ψ̂)m(k) = ψ̂m(k).
Moreover, we denote byTj the translation by the vectoryj

(Tjf )(x) = f (x − yj ). (2.4)

For anyyj we have

[
U(t)φ0λ

]
(yj )= 1

2π2

∞∫
0

dk k2 e−ik2t ̂(
T −1
j φ0λ

)m
(k)

= 1

4π2

∞∫
0

dω
√
ω e−iωt ̂(

T −1
j φ0λ

)m
(
√
ω), (2.5)

then [
F(U(·)φ0λ)(yj )

]
(ω) = 1

2π
θ(ω)

√
ω

( ̂T −1
j φ0λ

)m
(
√
ω), (2.6)

whereθ denotes the Heaviside step function.
It is now easy to evaluate the Sobolev degree of(U(t)φ0λ)(yj ) as a function oft .

Indeed, from (2.6),

∫
dω

∣∣|ω|β(
F

[
(U(·)φ0λ)(yj )

])
(ω)

∣∣2 = 1

2π2

∞∫
dk k4β+3∣∣(T̂ −1

j φ0λ
)m

(k)
∣∣2. (2.7)
R 0
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t

Using the Schwarz inequality∣∣∣∣∣
2π∫
0

dζ

π∫
0

dη sinη g(k, η, ζ )

∣∣∣∣∣
2

� 4π

2π∫
0

dζ

π∫
0

dη sinη
∣∣g(k, η, ζ )∣∣2 a.e. ink (2.8)

one obtains∫
R

dω
∣∣|ω|β(

F
[(
U(·)φ0λ

)
(yj )

])
(ω)

∣∣2 � 2

π

∫
R3

dk k4β+1∣∣T̂ −1
j φ0λ(k)

∣∣2 (2.9)

which is finite if −1/4 � β � 3/4 and φ0λ ∈ H 2(R3). In particular this implies tha
(U(t)φ0λ)(yj ) ∈ H 3/4(R).

Fork �= j , we consider

[
U(t)TjGλ

]
(yk)= 1

2π2|yk − yj |
∞∫

0

dk
k sin(k|yk − yj |)

k2 + λ
e−ik2t

= 1

4π2|yk − yj |
∞∫

0

dω e−iωt sin(
√
ω|yk − yj |)
ω + λ

. (2.10)

From (2.10) we get [
U(·)TjGλ

]
(yk) ∈ Hν(R) (2.11)

for anyν < 1/2, as a function oft .
The last contribution to the inhomogeneous term in (1.13) is given by

[
U(t)TjGλ

]
(yj )= 1

2π2

∞∫
0

dk
k2

k2 + λ
e−ik2t (2.12)

= π−3/2

4

√
−i

t
− λ

4π2

∞∫
0

dω
e−iωt

√
ω(ω + λ)

(2.13)

which is finite for anyt �= 0.
First we show that the last term in (2.13) belongs toL2

loc(R). Indeed, for anya > 0,
applying Fubini–Tonelli theorem, we find

a∫
−a

dt

∣∣∣∣∣
∞∫

0

dω
e−iωt

√
ω(ω + λ)

∣∣∣∣∣
2

= 2

∞∫
0

dω√
ω(ω + λ)

∞∫
0

dω′
√
ω′(ω′ + λ)

sin[(ω′ −ω)a]
ω′ − ω

< ∞. (2.14)

Moreover
∞∫
dω

ω2β−1

(ω + λ)2
< ∞ (2.15)
0
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tions

at
if 0 < β < 1. This means that[U(t)TjGλ](yj ) − (4π3/2)−1√−i/t belongs toHν
loc(R)

for anyν < 1.
The inhomogeneous term in Eq. (1.13) can now be written as

t∫
0

ds
(U(s)ψ0)(yj )√

t − s
=

t∫
0

ds
(U(s)φ0λ)(yj )√

t − s
+ ∑

k �=j

qk0

t∫
0

ds
[U(s)TkGλ](yj )√

t − s

− qj0
π−3/2

4

√−i

t∫
0

ds√
s(t − s)

− qj0
λ

4π2

t∫
0

ds√
t − s

∞∫
0

dω
e−iωs

√
ω(ω + λ)

. (2.16)

Using the explicit integral
t∫

0

ds√
s(t − s)

= π (2.17)

and Lemma 2 we conclude that (2.16) is an element ofHν
loc(R), for anyν < 1. Moreover,

due to the regularizing properties of the Abel kernel ([9]), it also belongs toW
1,1
loc (R).

Step2. The inhomogeneous term of the equation forqj (t) is a continuous function oft .
Hence, using well-known results in the theory of nonlinear Volterra integral equa
(see e.g. [12]), we deduce existence and uniqueness of the solutionqj (t) of (1.13) in the
spaceC0([0, T ]), for T > 0 sufficiently small.

Now, recalling that||qj (t1)|2σj qj (t1) − |qj (t2)|2σj qj (t2)| � C|qj (t1) − qj (t2)| and
exploiting Lemmas 2 and 3 we have thatqj ∈ Hν(0, T ) for any ν < 1. Moreover,
from the smoothing properties of the Abel kernel inWs,1-spaces ([9]), we have th
qj ∈ W 1,1(0, T ).

Step3. In Fourier space, Eq. (1.9) reads:

ψ̂(t,k)= e−ik2t ψ̂0(k)+ i

n∑
j=1

eik·yj

t∫
0

ds e−ik2(t−s)qj (s) (2.18)

= e−ik2t φ̂0λ(k)+ e−ik2t
n∑

j=1

qj0
eik·yj

k2 + λ

+ ie−ik2t
n∑

j=1

eik·yj

t∫
0

ds ei(k
2+λ)s e−iλsqj (s) (2.19)

= e−ik2t φ̂0λ(k)+
n∑

j=1

qj (t)
eik·yj

k2 + λ
+

n∑
j=1

eik·yj
[
f̂

j
1λ(t,k) + f̂

j
2λ(t,k)

]
, (2.20)

where (2.20) is obtained integrating by parts in (2.19) and

f̂
j
1λ(t,k) = iλ

k2 + λ

t∫
ds e−ik2(t−s)qj (s), (2.21)
0
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j
2λ(t,k) = − 1

k2 + λ

t∫
0

ds e−ik2(t−s)q̇j (s). (2.22)

Now we compute the Sobolev degree off
j
1λ(t) andf j

2λ(t).∫
R3

dk
∣∣kβf̂

j
1λ(t,k)

∣∣2 = 4πλ2

∞∫
0

dk
k2β+2

(k2 + λ)2

∣∣∣∣∣
t∫

0

ds eik
2sqj (s)

∣∣∣∣∣
2

(2.23)

= 2πλ2

∞∫
0

dω
ωβ+1/2

(ω + λ)2

∣∣(F q̃
0,t
j

)
(ω)

∣∣2. (2.24)

Sinceq̃0,t
j has compact support its Fourier transform belongs toC∞(R). From Lemma 3

we know thatq̃0,t
j ∈ Hν(0, T ) for any ν < 1/2 and therefore the integral in (2.2

converges for−3/2< β < 5/2. It follows thatf j
1λ(t) ∈ Hµ(R3) for anyµ< 5/2.

Concerningf̂ j
2λ we have:∫

R3

dk
∣∣kβf̂

j
2λ(t,k)

∣∣2 = 4π

∞∫
0

dk
k2β+2

(k2 + λ)2

∣∣∣∣∣
t∫

0

ds eik
2s q̇j (s)

∣∣∣∣∣
2

(2.25)

= 2π

∞∫
0

dω
ωβ+1/2

(ω + λ)2

∣∣(F ˜̇q0,t)
(ω)

∣∣2. (2.26)

Now, for anyt ∈ [0, T ], let us consider the functionQ0,t
j which extendsqj : [0, t] → C

in the following way:Q0,t
j (s) = qj0 for any s < 0, Q0,t

j (s) = qj (t) for any s > t . Since

Q
0,t
j belongs toHν

loc(R) for anyν < 1 (see e.g. [10]), its derivative, which is compac

supported and coincides witḣ̃q
0,t

, is an element ofHν(R) for anyν < 0. Moreover, the

Fourier transform of˜̇qj 0,t
belongs toC∞(R). Therefore the integral in (2.26) converg

if −3/2< β < 3/2, sof j
2λ(t) ∈ Hµ(R3) for anyµ< 3/2.

Hence, for anyt ∈ [0, T ], we haveφλ(t) ∈ Hµ(R3) for µ< 3/2. ✷
Remark1. – The proof of Theorem 4 can be easily generalized to initial data

φ0λ ∈ Hρ(R3), ρ > 3/2.

Remark2. – We have the following alternative: eitherψ(t) is defined globally in time
or there existsT < ∞ such that lim supt→T |qj (t)| = ∞ for somej .

In any case there is a maximal time of existenceT ∗ ∈ (0,+∞].
These are consequences of well-known results on continuation of solutio

nonlinear Volterra integral equations ([12]).

3. The boundary condition

In this section we investigate the relation between the evolution problem describ
(1.8), (1.12), and its integral version (1.9) and (1.13) discussed in the previous se

More precisely, we shall prove the following result:
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.18)
THEOREM 5. –The solution of the problem(1.9), (1.13), with an initial datumψ0 =
φ0λ + ∑n

l=1ql0Gλ(· − yl), φ0λ ∈ H 2(R3), satisfies(
v, i

∂ψ

∂t
(t)

)
= (

v,−�ψ(t)
)

v ∈ C∞
0

(
R3\{y1, . . . ,yn}), (3.1)

lim
x→yj

(
ψ(t,x) − qj (t)

4π |x − yj |
)

= γj

∣∣qj (t)∣∣2σj qj (t) j = 1, . . . , n. (3.2)

Proof. –We know from Theorem 4 thatψ(t) belongs toV for anyt ∈ [0, T ] and then
in particularψ(t) is a distribution inR3.

In order to prove (3.1) it is sufficient to compute the distributional derivative of (2
with respect to time. We obtain

i
∂

∂t
ψ̂(t,k) = k2ψ̂(t,k)−

n∑
j=1

eik·yj qj (t) (3.3)

which in position space reads

i
∂

∂t
ψ(t,x) = −�ψ(t,x) −

n∑
j=1

qj (t)δyj
. (3.4)

Then, for anyv ∈ C∞
0 (R3\{y1, . . . ,yn}), we obtain (3.1).

For the proof of (3.2), notice that

ψ(t,x) − qj (t)

4π |x − yj | = [
U(t)ψ0

]
(x) + i

t∫
0

ds U(t − s;x − yj )qj (s)

+ i
∑
l �=j

t∫
0

ds U(t − s;x − yl)ql(s) − qj (t)

4π |x − yj | . (3.5)

For the first term in the r.h.s. of (3.5) one has

lim
x→yj

[
U(t)ψ0

]
(x) = lim

x→yj

[
U(t)φ0λ

]
(x) +

n∑
l=1

q0l lim
x→yj

[
U(t)Gλ(· − yl)

]
(x). (3.6)

The first limit in the r.h.s. of (3.6) is trivial since∇U(t)φ0λ and�U(t)φ0λ belong to
L2(R3), thereforeU(t)φ0λ is continuous at anyx.

Moreover we observe that the integral (see e.g. [7])

∞∫
0

dx
sin(ax)

ax
eibx

2 =
√−πi

2a

a√
b∫

0

dw ei
w2
4 , a � 0, b > 0, (3.7)

is a continuous function of the parametera. Then
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,

lim
x→yj

[
U(t)G0(· − yl)

]
(x)= lim

x→yj

∞∫
0

dk

2π2

sin(k|x − yl|)
k|x − yl| e−ik2t

=
∞∫

0

dk

2π2

sin(k|yj − yl|)
k|yj − yl| e−ik2t . (3.8)

Since the difference[U(t)Gλ(·− yl)](x)−[U(t)G0(·− yl )](x) is obviously continuous
we have

lim
x→yj

[
U(t)ψ0

]
(x) = [

U(t)ψ0
]
(yj ). (3.9)

Writing the second term in the r.h.s. of (3.5) in the Fourier space, one has

i

t∫
0

ds e−ik2(t−s)qj (s)eik·yj − qj (t)

k2
eik·yj

= eik·yj

{
−e−ik2t

k2
qj0 −

t∫
0

ds
e−ik2(t−s)

k2
q̇(s)

}
. (3.10)

Therefore,

lim
x→yj

{
i

t∫
0

ds U(t − s;x − yj )qj (s) − qj (s)

4π |x − yj |
}

= lim
x→yj

(2π)−3

{
−

∫
R3

dk
e−ik·(x−yj )

k2
e−ik2t qj0

−
∫
R3

dk e−ik·(x−yj )

t∫
0

ds
e−ik2(t−s)

k2
q̇j (s)

}
. (3.11)

For the first limit in the r.h.s. of (3.11) we have:

− qj0

4π2
lim

x→yj

∞∫
0

dk e−ik2t

π∫
0

e−ik|x−yj |cosθ sinθ dθ

= − qj0

2π2
lim

x→yj

∞∫
0

dk e−ik2t 2sin(k|x − yj |)
k|x − yj | (3.12)

= − qj0

4π3/2
√
it
. (3.13)

In the limit x → yj , the second integral in the r.h.s. of (3.11) equals

− 1

2π2
lim

x→yj

lim
R→∞

t∫
ds q̇j (s)

R∫
dk e−ik2(t−s)sin(k|x − yj |)

k|x − yj | . (3.14)
0 0
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Since

lim
R→∞

R∫
0

dk e−ik2(t−s)sin(k|x − yj |)
k|x − yj | =

√−πi

2|x − yj |

|x−yj |√
t−s∫

0

dw eiw
2/4 (3.15)

using Fubini–Tonelli theorem we interchange the limitR → ∞ and the integration in
the variables. Furthermore one has

lim
x→yj

q̇j (s)

∞∫
0

dk
sin(k|x − yj |)

k|x − yj | e−ik2(t−s) =
√−iπ

2
√
t − s

q̇j (s). (3.16)

Finally, applying the dominate convergence theorem, we obtain:

− lim
x→yj

∫
R3

dk e−ik·(x−yj )

t∫
0

ds
e−ik2(t−s)

k2
q̇j (s) = −

√−i

4π3/2

t∫
0

ds
q̇j (s)√
t − s

. (3.17)

Now we use the Abel inversion formula:

f (t) = 1

π

d

dt

t∫
0

dτ√
t − τ

τ∫
0

ds
f (s)√
τ − s

(3.18)

to obtain

lim
x→yj

{
ψ(t,x) − qj (t)

4π |x − yj |
}

= 1

π

d

dt

t∫
0

dτ√
t − τ

{ τ∫
0

ds
[U(s)ψ0](yj )√

τ − s

+ i
∑
l �=j

τ∫
0

ds

s∫
0

ds′ U(s − s′;yl − yj )√
τ − s

ql(s
′)

−
√−i

4π3/2
qj0

τ∫
0

ds√
s(t − s)

−
√−i

4π3/2

τ∫
0

ds√
τ − s

s∫
0

ds′ q̇j (s
′)√

s − s′

}
. (3.19)

We observe that a change of the integration variable yields

τ∫
0

ds

s∫
0

ds′ ei
|yl−yj |2
4(s−s′)

[4πi(s − s′)]3/2

ql(s
′)√

τ − s

= 1

(4πi)3/2

τ∫
ds′ ql(s

′)√
τ − s′ ei

|yl−yj |2
4(τ−s′)

∞∫
dv

ei
|yl−yj |2v

4√
v

0 0
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ous

nd

if

in
initial
= 1

4πi|yl − yj |
τ∫

0

ds′ ql(s
′)√

τ − s′ ei
|yl−yj |2
4(τ−s′) . (3.20)

Moreover,
τ∫

0

ds√
τ − s

s∫
0

ds′ q̇j (s)√
s − s′ = πqj(τ) − πqj0. (3.21)

From (3.19), (3.20), (3.21) and (1.13) we conclude

lim
x→yj

{
ψ(t,x) − qj (t)

4π |x − yj |
}

= 1

π

d

dt

t∫
0

dτ√
t − τ

τ∫
0

ds γj

∣∣qj (s)∣∣2σj qj (s)
= γj

∣∣qj (t)∣∣2σj qj (t). ✷ (3.22)

4. Local existence for initial data in V

As a first step, we show that problem (1.9), (1.13) is well defined inV and obtain a
regularity result for the solutionψ(t).

THEOREM 6. –Givenψ0 ∈ V , there existsT > 0 such that problem(1.9), (1.13)has
a unique solutionψ(t) ∈ V , t ∈ [0, T ].

Proof. –We follow step by step the analysis performed in Theorem 4.
Step1. Using (2.5) and (2.6) the estimate (2.9) gives that−1/4 � β � 1/4, so

(U(·)φ0λ)(yj ) ∈ H 1/4(R). Applying Abel transform, we obtain that the inhomogene
term of Eq. (1.13) belongs toH 3/4

loc (R).
Step2. Since any function inH 3/4

loc (R) is continuous, the proof of existence a
uniqueness for the solution of (1.13) is identical to the proof given in Theorem 4.

Finally, the same bootstrap argument leads us to conclude thatqj ∈ H
3/4
loc (0, T ).

Step3. The fact that the regularity of the functionsqj impliesψ(t) ∈ V is proved in
the same way as in Theorem 4.

From (2.20) it is clear that the Sobolev degree ofφλ(t) cannot be larger than one
φ0λ ∈ H 1(R3). ✷

Now we will show that the solution of the problem (1.9), (1.13) with initial datum
V can be approximated by the solutions of the same problem with more regular
data.

To this purpose, the first step consists in proving the following proposition.

PROPOSITION 7. – Consider the functionψ0 = φ0λ + ∑n
j=1qj0TjGλ and the

sequenceψ(l)
0 = φ

(l)
0λ + ∑n

j=1 q
(l)
j0TjGλ with φ

(l)
0λ ∈ H 2(R3), φ(l)

0λ → φ0λ in H 1(R3) for

l → ∞, q(l)
j0 → qj0 for l → ∞.

Moreover letqj , q(l)
j be the solution of(1.13) corresponding to the initial dataψ0,

ψ
(l)
0 respectively.
Then, forl → ∞, q(l)

j converges toqj in H 3/4(0, T ), T > 0.
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the

f

e

ith
Proof. –Following the line of Lemma 12 in [2], we first observe that, due to
properties of Abel integrals, and to the boundedness ofqj ,

∥∥∥∥
·∫

0

ds
|q(l)

j (s)|2σj q(l)
j (s) − |qj (s)|2σj qj (s)√· − s

∥∥∥∥
H3/4(0,T )

� C(T )
∥∥q(l)

j − qj
∥∥
H3/4(0,T )

(4.1)

whereC(T ) vanishes whenT goes to zero.
Analogously

∥∥∥∥
·∫

0

ds
q
(l)
k (s) − qk(s)√· − s

ei
|yj−yl |2

·−s

∥∥∥∥
H3/4(0,T )

� C(T )
∥∥q(l)

k − qk
∥∥
H3/4(0,T )

. (4.2)

Now we analyze the inhomogeneous term in (1.13):
t∫

0

ds
[U(s)(ψ

(l)
0 − ψ0)](yj )√
t − s

=
t∫

0

ds
[U(s)(φ

(l)
0λ − φ0λ)](yj )√
t − s

+
n∑

j=1

(
q
(l)
0j − q0j

) t∫
0

ds
[U(s)TjGλ](yj )√

t − s
. (4.3)

The last term in (4.3) is clearly vanishing inH 3/4(0, T ) as l goes to infinity, while for
the first term we obtain the same result by exploiting (2.9).

Now, choosingT such thatC(T ) in (4.1) is less than(2n)−1 one has

max
j

∥∥q(l)
j − qj

∥∥
H3/4(0,T )

�C max
j

∥∥∥∥∥
·∫

0

ds
[U(s)(φ

(l)
0λ − φ0λ)](yj )√· − s

∥∥∥∥∥
H3/4(0,T )

+ C

n∑
k=1

∣∣q(l)
0k − q0k

∣∣ (4.4)

completing the proof. ✷
As a last step, we prove that the convergence of theq(l)’s implies the convergence o

theψ(l)’s.

THEOREM 8. –Given the functionψ0 = φ0λ + ∑n
j=1 qj0TjGλ and the sequenc

ψ0 = φ
(l)
0λ + ∑n

j=1q
(l)
j0TjGλ with φ

(l)
0λ ∈ H 2(R3), φ

(l)
0λ → φ0λ in H 1(R3) for l → ∞,

q
(l)
j0 → qj0 for l → ∞, then the sequence ofψ(l)(t), solution of problem(1.9), (1.13),

with initial datumψ
(l)
0 , converges inV to ψ(t), which solves the same problem w

initial datumψ0, for anyt ∈ [0, T ), T > 0.

Proof. –Following step 3 in the proof of Theorem 4, one has

ψ̂(l)(t,k)− ψ̂(t,k)= e−ik2t
[
φ̂

(l)
0λ (t,k)− φ̂0λ(t,k)

]
+

n∑
j=1

[
q
(l)
j (t) − qj (t)

] eik·yj

k2 + λ
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at
+
n∑

j=1

eik·yj
[
f̂

j (l)
1λ (t,k)+ f̂

j (l)
2λ (t,k)

]
, (4.5)

where

f̂
j (l)
1λ (t,k) = iλ

k2 + λ

t∫
0

ds e−ik2(t−s)
[
q
(l)
j (s) − qj (s)

]
, (4.6)

f̂
j (l)
2λ (t,k) = − 1

k2 + λ

t∫
0

ds e−ik2(t−s)
[
q̇
(l)
j (s) − q̇j (s)

]
. (4.7)

Given the convergence of theq(l)
j (t), to prove the convergence ofψ(l) in V we have to

prove the convergence inH 1(R3) of φ(l)
λ (t). For this purpose it is sufficient to note th

from (2.24) and (2.26) one has∫
R3

dk
∣∣kβf

j (l)
1λ (t,k)

∣∣2 = 2πλ2

∞∫
0

dω
ωβ+1/2

(ω + λ)2

∣∣[F(
q̃
(l)0,t
j − q̃

0,t
j

)]
(ω)

∣∣2, (4.8)

∫
R3

dk
∣∣kβf

j (l)
2λ (t,k)

∣∣2 = 2π

∞∫
0

dω
ωβ+1/2

(ω + λ)2

∣∣[F( ˜̇qj (l)0,t − ˜̇qj 0,t)]
(ω)

∣∣2. (4.9)

From Proposition 7 and step 3 of Theorem 4 we obtain that forβ = 1 in the limit l → ∞
the integrals in (4.8) and (4.9) vanish.✷

5. Conservation laws

First we prove the conservation law of theL2-norm.

THEOREM 9. –Considerψ0 = φ0λ + ∑n
k=1qk0Gλ(· − yk), φ0λ ∈ H 1(R3), and let

ψ(t) be the corresponding solution of problem(1.9)in the maximal time interval[0, T ∗).
Then‖ψ(t)‖L2(R3) = ‖ψ0‖L2(R3) for any t ∈ [0, T ∗).

Proof. –From (2.19)

∥∥ψ̂(t)
∥∥2
L2(R3)

= ∥∥ψ̂0
∥∥2
L2(R3)

+
n∑

j=1

∑
l �=j

∫
R3

dk eik·(yj−yl )

t∫
0

ds

t∫
0

ds′ eik
2(s−s ′)qj (s)ql(s′)

− 2�
n∑

j=1

∫
R3

dk eik
2t ψ̂0(k)eik·yj

t∫
0

ds e−ik2(t−s)qj (s)

= (I)+ (II) + (III). (5.1)

We want to show that(II) + (III ) = 0. In fact,

(II) = 2�
n∑

j=1

∫
3

dk
t∫

0

ds

s∫
0

ds′ eik
2(s−s ′)qj (s)qj (s′)
R
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+ 2�
n∑

j=1

∑
l �=j

∫
R3

dk eik·(yj−yl )

t∫
0

ds

s∫
0

ds′ eik
2(s−s ′)qj (s)ql(s′) (5.2)

= (II d) + (II nd). (5.3)

Let us compute separately the diagonal and the non diagonal terms in (5.2)

(II d)= −2�
n∑

j=1

∫
R3

dk
1

k2

t∫
0

ds

s∫
0

ds′qj (s′)qj (s)
d

ds′ eik
2(s−s ′)

= 4π3/2�√
i

n∑
j=1

qj0

t∫
0

ds
qj (s)√

s

+ 4π3/2�√
i

n∑
j=1

t∫
0

ds

s∫
0

ds′ qj (s)q̇j (s′)√
s − s′ , (5.4)

where we have integrated by parts ins′ and exchanged the integrals ins ands′ with the
integral ink exploiting the dominated convergence theorem.

Concerning the non diagonal term we have

(II nd)= 2�
n∑

j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ qj (s)ql(s′)
d

ds

∫
R3

dk
k2

eik
2(s−s ′) eik·(yj−yl )

= 8π�
n∑

j=1

∑
l �=j

1

|yj − yl |
t∫

0

ds

s∫
0

ds′ qj (s)ql(s′)

× d

ds

∞∫
0

dk

k
eik

2(s−s ′) sin
(
k|yj − yl|). (5.5)

From (3.15),

(II nd)= 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ qj (s)ql(s′)

× d

ds

+∞∫
s

dτ
exp

(−i
|yj−yl |2
4(τ−s ′)

)
(τ − s′)3/2

= −2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ qj (s)ql(s′)
exp

(−i
|yj−yl |2
4(s−s ′)

)
(s − s′)3/2

. (5.6)

Let us analyse(III ). From (1.13) we have

(III )= −16π3�
n∑

j=1

t∫
ds qj (s)[U(s)ψ0](yj )
0
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nd

blem

at

rts
= −4π3/2�
n∑

j=1

√
i

t∫
0

ds qj (s)
d

ds

s∫
0

ds′ qj (s′)√
s − s′

+ 4π�
n∑

j=1

∑
j �=l

1

|yj − yl|
t∫

0

ds qj (s)
d

ds

s∫
0

ds′
√
s − s′

s ′∫
0

dτ
exp

(−i
|yj−yl |2
4(s ′−τ )

)
√
s′ − τ

ql(τ )

− 16π3�
n∑

j=1

γj

t∫
0

ds |qj (s)|2σj+2 (5.7)

= (III d) + (III nd)+ (IV ). (5.8)

Note that(IV ) = 0. Moreover

(III d)= −4π3/2�√
i

n∑
j=1

qj0

t∫
0

ds
qj (s)√

s

− 4π3/2�√
i

n∑
j=1

t∫
0

ds

s∫
0

ds′ qj (s)q̇j (s′)√
s − s′ . (5.9)

Then, from (5.4),(II d)+ (III d) = 0.
Concerning(III nd), it is sufficient to recall the Abel inversion formula (3.18) a

formula (3.20) to obtain

(III nd) = 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds qj (s)

s∫
0

ds′ exp
(−i

|yj−yl |2
4(s−s ′)

)
(s − s′)3/2

ql(s
′). (5.10)

Since(II nd) + (III nd) = 0, the proof is complete. ✷
The next step is to define the energy of a solution of our nonlinear evolution pro

and then to prove the corresponding conservation law.

DEFINITION 10. –For anyψ ∈ V , the energy ofψ is defined by:

E(ψ) = ‖∇φ‖2
L2(R3) +

n∑
k=1

γk

σk + 1
|qk|2σk+2 −

n∑
k<l=1

�(qkql)

2π |yk − yl | . (5.11)

THEOREM 11. –Considerψ0 ∈ V and let ψ(t) be the corresponding solution
time t . Then we haveE(ψ0) = E(ψ(t)).

Proof. –We compute‖∇φ(t)‖2
L2(R3)

in the Fourier space. An integration by pa
yields

φ̂(t,k)= ψ̂(t,k)−
n∑

j=1

qj (t)

k2
eik·yj

= e−ik2t φ̂0(k)−
n∑

j=1

t∫
ds

exp[−ik2(t − s)]
k2

eik·yj q̇j (s). (5.12)
0
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d

nd
Then ∥∥∇̂φ(t)
∥∥2
L2(R3)

= ∥∥∇̂φ0
∥∥2
L2(R3)

+
n∑

j=1

∑
l �=j

∫
R3

dk
k2

eik·(yj−yl )

t∫
0

ds

t∫
0

ds′ eik
2(s−s ′)q̇j (s)q̇l(s′)

− 16π3�
n∑

j=1

t∫
0

ds q̇j (s)[U(s)φ0](yj ) (5.13)

= (V)+ (VI)+ (VII ). (5.14)

As in the proof of Theorem 9 we study(VI) and (VII ) separating the diagonal an
nondiagonal terms. Let us define

(VI) = (VI d)+ (VInd), (5.15)

where

(VI d) = 4π3/2�√
i

n∑
j=1

t∫
0

ds

s∫
0

ds′ q̇j (s)q̇j (s′)√
s − s′ . (5.16)

Moreover, exchanging the integral ink and in s by using Lebesgue theorem, a
applying formula (3.15), we find

(VInd)= 4π3/2�√
i

n∑
j=1

∑
l �=j

1

|yj − yl |
t∫

0

ds

s∫
0

ds′ q̇j (s)q̇l(s′)

|yj−yl |√
s−s′∫

0

dw e−i w
2

4

= 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ q̇j (s)q̇l(s′)
s ′∫

−∞
dτ

exp
(−i

|yj−yl |2
4(s−τ )

)
(s − τ)3/2

= 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds q̇j (s)q̇l(s)

s∫
−∞

dτ
exp

(−i
|yj−yl |2
4(s−τ )

)
(s − τ)3/2

− 2π3/2�√
i

n∑
j=1

∑
l �=j

ql0

t∫
0

ds q̇j (s)

0∫
−∞

dτ
exp

(−i
|yj−yl |2
4(s−τ )

)
(s − τ)3/2

− 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ q̇j (s)q̇l(s′)
exp

(−i
|yj−yl |2
4(s−s ′)

)
(s − s′)3/2

. (5.17)

Let us consider the first term in the r.h.s. of (5.17), which we denote(VI)′.
An explicit computation gives

s∫
−∞

dτ
exp

(−i
|yj−yl |2
4(s−τ )

)
(s − τ)3/2

= 2

+∞∫
dze−i

|yj−yl |2
4 z2 = 2

√−πi

|yj − yl| . (5.18)
0
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he
Therefore

(VI)′ = 4π2�
n∑

j=1

∑
l �=j

1

|yj − yl |
t∫

0

ds q̇j (s)ql(s)

= 4π2�
n∑

j=1

∑
l<j

1

|yj − yl |
t∫

0

ds q̇j (s)ql(s)

+ 4π2�
n∑

j=1

∑
l>j

1

|yj − yl|
t∫

0

ds q̇j (s)ql(s). (5.19)

Exchanging the role of the indicesl and j and taking the complex conjugate of t
second term in the r.h.s. of (5.19) one has

(VI)′ = 4π2�
n∑

j=1

∑
l �=j

1

|yj − yl|
t∫

0

ds
[
q̇j (s)ql(s) + q̇l(s)qj (s)

]

= 4π2�
n∑

j=1

∑
l �=j

1

|yj − yl|
t∫

0

ds
[
qj (t)ql(t) − qj0ql0

]
. (5.20)

Now let us analyze(VII ) in Eq. (5.14).
Since

[
U(s)φ0

]
(yj )= [

U(s)ψ0
]
(yj ) −

√−i

4π3/2

qj0√
s

−
√−i

4π3/2

∑
l �=j

ql0

|yj − yl|

|yj−yl |√
s∫

0

dw eiw
2/4 (5.21)

from (1.13) we find

(VII )= −4π3/2�√
i

n∑
j=1

t∫
0

ds q̇j (s)
d

ds

s∫
0

ds′ qj (s′)√
s − s′

+ 4π�
n∑

j=1

∑
l �=j

1

|yj − yl|
t∫

0

ds q̇j (s)
d

ds

s∫
0

ds′
√
s − s′

s ′∫
0

dτ
exp

(−i
|yj−yl |2
4(s ′−τ )

)
√
s′ − τ

ql(τ )

+ 4π3/2�√
i

n∑
j=1

qj0

t∫
0

ds
q̇j (s)√

s

+ 4π3/2�√
i

n∑
j=1

∑
l �=j

t∫
ds q̇j (s)

|yj−yl |√
s∫
dw e−iw2/4
0 0
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− 16π3�
n∑

j=1

t∫
0

ds q̇j (s)
∣∣qj (s)∣∣2σj qj (s) (5.22)

= (VII d) + (VII nd) + (VIII )+ (IX )+ (X). (5.23)

Let us consider(VII d). Performing the derivative in the variables one obtains

(VII d)+ (VI d) + (VIII ) = 0. (5.24)

Concerning the nondiagonal terms, from formula (3.18) it is clear that

(VII nd) = 2π3/2�√
i

n∑
j=1

∑
l �=j

t∫
0

ds

s∫
0

ds′ exp
(−i

|yj−yl |2
4(s−s ′)

)
(s − s′)3/2

q̇j (s)ql(s
′). (5.25)

Moreover, after a change of variable, one has

(IX ) = 2π3/2�√
i

n∑
j=1

∑
l �=j

ql0

t∫
0

ds q̇j (s)

0∫
−∞

dτ
exp

(−i
|yj−yl |2
4(s−τ )

)
(s − τ)3/2

. (5.26)

From Eqs. (5.25), (5.26), (5.17), (5.20), we conclude

(VInd) + (VII nd) + (IX ) = (VI)′. (5.27)

Since

�[(|f |2σf )′
f̄

] = 2σ + 1

2σ + 2

(|f |2σ+2)′
(5.28)

we obtain

(X)= −16π3�
n∑

j=1

γj

{∣∣qj (t)∣∣2σj+2 − |qj0|2σj+2

−
t∫

0

ds qj (s)
d

ds

[∣∣qj (s)∣∣2σj+2
qj (s)

]}

= (2π)3
n∑

j=1

γj

σj + 1

[|qj0|2σj+2 − ∣∣qj (t)∣∣2σj+2]
. (5.29)

From (5.14), (5.29), (5.27), we have∥∥∇φ(t)
∥∥2
L2(R3)

= ∥∥∇φ0
∥∥2
L2(R3)

+
n∑

j=1

γj

σj + 1

[|qj0|2σj+2 − ∣∣qj (t)∣∣2σj+2]
+ 1

2π

n∑
j=1

∑
l �=j

1

|yj − yl|
{�[

qj (t)ql(t) − qj0ql0
]}

, (5.30)

hence conservation of energy is proven.✷
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al
6. Global existence

In this section we show global existence of the solution for any initial datum in
case of repulsive or weakly attractive interactions, i.e. forγj > 0 or γj < 0 and σj < 1,
j = 1, . . . , n. The result is proven in the following theorem:

THEOREM 12. –If for any indexj for whichγj < 0 one hasσj < 1 then the solution
is global in time for any initial datumψ0 ∈ V .

Proof. –We decompose the initial datum into a regular and a singular part:

ψ0 = φ0 +
n∑

k=1

q0kG0(· − yk), φ0 ∈ H 1
loc

(
R3), ∇φ0 ∈ L2(R3). (6.1)

We know from Theorem 6 that the same decomposition holds for the solutionψ(t) at
any timet in the maximal existence interval[0, T ∗), namely

ψ(t) = φ(t) +
n∑

k=1

qk(t)G0(· − yk), φ(t) ∈ H 1
loc

(
R3), ∇φ(t) ∈ L2(R3), t ∈ [0, T ∗).

(6.2)
For anyt ∈ [0, T ∗), let us define the functionsξj (t) :R −→ C, j = 1, . . . , n

ξj (t, x) = |x|[T −1
j ψ(t)

]m(|x|), x ∈ R, (6.3)

(see definitions (2.4) and (2.2)). One easily sees that∫
R

dx
∣∣ξj (t, x)∣∣2 = 2

+∞∫
0

dr r2∣∣[T −1
j ψ(t)

]m
(r)

∣∣2
� 1

2π

∥∥T −1
j ψ(t)

∥∥2
L2(R3)

= 1

2π
‖ψ0‖2

L2(R3). (6.4)

Moreover, denoting byξ ′
j (t, x) the derivative ofξj (t, x) with respect tox, we have∫

R

dx
∣∣ξ ′

j (t, x)
∣∣2 = 2

+∞∫
0

dr

∣∣∣∣ d

dr

{
r
[
T −1
j φ(t)

]m
(r) + r

∑
k �=j

qk(t)
[
T −1
j TkG0

]m
(r)

}∣∣∣∣2

� 4

∞∫
0

dr

∣∣∣∣ d

dr
r
[
T −1
j φ(t)

]m
(r)

∣∣∣∣2

+ 4(n− 1)
∑
k �=j

|qk(t)|2
∞∫

0

dr

∣∣∣∣ d

dr
r
[
T −1
j TkG0

]m
(r)

∣∣∣∣2. (6.5)

We observe that, for any functionF ∈ H 1(R3) and depending only on the radi
coordinater , the following equality holds

∞∫
dr

∣∣∣∣ d

dr
rF (r)

∣∣∣∣2

= 1

4π
‖∇F‖2

L2(R3). (6.6)
0
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Let us consider the first term in the r.h.s. of (6.5). Using equality (6.6) we find

∞∫
0

dr

∣∣∣∣ d

dr
r
[
T −1
j φ(t)

]m
(r)

∣∣∣∣2 � 1

4π

∥∥∇φ(t)
∥∥2
L2(R3)

. (6.7)

For the second term in (6.5) an explicit computation gives

[
T −1
j TkG0

]m
(r) = 1

4π |yj − yk|χjk(r) + 1

4πr

(
1− χjk(r)

)
, (6.8)

where χjk is the characteristic function of the interval[0, |yj − yk|]. Using again
equality (6.6) we easily get

∞∫
0

dr

∣∣∣∣ d

dr
r
[
T −1
j TkG0

]m
(r)

∣∣∣∣2 = 1

16π2|yj − yk| . (6.9)

From (6.5), (6.7), (6.9) we conclude

∥∥ξ ′
j (t)

∥∥2
L2(R)

� 1

π

∥∥∇φ(t)
∥∥2
L2(R3)

+ n− 1

4π2

∑
k �=j

|qk(t)|2
|yj − yk| (6.10)

which meansξj (t) ∈ H 1(R).
Notice that a straightforward computation in Fourier space gives∣∣r[T −1

j φ(t)
]m

(r)
∣∣ � Cr1/2∥∥∇φ(t)

∥∥
L2(R3)

(6.11)

and then from the definition (6.3) we get

qj (t) = 4πξj (t,0). (6.12)

From the Sobolev inequality and estimates (6.4), (6.10) we derive the following
estimate of the functionsqj

n∑
j=1

∣∣qj (t)∣∣4 � (4π)4
n∑

j=1

∥∥ξj (t)∥∥2
L2(R)

∥∥ξ ′
j (t)

∥∥2
L2(R)

� 128π3‖ψ0‖2
L2(R3)

[
n

π

∥∥∇φ(t)
∥∥2
L2(R3)

+ n− 1

4π2

n∑
j=1

∑
k �=j

|qk(t)|2
|yj − yk|

]
.

(6.13)

Substituting the estimate (6.13) into the conservation law of the energy we find

E(ψ0)�C1

n∑
j=1

∣∣qj (t)∣∣4 + ∑
γk>0

γk

σk + 1

∣∣qk(t)∣∣2σk+2 − ∑
γk<0

|γk|
σk + 1

∣∣qk(t)∣∣2σk+2

− 1

2π

∑
l<k

�ql(t)qk(t)

|yl − yk| − C2

n∑
j=1

∑
k �=j

|qk(t)|2
|yj − yk| , (6.14)
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whereC1,C2 are positive and time-independent constants.
If we assume that, for some indexj , there isT < ∞ such that limsupt→T |qj (t)| = ∞

then inequality (6.14) is violated. Hence the solution is global in time and the theor
proven. ✷

Remark3. – From conservation of energy and (6.13) it is clear that the solution b
up at timeT < ∞ if and only if lim supt→T ‖∇φ(t)‖L2(R3) = ∞.

The proof of Theorem 12 cannot be extended to the case in which, for some inj ,
one hasγj < 0,σj � 1. In fact, under these assumptions, we conjecture that one ca
a class of initial conditions for which the corresponding solutions blow up in finite t

Some more information are available in the simpler case of a nonlinearity concen
in a single point.

PROPOSITION 13. –In the casen = 1, σ1 = σ = 1, γ1 = γ < 0, if ‖ψ0‖L2(R3) <

(4π
√

2|γ |)−1, then the solutionψ(t) is global in time.

Proof. –Without loss of generality, we choosey1 = 0 and define:

ξ(t, x) = |x|[ψ(t)
]m(|x|) = |x|[φ(t)]m(|x|) + q(t)

4π
, x ∈ R, t ∈ [0, T ∗). (6.15)

Following the line of Theorem 12, we obtain∥∥ξ(t)∥∥2
L2(R)

� 1

2π
‖ψ0‖2

L2(R3), (6.16)

∥∥ξ ′(t)
∥∥2
L2(R)

� 1

2π

∥∥∇φ(t)
∥∥2
L2(R3)

, (6.17)

∣∣q(t)∣∣2 = 16π2∣∣ξ(t,0)
∣∣2 � 16π2∥∥ξ(t)∥∥

L2(R)

∥∥ξ ′(t)
∥∥
L2(R)

� 8π‖ψ0‖L2(R3)

∥∥∇φ(t)
∥∥
L2(R3)

. (6.18)

Then

E(ψ0)= ∥∥∇φ(t)
∥∥2
L2(R3)

− |γ |
2

|q(t)|4

�
∥∥∇φ(t)

∥∥2
L2(R3)

(
1− 32π2|γ |‖ψ0‖2

L2(R3)

)
. (6.19)

If ‖ψ0‖2
L2(R3)

< (32π2|γ |)−1, the solution cannot blow-up, otherwise we would obt
E(ψ0) = +∞. ✷

Remark4. – The estimate in proposition 13 on theL2-norm is sharp. In fact on
can show that the caseγ < 0, σ = 1 is critical, i.e. the evolution problem is pseud
conformal invariant (see [3,5,6]). Exploiting this fact one can exhibit a class of blo
solutions whoseL2-norm equals(4π

√
2|γ |)−1.

Moreover in the super critical caseγ < 0, σ > 1 it is possible to prove that there
blow up at least if the energy is negative.

We plan to give a detailed analysis of the blow up solutions in the case of nonlin
concentrated in a single point in a forthcoming paper.
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