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ABSTRACT. — We consider the Schradinger equatiof®hwith nonlinearity concentrated in
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larger than the standard-space due to the specific singularity exhibited by the solutions. We
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of the solutions.
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1. Introduction

In this note we introduce a model of nonlinear Schrédinger equatioR3invith
a nonlinearity concentrated in a finite number of points. The corresponding case ir
dimension one was studied in [1,2]. The three-dimensional case exhibits a more singule
character. As a consequence, the formulation of the problem and the techniques used ¢
not a straightforward generalization of the one-dimensional case.

In order to introduce the model it is convenient to start with the linear case. It is well
known [4] that, for givery, ..., a, andyy, ..., Y, Witha; €R,y; €R3, j=1,...n,
one can define the Schroédinger operataRirwith local point interactions aty, ..., Y,
with strengtheay, ..., «,. Such operator, denoted b¥,, wherea = (ay, ..., a,), iS
selfadjoint and bounded from below ir?(R%). The domain and action are respectively
given by

D(H,) = {u eL’(R3) lu=¢+> q;Gol- —¥)), ¢ € H3(R?),
j=1

Vo € L*(R3), A¢ € L*(R%), (g1, . ..., q) € C",

Jim (w00 —q;Gox —y))) =ejq;, j=1...., n} (1.1)

Hyu=—Ag, (1.2)
whereG, denotes the Green'’s function
g VAlx=x|
G,(x—X)=(=A+1M)x=X)= prk 1 >0. (1.3)

Roughly speaking, the operat@f, should be understood as the laplacian with a
generalized boundary conditionat. ..y, expressed by the limit relations in (1.1).

Note that in the literature the generalized boundary condition is often written in the
following equivalent form

a
5 (ru®)], o =a;(ru®)|, o rj=IX=Yjl. (1.4)
J

It is clear from (1.4) that the boundary condition is local in the sense that it couples
the (renormalized) value of the function and of its radial derivative at the sameygoint
One can also introduce the quadratic form associated to the opé&fator

Fuw = [ ax|Ve00f + Y ajlg; P = Y0 L% (1.5)
1 22 A1y — Yl
R3 J J

defined on the following form domain or space of finite energy

V= {u eL* R Jlu=¢+> q;Go(-—Y)). ¢ € Hg (R®),

j=1
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V¢EL2(R3),q1,...,qn€C} (1.6)

which can also be written in the following equivalent form (fox 0)

V= {u €L’ R Ju=¢,+> q;Gi(-—Y)).$» € H'(R®),q1,....qu € C} 1.7

j=1

(see e.g. [14)]).

Note that the spac¥ is strictly larger thanH(R3), so H, cannot be defined as a
small perturbation of the laplacian in the sense of the quadratic forms. We stress that th
is the main difference with respect to the one dimensional case, where the form domai
of the operator is in faci 1 (R).

We shall consider the case where thie depend on time. Lek(z) be a sufficiently
smooth function of in R” and letH,;, be the corresponding family of operators. Notice
that D(H, ) is varying with time whereas the form domain remains the same for alll

The linear evolution problem associated to the time dependent genétatpis

a
iV (1) =Huy ¥ (1), ¥ (0) = vo. (1.8)

Following [13], the strong solution of (1.8) can be written in the form

t

VX = (UOP)00+i Y [ U= s5x=y)q,0). (1.9)

j=1p
whereU (¢) is the free unitary group defined by the integral kernel

- x—x'|2
=
U(I,X—X)ZW (110)

and the functiong; (¢) solve the system of linear Volterra integral equations

t t \Y] )’1\
. (5)q; (S) 5 e A
(1) +avmi [ ds 245D > ()
v l/ Vi I=1, 1#] «/—lyj YIl \/ s 1
U(S)Vfo (yj)
_4 /—/d = (1.12)

Our nonlinear evolution problem in its integral form is then defined by considering
the strength of the interactiom(z) as a function of the solution itself. Note that this
corresponds to impose a nonlinear boundary conditigry &tfr. the limit in (1.1)). We
fix

a;(2)=y;z%, z=|q, y; €R,0; e RY. (1.12)
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With this choice the solution of the nonlinear evolution problem is given by (1.9)
where they; (r)'s solve the system of nonlinear Volterra equations

\Y] -2

lq; (S)|2G’C] (s) - € 4
() +4riy; [ ds ; )
o yj/ \ 1= 121:75] \/_|y] yl| / C]l g
s [ g WO
_4«/Eo/ds N (1.13)

We will prove that (1.9), (1.13) define a flow on constant energy surfac®s aven if,
for technical reasons, in a first stage we will consider slightly more regular initial data.

We emphasize that the evolution problem (1.9), (1.13) cannot be analyzed following
the usual techniques of the standard nonlinear Schrédinger equation [5,6,8,11,15], sinc
the spaceV is strictly larger thanH*(R?). In particular, this fact prevents a direct
application of Sobolev inequalities, which are the typical tools for proving existence
theorems.

We collect here some notation which will be used in the sequel.

We shall denote by andk the modulus of the three-dimensional vectarand k
respectively.

We shall indicate with the same symbol the same function although expressed ir
different coordinatesy (x) and (r, 9, ¢) will be the same if the vector is represented
in polar coordinates byr, 9, ¢).

The Fourier transform with respect to the space variables will be denoted bs.

J(k) = / AX X (X), (1.14)

W(x) = (27) "2 / dk e G (k). (1.15)

The symbolF f will denote the Fourier transform of the functighwith respect to
the time variable

(Ff)(w)= / dr & (1), (1.16)
R
fty=2n)t / dw e (F f)(w). (1.17)
R
GivenT € [0, +oc] andf: (0, T) — C, we define the functiorf**:R — C,0< a <
b<T

feb(ry = f(r) if r €la,bl, feP()y=0 ift ¢Ja,b]. (1.18)

In what follows we will often use fractional Sobolev spaces. We recall some basic
definitions [3].



R. ADAMI ET AL./Ann. I. H. Poincaré — AN 20 (2003) 477-500 481

DEFINITION 1.—ForO<s <1,1< p <+400,a,b €[—00, 4], a < b, we denote
by W*-?(a, b) the subspace of functionsin L?(a, b) such that

_ p
/ dudv 1f) = f)I” - (1.19)
Lt _ Ull—Hp
[a,b]?
The space$V*-?(a, b) are Banach spaces endowed with the norm:
|f () — f)|?
I s ey = IF o) + / dudv PR (1.20)

la,b]?

The spacedV*?(a, b) are usually denoted b¥f*(a, b).
In the casen = —o0, b = +00 one can equivalently define*(R) requiring f €
L%(R) and

/ﬁwwm%ffmmﬁ<+ax (1.21)
The corresponding norm is defined as follows

1By =1 e, + [ dollol (@) (1.22)
R

The remaining part of the paper is organized as follows.

In Section 2 we prove the local existence of the solution of (1.9), (1.13) for a
restricted class of initial data.

In Section 3 we show that the solution satisfies the boundary condition given in (1.1)
at any time of existence.

In Section 4 we extend the local existence result to allow the initial datum to be an
arbitrary element o/ .

In Section 5 we prove the conservation laws of ftrenorm and the energy of the
solution.

In Section 6 we use the conservation laws to obtain a global existence theorem in th
repulsive and in the weakly attractive case.

2. Local existence for arestricted class of initial data
We shall consider the local (in time) existence problem in the spata an initial

datumyo = gor + 321 4j0G1(- = Y)), ¢ € HA(R®).
We start recalling some technical lemmas proven in [2].

LEMMA 2.-Let f € H?(R) with support in[0, T], T < oo, 8 > 0, and let

L f®
Fm_szf? 2.1)
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ThenF is an element of1} *(R).

LEMMA 3.- Givenp €[0,1/2) and T > O consider f € H”(0,T) N Cco([o, 7).
Thenf*? e H?(R) for anya, b € [0, T].

Now we can prove the main result of this section:

THEOREM 4. —Let Yo = o + >.j_19,0G.(- = ¥;), do. € H?(R®). Then3dT >0
such that for any € [0, T'] problem(1.9), (1.13)has a unique solutior () € V.

Proof. —The proof proceeds in several steps. In the first step we compute the Sobole
degree of the inhomogeneous term in Eg. (1.13); in the second step we prove th
existence and uniqueness result and study the regularity of the solution of (1.13); ir
the third step we show how this regularity transfers to the funepigmn), via (1.9), and
conclude that the regular part of the solution actually lies#ihR3) at any time of
existence.

Stepl. First we introduce the mean value over the unit sphere, both in position space
and in momentum space, as a continuous map £8aR?®) to L2(R*, r2dr)

2 T
1 .
() = E/d(p/lﬁ(r,@,(p)smecm, 2.2)
0 0
1 2r T
WY = 4~ O/ dt 0/ k. 5. ) sinnd. (2.3)

We recall that(yr)™" (k) = ¥ (k).
Moreover, we denote by; the translation by the vectgr;

(T; fYX) = f(X=Y;). (2.4)

For anyy; we have

1 7 22, T2 Tm
VO] 0 =5 [ dkk2e™ (T 90)" ()
0

1 7 T
=13 / dow e (T )" (Vo) (2.5)
0
then
1 1 \m
[FU o) (Y] (@) = —H(w)«/E(T,»‘ldm) (Vw), (2.6)
2

wheref denotes the Heaviside step function.
It is now easy to evaluate the Sobolev degreg{r)¢o,)(y;) as a function of.
Indeed, from (2.6),

17 —
[ dollof (FIUORGI) @I = 55 [ k31 290)" 0. @7)
R 0



R. ADAMI ET AL./Ann. I. H. Poincaré — AN 20 (2003) 477-500 483

Using the Schwarz inequality

2

2w T 27 T
/d;/dnsinn gk, 1, 0) <4n/dg/dnsinnyg(k, n.0)f aeink  (2.8)
0 0 0 0

one obtains

2 —
/ do ||l (F[(U o) Y)]) @) < - / Ak KT g (07 (2.9)
R R3

which is finite if —1/4 < B < 3/4 and ¢, € H?(R®). In particular this implies that
(U)o (y;) € HYAR).
Fork # j, we consider

1 T ksinkly, =YD e
UT;G = dk e’
OIS 2n2|yk_yj|0/ s
1 7 s —y;
- - / do eor SO =YiD 5 )
47'[2|yk—yj|O ®+ A
From (2.10) we get
[UCT;G:] (i) € H'(R) (2.11)
for anyv < 1/2, as a function of.
The last contribution to the inhomogeneous term in (1.13) is given by
1 7 k? _ik?
VTG0 =55 0/ dh g & (2.12)

T-%2 [ A 0 giot
— — = |do— 2.13
4\ 47120/ C Jo@+ 1) (2.13)
which is finite for anyr # 0.
First we show that the last term in (2.13) belongd.fg.(R). Indeed, for any: > 0,

applying Fubini—Tonelli theorem, we find

a 2
/dt
/ sin[(o’ — w)a]
<

dw dw
=2
O/ﬂ(w-i-/\)o/«/a(w/-l—/\) W —w

o0 e—iwt
do———
o/ Jo(w+ 1)

o]

(2.14)

Moreover

o]

w2h-1
/da) —— <0 (2.15)
]y
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if 0 < B < 1. This means thatl (1) T;G;1(y;) — (4r¥?)~1/=i/t belongs toH;.(R)
foranyv < 1.
The inhomogeneous term in Eq. (1.13) can now be written as

/ (U(S)l/fo)(yj /d (U(S)¢>ox)(yj + 0 /d [U ()T G 1Y;)

Ji—s ) Jt—s
n32 _t ds
_qfOTV_’O/ NG
t o0 .
A ds e'®s
dow 2.16
~di07 !F! et (2.16)
Using the explicit integral
= (2.17)

N
0/ st —s)
and Lemma 2 we conclude that (2.16) is an eleme#,Qfi R), for anyv < 1. Moreover,
due to the regularizing properties of the Abel kernel ([9]), it also belongﬁ,ﬂ,rf)(]R).

Step2. The inhomogeneous term of the equationgar) is a continuous function of
Hence, using well-known results in the theory of nonlinear Volterra integral equations
(see e.g. [12]), we deduce existence and uniqueness of the sajutioof (1.13) in the
spaceC([0, T1), for T > 0 sufficiently small.

Now, recalling that|lg;(11)1*/q; (t1) — |q;(2)|*7q;(t2)| < Clq;(12) — q;(t2)] and
exploiting Lemmas 2 and 3 we have thate H"(0,T) for any v < 1. Moreover,
from the smoothing properties of the Abel kernelin*-1-spaces ([9]), we have that

e W0, T).

Step3. In Fourier space, Eq. (1.9) reads:

P k) = o)+ gy, / ds 04 (s) (2.18)
j= l
—tk t ik2t . elkyj
por(K) + € }j%%2+K
4 jerik? Z ARZ / ds & ®*+ns e"g;(s) (2.19)
j=1
—mmm+2%m +Z¢Wmvm+mam,@w

k?+ A
where (2.20) is obtained mtegratlng by parts in (2.19) and

Fi k) = K/ﬁ e =g (s), (2.21)
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K6 (s). (2.22)

Now we compute the Sobolev degree/gf(r) and f3, (¢).

K2B+2 2

/dk|kﬂf1,\(t k)| _4n/\2/dk Ty /dseikZSCIj(S) (2.23)
wh+L/2 o 5
_zmxz/dwik)zy(fq;” )@ (2.24)

Sincecjo” has compact support its Fourier transform belongS8®qR). From Lemma 3

we know thatNO’ € H'(0,T) for any v < 1/2 and therefore the integral in (2.24)

converges f0|L3/2 < B <5/2. It follows thatfn(t) e H*(R®) foranyu < 5/2.
Concerningfs, we have:

2

B 2'B+2 / -k2 .
/dkyk w0 _4n/dk T /dse‘ o) (2.25)
wPt1/? ~Ot 2
_Zn/da)( Tl F @ (2.26)

Now, for anyt € [0, T'], let us consider the functioQ?’t which extendsy; : [0, 7] — C
in the following way: Q%' (s) = g0 for anys <0, 0%'(s) = ¢;(¢) for anys > t. Since
Q?” belongs toH;.(R) for anyv < 1 (see e.g. [10]), its derivative, which is compactly
supported and coincides wit}?’t, is an element of7¥(R) for anyv < 0. Moreover, the
Fourier transform oﬂjo’t belongs taC*(R). Therefore the integral in (2.26) converges
if —3/2<p <3/2,50f4,(t) € H*(R3) for any u < 3/2.

Hence, for any € [0, T, we havep, (1) € H*(R®) for u < 3/2. O

Remark 1. — The proof of Theorem 4 can be easily generalized to initial data with
$o. € H?(R3), p > 3/2.

Remark 2. — We have the following alternative: eithg(z) is defined globally in time,
or there existd" < oo such that limsup, ; |g;(¢)| = oo for some;.

In any case there is a maximal time of existefites (0, +oc].

These are consequences of well-known results on continuation of solutions of
nonlinear Volterra integral equations ([12]).

3. Theboundary condition

In this section we investigate the relation between the evolution problem described by
(1.8), (1.12), and its integral version (1.9) and (1.13) discussed in the previous section.
More precisely, we shall prove the following result:
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THEOREM 5. —The solution of the problerfi.9), (1.13) with an initial datumy,q =
b0 + X1—1 410G (- — Y1), o € HA(R?), satisfies

0
(v,ia—lﬁ/(t)> = (v, =AY (@) veCF(R3\{Y1,...,Yn)), (3.1)
) q;(1) (20 -
X“_[?j(‘/’(fax)—m>—J//|qj(f)| qj(t) j=1....n (3.2)

Proof. —~We know from Theorem 4 that (¢) belongs toV for anyt € [0, T] and then
in particulary (¢) is a distribution inR3,

In order to prove (3.1) it is sufficient to compute the distributional derivative of (2.18)
with respect to time. We obtain

0 - N "
ik =k k) = 3 €Y, () (3.3)

j=1

which in position space reads
a n
igl//(l,x) = =AY, %) — Y _q;(1)dy,. (3.4)
j=1

Then, for any € C§°(R3\{y1, ..., Y,}), we obtain (3.1).
For the proof of (3.2), notice that

N /ION ¥ XV
Y. %) 4ﬂlx_yj|—[U(z>wo](x>+zo/dsU(t 51X —Y)4,(5)
. t v _4q;(®
i3 [as U six—ya) - 2 4T 39

I#j %
For the first term in the r.h.s. of (3.5) one has

Jim (U (1) Yo] (x) = Jim (U0 ] )+ qa Jim UG, (-—yD](x¥).  (3.6)
J J =1 J

The first limit in the r.h.s. of (3.6) is trivial SINCEF U (¢)¢g, and AU (¢)¢g, belong to
L?(R3), thereforeU (1) ¢y, is continuous at any.
Moreover we observe that the integral (see e.g. [7])

. -7

. —_ -wz
/dxmelbxzz—vm/dwe’T, a>0,b>0, 3.7)
5 ax 2(1 0

is a continuous function of the parameterThen
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- [ dk sinkIX=yil) 2,
I|m [U(I)Go( yn] () = “ an kX —y;| ©

°°d k sinkly; —yil)  ae
K i 38
0/ . c (3.8

kly; =il

Since the differenc@U (1) G, (- — y)1(X) — [U (#) Go(- — y;)1(X) is obviously continuous,
we have

X'Lrg‘[U(t)w/fo] (X) = [U @) o] (¥))- (3.9)
J
Writing the second term in the r.h.s. of (3.5) in the Fourier space, one has

t

i/ds e‘ikz(’_s)qj (s)ekYi — q]( ) gki
o ik Pk
:elk'y/{_ i /ds E q(S)}- (3.10)
0

Therefore,

t
. e —v g (s) — L)
ILan{lo/dSU(t $;X—=Y;)q;(s) 471|X—yj|}

] 3 e ik-(x=y)) a2
=XI|_)r‘r)1/j(27r) —/dkTe o

. ! e ik?(—s)
—/dke"k‘(x‘yf)/ds 2 C}j(s)}. (3.11)
R3 0

For the first limit in the r.h.s. of (3.11) we have:

e

4qj0 lim /dke—ikzt/ g ikIx=y;lcos ging 10

47'[2 X—=Y;
2sin(k|x —
=40 jim /dk gits 2SIMKIX = Y1) (3.12)
272 x>y kIX —y;l
QJO
- _ ) 3.13
y N (3.13)
In the limitx — y;, the second integral in the r.h.s. of (3.11) equals
k2 SINCKIX =Y ;])
——— lim lim /d /dke e 2 T 3.14
27_[ X->Y; R0 SCI](S) kX —y;] ( )
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Since

7 sin(klx -y, )
im [ dke$a— Y dwé“’z/4 (3.15)
R—00 kX —y;l 2|X 21

0
using Fubini—Tonelli theorem we interchange the liRit> oo and the integration in

the variables. Furthermore one has

. T sinklx—y;) V=i
i dy6s) [ an SEEEEID et - V) (3.16)
=Y / kX =yl 2t —s

Finally, applying the dominate convergence theorem, we obtain
4() (3.17)

—tk (t—s)
ik-(x—y
dk e //dsiq]() 1 3/2/d —

— lim
X—>yj
R3
Now we use the Abel inversion formula:
1d [ dt [ f(s)
= —— d 3.18
Fo= rrdto «/t—ro/ s«/r—s ( )
to obtain
t
: q;(1) } 1d / dt / (U (s)¥ol(y;)
I - A= —
XI_@/_{W(LX) 4 |x — Yl ndto =ty JT =35
[ JUG=s5yi—-y)
—{—lZ/ds/ds (s)
I#] o 0 vTi—S§
_ N =i ' j ds
4n3/2q’°0 NA=D)
Vi /d / ‘31 /) . (3.19)
4713/2 JT—35

We observe that a change of the integration varlable yields

Ly = )’/
€ W= qi(s")

/ds /ds 4711(s—s’)]3/2«/r—s

N Y,

1 F 9 /dv
U

:(4711')3/2 ds JT— 8

Ly = y]
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_ 1 s qi(sh e yg‘z
ey e 52
Moreover,
/ , 450 ~
m/d ﬁ_nqj(r) mqjo. (3.21)
From (3.19), (3.20), (3.21) and (1.13) we conclude
. g
JLrTQ/j{W(I’X) Ar|X — Y| } ndt/ /dsy’|qj(s)| 45)
=yl q;). O (3.22)

4, Local existence for initial datain V

As a first step, we show that problem (1.9), (1.13) is well defined iand obtain a
regularity result for the solution (7).

THEOREM 6. —Givenvy € V, there existd" > 0 such that problen{l.9), (1.13)has
a unique solutiony(t) e V,t € [0, T1].

Proof. —We follow step by step the analysis performed in Theorem 4.

Stepl. Using (2.5) and (2.6) the estimate (2.9) gives thdl/4 < 8 < 1/4, so
(U ()pa)(y;) € HY4R). Applying Abel transform, we obtain that the inhomogeneous
term of Eq. (1.13) belongs &>, (R).

Step2. Since any function in#2*(R) is continuous, the proof of existence and
uniqueness for the solution of (1.13) is identical to the proof given in Theorem 4.

Finally, the same bootstrap argument leads us to conclude JﬂeaHf/ 40, T).

Step3. The fact that the regularity of the functiopg implies y(¢) € V is proved in
the same way as in Theorem 4.

From (2.20) it is clear that the Sobolev degreeppfr) cannot be larger than one if
dor € HX(R?. O

Now we will show that the solution of the problem (1.9), (1.13) with initial datum in
V can be approximated by the solutions of the same problem with more regular initial
data.

To this purpose, the first step consists in proving the following proposition.

PROPOSITION 7. — Consider the functionyg = ¢p + Z’]’ 19;0T;G; and the
sequencep(” o5 + X1_1a50T;Gy with ¢f) € HA(R®), ¢, — o, in HL(R3) for
[ — oo,qjo —>q]of0rl—> 00.

Moreover letg;, q](-l) be the solution of(1.13) corresponding to the initial datayg,
vy respectively.

Then, forl — o, ¢ converges tg; in H*4(0, T), T > 0.
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Proof. —Following the line of Lemma 12 in [2], we first observe that, due to the
properties of Abel integrals, and to the boundedness of

< ) . .
H3/40.T) C(T)HC] CIJ||1-13/4(0,T) (4.1)

H / " 19 ()17 (s) — 1g; ()% g (5)
J=s

whereC (T) vanishes whefl goes to zero.
Analogously

l) 2
(s) —qk(S) il
H / ds = <Ca = allyonor.  42)

H34(0,T)

Now we analyze the inhomogeneous term in (1.13):

/’ LU — voly) / UG5 — 9001y,
VE—s Jt—s

d [ US)T;GA(Y;)
+ (90, — QOj)O/ds#. (4.3)

The last term in (4.3) is clearly vanishing #%4(0, T) as! goes to infinity, while for
the first term we obtain the same result by exploiting (2.9).
Now, choosingl’ such thatC(T') in (4.1) is less thari2z) ! one has

/' n (U (s) (B, — do)](Y;)
A — S

j=1

m.aXHq]('l) - qJ'HH3/4(o,T) < Cmax
J J o

+CY_ lao) — o] (4.4)

completing the proof. O

As a last step, we prove that the convergence ofjthé& implies the convergence of
they @'s.

THEOREM 8. —Given the functionyo = ¢o, + >7_1¢;07;G, and the sequence
Yo = do + Y1140 T; G, with ¢f) € HAR®), ¢ — o in HXR®) for I — oo,
qjg — gjo for I - oo, then the sequence gf(¢), solution of problen(1.9), (1.13)
with initial datum v, converges inv to v (r), which solves the same problem with
initial datum g, for anys € [0, T), T > 0.

Proof. —Following step 3 in the proof of Theorem 4, one has
JO@ k) = P k) = @) (1, k) — fou (1, k)]

ky/

Oepy —
Z (1) —q;(0)] ey
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+Y &A@k + B K], (4.5)

where
(S - g0 6) = g59)], (4.6)
PAGISEE e[GO () - 4;(9)]. (4.7)

Given the convergence of th;é’)(t), to prove the convergence ¢f’’ in V we have to

prove the convergence iH1(R3) of ¢\ (¢). For this purpose it is sufficient to note that
from (2.24) and (2.26) one has

B+1/2
/dk|kf‘fl“>(z K2 zmxz/da) @ 7 GO — o] (4.8)
wh+1/2
B i) ~(l)0,t_ ~ 01 2
/dk|k 0. _27r/da)( P NP @9

From Proposmon 7 and step 3 of Theorem 4 we obtain thag ferl in the limit/ — oo
the integrals in (4.8) and (4.9) vanisho

5. Conservation laws

First we prove the conservation law of thié-norm.

THEOREM 9. —Consideryo = ¢, + >t_1qx0Gr(- — Vi), ¢o. € HY(R?), and let
¥ (¢) be the corresponding solution of probl€in9)in the maximal time intervdD, T%).
Then|[¥ ()l L2w3) = Yol L2ws3) for anyt € [0, T*).

Proof. —From (2.19)

HW(I)HLZ(R%— ||WOHL2(R3) +22/dkék(y’ y')/ds/ds &g, ()5

J= 1I¢JR3
—2\5 / dk &5 (k) €k / ds e =g, (s)

=)+ (II) + (). (5.1)
We want to show thatll) + (lll ) = 0. In fact,

n t s
=21y / dk/ ds/ ds' €0 70g;()q; ()
j=lR3 0 0
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+2§hZZ/dke’k(y1 y’)/ds/ds ¢y (a)  (5.2)

J=11#] p3
Let us compute separately the diagonal and the non diagonal terms in (5.2)

t N
X - 1 () d k2 (s—s'
(Ild):—Z;s*jz::l/dkﬁ/ds/ds q;(s )qj(s)gelk( )

:4773/%‘/_2 q,o/ds q;(s)

+4713/2“«/_Z/ds/d ,q](s)q](s) (5.4)

where we have integrated by partssirand exchanged the integralssimnds’ with the
integral ink exploiting the dominated convergence theorem.
Concerning the non diagonal term we have

(“”d)_Z“SZZ/ds/ds qj (S)QI(S/)d_ *2 elkz(s s') @k (y;=yn)

Ji=11#j o R3

n 1 s -
=873> Y /ds/dS’qj(S)CJz(S’)
ly; —vil s

J=11#]
d dk .2
& sin(kly; — 5.5
de/ . sin(kly; —yil). (5.5)
0
From (3.15),
(||nd)=2n3/2“f22/ds/ds q;(9)q(s)
J=11#]
L ly=yil? )

/ Jr exp( T
dS /)3/2
.| 12
( ZZS ysl) )

2V Y / ds / a5’ gy (5)q sy .

J=11#j 3

Let us analysélll ). From (1.13) we have

(|||):—167‘[33‘Z/dSC]j(S)[U(S)wO](yj)

J=17
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/Z“ZJ/dsq](s)d /d’ 4,

S -5
n |y] yll
~ exp(— 4<s r)>
+4m;§|yj I/ qj(s)d / — / q(t)
— 167 \sZy]/ds g (s)]%71 T2 (5.7)
j=1
—(“|d)+(|||nd)+(|V)- (5.8)
Note that(IV) = 0. Moreover
43 iV _'t q;(s)
(N, =—4r mﬁéq,o/ds 7
S/ZN\/_Z/d /d /CI](S)CIJ(S) (5 9)
S -5’ .

J= 10
Then, from (5.4)(Il,) + (Il ) =
Concerning(lll ), it is sufficient to recall the Abel inversion formula (3.18) and
formula (3.20) to obtain

Iy/ -yi? )

(Illnd):2n3/2“«/_22/dsq](s)/ds % 0 (s). (5.10)

J=11#j

Since(ll,.4) + (lll ,4) = 0, the proof is complete. O

The next step is to define the energy of a solution of our nonlinear evolution problem
and then to prove the corresponding conservation law.

DEFINITION 10.—For anyy € V, the energy of/ is defined by

|20k+2 _ zn: m(QkE) (511)

E(I//)—||V¢||L2(R3) +1 o 1277|)/k—YI|'

THEOREM 11. —Consideryo € V and let (¢) be the corresponding solution at
timer. Then we haveé (o) = E (¥ (1)).

Proof. -We compute||V¢>(t)||L2(R3) in the Fourier space. An integration by parts
yields

q;(0)
k2

Gt k)= (1. k) — Z i

j=1

— e 1 Go(k) — > / ds

J=17

exp—ik?(t — s)]
k2

&éXYigi(s). (5.12)
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Then
=<2 — 2
HV(,b () HLZ(R3) = ||V¢OHL2(R3)

+ZZ/ v gk v y’)/ds/ds &6 ()g ()

Jj=1 l#JRS
~1670Y" [ ds ;UG (5.13)
Jj=1%
=)+ (VD) + (VII). (5.14)

As in the proof of Theorem 9 we studyl) and (VIl) separating the diagonal and
nondiagonal terms. Let us define

(V) = (Vlg) + (Vl,a), (5.15)
where
Y 446D
(V1) =4n %«szlo/ds/ds Neev ik (5.16)

Moreover, exchanging the integral i and ins by using Lebesgue theorem, and
applying formula (3.15), we find

ly; =il
n \/_ 2
(Vlng) =47¥20Vi >N /ds/ds 4 0n (s / dwe'
=i y" 0
( lly, YI|2>
—2n3/2§}1«/22/ds/ds qj(s)ql(s’)/d‘( — e
J=11#j (=0
0
|y] yll )
— 27 ¥20i ZZ / ds 4;()qi(s) / dr%
J=11#] (=¥
0
|y] yll )
2SS 7 / ds ;o) / e P
J=LI#]

( -y =yl )
—2n ¥ /i ZZ / ds / ds' §,()a ) ‘t;;;z) L (B.17)

J=11#j 3 (s —

Let us consider the first term in the r.h.s. of (5.17), which we de(\dtg.
An explicit computation gives

s ly yzl2 -
[ ar S z/d I N

. 5.18
(s —1)%2 Cly; =yl (518)
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Therefore
(V1) =4720> ) / ds q;(s)qi(s)
=i Vi
:47125}122 /ds q;()qi(s)
j=1ll<j |y1
+4712§HZZ /ds q;()qi(s). (5.19)
j=11l>j |y/

Exchanging the role of the indicdsand j and taking the complex conjugate of the
second term in the r.h.s. of (5.19) one has

V1Y =4n2sn§njz

/ ds[q;()a () + @ ()q;(s)]

o il
=4y / ds a0 — 400 (5:20)
iz Vi =Yl
Now let us analyz&VIl) in Eq. (5.14).
Since
V=i gjo
[U (s)¢po] (¥;) = [U ()%o] (¥;) — = 3/2ﬁ
Iyj—=vil
75
N =i q10 / 02
- dwev/* (5.21)
4773/2;“/] yl| 0

from (1.13) we find

VIl = 4n3/2%f2/dsq](s) /ds/m

=1y Vs =5
s ' 1y il
n d ds’ exp(—igh=r)
AR /d T —/7 o Ay
+4n ]Z_:J_;Wj_yll J sqj(s)dso = (T

n ? .
+ 4n3/2§R\/zTZﬁ/ds 9;(5)
j=1 0 ﬁ
Iyj—=vil

n ? Vs
+4n3/2mfizz/dsq,-(s / e v’
0

J=LI#]
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—16n3mz/dsqj(s)|qj(s)|2"fq,-(s)
=19
= VIl 2) + (VL ,q) + (VIII) 4 (IX) + (X).

Let us conside(VIl ;). Performing the derivative in the variableone obtains

VIl z) + (V1) + (VIIl ) =0.

Concerning the nondiagonal terms, from formula (3.18) it is clear that

ij —yi? )

(VI ) = 213200 ZZ / ds / ds /%qj(s)q,(s/).

J=11#j

Moreover, after a change of variable, one has

(IX) = 273207 ZZqzo / ds §;(s) / dt

J=11#] 0
From Egs. (5.25), (5.26), (5.17), (5.20), we conclude
(Vi) + (V1) + (IX) = (V1)

Since
20 +1
20 + 2

RI(IF1%f) ] = S (P2

we obtain

. 2042 o
(X>=—16n3m2y,~{|qj(t>| TS gjol?it?

j=1

t d :
—/dsqj(smﬂqj(s)!z ) >]}

= (2r)® Z |q,o|2°f — |g; (@]

j=1 j
From (5.14), (5.29), (5.27), we have

||V¢(t)||L2(R3) = HVd)OHLZ(R:i) 2c7j+2
to iz S (Mg 0a®
27 Nqjtt)q
2 J=11#) ;= ’

hence conservation of energy is provert

—lg; )]

-IYj—YIIZ)

A(s—1)
1—)3/2

20‘_/' +2]

20j+2]

— q;j0q10] }

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)
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6. Global existence

In this section we show global existence of the solution for any initial datum in the
case of repulsive or weakly attractive interactions, i.epfor 0 ory; <0 and g <1,
j=1,...,n. The result is proven in the following theorem:

THEOREM 12. —If for any index; for whichy; < 0 one hasy; < 1 then the solution
is global in time for any initial datumy € V.

Proof. —We decompose the initial datum into a regular and a singular part:

Yo=¢o+ Y quGo(- —Yi), o€ Hige(R®), Vo € L*(R®). (6.1)
k=1

We know from Theorem 6 that the same decomposition holds for the solyitionat
any timer in the maximal existence intervgd, T*), namely

YO =¢0)+ Y a)Go(-—Yi), ¢@) € Hg(R%), Vo(1) € L*(R%), 1 €[0,T*).
k=1

Foranyr € [0, T*), let us define the functions (1) :R — C, j=1,...,n ©2)
Ei(t.x)=Ix|[T7 )] (Ix]), xeR, (6.3)
(see definitions (2.4) and (2.2)). One easily sees that
+00
/dx |sj(z,x)|2:2 / drr?| [Tj_lt//(t)]m(r)|2
R 0
< %HT;M@)HEW) = %Hlﬁoll%z(m- (6.4)

Moreover, denoting bg]/. (¢, x) the derivative o (¢, x) with respect tor, we have

+00
/dx €, 0)? =2 / dr
R 0

2

d m m
—{r[Tj—1¢(r)] () +r>_ q®)|[T T Go) (r)}
dr oy

<4O/dr Er[Tj_1¢(t)] (r)
7o|d m P
+4(n—l)Z|qk(t)|2/dr —r [T T:Gol" (r)] - (6.5)
Py " dr

We observe that, for any functio ¢ H(R% and depending only on the radial
coordinater, the following equality holds

o0 2
/dr =
0

d 1
rF()| = IV F I, (6.6)
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Let us consider the first term in the r.h.s. of (6.5). Using equality (6.6) we find

/ d

2
— m 1
T 0]" 0] < VOO 2, 6.7)

For the second term in (6.5) an explicit computation gives

m l
[Tj_lTkGo] (r)= Xjk(r) + m(l - Xjk(r))’ (6.8)

Arly; — Vil

where x ;i is the characteristic function of the intervid, |y; — yi|]. Using again
equality (6.6) we easily get

1

/dr —r[ 1T, Go]" (r) =162y, —yil’ (6.9)
From (6.5), (6.7), (6.9) we conclude
50l < 1900l + g DS 610
which meang; (1) € HX(R).
Notice that a straightforward computation in Fourier space gives
[T ®)]" (N] < Cri2|Ve )| 2, (6.11)
and then from the definition (6.3) we get
q;(t) =4r§;(1,0). (6.12)

From the Sobolev inequality and estimates (6.4), (6.10) we derive the following key
estimate of the functiong;

Zl g0 < <4n>“Zl 16320 |1E D17 202
J= J=

g (D)2
< 12873 Yol 22 | — ||V ()| -
0ll L2(R3) 71” HLZ(R3) 4 A2 ;g} IYj—Yk|

(6.13)
Substituting the estimate (6.13) into the conservation law of the energy we find

Gt )’2<7k+2 _ Z |Vk| Gt )’2<7k+2

y>O y<O

——Z q;(t)qk(ﬂ ZZ O (6.14)

= i T 1Y Ykl

E(yo) > 612 \q;
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whereC1,C, are positive and time-independent constants.

If we assume that, for some indgxthere isT" < oo such that limsup, ; |g;(t)| = oo
then inequality (6.14) is violated. Hence the solution is global in time and the theorem is
proven. O

Remark 3. — From conservation of energy and (6.13) itis clear that the solution blows
up attimeT" < oo if and only if limsup_, ; V@ (¢) || .23y = oo.

The proof of Theorem 12 cannot be extended to the case in which, for somejindex
one hag/; <0,0; > 1. Infact, under these assumptions, we conjecture that one can find
a class of initial conditions for which the corresponding solutions blow up in finite time.

Some more information are available in the simpler case of a nonlinearity concentrate
in a single point.

ProPOSITION 13. —Inthe casen =1, o1 =0 =1, y1 =y <O, if [[YollL2rs) <
(4 /2]y])~%, then the solutiony (¢) is global in time.

Proof. —Without loss of generality, we chooge = 0 and define:

£, x) = x| [y O] (1x]) = x| [o®]" (I1x]) + %), xeR, te[0,T*. (6.15)
Following the line of Theorem 12, we obtain
1
||§(I)Hi2(]l§) < ZHWOH%Z(RS)’ (616)

) 1
&2 < 51V O 2gge)- (6.17)

lq(0]* = 1672[5(1, 0)* < 167261 2 IE D) 2ge

<87 Yol L2@s) | VO (]| L2 g3)- (6.18)
Then
7|
E(¥o) = [ V)20 = - la0)1*
> (Vo) |72 s) (1= 32721 | [0l 22 g3 - (6.19)

If ||1//0||f2(R3) < (327?|y )71, the solution cannot blow-up, otherwise we would obtain
E(Yo) =+o00. O

Remark4. — The estimate in proposition 13 on ti&é-norm is sharp. In fact one
can show that the case < 0, o = 1 is critical, i.e. the evolution problem is pseudo-
conformal invariant (see [3,5,6]). Exploiting this fact one can exhibit a class of blow-up
solutions whosd.?-norm equalg4r /2y ]) L.

Moreover in the super critical case< 0, o > 1 it is possible to prove that there is
blow up at least if the energy is negative.

We plan to give a detailed analysis of the blow up solutions in the case of nonlinearity
concentrated in a single point in a forthcoming paper.
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