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ABSTRACT. — In this paper we study the global existence and asymptotic
behavior of solutions for the Cauchy problem of the Klein-Gordon-Zakharov
equations in three space dimensions. We prove that for small initial data,
there exist the unique global solutions of the Klein-Gordon-Zakharov
equations. We also show that these solutions approach asymptotically the
free solutions as ¢ — oo. Our proof is based on the method of normal
forms introduced by Shatah [12], which transforms the original system with
quadratic nonlinearity into a new system with cubic nonlinearity.

RESUME. — Dans cet article, nous étudions l’existence globale et le
comportement asymptotique de solutions pour le probleme de Cauchy des
équations de Klein-Gordon-Zakharov en trois dimensions. Nous montrons
que pour des petites données initiales, il existe les solutions globales
uniques des équations de Klein-Gordon-Zakharov. Nous montrons aussi
que ces solutions approchent des solutions libres asymptotiquement lorsque
t — oo. Notre preuve est basée sur la méthode de formes normales introduite
par Shatah [12], qui transforme le systtme original avec non-linéarité
quadratique en un systetme neuf avec non-linéarité cubique.
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1. INTRODUCTION AND MAIN RESULTS

In the present paper we consider the Cauchy problem of the Klein-
Gordon-Zakharov equations in three space dimensions:

(L.1) O2u—Au+u=-nu, t>0, zcR?

(1.2) Ol - An=A>, t>0, z€R}
u(0,z) = uo(z), Ou(0,z) = ui(x),
n(0,z) = no(z), Gn(0,z) = ni(z),

where 8, = 0/0t, and u(t,z) and n(¢t, z) are functions from R, x R?® to C?
and from R, x R? to R, respectively. The system (1.1)-(1.2) describes the
propagation of strong turbulence of the Langmuir wave in a high frequency
plasma (see [15]). The usual Zakharov system

(1.4) Ou+ Au=mnu, t>0, zcR3
(1.5) O?n— An=Au’, t>0, zeR3

is derived from (1.1)-(1.2) through the physical approximation procedure.
In the present paper we consider solving (1.1)-(1.3) around the zero
solutions. There are many papers concerning the global existence of small
solutions for the coupled systems of the Klein-Gordon and wave equations
with quadratic nonlinearity (see, e.g., [11, [5]-[7], [9], [10], [12] and [13]).
The methods to solve those systems can be classified into two groups (for
a good review of this matter, see Strauss [14]). One is to use the Sobolev
space with weight related to the generators of the Lorentz group. This was
developed by Klainerman [9] and [10]. The combination of this method
and the null condition technique has produced several nice applications
to the hyperbolic systems of physical importance (see, e.g., Bachelot [1]
and Georgiev [6]). However, this method does not seem to be directly
applicable to (1.1)-(1.3). In fact, since the system (1.1)-(1.2) consists of
the Klein-Gordon and wave equations with quadratic nonlinearity in three
space dimensions, we need to use not only the Sobolev norms with weights
related to the generators of the Lorentz group but also the null condition
technique (see, e.g., Georgiev (5] and [6]). But the nonlinear terms in (1.1)
and (1.2) do not seem to satisfy the null condition as they are. Another
method is based on the theory of normal forms introduced by Shatah {12],
which is an extension of Poincaré’s theory of normal forms to the partial
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NORMAL FORM AND GLOBAL SOLUTIONS 461

differential equations. See also [16] and its references. In this paper we
apply the argument of normal form to (1.1)-(1.2) and prove the global
existence of solutions to (1.1)-(1.3) for small initial data. We also show
that these global solutions to (1.1)-(1.3) with small initial data approach the
free solutions asymptotically as ¢ — 4oo.

Before we state the main results in this paper, we give several notations.
For 1 < p € oo and a nonnegative integer m, let L¥ and W™P denote the
standard L? and Sobolev spaces on R3, respectively. We put H™ = W™2,
For a positive integer m, we denote the dual space of H” by H~™. For
s€Rand1 < p < oo, we let H*? be the completion of all functions v € §
with 0 ¢ supp ¢ with respect to the semi-norm [[v|| .., = [|(=A)%%v|| s,
where S is the Schwartz space on R* and © denotes the Fourier transform
of v. We write H* = H*?. We put w = (1 — A)!/2 and wy = (—A)Y/2,

We have the following theorem concerning the global existence and
asymptotic behavior of solutions to (1.1)-(1.3) for small initial data.

THEOREM 1.1. — Let 0 < € < 1072, Assume that ug € H%2NW?296/(5+2¢)
wi € H5' N W26/(5+20) o H51 A WB220/A0T ( -1 gnd p) €
H50 N W27220/207  [[=2_ Then, there exists a § > 0 such that if

(1.6) IIUOI‘H520w29,6/(5+25) -+ ||U1I|H51nwzs,s/(5+2s)

+ “nO“Hslnwz8,220/217nH—1 + “nl||H500W27’22°/2170H“2 S (5,

(1.1)-(1.3) have the unique global solutions (u,n) satisfying

2
(1.7) u € () C7([0, 00); H?7),
=0
(1.8) n € [ﬂ Cj([O,oo);Hsl_j)]
=0

ﬂ{ 0,00 779

1

(1.9) D Ndu(@)llwzo-sora-z = OE™1+9)) (¢ — o0),

Jj=0

(1.10) S [18{n(t)llwes-saors = OF™27/110) (¢  o0),

=0

Vol. 12, n® 4-1995.



462 T. OZAWA, K. TSUTAYA AND Y. TSUTSUMI

where § depends only on ¢. Furthermore, the above solutions (u,n) of
(1.1)-(1.3) have the free profiles uyo € H*?, uyy € H%, nyo € H3 and
ny1 € H5 such that

1) SO () - ws ()
3=0

+3 118 (n(®) = ny (llgms — 0 (t = o0),
3=0

where
ug(t) = (coswt)ugo + (w7 sin wt)ugy,

ny(t) = (coswot)n o + (wy ' sinwot)ns.

Remark 1.1. — (1) For 8y > s, > 0, LP ¢_ H—#2p ¢_ H—svP and
H-svpLP C H—*»P_ In three space dimensions, S C H~! but § ¢ H-2,
where S is the Schwartz space on R?. For the details of the homogeneous
Sobolev space H#P, see [2, §6.3 in Chapter 6]. But note that the definition
of H*? in the present paper is slightly different from the one in [2, §6.3],
where H*P is defined as the set of all tempered distributions v such
that (—A)*/2y € LP. In the general N space dimension case, if we take
v € H*?(RN) modulo monomials of degree larger than [s — N/p] in the
definition of [2, §6.3], then the definition in [2, §6.3] is identical to that
in the present paper (see [2, Excercise 12 in §6.8]). Here [s — N/p] is the
largest integer that is not larger than s — N/p and if [s — N/p| is negative,
we take zero as a monomial of order {s — N/p].

(2) uy(t) and ny (t) are the solutions of the free Klein-Gordon equation
and the free wave equation with the initial conditions (u.(0), 0;u(0)) =
(uy0,us1) and (ny(0),8n4(0)) = (n40,n41), respectively. The relation
(1.11) implies that the solutions of (1.1)-(1.3) given by Theorem 1.1 behave
like the free solutions as ¢ — oo.

(3) In fact, our proof of Theorem 1.1 (or Corollary 1.2 below) will work
well, even if we do not assume that ny and n; are real-valued. However,
this assumption will be often used in the proof, because it will make
the proof slightly simpler. If ng and n; are real-valued, then n(t,z) is a
real-valued function. This fact follows immediately from the uniqueness
of solutions of (1.1)-(1.3).

(4) In connection with the usual Zakharov system (1.4)-(1.5) for three
space dimensions, it is conjectured that if the initial data are large, the
solutions of (1.1)-(1.3) may not necessarily exist globally in time.
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NORMAL FORM AND GLOBAL SOLUTIONS 463

(5) In the case of one or two space dimensions, the global existence
result for small initial data can be proved more easily than the case of three
space dimensions. We do not need the time decay estimates to show the
global existence of solutions in the one and two dimensional cases. For the
details, see Theorem 2.7 in Section 2.

The following corollary is an immediate consequence of Theorem 1.1.

COROLLARY 1.2. — Let 0 < £ < 1072 and let m be a positive integer with
m > 52. Assume that ug € H™NW?29:6/(5+2¢) o e fgm—1nW28,6/(5+2¢)
ne € H™ 1 N W28220/217 H—l, n, € H™—2 A W27,220/217 ﬂH‘Z and
(w0, u1, g, n1) satisfy (1.6). Then, the solutions (u,n) given by Theorem 1.1
satisfy

(1.12) u € ﬁ C?([0, 00); H™ ),
7=0
(1.13) n e mﬁ C7([0,00); H™ 7).

In addition, if ug,u1,ng,n1 € ﬂ;‘;lHj, then we have
(1.14) u(t,z), n(t,z) € C=([0,00) x R?).

The unique existence and the regularity of local solutions for (1.1)-(1.3)
follows from the standard iteration argument. The crucial part of proofs
of Theorem 1.1 and Corollary 1.2 is to establish the a priori estimates of
the solutions for (1.1)-(1.3) in order to extend the local solutions globally
in time. The global behavior of local solutions for (1.1)-(1.3) can not
be controlled directly, since the quadratic nonlinear term in (1.1) does
not provide a sufficient decay property for the three dimensional case.
Here we use the argument of normal forms of Shatah [12] to transform
the quadratic nonlinearity into the cubic one. However, in our problem
the transformed cubic nonlinearity is represented in terms of the integral
operator with singular kernel. The singularity of the integral kernel makes
it difficult to solve (1.1)-(1.3). This is different from the case of the system
containing only the Klein-Gordon equations, where the integral kernels of
the resulting integral operators are regular (see [12]). Therefore, our main
task in the proof of Theorem 1.1 is to evaluate the singularity of the integral
kernel of the transformed cubic nonlinearity. This enables us to apply the
usual LP — L7 estimate to the transformed system, which provides us with
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the sufficient decay properties of solutions to (1.1)-(1.3) for the proof of
Theorem 1.1.

Our plan in the present paper is as follows. In Section 2 we prepare
several preliminary results needed for the proofs of Theorem 1.1 and
Corollary 1.2. We also state the global existence results for the cases of
one and two space dimensions at the end of Section 2. In Section 3 we
describe the proofs of Theorem 1.1 and Corollary 1.2.

We conclude this section by giving several notations. For s € R and
1 < p < 0o, we define H*P by H*P = (1 — A)~*/2L?. For p, ¢ € RV,

N

weputp-q= Z p;q;. For f € S(RY), we define the Fourier transform
i=1

f and the inverse Fourier transform f of f by

fo)= [ et ds,

We also denote the Fourier transform and the inverse Fourier transform of
f by F[f](€) and F~*[f](z), respectively. We put {p) = (1 + |p|?)*/? for
p € RY. For s € R, let [s] be the largest integer that is not larger than s.
For a multi-index a = (a3,---,ayn), We put

N a 23] a aN

For z € C, we denote the complex conjugate of z by z. For u, v € S(R?)
and K(z,y) € §'(R® x R?), we put

[u, K,v](z) = //R3><R3 w(y)K(z — y,z — z)v(2) dydz.

In the course of calculations below, the various constants are simply denoted
by C.

2. PRELIMINARY RESULTS

In this section we describe the preliminary results needed for the proofs
of Theorem 1.1 and Corollary 1.2.

We first begin with the following lemma concerning the L? — L? estimates
of the linear Klein-Gordon and wave equations.
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LemMmA 2.1. — Let N be the arbitrary space dimer{sioniv and let p and q
be two positive numbers such that 2 < p < oo and E +-=1L

N-1+46 N+1+90
() Let 0 < 6 < 1. We put v = to N+l+

. Then, we have
2 D

|18 {w™t exp(iwt)v}||ze < K (&)||v]|gvtia, t >0, v € HM,

for 3 = 0,1, where

f~(N=1-0)(}
K0 =o{ v L

and C depends only on N, p and 9.

N — N+1
(ii) We put v = ————2——1 — ———;——— Then, we have

‘f), 0<t<1,
), t>1

110 {wg * exp(iwot)v}H|Lr
< CtWVYGE=D ||y fyssar >0, v E HM,

for 5 = 0,1, where C depends only on N and p.

Lemma 2.1 is well known. See, e.g., [8, Lemma 2.1] and [11, part b)

of Theorem 0] for Lemma 2.1 (i) and [11, part a) of Theorem 0] for
Lemma 2.1 (ii).

We next state the lemma concerning the estimate of the integral kernel,

which will be useful in evaluating the cubic nonlinearity of the transformed
equations.

1 .
LEMMA 2.2. — Assume 0 < 1 < 7 Let K;(z,y), j = 1,2, be the tempered
distributions on R® x R? such that

: Ip|'**"(p - q)
{09 = SRR (0 + WP TR @)
Kolp.) = - e
’ 2{Ipl*lg]* — (p- @)* + [P’} (P)*(9)"
for p,q € R>. Then,

Kl(:I’"y)v Kz(.’lf,y) € Ll(Rs X R’3)

_Proof. — We first show Ky(z,y) € L'(R? x R?). We easily see that
K,(p,q) € L*(R® x R?) and so K»(z,y) € L*(R® x R?). By Schwarz’s
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inequality and Parseval’s identity, we have

(2.1) /R /R K (2, y)|dzdy
= [ [ asemrias

X {1+ 12 T (L + |y ) K (2, ) }dady

< ( /R 3 /R (P ER (4 1y12>-2dxdy) v

X </R3 Rs{(l +]z|?) (1 + |y|2)|K2(:v,y)[}2d:vdy>

<o( [, [ 1= a0t - sk o)

where A, and A, are the Laplace operators with respect to the variables
p and g, respectively. We have only to show that the integral at the right
hand side of (2.1) is finite. We put

fo,9) = pl’lal* - (p- @)* + |p|*.

A simple calculation gives us

1/2

_ 2pl*  4{pPlel® = (p- @)%} pl*t"
(22) (1= 8K =K g T 2Py {g)7
_ 2l 63p* gl
2f(p)*(@)° = 2f(p)*()t?
14(|p*lg)* = (p - ))[p>*"
f2{p)¥(q)® '

+

We note that for some positive constant M,

(23) 3111 - &)l

< lollz + zi:l{/m(lhl-%-% 520+
“aeol,) i)

< MJ|(1- A)i+Eo)|.
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(see, e.g., [2, Exercise 7 in Section 6.8]). Therefore, it is sufficient to prove

(2~4) H(l - Aq)f{z(‘a Q)HL2
‘Z‘ (1= Ag)Ky(-+ h,q)

2 (s
0

- a_pj(l - DK, (-, 9)

2
L2>

dh 2

By (2.2) we have
(2.5)

0 . 0 -~ 2(4+mn)pl**p;
R o R o
8{pilal* —a;(p- @) + pi}IpI**" | 4lp|**"p;
3 p)%a)7 2p)4a)”
;. 8ipilal® = ¢5(p - )} pI**" + 4(4 + m){Ipl*lal® — (p- )} Ip|**"p;
3 p)*(a)7
_ 24{p;lal® — ¢;(p - @) + pi HIpPla® — (»- @)*}Ip|**"
f4p)*{a)”
~ HIpPlal - - 9)*Hp*"p;  21(2 + n)lp|"p;
B p)Ha)” 2f(p)*(g)°
21{p;lal* ~ ¢;(p - @) + p;}p|**" _ 21|p|**"p;
2(p)*(g)° F{p)4(g)®
63(2 + n)lp"pilal>  63{p;la|® ~ ¢;(p- q) + p;}IpI**"gl
2f(p)*(g)* F2(p)2 (gt
_ B3Ipl**"psla? | 28(pslal® — g;(p- @) Ip**"
fpyHat f2(p)*(q)°
14(2 + n)(IpPlal® = (- @)*)p|"p;
12(p)*(g)®
_ 56(pl%lal* — (- @)*)(wslal® — g5(p - @) + pi)lp[*™
f3(p)*(q)®
_28(Ip%lal® — (- @)*) P>,
f2(p)*(q)® ’

+

+
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(26) k,=- CEtnblp

p; 2f(p)*(q)"
+ {pilal* = q¢i(p- @) + p;}Ip|**" N p|**7p;
F2(py*{q)7 fo)4e)?

for 1 < 3 £ 3. We concentrate upon the estimate of the sixth term at the
right hand side of (2.5), since the rest terms of (2.2), (2.5) and (2.6) are
easier to treat.

By I;(p,q) we denote the sixth term at the right hand side of (2.5) for
1 € 57 <€ 3. We show that

1

en {[ ] i+ ho - Le.oPaih-ta e @)

for 1 < 57 < 3. We divide the integral region of (2.7) into four parts:
1
Dy = {1l < 2.0 < 1,10 < 31 .

D2 = {1yl < 2.0 < 1,10 > 3l |

Ds = {(p,h); Ip| > 2,|h| < 1},
Dy = {(p,h); |h| > 1}.
We show (2.7) for each integral region D;.

(Estimate on D;). Since (p)~2 € C®(R?), we may evaluate I;(p,q) =
(p)2L;(p, q) instead of I;(p,q) in this case. We put

Fi(p,q) = 24{p;la)* — ¢;(p - q) + p; HIpI*la|* = (p- ¢)*}Ip|**".

Then, we have

(2.8) Ii(p+ h,q) — Li(p,q)

:Fj(P+h7Q)< 1 1 )
(q)7 flo+h,9*  flp,q)*

f, 9)*q)”

1
We first evaluate A;. Since |h| < §lp|, we have

(2.9) |F;(p + h,q)] < C{g)*|ql*|p|"*".
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On the other hand, noting f(p,q) > 0, we have

1 1
if(P +h,9*  flp,9*
= |(F(p + b, q) ¥ )™ OH) — (f(p, q)FTE)/ ()
8 1 i
= \——1 o ), CFe+ ko)
+ (1 - 8)f(p, q)l%’l)—(9+n>/(1+n>d9

1

x (f(p+h) = = f(p,q)F)

(2.10)

1
<of [ 8 ass0+ ho)
1/2

1/2 o o
+[Ta- erﬁfdef(p,q)-—?}
0

1+n

X |f(p+h,a)F — f(p,q) 7|
<C{fp+hg) T + f(p, )" T}
x |f(p+ h,q) — f(p)|TF7/2.

1+7 147

At the last inequality we have used the fact that |a™> — b7 | <
1
Cla — b|(t+")/2 for a,b > 0. Moreover, we easily see that for |h| < Elpl

(2.11) Fo+h,g)"F < Clp+h|70
< Cllpl = W77 < Clp| 7577,
(2.12) 1f(p+h,q) — f(p, )| F"

< Clg) "t ip B

Accordingly, (2.10)-(2.12) yield

1 1
flp+h,q* flp,q*
< C(Ip™* + [p| 2" (@) 7 p| F B
< C{g)"[p|= T B

(2.13)
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1
for |h| < 5|p( By (2.9) and (2.13) we obtain

(214 [A4;] < ClQ) (@) a2 lp ™ (g) 7 |p| B E
< Clg) > lp| 33 ) F

1
for |h| < §|p|
We next evaluate B;. A direct calculation yields
(2.15) |Fy(p+ h,q) ~ Fj(p)|

< [ UV, F o+ (1= 6)hq) - hias
0
< C(q)?|ql?[p|**+"|h|

< Cg)lql?lp| " h) 5 (Il%ll)

=
(VK]

< C{g)*|aflp| "= B F*

1
for |h| < 5|p| By (2.15) we obtain

- - 134m,, 147
(2.16) |B;| < Clp|%(q)~"(g)?|q|?|p| "= |A| 5
< Cg)3p| " E B

1
for [nf < 3lpl
Therefore, we obtain by (2.8), (2.14) and (2.16)

217)  |L(p+hq) - L(p, q)|
< C({g) ™ p| 33 R 4 (q) 3 Pp| 2 HE R
< Ca) gl ~E Ry B

for (p,k) € D;. Inequality (2.17) gives us

(2.18) {//D lfj(p+h,q)—fj(p,tz)Izdplhl““%dh}l/2

<ol (] ([ o))
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Since 0 < n < 1/2, (2.18) shows that the right hand side of (2.18)

belongs to L*(R2). Since (p)~2 € C**(R?) and I;(p,q) = (p)~L;(p, q).
we conclude that

(2.19) {//01 {(p+ h,q) = Li(p,q)[dplh| ™" 2d }1/26 L*(Ry)

for 1 < 5 < 3.

(Estimate on D). We may evaluate fj(p,q) = (p)%I;(p,q) instead of
Li(p,q) for the same reason as the case of D;.

We have

(2.20) / /D (0 + hyq) — E(p, @) PR~ E dpdh

<C A~ %d (1;(p + b, @) + 11 (p, @) )dp.

[hi<1 IpI<2h]|
By the change of variables p’ = p + h, we obtain
I (o + o) Pdp
[Al<1 Ipl<2}h]

< / ||~ dh (0, )2y
|R[<1 |p/[<3|h|

1 3|h|
-6 ~-2-1 27
/Ollhl | / PP dlp|
R / RS

At the second inequality of (2.21) we have used the following relation:

(2.22) 1;(p,q)| < Clg)3lp|1*.

We can similarly obtain

(2.23) /H [h]=+ /W'hI \E(p, @) dp < Clg)™

Therefore, (2.20), (2.21) and (2.23) yield

(2.24) {// i(p+h,q) — Li(p ,q)lzlhl“"gdpdh}l/ze L*(R)
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for 1 <j < 3. Since (p)~ € C=(R?) and I;(p,q) = (p)~2L;(p,q), we
conclude that

(2.25) {//D (p+h,q) - <,q>l2|h|-4-%dpdh}1/2eL2<R2>

for 1 < j < 3.
(Estimate on Ds). Since I;(p, g),
1

<
[p] > 2, it easily follows that for J

1 < 5 £ 3 have no singularity for
<j<3

1/2
(2.26) {// (p+h,q) ~ (,q)[2|h|—4——dpdh} e L*(RY).
Dy

We omit the proof of (2.26). 5
(Estimate on Dy). Since I;(p, q) = (p)~2I;(p, q), by (2.22) we have

(2.27) 1Z;(p, @) < Clg)~>(p)?|p| 1.

By the change of variables p’ = p + h and (2.27), we obtain

(2.28) / /D (0 + hyq) — I(p, @) PIh|~*# dpdh
<C

{ILi(p+ h,q)> + |L;(p,9)*}
|k|>1 JRS3
x k|~ * dpdh
<c[ i / L, (p + b, @) 2dpdh
R3

1hi>1

v [ [ 5 oPdean

[h{>1
(p, q)lzdp>

= 20(/h[>1 |h|—4—%dh) ( N 17
<o( [ e van) ([ )l ) )

< Clg)~*°

At the last inequality we have used the assumption that 0 < 7 < 1/2.
Accordingly, (2.28) gives us

(2.29) {/L i(p+hq) = Ii(p,q)P|h] ™4~ ﬂdpdh}l/ze L*(Ry)
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for 1 < 5 < 3.
Thus, (2.19), (2.25), (2.26) and (2.29) show (2.7). Since the other terms of
(2.2), (2.5) and (2.6) can be evaluated more easily, we obtain Lemma 2.2

for Ky(z,y).
In the same way as above we can prove Lemma 2.2 for
Ki(z,y). (QED.)

Remark 2.1. — We note that K; ¢ H*(RS), j = 1,2 for s > 3, because
the singularity of K i(p, ¢) near p = 0 is too strong. Therefore, for example,
Lemma 6.1.5 in Chapter 6 of [2], which is well known, can not be applied
to K; and K. The Fourier multiplier theorem of the Mihlin type can not
be applied to K; and K», either (see, e.g., [2, Theorem 6.1.6 in Chapter 6]).
This is because the set of singular points of K, and K, is not one point
but the region {(p,q) € R® x R%p = 0}.

The following corollary follows immediately from the proof of
Lemma 2.2.

COROLLARY 2.3. — Assume 0 < 1 < 1/2. Let J;(p,q), j = 1,2 be the
tempered distributions on R® x R? such that

. ~ (p-g—Dlp+g*™

Ji(p,q) = 2{pl?lg? = (p-)? + Ip+ a?Hp + ¢)*(p — )3 (p)(q)’
) 247

J2(p7 q) = ,p+ ql

C2{IpllaP - (2 + Ip+ P} P + )2(p — ¢)*
for p,q € R3. Then,

Ji(z,y), Jo(2,y) € L'(R® x R).

1
Proof. — We use the change of variables r = ﬁ(p + ¢q) and
1
8§ = —(p — q). Then, we have
ﬁ(p q)
. —1-n/2|,.124+7n
J2(T? 3) = 2 ITI

(lr|2ls|2_(r.s)2+ITI2)<%T>2<%S>8.

Since the above change of variables is a unitary transform from RS to

1
RS and <——23> € W*>(R?), the proof of Lemma 2.2 implies that
J(z,y) € LY(R3 x R3).
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Noting (p - ¢ —1)/((p)(g)) € W*>*(RS), we can show Jy(z,y) €
L'(RS) in the same way as Jy(z, ). (QED)

We next state an elementary lemma concerning the properties of the

integral operators appearing in the normal form of (1.1)-(1.2) (see, e.g.,
(3.14) and (3.15)).

LEMMA 2.4. — (i) Assume K (z,y) € L*(R® x R3). Let p, g and r be three

1 1
numbers such that 1 <p, q 7 < oo and = = = + =, Then,
T P g

H// K(z - y,z - 2)f(y)g(2)dydz
R3xR3 o
< 1K@l flles llgllze, £ € L7, g € L.

(ii) Let K(z,y) be a tempered distribution on R® x R® and let & > 0. We
put Ko(z,y) = F~Ylp + q|*K (p, q)). Then,

892 [ [ Kle= v -2 @)
= // Ko(x —y,z — 2)f(y)g9(z)dydz, f,g€S.
R3xR3

Proof. — Part (i) follows immediately from Hélder’s inequality.
We show (ii). By the change of variables § = z—y and 7 = z— z, we have

//Rsxm K(z vy, - 2)f(y)g(2)dydz
=//K(w—y,w—z)
X (27r)_6< / evr f(p)dp) ( / #a5(q )dq)dydz
=(2m)"¢ / / [ / / eVPTEIR (p —y g — z)dydz]

x f(p)§(q)dpdg
27r // iz-(p+q) [// —igptia) y z)dydz}
x f(p)g(q)dpdg

(2m)~ / / =D K (p, q) f(p)§(q)dpdg.
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On the other hand, we note that
(=0)2 2= WD) = F7U|E6(6 - (p + q))]
= [e=<lelste - o+ e
= = PHDlp + g7

The above two identities yield
o [ [ Ky -2 ge)duds
R3xR3
—eme [ [ e g K0 f(r)ila)dnda
R3xR3
=en [ [ e R (.0 /()i a)dda
R3xR3

which implies that (ii) holds. (QED)

We now describe the lemma concerning the L? estimate of quadratic
term, which will be useful for the evaluation of the nonlinear term of (1.1).

LEMMA 2.5. — Assume that the spatial dimensions are three. Let
0 < & < 1072. Then,
(2.30) llvwllas: < C{|vl|ms [[wllwes.era-20

+ [[vllwze.szors w56 670 2e w1552}

where C depends only on ¢, and
a = (5289 — 220¢)/(5500 — 220¢).

Furthermore, the following relation holds

107
(2.31) Il—d+(1—a)(1+8)2 1+e.

Proof. — We first evaluate the L? norm of the 51st derivatives of vw.
We have

(2.32) > 18z (vw)|lze
|a|=51
<c Y llemeazull
log[+]|ez|=51
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=C > |02 el
fa1|+lez]=51
26<]a; {<50

+C Z (|01 %2 w|| 2

[a1 ]+]a2]=51
Jor1 [=51

+C Y (oo

|oy |+ |az]=51
Jay]<25

=L+ 1+ 1.

We note that if 26 < |a;| < 50, then |ay| < 25. Therefore, we have by
the Sobolev imbedding theorem

(233) L<C > 1822 v)| parc1+e || 022 w]| os1-2e)

|o1|+[e2|=51
Ja1]<50,ja2]<25

< Cllvllas: [[wllwas.era-ze .

We next note that if |oy| = 51, then |az| = 0. Hence, we have by the
Sobolev imbedding theorem

(2.34) L<C S 1182l ljwllz=
oy |=51
< Cllvlgs||w||wie/a-z20).

Moreover, we have by Holder’s inequality

(235) 13 S C Z lla:IUHLzzo/aIla:z’w”Lzzo/uﬂ

lay|+|o2]=51
fa1]<25

< CHU'Iwzs,zzo/a Z ]|8§2w||L220/m7.

26<|az| <51

Let 3 be a multi-index such that |3] = |a2| — 25 and §; < a2, 1 <1< 3,

where 3 = (01, 52,03) and as = (@91, @22, 23). The application of the
Gagliardo-Nirenberg inequality yields

(236) Ha:z’w”Lzzo/nn = ||8:2_B(G£TU)”L220/107
—<- CnawaIL;/a(l—m”35“1”%26,
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where
a = (5289 — 220¢) /(5500 — 220¢)

(for the Gagliardo-Nirenberg inequality, see, e.g., [4]). For the proof of
(2.36), we need the following relation

laz| - |ﬂ|
ool — 18] +1 =@

which follows from the facts that |ap| — |8] = 25 and that 0 < e < 1072,
Since |G| = |aa| — 25 < 26, we have by (2.35) and (2.36)

(2.37) Is < Cl[llwas zaoss|wlliyst,s/a 20 1wl

Inequalities (2.33), (2.34) and (2.37) give us

(2.38) > 1182 (vw)||ze
|a}=51
< C([|v]]as:||wllwas.sra—2e

+ “U||W25»22°/3“w“%;;;s,s/(l—%)

w|[gs2)-

On the other hand, we easily see by the Sobolev imbedding theorem that

(239) ||U’LUHL2 S ||'U“L3/(1+e)”wlILS/(1—2e)

< Clllg {lwlizera-20.

Since we have by interpolation

D118z (ow)llze < Cllvwllzz**H (S 1102 (vw)][2) ¥/

loe|=k [a]=51

for 1 < k < 50, we obtain by (2.38) and (2.39)

Y 1162 (vw)llz: <O(lollas [lwllwes oo

la]<51

+ {[vllwas.zore | 1wl e 0] o),

which shows (2.30).
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Finally, the relation (2.31) is equivalent to

61 220
< 22
€= 5283 T 5os3t

This relation holds if 0 < & < 1072, Thus, the proof of Lemma 2.5 is
completed. (QED)

Conceming the unique local solvability of (1.1)-(1.3), we have the
following lemma.

LemMA 2.6. — Let N be the spatial dimensions.

() Assume N = 1. Let ug € HY(R), u; € L3(R), nyo € L?(R) and
ny € H Y (R). Then, there exists a T > 0 depending only on ||uo|| g,
[lu1llz2, l|nollz2 and ||ni)] g1 such that (1.1)-(1.3) have the unique local
solutions (u(t),n(t)) on [0,T] satisfying

(2.40) we [0, T H I (R)),
(2.41) ne () C(0, T, H (R)),
(2.42) anébﬁmTLH~%R»,
(2.43) 8%n € C([0,T); H %(R)).

In addition, if uo € H™R), u1 € H*'(R), np € H* '(R) and
ny € H™ 2(R) N H™Y(R) for an integer m with m > 2, then the above
solutions (u,n) satisfy

(2.44) u € ﬁ ¢’([0,T]; H™(R)),
(2.45) n € ﬁ ([0, T); H" 7 (R)).

(ii) Assume N = 2,3. Let uy € H*(RN), u; € H{(RY), no € HX(RY)
and ny € L*(RN) N H-Y(RYN). Then, there exsits a T > 0 depending only
on uollgz, Juillar, ||nollar and ||n1llp2qg—1 such that (1.1)-(1.3) have
the unique local solutions (u(t),n(t)) on [0,T) satisfying

(2.46) ue () ([0, T); H* 7 (RY)),

=0
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2

(2.47) n €[] Co(0,T); H'(RN)),
=0

(2.48) dm € C([0,T); HY(RN)),

(2.49) d%n € C([0,T); H-2(RN)).

In addition, if uy € H™(RY), u; € H" '(R"), ny € H™ Y{(R") and
ny € H™2(RN)NH-Y(RY) for an integer m with m > 3, then the above
solutions (u,n) satisfy

(250) we (YO0, T H™=5(RM)),
j=0

(2.51) n € ﬁ c([0,T); H™1H(RM)).
j=0

(iii) Assume N = 3. In addition to the assumptions in (i), if ng € H-!
and ny € H™2 then the solution n for the wave equation part of (1.1)-(1.3)
given by (i) and (ii) satisfy
(2.52) ne CH[0,T]; H™Y),

(2.53) dm € CY([0, T); H™?).
Lemma 2.6 follows from the standard iteration argument. We note that

H'(R) — L=(R) for N = 1 and H}(R") — L*°(RY) for N = 2,3.
We leave the proof of Lemma 2.6 to the reader.

Remark 2.2. — In Lemma 2.6, we need not assume that (ug,u;) are
real-valued. It follows from the uniqueness of solutions that if ny and n;
are real-valued, n(t,z) is a real-valued function.

If no and n; are real-valued, then the solutions (u,n) of (1.1)-(1.3)
formally satisfy the following energy identity:

(2.54) E(u(t), 0yu(t), n(t), 9yn(t))
= E(ug,u1,m0,n1), t >0,

where
E(u,8su,n, 8n) =||Vu||3: + [|0su|i2.
- {nf3s + 11(~2) 20| 2. + /R nfuf?da.
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The global existence theorem for small initial data follows easily from
Lemma 2.6 and (2.54), when N = 1,2.

THEOREM 2.7. — Let N be the spatial dimensions. Assume that (ug, u,) and
(no,n1) are complex-valued and real-valued functions on RY, respectively.

() Assume N = 1. Let ug € H'(R), u; € L*(R), ng € L*(R) and
ny € H™'(R). Then, there exists a § > O such that if

ol + [Jwallze + lInollz2 + [Inal| g <6,

(1.1)-(1.3) have the unique global solutions (u,n) satisfying (2.40)-(2.43)
with the existence time interval [0,T] replaced by [0, 00). In addition, if ug €
H™R), w1 € H* Y(R), ng € H"Y(R) and n, € H™?(R)n H-1(R)
for an integer m with m > 2, then the above global solutions (u,n) satisfy
(2.44) and (2.45) with the existence time interval [0, T replaced by [0, o).

(ii) Assume N = 2. Let ug € H*(R?), u; € H (R?), ng € H'(R?) and
ny € L*(R?) N H~Y(R?). Then, there exists a § > 0 such that if

lluol [ + [l llz2 + lImol 2 + [lmall g+ <6,

(1.1)-(1.3) have the unique global solutions (u,n) satisfying (2.46)-
(2.49) with the existence time interval [0,T) replaced by [0,00). In
addition, if wo € H™(R?), u; € H™Y(R?), ng € H™ Y(R?) and
ni € H™2(R?) N H-Y(R2) for an integer m with m > 3, then the
above global solutions (u,n) satisfy (2.50) and (2.51) with the existence
time interval [0,T)] replaced by [0, ).

Part (i) of Theorem 2.7 follows immediately from Lemma 2.6 (i) and
(2.54). In the proof of Theorem 2.7 (ii), we need to use the logarithmic
Sobolev inequality for N = 2, together with Lemma 2.6 (ii) and (2.54)
(see [3]).

Remark 2.3. — When N = 2 or 3, by (2.54) and the Galerkin method
we obtain the weak global solutions (u,n) € L*°(0,00; H(RV)) @
L>(0, 00; L*(R™)) for any small initial data (ug, u1,79,n1) € H'(RY) @
L} (RY) @ L*(RY) @ H-'(RY). However, the uniqueness of the above
solutions in the energy class is not yet known.

3. PROOFS OF MAIN RESULTS

In this section we describe the proofs of Theorem 1.1 and Corollary 1.2.
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We first find the transformation which transforms (1.1)-(1.2) into a new
system with cubic nonlinearity. Following Shatah [12], we introduce the
new unknown functions v(¢,z) and m(t, x):

(3.1) v =u— [n,Gq,u] — [Oyn, Ga, By,
(3.2) m =n — [u, Hi,u] — [Oyu, Ha, Byul,

where G; and H;, 1 = 1,2 are the kernel distributions to be determined
later. Here and hereafter the time variable ¢ is omitted when this causes no
confusion. A simple calculation gives us

(3.3) 87v = 8%u — [An,G1,u] — 2[8;n, Gy, 8,u]
= [n,G1, Au — u] — [A8n, G, Byu] ~ 2[An, Gy, Au — 1]
— [8in, G2, AByu — By
+ Fi(u, 8yu,n, 8;n) + Fy(u, 8yu,n, 8yn),

where

(3.4)  Fi(u,8,u,n,8n) = —[Aul?, Gy, u]
— [n,G1,nu] — 2[An, G, nu]
— 2[ARe(wd;u), Gs, 6,u]
— 2[AJuf, Gy, Au] + 2[Alul?, G, u]
— [0¢n, G, ud¢n] — [8n, G2, ndyul,
(3.5)  Fa(u,8u,n,8,n) = =2[Aul?, Gq, nu.

Moreover, we have
(3.6) (~A+1)v=-Au+u+[An,Gy,

3
+2 [8;n, Gy, 8;u] + [, G, A
7=1

— [n,G1,u] + [Adn, G2, Bu)
3
+2 (8,0, Go, 8;0,u] + [8yn, Gy, Adyul

=1

— [Osn, G2, Byu).

Vol. 12, n° 4-1995.



482 T. OZAWA, K. TSUTAYA AND Y. TSUTSUMI

Therefore, by (3.3), (3.6) and (1.2) we obtain
(3.7) 8v—Av+v=—nu—2[An,G,, Ay

3
+ 2[An, Gy, u] + 2 Z[ajn, G1,0;u]
7=1
3
= 20, Gr, 8pu] +2°) " [0;0,m, Gz, 0; 0]
7=1
+ F1(u, 0u,n, 0;n) + Fy(u,dyu,n, d;n).

Since F} is cubic and F} is quartic, Fy and F, cause no trouble as long as
we consider solving (1.1)-(1.3) around zero. It is the quadratic terms that
cause trouble. Accordingly, we choose the kernel distributions G; and G
so that all quadratic terms in (3.7) cancel out:

(3.8) —nu — 2[An, Gy, Au] + 2[An, Gy, u]

3
+2 Z[ajn, G1,0;u] — 2[0yn, Gy, O,u]

j=1

3
+2 Z[ajatn, Gz, ajatu] =0.

We can write
)@ = [ [ nly)ote - y)oto - 2ule)dye,

where 6 is the Dirac delta function on R3. Therefore, we take the Fourier
transform of (3.8) to obtain

(3.9) {-1- 2!1’!%|Q|2G2(P> q) — 2|p|*Ga(p, )
= 2p - qG1(p, @) }(p)i(q)
+{=G1(p,q) — p - 4Ga(p, q)}8:(p)Beii(q) = 0.

Ip order tl}at (3.9) holds for all 4, 8,4, 7 and 0,7, the kernel distributions
G, and G, must satisfy

— 1 - 2ip*|¢|*G2(p, q) — 2Ip|*G2(p, q) — 2p - ¢G1(p,q) = 0,
- Gi(p,q) +p-qG2(p,q) =0,
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which imply

) B p-q
(3.10) Gi(p,q) = 2{pl2[g? — (- @)% + P2}’
(3.11) Ga(p,q) -

T 2Pl - (- 92 + PP}

The same procedure as above yields

- _ (p-g—1)lp+q
(3.12) Hi(p,q) = 2{pPlaP - (p- Q)2 + |p + q|2}
(3.13) Hy(p, q) et

T2 pPlP - (-9 + I+ 7}

Formally, the functions v and m given by the transformation (3.1)-(3.2)
with (3.10)~(3.13) satisfy the following new system with the nonlinearity
higher than quadratic:

(3.14) 8}v — Av + v = Fy(u, dyu,n, d;n)
+ F5(u,dyu,n,8n), t >0, z € R3,
(3.15) 8;m — Am = F3(u, dyu,n, dyn)

+ Fy(u,8u,n,8mn), t >0, r € R?,

where Fy and F, are defined in (3.4) and (3.5), respectively, and

(3.16) F3(u, Ogu,n, 0yn) = —[nu, Hy,u]
= [u, Hy,nu] — [udyn, Hz, b;u)
— [nOsu, Ha, 8,u] — 2[nu, Hy, Au]
+ 2[nu, Ha, u] — 2[Au, Hy, nu)
+ 2[u, Hy, nu] — [8yu, Ha, ubsn)]
— [0y, Ha, ndyu),

(3.17) Fy(u,8vu,n, 0in) = —2[nu, Hy, nu.

However, G, (p,q) and Gz(p, g) have the singularity near p = 0. In addition,
Hi(p, q) and H,(p, q) are not regular near p = —g, although they are locally
bounded near p = —gq. These singularities make our problem difficult. In
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order to overcome this difficulty, we use Lemma 2.2, Corollary 2.3 and the
special property of the system (1.1)-(1.2).

We show the following lemma, which will be useful in deriving the
decay estimates of v and m.

LemMa 3.1. - (i) Let k be an arbitrary nonnegative integer and let
0<e<1/2 Weput kj = max(k+ 9~ 7,10 — j) for j = 1,2. Then,

> 1102w (uv), Gy, w]l| psris 20
la|=k
< C{H’U,va[(k+2)/2],6/(1A25)HUHHk+2
+ Hu”Hk+2H’UHW[(k+2)/21,e/(1—2s)}H’w”H;;j

for 3 = 1,2, where C depends only on k and .

(ii) Let k be an arbitrary nonnegative integer, and let 0 < ¢ < 102
and 0 < 1 < 1/2. Then

Z {||w6’8§ [uv> ij w]IILzzo/zn

fa{<k
+ 11702, Hy, e
< C{llullmesse=s||vl| gesiz-s |[w][wices10/21402-5.0/1-20)
+ ]| piee oy zes—5 | [v|lwics+10y 210250/ -20) [|w] | grosrz—5 }

for 7 = 1,2, where C depends only on k, € and n.
(iii) Let k be an arbitrary nonnegative integer and let 0 < € < 1/2. Then,

t
w(()1+4€)/3<9§/ (wg* sinwo(t — s))|u(s)|*ds

0 Wk.3/(14¢)
< C(L+ )03 sup (14 )¢ u(s)|lwicets/msr-z0 }
0<s<t

< { sup [[u(@llmes, 20,

for 3 = 0,1, where C depends only on ¢ and k.

Proof. — (i) We first show (i). Suppose k& > 1. Let K;(z,y), j = 1,2 be
the kernel distributions on R® x R? such that

K;(p,q) = () *Ip|***G;(p, q){g) "+

for 5 = 1,2, and let o be any multi-index with |a| = k. We have by
Lemmas 2.2 and 2.4 (i)
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(3’18) Hag [wg(uv)7 Gj’ w]”Lﬁ/(s+2s)
<C 3 Wy VAW (w), Ky, 0270wl pesioran

lai|+]ez|=k
S C Z ||UJ0_1/2+6(9§1CU2(UU)||L3/(1+5)

[ar|+|az|=k
[az[>1

+0 Y w00 (o)l sl gararo

[al|=k
[a2]=0

=L+

022w ||z

for j = 1,2.
Since H/2-¢ < [3/(+€) and H! < [3/0+48) forQ < ¢ < 1/2, we have

B19) L<C D 162w (uv)]|2]|027w w2

jorl+]oz|=k
Jaz|21

<C > 1102 ud22 ]| 2 ||w]| e
181|182 | S (k= 1)+2

<c{ Y 08ullgero-sollofell s

181]+[B2]<k+1
|811<182]

+ Y 182 ullparase [1820]|ea-20 Hiwl gese-s

|B1]+182[<k+1
181]>182]

< C{l|ullw[(k+l)/2],6/(1—65)”'U”Hk+2

+ llul| grre ||vllwie+ /216 /0-60) W] | greso—s.

On the other hand, since H1/2-¢3/(2=¢) <, [2 and H! — [3/0+e) for
0 < £ < 1/2, we have

W Tw||psrare

(320) L<C Z 11021 w? (uv)]| Losc2-e)

|on =k
<C > 1108 ud ]| psse-ollw]|gios
|B1]+]B2[<k+2
<c{ > 1182 ullpea-n |02
|B1]+1B2|<k+2
18118}
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+ > 108|192 ]| posc-20 Hwl | prro-s
|811+182|<k+2
|B11>]82|

< Clllullwiceray/anera-ze

V|| prese

+ Hullgasz ollwick+2/216 /0 -20 Hw] | o

Accordingly, (3.18)-(3.20) show Lemma 3.1 (i) for k> 1. If £k =0, I,
vanishes and I, alone appears at the right hand side of (3.18). Therefore,
Lemma 3.1 (i) also holds for £ = 0.

(i) We next prove (ii). Let J;(z,y), j = 1,2 be the kernel distributions
on R? x R3 such that

Ji(p,q) = (p+ @) lp+ al"(p) 2 H;(p, g)(a) Hp — ) °
for j = 1,2. By Corollary 2.3 and Lemma 2.4 (i), (ii) we have

(321) > |lwiog[uv, Hj, w]|| gozo/mir

ja]<k
<C Y |l (w), g, w0z w]| o
Jor |4| a2} <k+10
S C Z “wZ—ja;n (UU)HLGGO/(541+214E)

Jorr |4z <k+10
Jer2| <[(k+10)/2]

X sz_ja‘:LwHLﬁ/(lfzs)
+ C Z ||w2_j8;’1 (UU)”L220/107 ||w2'j8:2wHLz

|1 ]|+]o2{<k+10
joz|>[(k+10)/2]

S C Z I|a§(u’l))“L660/(541+214s)
lo|<k+12—j
X [|lw]|wice+10/2142-5.6/01-2¢)
+C Y WP (wv) || peeopror | [w? IO w2

|t [+ ]z | <E+10
laz | <(k+10)/2]

S C{ Z llaglua:2’l}”L660/(541+214s)

lan]+]oz|<k+12—j
|z |<[(k+12-5)/2]

+ Z IIaglua:z’UHLeeo/(qurzme)}

| [ +Hoz | <k+12—j
lag|>[(k+12—7)/2]
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X | Jw]|yice+10)/21+2-5,6/(1-2¢)
+ Cllullwick+10)/2142- 5,660/ (211 - 220¢)
X |[ollwik+r0/202- 56/ (- 20) [|w] | rasrz—s
< C{“UHHHI%J'||Ul(W[<k+12~j>/2},660/<211-2205)

V|l prera-s}

+ ||u|[wick+12-5 /21,6507 (211 ~220¢)
X ||w]|wick+10) /2142 5.6 /1 —26)
+ C“ullW[(k+10)/21+27j,660/(211—2205)

X ”UIlW[(k+10)/2]+2—j,6/(1~2£)HwHHk+12—j-

At the third inequality of (3.21) we have used the following relation:

(3.22) Slullze < llullwes < Clloulos,
l1<p<oo, keN

(see, €.g., [2, Theorem 6.2.3 in Chapter 6]). Since H! « [660/(211-220¢)
for 0 < £ < 1072, by (3.21) we obtain Lemma 3.1 (i) for [uv, H;, w]. The
proof for [w, H;,uv] is the same as above.

(iii) We show (iii). By Lemma 2.1 (ii) we have

(3.23) 10 (wq €™t )| L3140

< Cltl—(l—Qe)/SlIwo—(1+4€)/3+j(p”L3/<2_5)7 ¢ ;é 0, j=0,1.

We prove (iii) only for j = 0, because the proof for j = 1 is the same.
We first note that

(3.24) Hwg flle < Cllfllwes,
0<s<k, keN, 1<p<oo.

For (3.24), see, e.g., [2, Theorems 6.2.3 and 6.3.2 in Chapter 6]. By (3.23)
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and (3.24) we have

|

t
Wi/ / (wg ' sinwo(t — 8))|u(s)|2ds
0

W3/ (14e)

t
<C [ (t= 9 I ulo) e
0
t
< C/ (t - 8) a- 25)/3”u ||W[k/2] 6/(1-2¢)
0
t
< C/ (t — s)~(1=2/3(1 4 5)~1egs
0

X {OS<11P (1+ )" Nlu(s)|lwwrnssa-20}

( )HdeS

x { sup [fu(s)l]m}

<C(1+t)” (1 25)/3{0s<up (14 )" Ju(s) | lwirrz10/0-200}

x { s<u[<) Hu(s)||m+}, t>0.

_s_

This shows Lemma 3.1 (iii) for j = 0. The proof for the case of j = 1 is
the same as above. (QED)

We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. — For the proof of Theorem 1.1, we need derive
the decay estimate and the energy estimate of solutions to (1.1)-(1.3). Let

(u, n) be the local solutions of (1.1)-(1.3) given by Lemma 2.6 (ii), (iii) and
let (v,m) be the functions given by the transformation (3.1)-(3.2). We put

X(t) = sup {2(1 + 514][5u(5) lyao-sers 20

0<s<t L —0

+Z 169 u(s)| | gse— J+Z + 5)107/119)1 57 ()| |25 s.220/3

j=0

+Z|aﬂ |Hsu+_2naﬂ M- |

for t > 0. Let & be a positive constant satisfying the relation (1.6), which
will be determined later.

We begin with the lemma concerning the decay estimate of the solutions.
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LEMMA 3.2. — Let 0 < € < 1072. Then, the solutions (u,n) of (1.1)-(1.3)
satisfy

1

D (1 + 1) e j0f ult)lwae-sera-ze

=0

1
+ 2(1 + t)107/110||8tjn(t)HW25_j,m/3
Jj=0

SC{1+86+6)5+6XH)+(L+8X(E)2+ X (1) + X ()%},
t>0,
as long as the solutions (u,n) exist. Here, C does not depend on § and t.

Proof. — We rewrite (3.14) and (3.15) as the following integral equations:
(3.25) v(t) = (coswt)vy + (w ' sinwt)v,
+ /t w™sinw(t — s){ F1(u,05u,n,dsn)
+ FS;(u, Osu,m,0sn)}ds, t >0,
(3.26) m(t) = (coswot)mo + (wy ' sin wot)m;
+ /t wy ! sinwo(t — 8){ Fa(u, dsu,n,d,n)
+ Fi(u, Osu,m,0sn)}ds, t >0,

where Fy, F5, F3 and F, are defined in (3.4), (3.5), (3.16) and (3.17),
respectively, and

(3-27) Vg = Ug — [no, G1,U0] - [nl, Gz,ul],
(3.28) w1 =wuy — [n1, Gy, u] — [no, G1,u1]
- [A(no + |u0]2), G2, u1] — [n1, Gz, Aug — ug + nouy),
(3'29) my =79 — [Uo,Hl, Uo] - [U17H27U1],
(3-30) my=mng; — [Ul,H1,U0] - [UO9H17U1]
— [Aug ~ ug + ngug, Ha, u1]

- [ul,Hz,Auo — ug + nou0].

We first show the decay estimate of . For that purpose, we evaluate v by
using (3.25). By Lemma 2.1 (i), (3.22) and the assumption 0 < € < 1072,
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we have

(3.31) 107 {(w ™t sin wt)o}| posi—ze)
< CA(t)H(p”Wl+j,6/(5+2c), t>0

for j = 0,1, where
(3.32) A(t) = (1 + t)"20+0)/34=(1+e)/3

and C does not depend on ¢.
We take the W?6:6/(1=2¢) norm of (3.25) to obtain by (3.32) and the

Sobolev imbedding theorem
(333) ”U(t)HWZS,S/(l—2e) S C(l + t)_l‘s

X (HU0||H78 + ”UOHW2&6/(5+25) + ”’U1HH27
+ Jvillwersrceaa) + C/o At — )

X {[]Fl(u, Bsu, n, 8Sn)HW27,6/(5+25)
+ HF2(U, Bsu, n, Bsn) l IW27,6/<5+25) }ds

In the same way as (3.18) and (3.19), we have by Lemmas 2.2, 2.4 (i), the
Sobolev imbedding theorem and (3.27)-(3.28)

(3.34) |[vollazs + ||vollwes.s/cst2er + |Jur]] pror
+ lvillweressrze
< luollmzs + [[uollwas.e/s e
+ Cllug — uollwao.6/(s+2)
+ ”ulHH27 + Hu1HW27,6/(5+25)
+ Cllvr — ualw2e.6/s420)
< €6+ C(lInollao + lInoll g1 )luollres
+ C(lInallaso + |[nall g-2)llual|aer
+ Cllnallms + lInalfg-0)luoll mos
+ C(lInollm + {Inollg-)llu] pree
+ C(llnollmss + [Juol{Frar) | msr
+ ClInallaso + imal{g-2)(Huollmee + {luollmar|Inol|mer)
< C(1+ 6+ 6%)8,
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where C does not depend on 6.
We next evaluate the W276/(5+2¢) norm of F;. By (3.4) we have

(3.35) HF]_(S)HW27,6/(5+25) S C{“[Alulz,Gl,u]HW27,e/(5+2s)
+ ||[n, G1, nu]

lwers/ss2e) + ||[An, G, nul||war.s/c+2e)
+ [|[[ARe(udsu), Gz, Osu]||wer.ess42e)

+ H[A[ulz, G, A“‘]HW?7,6/(5+25)

+ [[[Auf?, Go, ulllwarsre+20

+]1[0sn, G2, udsn]|lwer.e/s420)

+ |[8sn, G2, n0su]| w27 /5420 }-

We evaluate only the second and fourth terms at the right hand side of
(3.35), since the rest terms of (3.35) can be similarily estimated.
We first note that

(3.36) n(s) = (coswos)ng + (wy ' sinwes)ny

+ /Os(cuo_1 sinwg(s — 7)) Alu(r)2dr.

By (3.36), (3.22)-(3.24), Lemmas 2.2, 2.4 (i), 3.1 (iii) and the Sobolev
imbedding theorem, we have

(337) [[[n,Gl,nu](s)[IWz7,s/(5+zs)
< H[(COS wOS)n07G1,nu]llwz7 6/(5+2¢)

+ [|[(wg * sinwos)ny, G1, nulllwars/si2e)

H U (wy sinwo(s — 7))w?

x |u(T)[2dr, Gl,nu}

W27,6/(5+2¢)
=H[ S 2(C0SW08)H0,K1, 8(nu)]“W27,6/(5+25)

+H[ ~1-2¢/3 2(w0 SlIleS)’nl,Kl, 8(’nu)]”W27,6/(5+2e)
+leé'25/3w2/ (wy ' sinwy(s — 7))
0

X |u(r)|*dT, Kl,ws(nu)]

W27.6/(5+2¢)

_<_ {H 01 2¢/3 2(COS£U08)’IL0HW27321/(105 107¢)
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+ ”w()—l—25/3w2(w0_1 sin wos)’nll|W27,321/(105‘1075)

S
+ w(l,—25/3w2/ (wg ! sin wo(s — 7))
0

X |u(7)|*dr

W27,321/(105~107e)}
X st(’n’u)l|W27,642/(325+42as)

S C{,,w5105/107+45/3w2(008 wos)nollw27,3/(1+e)

+ ||w0_105/107+45/3w2(w0_1 sin wos)’nl“ww,s/(1+s)

S
W2O/2H(F40)/3 2 / (wg ' sinwo(s — 7))
0

W27,3/(1+s)}

X IIwg(’n’u)lIW27,542/(325+4285)
S C(l + 3)_(1_26)/3{Hw()_ml/:nlwzno“W27,3/(2~5)
+ ”wo—105/107+45/3w2

+ Hwo—422/321w2n1||W27,3/(z_5>

i ”wo—212/107+4e/3w2

+

X |u(T)|2dT

’I‘Lollea

’I‘L1||H28

+ ( sup (1 + 7')1+6“U(7')Iles,s/(1—2e))
0<r<s

X ( sup HU(T)HHBO)}Ilnullw35,642/(325+4285),
0<7<s

where K is defined as in Lemma 2.2 with n = 2¢/3. At the last inequality
but one we have used the fact that H2/107+2¢,3/(1+¢) ., J321/(105-107¢)

0 <& < 1072 The standard interpolation theorem yields

(338) ]lwo_101/321w2’n0IIW27,3/(2—5)
+ Hw—105/107+4e/3w2
0

+ |]w0_422/321w2n1 I |W27,3/<2,5)

n HC‘10—212/1074-45/36‘)2711”Hza

TL()HH28

< C{linollmso + lInoll -1 + [Inollswao 220217
+linallmz + lInallg-2 + linalwas.ze 2} < €6

(see, e.g., [2, Theorem 6.4.5 (7) in Chapter 6]). A direct calculation and
the Sobolev imbedding theorem give us
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(339) ||nullw35,642/(325+4285)

S C Z [|8‘z’1n8§2u||L64z/(325+4235)

Jar+]a2 <35
fo1[<az|

+C Z |lasln3:2u||Ls42/(325+4285)

lo1|+}o2 {<35
loa |>]az]

S C’||n| |W17,220/3 ||u| |W35,70620/(34787+470805)

+ C”nl|W35,70620/(34787+470805) |IUHW17,5/(1‘25)
< C(1+ )70 sup (L4 7)1 |n(7)|lwar.m0r2)
0<7<s

X (Oiggs [[u(T)||mse)
+C(1+ S)‘(”e)(oiggs |In{7)|| g3

X ( sup (1 + T)1+€”u(7')||W17,s/(1725)).
0<r<

By (3.37)-(3.39) we obtain

(3-40)  |l[n, Ga, nu](s)llwereres20
<C+s) 176+ X(s)?}X(5)% 0<s< ¢,

We next evaluate the fourth term at the right hand side of (3.35). By
Lemma 3.1 (i) we have

(3.41) I[ARe(ud,u), Ga, Osul(s)llwar.ers+20
S C{Hu”wu,s/(l—ze)

+ HUHH29HasU“WIA,s/U—ze)}Has’uHHu
<O(L+5)77°X(s)’, 0<s <t

85’U,HH29

Since the other terms at the right hand side of (3.35) can be similarily
evaluated, we obtain by (3.35), (3.40), (3.41) and (3.32)

t
(3.42) / At = 8)||F (w, Bytt, 1y Bym)[lyyamesiss2er s
0

<O +s)77 6+ X(t) + X ()7} X (1),

where C does not depend on 6 and ¢.
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In the same way as the case of F), we obtain

t
(343) / A(t - S)”F2 (U, BSU, n, asn)”W27,s/(s+2e)d8
0
SCQA+s5)X(t)*,

where C does not depend on § and ¢.
Therefore, (3.33), (3.34), (3.42) and (3.43) yield

“’U(t)”wze,s/u—&) < C(l + t)_l“s{(l + 6+ (52)(5
+6X()+ X () + X(¢)%), t >0,

where C does not depend on 6 and ¢. Since the W25:6/(1=2) norm of 8,0
can be similarily evaluated, we obtain

(344) Z(l + t)1+EH8ij'U(t)”W26—j,6/(1~2e)

Jj=0

SCO{(1+6+6%)8+6X(8)" + X(¢)° + X(1)*),

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C does not
depend on 6 and ¢.

It remains to evaluate the second and third terms at the right hand side
of (3.1) in order to obtain the decay estimate of w.
By (3.36) and Lemmas 2.1, 2.4 (i) we have
(345) ||In, Gy, ullfyyae.r0-20
S ]][wo_l_sﬁwz(cos th)no, Kl, wsu]“wzs,s/(l—zs)

+ ||[w0_1*5/2w2(w0‘1 sin wot)ny, K1,wu]||yyee.6/0-20)

t
+ [wo_lhsmwz/ (wo ' sinwg(t — s))
0

x Alu(s)*ds, K1, wbu]

W26,6/(1—2¢)
—1-e/2 9o
S C{Hwo w (COSLU()t)TL()szs,e/e

+ ||w0_1*5/2w2(w0_1 sin wot)ny||pyze 6/

—1—g/2

+ | lw, wz/o (wo * sinwy(t — 8))Alu(s)[*ds

W?26.6/¢ }
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X stu[lwzs,s/mf:zs)
< C{]le(cos wot)nollwze.sra+o)
+ [Jw?(wp !

w? /0 (wit sinwo(t — 8))Alu(s)|*ds

sin wot)n | |er,3/(1+s)

+

W25,3/<1+e)}

where K is defined as in Lemma 2.1 with n = ¢ /2. At the last inequality
of (3.45) we have used the fact that H1*+</23/(1+) —, [6/¢ By (3.23), the
Sobolev imbedding theorem and the interpolation, we have

(3.46) |lw28; 7 {(wy* sinwot)n; }Hlwasssase

< CO+ 077 g e + Il
oy O3 o)

< C(1+ )29 (ln | g + [Injll g1
+ ||n;|lweo-5,220/217)

< C(1 410235 j =01,

X ”wsullwzs,s/(l—se),

where C does not depend on 6 and ¢. Furthermore, Lemma 3.1 (iii), (3.22)
and (3.24) yield

(3.47) }wz /Ot(wo_lsinwo(t—s))AIu(s)Ist

W26,3/(1+¢)

t
< Cl wélHe)/s/ (wy * sinwo(t — 8))|u(s)|?ds
0

W30.3/(1+¢)
< C(1+ )"0 sup lu(s)llwisera2e}
0<s<t

x { sup |Ju(s)||mso2}-
0<s<t

On the other hand, (3.22) and the Gagliardo-Nirenberg inequality give us
(3.48) ||wullwze/a-00 < Cllullwssssci-se
< Cllullwasera-ao +C Y Y [102(85u)]|Lssa-s0)
la|=8 18<|8|<26
< Cllullwee.s/a-20)
+C Y 10%ullies 107l a0,

18<|p1<26

Vol. 12, n® 4-1995.



496 T. OZAWA, K. TSUTAYA AND Y. TSUTSUMI

where
_ 16+e¢
T 2(25—¢)
For the proof of (3.48), we need the following relation:
8 <b— 16 +¢ 7
26 ~ 2(25 —¢)

which is satisfied for € > 0. If 0 < € < 10~2, then we have

2 5
(1—b)(1+6)25+§€,

which is equivalent to 2 + €2 > 153¢. Therefore, by (3.48) we have

(349) ]|w8ullwzs,s/(1_ae)
< CA 48717 sup (1 + 8)'*¢||u(s)|lwassrca-2er }
0<s<t
+ C(l + t)_(2+55)/3{ sup (1 + 5)1+€”u(S)HWZG,G/(l—Ze)}l—b
0<s<t

X {Oiggtliu(S)IIHsz}b-

By (3.45)-(3.49) we obtain

(350) “[TL, Gl, U]Ilwzs,ﬁ/(IAZE)
S C+8)71 {8 + X(1)*}X (1),

where C does not depend on ¢ and {. In the same way as above, we obtain

(3.51) ”[61;71., Gz, 6tu]”W26,s/(1-25)
< CA+ )7+ X ()X (@),

where C does not depend on é and ¢.
Accordingly, (3.1), (3.44), (3.50) and (3.51) yield

(1 + t)1+€l|u(t)“w26,ﬁ/(1—25)
SC{A+6+8)6+6X () +6X 1)+ X(2)* + X(0)*},
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where C does not depend on § and ¢. Since the derivatives in t of the
second and third terms at the right hand side of (3.1) can be similarily
evaluated, we finally obtain

(3.52) Z(l + t)1+6|la{u(t)”w26—j,6/(142s)

i=0

SC{(1+64+6H6+6X(1H) +6X(1)*+ X()* + X(1)*}, t >0,

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C' does not
depend on § and t.

We next derive the decay estimate of n. For that purpose, we first evaluate
m by using (3.26). By Lemma 2.1 (ii), (3.22) and (3.24) we have

(353) llag{(wo_l sin th)(,O}”L220/3
S Cltl—107/110 min(H(p”W1+j,220/217, ||wé/4(,0HW1+j,220/217),
t#£0, j=0,1.

We take the W25220/3 pnorm of (3.26) to obtain by (3.53) and the
Sobolev imbedding theorem

(354) Hm(t)”wzs.no/a < C(l + t)_107/110
x {HnOHHT’ + Hnollww,no/zn

+ ”“"O_InIHH27 + Hnlllwze,nonw}
t
+ C/ (t - 8)_107/110{!Iwé/4F3(u7 83'1],7 n) 8s’nt)”W26,220/217
0

+ Hw(l,/4F4(u, asu,n,asn)nwm,zzonu }ds, t Z 0.

By (3.16) and Lemma 3.1 (ii) with n = %, we have
(3.55) lwo!* Fa(u, 84w, n, 8m)|lyas.220 217

< C{lInllmer [Jullaer [Jullwie.s/a-2
+ {Inllz2o [ullwis.osc-2) [l rar }
+ C{l10anl| s [Jul] o6 |05l wis.o/-26)
+ 110sn| | mras || uf|wrs.o/1-20) | |95 ]| pros }
+ C{lInllase]|0sul| s [|0sullwrsisra-2e)
+ linllme || Osullwis.era-200sul | e }

<C(l+s)1X(s)’, 0<s <t
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Since F is quartic, Fy is easier to treat than F3. Therefore, in the same

way we obtain

(3.56) llwo”* Fy(w, Bstt, m, Bym)|[ygra0 2207217
SCA+s)7X(s), 0<s<t

By the definition of § we have

(357) ,ln0|[H27 + ”nollw27,220/217

+ H“‘}O_lnlllH27 + ”n1”W26,220/217 S 6

Accordingly, (3.54)-(3.57) yield

”m( )”W25 220738 < C(l + t)_107/1105

+C/ 107/110(1+3) 1— EdS{X() +X(t)4}
< C l+t 107/110{6+X( ) +X(t)4},

where C' does not depend on 6§ and ¢. Since the W?%22/3 norm of 8,m
can be similarily evaluated, we obtain

1

(3.58) > (L4 )107/11%13,m(t) |y 25— 2205

7=0
SO+ )710710s 4 x(1)3 + X(t)*%}, t >0,

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C does not depend
on § and .

In order to derive the decay estimate of n(t), it remains to evaluate the
second and third terms at the right hand side of (3.2). )

We put n = (101 — 220¢)/220. We first note that H3/2+n3/(2~¢)
L#%3 and 0 < 5 < 1/2 for 0 < e < 10~2. Therefore, by Corollary 2.3,
Lemma 2.4 (i), (i) and (3.24), we have
(3.59) ll[af_lwHj,ai’lu]llwzsezo/s

S C’ng[ai"lu,Hj,6{‘1u]llw27,3/(2_5>
D DN (LAt T A L T [

fa1|+]o2| <37
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<C Y W] e \wt T 8228] T | esi2e
[og |42 | <37
|on |2 ]oz]

+C Y w808 | pea-eo ||wPTI8528] |12
| | +{o2 [ <87
Jag i< |aa|

< Cllw® 8] ul o ||w? 70 ullwrs.era-ze
+ Cllw? ™8] ullwisssa-20||w? T 8] Myl

<O+ B X (1)

<O+ )OO ()2, = 0,1,

H37

where J;, j = 0,1 are defined as in Corollary 2.3 and C does not depend
on 6 and t.
By (3.2), (3.58) and (3.59), we obtain

”n(t)Hw25,220/3 < C(l -+ t)—-107/110
x {6+ X(#)*+ X()*+ X(t)*}, t >0,
where C' does not depend on ¢ and ¢. Since the derivatives in ¢ of the

second and third terms at the right hand side of (3.2) can be similarily
evaluated, we finally obtain

(3.60) D @+ 1) 0B n(t)||was- sz

=0

SC{E+ X2+ X132+ X(1)*}, t>0,

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C' does not
depend on ¢ and t.
Estimates (3.52) and (3.60) complete the proof of Lemma 3.2. (QED.)

We next prove the energy estimate of the solutions (u,n) to (1.1)-(1.3).

LemMMA 3.3. — Let 0 < & < 1072. Then, the solutions (u,n) of (1.1)-(1.3)
satisfy

> 18fu®)l [z + 107 (t)] o1

+ 18/ (®)] | -1}
< C{5+ X(8)?), t > 0,
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as long as the solutions (u,n) exist. Here, C does not depend on 6 and t.

Proof. — We first derive the energy estimate of u. We rewrite (1.1) as
the following integral equation:

(3.61) u(t) = (coswt)ug + (w™! sin wt)y,

+ /Ot(w_1 sinw(t — s))(nu)(s)ds, t > 0.

We take the H°? norm of (3.61) to obtain by (2.30) and 2.31)
(3.62) fu(t)llus < C(Jluolms2 + ||u1]|ns1)

e / () (s) [z ds
<Cé

+C [ (o) s (o) oo
+In(8)llwas.az0/s [[u(8)l3ya8.6/01-20)
<Cé+ C’/t{(l + 5)t=¢
+(1+ 3)3107/110(1 + 5)A-0FN g X (1)2
<Cé+ C/Ot(l +s5)" 1 ¢ds - X (t)?
<C{6+X(t)?}, t>0,

u(s)|[52 }ds

where a = (5289 — 220¢) /(5500 — 220¢), and C does not depend on § and
t. Since the H®! norm of d,u can be similarily evaluated, we obtain

(3.63) Z 187 u(t)]] ggs2-s

SC{e+ X1} t>0,

as long as the solutions (w,n) of (1.1)-(1.3) exist, where C does not
depend on 4 and t.

The estimates of the H®! norm of n and the H° norm of d,n are
standard ones. (3.36) and a simple calculation give us

(3.64) D l1in ()]l gs-5
i=0

<C{6+ X(t)?}, t>0,

Annales de IInstitut Henri Poincaré - Analyse non linéaire



NORMAL FORM AND GLOBAL SOLUTIONS 501

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C' does not
depend on 6 and f.

It remains only to evaluate n in H~' and 8,n in H~2. We apply wyt
to (3.36) and take the L? norm of the resulting equation to obtain by the
Sobolev imbedding theorem

(3.65) llwg 'n(@®)]L2 < llwg 'nollze + llwg *nalz2

/um )| ods

SOQmamﬂ++mmgq

+ /Ot [lu(s)||Le ”u(s)Hdes}

< ofo [ uts)lnersao u(o)sds

0{5 + /Ot(l +5)"17%ds - X(t)z}

<C{6+X(t)?}, t>0.

By differentiating (3.36) in ¢, we have
(3.66) On(t) = —(wo sin wot)ng + (coswot)ny

t
—/ (coswo(t — s))wi|u(s)|ds.
0
We apply w; 2 to (3.66) and take the L? norm of the resulting equation to

obtain by the Sobolev imbedding theorem
(3.67) |lwg20en(t)||Le

< [lwg 'nollze + llwg *na|z2 +/O ()| L2ds

SC@M&MA+HmMprﬁAHM@MmW@mu@}

< ofat [t lwrorn-salu(o)asds
0{5 + /Ot(l +8)717%ds - X(t)z}

<C{E+ X)), t>0.
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Therefore, (3.65) and (3.67) imply that

(3.68) > loin ()] g-1-s
7=0

<C{6+ X)), t>0,

as long as the solutions (u,n) of (1.1)-(1.3) exist, where C does not
depend on 6 and {.

Accordingly, (3.63), (3.64) and (3.68) show that Lemma 3.1 holds.
(QED)

We can now easily prove Theorem 1.1 by using Lemmas 3.2 and 3.3.
Lemmas 3.2 and 3.3 yield

(3.69) X(t) < C{(1+6+6%6
+6X#)+ (1+6)X()* + X()* + X(#)*}, t >0,

as long as the solutions (u,n) of (1.1)-(1.3) exist. Here C does not
depend on 6 and ¢. Inequality (3.69) implies that if we choose § > 0
sufficiently small, then there exists an M > O such that

(3.70) X(@#) <M, t>0.

Lemma 2.6 (ii), (ii1) and (3.70) show the first claim of Theorem 1.1, that
is, the unique global existence of the solutions (u, n) satisfying (1.7)-(1.10)
for (1.1)-(1.3).

For the proof of (1.11), it is sufficient to show that

l(na) ()]s, [|AJu(t) |0 € L1(0,00).

Now that we have (3.70), this is essentially proved in the proof of
Lemma 3.3 (see, e.g., (3.62)). We omit the proof of (1.11). (QED)

We finally state the proof of Corollary 1.2. Corollary 1.2 is an immediate
consequence of Theorem 1.1 and Lemma 2.6 (ii).

Concluding remark. — Recently, Sideris [13] and Georgiev [7] have
proved the good decay estimates of solution for the inhomogeneous linear
Klein-Gordon equation by using the fundamental solution of the linear
Klein-Gordon equation and the generators of the Lorentz group. However,
the authors do not know whether one can prove Theorem 1.1 by using the
decay estimates in [13] and [7] instead of the method of normal form.
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