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ABSTRACT. – A model hierarchy of hydrodynamic and quasi-hydro-
dynamic equations for plasmas consisting of electrons and ions is
presented. The various model equations are obtained from the transient
Euler–Poisson system for electrons and ions in the zero-electron-mass
limit and/or in the zero-relaxation-time limit. A rigorous proof of the
zero-electron-mass limit in the quasi-hydrodynamic equations is given.
This model consists of two parabolic equations for the electrons and
ions and the Poisson equation for the electric potential, subject to initial
and mixed boundary conditions. The remaining asymptotic limits will be
proved in forthcoming publications.

Furthermore, the existence of solutions to the limit problem which can
be of degenerate type is proved without the assumptions needed for the
zero-electron-mass limit (essentially, positivity of the particle densities).
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Finally, the uniqueness of solutions to the limit problem is studied.
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RÉSUMÉ. – Une hiérarchie d’équations hydrodynamiques et quasi-
hydrodynamiques pour les plasmas constitués d’électrons et ions est
présentée. Les équations des modèles résultent du système Euler–Poisson
non stationnaire pour les électrons et ions par une limite de masse
d’électron (“zero-electron-mass-limit”) et/ou par une limite de relaxation
(“zero-relaxation-time-limit”). Une démonstration rigoureuse de la limite
de masse d’électron dans les équations quasi-hydrodynamiques est
donnée. Ce modèle consiste en deux équations paraboliques pour les
densités des électrons et ions et l’équation de Poisson pour le potentiel
électrique, completées par des conditions aux limites mêlées. Les autres
limites asymptotiques seront démontrées dans des publications à venir.

En outre, on montre l’existence de solutions du problème limite qui
peut être du type “dégénéré”, sans les hypothèses utilisées pour la
limite de masse d’électron (essentiellement, positivité des densités des
particules). Finalement, l’unicité de solutions du problème limite est
étudiée.

1. INTRODUCTION

The mathematical study of Euler–Poisson systems for plasmas has
attracted a lot of attention in the mathematical literature since several
years (see, e.g., [4,5,20–25]). In order to perform numerical simulations
of the hyperbolic equations, a lot of computing power and special
algorithms are needed [9,12]. In some situations, however, the model
equations can be approximated by simpler equations, like drift-diffusion
models, in the sense that a small parameter appearing in the hyperbolic
equations is set equal to zero. Considering a plasma composed of
electrons and ions, the small parameters are, e.g., the electron mass
(“zero-electron-mass limit”) or the relaxation time (“zero-relaxation-time

© 200  L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved0

© 200  L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved0



A. JÜNGEL, Y.-J. PENG / Ann. Inst. Henri Poincaré 17 (2000) 83–118 85

limit”). Therefore, letting the small parameters tend to zero we obtain a
hierarchy of hydrodynamic and quasi-hydrodynamic plasma models.

We want to present this model hierarchy, make precise the connections
between the corresponding systems, and prove rigorously the asymptotic
limits as the small parameters tend to zero. In this paper we are concerned
with the zero-electron-mass limit in the drift-diffusion equations and
with the existence and uniqueness of solutions of the limit equations.
The zero-relaxation-time limits and the zero-electron-mass limit in the
hydrodynamic equations will be proved in forthcoming publications [10,
17].

We consider an unmagnetized plasma consisting of electrons with
massme and chargeqe = −1 and of a single species of ions with
massmi and chargeqi = +1. Denoting byne = ne(x, t), ue = ue(x, t)
(respectively,ni, ui) the scaled density and mean velocity of the electrons
(respectively, ions) and byφ = φ(x, t) the scaled electric potential, these
variables satisfy the following scaled Euler–Poisson system(HD-EI) :

∂tnα + div(nαuα)= 0, (1.1)

δα∂t (nαuα)+ δαdiv(nαuα ⊗ uα)+∇pα(nα)
=−qαnα∇φ − δα nαuα

τα
, (1.2)

−λ21φ = ni − ne, (1.3)

whereα = e, i and(x, t) ∈ Rd × (0,∞). This system is complemented
by initial conditions fornα and uα and by a boundary condition for
φ. Here,uα ⊗ uα denotes the tensor product with componentsuα,juα,k
for j, k = 1, . . . , d, λ > 0 is the scaled Debye length, andτe > 0 and
τi > 0 are the scaled relaxation time constants for electrons and ions,
respectively.

The pressure functions are usually of the form

pα(nα)= a2
αn

γα
α , nα > 0,

whereγα > 1 andaα > 0. The fluid is calledisothermalif γα = 1 (α = e
or α = i) andadiabatic if γα > 1. In this paper we only assume thatpα
is a strictly increasing function, which includes both cases. The system
(1.1)–(1.3) is studied in [4,20,22,24] whend = 1.

The dimensionless parametersδα are given by

δα = mαv
2
0

kBT0
, α = e, i,
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wherekB is the Boltzmann constant andv0 andT0 are typical velocity and
temperature values for the plasma. We refer to Appendix A for details of
the scaling and the physical assumptions.

Usually, the ions are heavy compared to the electrons, i.e.,mi � me.
Therefore, ifv2

0 is equal tokBT0/mi , we get

δi = 1, δe� 1.

Letting (formally)δe→ 0 in Eq. (1.2), we obtain

0=∇pe(ne)− ne∇φ = ne∇(he(ne)− φ),
wherehα (α = e, i) are the enthalpy functions defined by

h′α(s)= p′α(s)/s, s > 0, hα(1)= 0. (1.4)

Hence, if ne > 0, we conclude thathe(ne) = φ or, introducing the
functionfe = h−1

e , ne = fe(φ). The integration constant can be set equal
to zero by choosing a reference point for the applied potential. Therefore,
the system (HD-EI) reduces in the limitδe→ 0 to the model(HD-I) :

∂tnα + div(nαuα)= 0, α = e, i, (1.5)

δi∂t (niui)+ δidiv(niui ⊗ ui)+∇pi(ni)=−ni∇φ − δi niui
τi
, (1.6)

−λ21φ = ni − fe(φ). (1.7)

This zero-electron-mass limit will be proved rigorously in [10]. The
existence of global weak entropy solutions to (1.5)–(1.7) is shown in [5,
23] whend = 1.

Another set of equations is obtained in the zero-relaxation-time limit
of the model (HD-EI). Indeed, introduce a scaling of times = τ t and
define

Nα(x, s)= nα(x, s/τ), Uα(x, s)= (1/τ)uα(x, s/τ),
Φ(x, s)= φ(x, s/τ), (1.8)

whereτ = τe = τi (for simplicity). Then Eq. (1.2) becomes, forα = e, i,
τ 2δα∂s(NαUα)+ τ 2δαdiv(NαUα ⊗Uα)+∇pα(Nα)
=−qαNα∇Φ − δαNαUα.

Letting (formally)τ → 0 and setting againt = s, nα =Nα , uα =Uα and
φ =Φ, we obtain the system(DD-EI) :
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δα∂tnα − div
(∇pα(nα)+ qαnα∇φ)= 0, α = e, i, (1.9)

−λ21φ= ni − ne. (1.10)

Equations of this type are studied in [13,16]. Furthermore, using the
relaxation-time scaling (1.8) forα = i andτ = τi in Eq. (1.6) and letting
τ→ 0, we get the model(DD-I) :

δi∂tni − div
(∇pi(ni)+ ni∇φ)= 0, (1.11)

−λ21φ = ni − fe(φ). (1.12)

The rigorous proofs of these zero-relaxation-time limits will be presented
in [17].

This paper is devoted to the asymptotic limitsδe→ 0 andδi→ 0 in the
models (DD-EI) and (DD-I). The plasma is considered to be in a bounded
domainΩ ⊂Rd (d > 1) whose boundary∂Ω consists of two disjoint sets
ΓD andΓN . The model (DD-EI) is complemented by mixed Dirichlet–
Neumann boundary conditions and initial conditions, i.e., we assume that
the densities and the electric potential are given on the partΓD of the
boundary and that the remaining partΓN = ∂Ω \ ΓD is insulating:

ne = nD,e, ni = nD,i, φ = φD onΓD × (0, T ), (1.13)

∇pe(ne) · ν =∇pi(ni) · ν =∇φ · ν = 0 onΓN × (0, T ), (1.14)

ne(·,0)= nI,e, ni(·,0)= nI,i in Ω. (1.15)

The vectorν(x) is the exterior unit normal which is assumed to exist a.e.
Performing the zero-electron-mass limitδe→ 0 in Eq. (1.9) gives

ne∇(he(ne)− φ)= const.

The constant vanishes if we prescribe boundary conditions being in
thermal equilibrium (see Section 2). Then,he(ne)−φ is constant (in time
and space). The integration constant can be chosen to be zero by defining
a reference point for the electric potential. Hence

he(ne)= φ or ne = fe(φ), (1.16)

and we get the system (DD-I) (see (1.11)–(1.12)) with boundary and
initial conditions (1.13)–(1.15) forni , φ. In particular, the limitsτe =
τi → 0, δe → 0 and the limitsδe → 0, τi → 0 are commutative (see
Fig. 1).

Finally, let us consider the limitsδe → 0 and δi → 0 in the system
(DD-EI). Under the condition that the boundary conditions are in thermal
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Fig. 1. A hierarchy of plasma models.

equilibrium and choosing a reference point for the electric potential, these
limits in (1.9) imply

he(ne)− φ = 0, hi(ni)+ φ = c, (1.17)

wherec ∈ R is a constant. Therefore, the system (DD-EI) reduces to the
following nonlinear Poisson equation(NPE):

−λ21φ = fi(c− φ)− fe(φ) in Ω, (1.18)

φ = φD onΓD, ∇φ · ν = 0 onΓN. (1.19)

This equation can also be obtained from the system (DD-I) by letting
(formally) δi → 0 in Eq. (1.11). We observe that the one-dimensional
equation (NPE) is studied in [25]. In particular, the existence and
uniqueness of solutions have been shown. A summary of the above
models and limits is presented in Fig. 1.

The plan of this paper is as follows. In Section 2 we make precise
the zero-electron-mass limits and present the main results. We need three
main assumptions to make the limits rigorously: the strict monotonicity
of the pressure functions, a positivity condition for the boundary and
initial densities, and the compatibility conditions (1.16) or (1.17) on
the Dirichlet boundary part. The first assumption is necessary to define
the inverse functionfα . From the positivity condition follows, by the
maximum principle, that the electron and ion densities are strictly
positive inΩ × (0, T ). Notice that for adiabatic plasmas, the parabolic
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equations (1.9) are of degenerate type and in general, solutions may exist
which vanish locally.

The main results are proved in Section 3. The proofs are based on two
ideas. Let us consider a solution(nδe, n

δ
i , φ

δ) to (1.9)–(1.10) subject to the
boundary and initial conditions (1.13)–(1.15). First, we derive ana priori
estimate independent ofδ from the entropy inequality. From this estimate
we get the strong convergence ofhe(nδe)− φδ in L2(0, T ;H 1(Ω)). The
main difficulty then consists in showing the strong convergence ofnδe
in L2(QT ) in order to identify the nonlinear function. Usually, this is
done by applying Aubin’s lemma which requires an estimate for the
time derivative ofnδe. However, such an estimate is not available. To
overcome this difficulty, we employ the monotonicity of the limiting
Poisson equation (1.12) to get the strong convergence ofφδ, from which
we can conclude the strong convergence ofnδe. This result is related to a
compactness-by-convexity argument [3,29] (see Section 3).

The zero-electron-mass limitδe→ 0 in the system (DD-EI) provides
an existence result for the model (DD-I) under the condition thatpositive
boundary and initial conditions are prescribed. We prove in Section 4 the
existence of solutions to the model (DD-I) undergeneralassumptions on
the boundary and initial conditions. The proof is based on appropriate
L∞ estimates forni andφ by using Stampacchia’s truncation method.
Section 5 is devoted to the proof of the uniqueness of solutions to (DD-
I) for isothermal pressure functionspi(s) = a2

i s or for general pressure
functions, but assuming positive boundary and initial densities. In the
last case, the parabolic equation (1.11) is quasilinear and we employ a
dual method in the uniqueness proof. Finally, in Appendix A we give the
details of the scaling for the system (HD-EI).

2. ASSUMPTIONS AND MAIN RESULTS

This section is devoted to the study of the limitsδe→ 0 andδi → 0
in the drift-diffusion models (DD-EI) and (DD-I). We recall the model
(DD-EI):

δe∂tne − div
(∇pe(ne)− ne∇φ)= 0, (2.1)

δi∂tni − div
(∇pi(ni)+ ni∇φ)= 0, (2.2)

−λ21φ = ni − ne in Ω × (0, T ), (2.3)

ne = nD,e, ni = nD,i, φ = φD onΓD × (0, T ), (2.4)



90 A. JÜNGEL, Y.-J. PENG / Ann. Inst. Henri Poincaré 17 (2000) 83–118

∇pe(ne) · ν =∇pi(ni) · ν =∇φ · ν = 0 onΓN × (0, T ), (2.5)

ne(·,0)= nI,e, ni(·,0)= nI,i in Ω. (2.6)

For convenience, we introduce the abbreviations

QT =Ω × (0, T ),
V =H 1

0 (Ω ∪ ΓN)=
{
u ∈H 1(Ω): u= 0 onΓD

}
[28, p. 67] and

Wm,p(X)=Wm,p(0, T ;X)
if X is a Banach space. The norm ofWm,p(Ω) is denoted by‖ · ‖m,p,Ω .
We write∇u ∈Lp(Ω) instead of∇u ∈ Lp(Ω;Rd), etc. Furthermore, we
set

L∞+ (Ω)=
{
u ∈ L∞(Ω): u> 0 a.e. inΩ

}
.

We say that(ne, ni, φ) is a weak solutionto (2.1)–(2.6) ifne, ni ∈
H 1(V ∗)∩L∞+ (QT ),

pα(nα)− pα(nD,α) ∈L2(V ), φ − φD ∈ L2(V ), α = e, i,
Eqs. (2.1)–(2.3) are satisfied in the usual variational formulation, and the
initial condition is satisfied in the sense ofV ∗.

In [13,16] the existence of global weak solutions to (2.1)–(2.6) is
shown under the following assumptions:

(A1) Domain:Ω ⊂Rd (d > 1) is a bounded domain with Lipschitzian
boundary∂Ω = ΓD ∪ΓN, ΓD ∩ΓN = ∅, measd−1(ΓD) > 0, and
ΓN is open in∂Ω .

(A2) Pressure functions: pe, pi ∈ C1([0,∞)) are non-decreasing
functions.

(A3) Initial and boundary data:

nD,α ∈ C0([0, T ];L∞+ (Ω))∩H 1(QT ), nI,α ∈L∞+ (Ω),
whereα = e, i; φD ∈ L∞(QT )∩H 1(0, T ;H 1(Ω)).

THEOREM 2.1. – Let the assumptions(A1)–(A3) hold and letT > 0.
Then there exists a weak solution(ne, ni, φ) to (2.1)–(2.6).

If, additionally, ∂Ω = ΓD ∈ C2+ε (ε > 0), φD ∈ L∞(W 2,q) for some
q > d, pe andpi are strictly increasing, and either

(i) p′α(s)> p0> 0 for all s > 0, α = e, i, or
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(ii) nD,α > n > 0 onΓD × (0, T ), nI,α > n > 0 in Ω , α = e, i,
holds, then there exists auniquesolution to(2.1)–(2.6)in the class of
weak solutions satisfyingφ ∈ L∞(W 2,q). Furthermore, it holdsnα > n
a.e. inQT , α = e, i.

For the main results of this section, we need the following additional
assumptions:

(A4) Positivity assumption: nD,α > n > 0 on ΓD× (0, T ), nI,α > n >
0 in Ω, α = e, i.

(A5)α Strictly increasing pressure:p′α(s)> β > 0 for all s ∈ [n,∞).
(A6)e Compatibility condition: nD,e = h−1

e (φD).
(A6)i Compatibility condition: nD,i = h−1

i (c− φD) and

c= he(nD,e)+ hi(nD,i)= const.

The assumption (A4) is necessary to show that the electron and ion
densities are strictly positive. From (A5)α follows that h′α is strictly
positive on[n,∞) and hence,hα is a C1-diffeomorphism on[n,∞).
The condition (A6)α means that the boundary density is in thermal
equilibrium. Indeed, in thermal equilibrium it holds

0=∇pα(nα)+ qαnαφ = nα∇(hα(nα)+ qαφ),
recalling thath′α(s)= p′α(s)/s (see (1.4)) andnα > n (see Theorem 2.1).
Therefore,hα(nα)+ qαφ = const. inQT . By choosing a reference point
for φ, we get

he(ne)− φ = 0 and hi(ni)+ φ = c ∈R, (2.7)

or ne = h−1
e (φ) andni = h−1

i (c − φ). Adding Eq. (2.7), we see that it
must holdhe(ne)+ hi(ni)= c= const.

Now we can state the main theorems.

THEOREM 2.2 ((DD-EI)→(DD-I)). – Let the hypotheses(A1)–(A6)
for α = e hold. Let(nδe, n

δ
i , φ

δ) be a solution to(2.1)–(2.6). Then there
exists a subsequence(nδ

′
e , n

δ′
i , φ

δ′) of (nδe, n
δ
i , φ

δ) such that, asδ′ → 0,



92 A. JÜNGEL, Y.-J. PENG / Ann. Inst. Henri Poincaré 17 (2000) 83–118

nδ
′
e → fe(φ) in L2(QT ),

nδ
′
i → ni in L2(QT ),

nδ
′
i ⇀ ni weakly inL2(H 1)∩H 1(V ∗),

φδ
′ → φ in L2(H 1),

where (ni, φ) ∈ L∞(QT )
2 solves the initial-boundary value problem

(1.11)–(1.12), (2.4)–(2.6)for ni andφ.
In the case, where this limit problem is uniquely solvable(for instance,

if pi(s) = s; see Section5), the above convergence results hold for the
whole sequence(nδe, n

δ
i , φ

δ).

THEOREM 2.3 ((DD-EI)→(NPE)). – Let the hypotheses(A1)–(A6)
for α = e, i hold and let(for simplicity) δ = δe = δi . Let (nδe, n

δ
i , φ

δ) be a
solution to(2.1)–(2.6). Then, asδ→ 0,

nδe→ fe(φ) in L2(QT ),

nδi → fi(c− φ) in L2(QT ),

φδ→ φ in L2(H 1),

whereφ is a solution of the nonlinear Poisson equation(1.18)–(1.19).

THEOREM 2.4 ((DD-I)→(NPE)). – Let the hypotheses(A1)–(A6) for
α = i hold and let(nδi , φ

δ) be a solution to(1.11)–(1.12), (2.4)–(2.6).
Then, asδ→ 0,

nδi → fi(c− φ) in L2(QT ),

φδ→ φ in L2(H 1),

whereφ is a solution of the nonlinear Poisson equation(1.18)–(1.19).

3. PROOFS OF THE MAIN RESULTS

We prove first Theorem 2.2. The proofs of Theorems 2.3 and 2.4 are
very similar. To simplify the presentation, we setδ = δe, δi = 1 andλ= 1.
The following lemma provides uniforma priori estimates for the solution
of (DD-EI).

LEMMA 3.1. – Assume(A1)–(A4). Then there exist positive constants
n, φ andK , which are independent ofδ, such that
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0< n6 nα(x, t)6 n (α = e, i), |φ(x, t)|6 φ in QT ,

‖ne‖L2(H1) + ‖ni‖L2(H1) + ‖ni‖H1(V ∗) + ‖φ‖L2(H1) 6K,
wheren > 0 is defined in(A4) (see Section2).

Proof. –It is shown in [16] that the condition (A4) implies the
positivity ofne andni inQT . Therefore,ne, ni ∈L2(H 1), and we can use
(ne −M)+ =max(0, ne −M), (ni −M)+ as test functions in Eqs. (2.1)
and (2.2), respectively, with

M =max
{‖nD,α‖0,∞,ΓD×(0,T ),‖nI,α‖0,∞,Ω : α = e, i}.

Then we get, using (2.3),

δ

2

∫
Ω

(ne −M)+(t)2+ 1

2

∫
Ω

(ni −M)+(t)2+
∫
Qt

p′e(ne)
∣∣∇(ne −M)+∣∣2

+
∫
Qt

p′i (ni)
∣∣∇(ni −M)+∣∣2

=
∫
Qt

(ne −M)∇φ · ∇(ne −M)+ +M
∫
Qt

∇φ · ∇(ne −M)+

−
∫
Qt

(ni −M)∇φ · ∇(ni −M)+ −M
∫
Qt

∇φ · ∇(ni −M)+

=−1

2

∫
Qt

(ne − ni)((ne −M)+2− (ni −M)+2)
−M

∫
Qt

(ne − ni)((ne −M)+ − (ni −M)+)
6 0.

Therefore, we get the upper bound forne and ni with n = M . Using
(nα − n)− =min(0, nα − n) for α = e, i as test functions in (2.1)–(2.2),
respectively, we get similar as above the inequality

δ

2

∫
Ω

(ne − n)−(t)2+ 1

2

∫
Ω

(ni − n)−(t)26 0,

from which we conclude the lower bound. This estimate follows from
the monotonicity of the functions 7→ 1

2(s − n)−2+ n(s − n)− = 1
2(s −
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n)−(s + n), s > 0. TheL∞ bounds onnα immediately provide bounds
onφ, i.e., there existφ > 0 andK > 0, independent ofδ, such that∣∣φ(x, t)∣∣6 φ for (x, t) ∈QT , ‖φ‖L2(H1) 6K.

To derive the remaining bounds, we usene − nD,e as test function
in (2.1):

δ

2

∫
Ω

(ne − nD,e)2(t)+
∫
Qt

p′e(ne)|∇ne|2

=
∫
Qt

p′e(ne)∇ne · ∇nD,e +
δ

2

∫
Ω

(
nI,e − nD,e(0))2

− δ
∫
Qt

(ne − nD,e)∂tnD,e +
∫
Qt

ne∇φ · ∇(ne − nD,e). (3.1)

To estimate the last integral on the right-hand side, we use Eq. (2.3):∫
Qt

ne∇φ · ∇(ne − nD,e)

=−1

2

∫
Qt

1φ(ne − nD,e)2+
∫
Qt

nD,e∇φ · ∇(ne − nD,e)

=−1

2

∫
Qt

(ne − ni)(ne − nD,e)2−
∫
Qt

nD,e(ne − ni)(ne − nD,e)

−
∫
Qt

∇nD,e · ∇φ(ne − nD,e).

Using theL∞ bounds onne, ni and theL2(H 1) bound for φ and
employing Young’s inequality, we obtain from (3.1) the bound

‖ne‖L2(H1) 6K,

whereK > 0 is independent ofδ. We get an analogous bound forni in
the spaceL2(H 1). Finally, we have

‖∂tni‖L2(V ∗)6 ‖∇pi(ni)− ni∇φ‖L2(L2)

6 ‖p′i (ni)‖L∞(L∞)‖∇ni‖L2(L2) +‖ni‖L∞(L∞)‖∇φ‖L2(L2)

6K,
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which proves the lemma.2
Now, we define theentropy(or free energy) of the system (2.1)–(2.6):

L(t)
def=

i∑
α=e

∫
Ω

( nα(t)∫
nD,α(t)

(
hα(σ )− hα(nD,α(t)))dσ

)

+ 1

2

∫
Ω

∣∣∇(φ(t)− φD(t))∣∣2.
The enthalpy functionshα are defined in (1.4). It holdsL(t)> 0. The key
estimate for the zero-electron-mass limit is contained in the following
lemma.

LEMMA 3.2. – There exists a constantc1> 0, independent ofδ, such
that for all t > 0

L(t)+ 1

δ

∫
Qt

ne
∣∣∇(he(ne)− φ)∣∣26 c1.

Proof. –It can be shown that (see, e.g., [15, p. 513])

L(t)−L(0)=
i∑

α=e

t∫
0

(〈
∂tnα(s), hα

(
nα(s)

)− hα(nD,α(s))〉

−
∫
Ω

nα(s)∫
nD,α(s)

h′α
(
nD,α(s)

)
∂tnD,α(s)dσ

)
ds

+
∫
Qt

∂t∇(φ − φD) · ∇(φ − φD),

sinceφ ∈H 1(H 1). Using

∫
Qt

∂t∇φ · ∇(φ − φD)=
t∫

0

〈
∂t(ni − ne), φ − φD〉,

we get

L(t)−L(0)=
t∫

0

〈
∂tne, he(ne)− φ − (he(nD,e)− φD)〉
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+
t∫

0

〈
∂tni, hi(ni)+ φ − (hi(nD,i)+ φD)〉

−
i∑

α=e

∫
Qt

h′α(nD,α)∂tnD,α(nα − nD,α)

−
∫
Qt

∂t∇φD · ∇(φ − φD). (3.2)

Employing Eqs. (2.1) and (2.2) and the condition (A6)e, the first two
integrals on the right-hand side of (3.2) are equal to

−1

δ

∫
Qt

ne
∣∣∇(he(ne)− φ)∣∣2− ∫

Qt

ni
∣∣∇(hi(ni)+ φ)∣∣2

+
∫
Qt

ni∇(hi(ni)+ φ) · ∇(hi(nD,i)+ φD)
6−1

δ

∫
Qt

ne
∣∣∇(he(ne)− φ)∣∣2− 1

2

∫
Qt

ni
∣∣∇(hi(ni)+ φ)∣∣2

+ 1

2

∫
Qt

ni
∣∣∇(hi(nD,i)+ φD)∣∣2

6−1

δ

∫
Qt

ne
∣∣∇(he(ne)− φ)∣∣2+ c,

where c > 0 denotes a constant independent ofδ. Using the uniform
L∞ bounds onne andni, the remaining integrals on the right-hand side
of (3.2) are bounded by a constant independent ofδ. Therefore, we obtain
from (3.2)

L(t)−L(0)6−1

δ

∫
Qt

ne
∣∣∇(he(ne)− φ)∣∣2+ c.

The lemma follows. 2
We are now able to prove Theorem 2.2.

Proof of Theorem 2.2. – First step: Let (nδe, n
δ
i , φ

δ) be a solution
to (2.1)–(2.6). Thanks to the uniform bounds onnδe, n

δ
i and φδ of
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Lemma 3.1, the following convergence results are valid, after passing
to a subsequence:

nδ
′
e ⇀ ne weakly inL2(H 1),

nδ
′
i ⇀ ni weakly inL2(H 1) and inH 1(V ∗),

φδ
′
⇀φ weakly inL2(H 1) and inL2(QT ) asδ′ → 0.

The boundedness ofnδ
′
i in L2(H 1)∩H 1(V ∗) implies, by Aubin’s lemma

[26, p. 85, Corollary 4], the compactness of the sequencenδ
′
i in the space

L2(QT ), i.e., there exists a subsequence (not relabeled) such that

nδ
′
i → ni in L2(QT ). (3.3)

We use the uniformL∞ bound onnδ
′
i to conclude that

pi(n
δ′
i )→ pi(ni) in L2(QT ).

The uniform lower bound onnδe from Lemma 3.1 and the entropy
inequality from Lemma 3.2 imply

εδ
def= he(nδe)− φδ→ 0 inL2(QT ) asδ→ 0. (3.4)

Here we have used the compatibility condition (A6)e. The main difficulty
is to show thatne = fe(φ).

Second step: We claim that

nδe − fe(φδ)→ 0 inL2(QT ) asδ→ 0. (3.5)

Recall thatfe is the inverse function ofhe. Indeed, there existsξδ between
φδ andφδ + εδ (for fixed (x, t) ∈QT ) such that

nδe − fe(φδ)= fe(φδ + εδ)− fe(φδ)= f ′e(ξδ)εδ.
Sincehe is a C1-diffeomorphism on[n,∞) and the sequences(φδ +
εδ)δ = (he(nδe))δ and(φδ)δ are bounded inL∞(QT ), there is a constant
c > 0 independent ofδ > 0 (and independent of(x, t)) such that∣∣(h−1

e

)′
(ξδ)

∣∣6 c.
Hence ∥∥nδe − fe(φδ)∥∥0,2,QT

6 c‖εδ‖0,2,QT → 0 asδ→ 0.
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This proves (3.5).
In order to identifyne andfe(φ) we need the strong convergence in

L2(QT ) of one of the sequencesnδ
′
e or φδ

′
. However, since we do not

have an appropriate bound for the time derivative∂nδ
′
e /∂t in some space,

we do not get the strong convergence ofnδ
′
e , like for nδ

′
i , by application of

Aubin’s lemma. We prove instead the strong convergence ofφδ
′
by using

the Poisson equation (2.3).
Third step: We useφδ

′ − φ as test function for the Poisson equa-
tion (2.3) to obtain∫

QT

∇φδ′ · ∇(φδ′ − φ)

=
∫
QT

(
nδ
′
i − fe(φ)

)
(φδ

′ − φ)−
∫
QT

(
nδ
′
e − fe(φδ

′
)
)
(φδ

′ − φ)

−
∫
QT

(
fe(φ

δ′)− fe(φ))(φδ′ − φ)
6
∫
QT

(
nδ
′
i − fe(φ)

)
(φδ

′ − φ)−
∫
QT

(
nδ
′
e − fe(φδ′)

)
(φδ

′ − φ),

where we have employed the monotonicity offe. Hence∫
QT

|∇φδ′ |26
∫
∇φδ′ · ∇φ +

∫
QT

(
nδ
′
i − fe(φ)

)
(φδ

′ − φ)

−
∫
QT

(
nδ
′
e − fe(φδ

′
)
)
(φδ

′ − φ).

Observing that the last two terms tend to zero asδ′ → 0, thanks to (3.3),
(3.5) and the weak convergence ofφδ

′
to φ in L2(QT ), we get

lim sup
δ′→0

∫
QT

|∇φδ′ |26
∫
QT

|∇φ|2. (3.6)

Since the weak convergence of∇φδ′ gives∫
QT

|∇φ|26 lim inf
δ′→0

∫
QT

|∇φδ′ |2,
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we obtain, together with (3.6),

lim
δ′→0

∫
QT

|∇φδ′ |2=
∫
QT

|∇φ|2.

The convergence of theL2 norms and the weak convergence imply the
strong convergence of the sequence∇φδ :

∇φδ′ → ∇φ in L2(QT ).

Note that this result is related to a compactness-by-convexity argument;
indeed, the weak convergence of∇φδ′ and the inequality (3.6) imply the
strong convergence of∇φδ′ in L1(QT ), since the functionj (w)= |w|2,
w ∈Rd , is strictly convex (see [29, Theorem 3] or [3, Theorem 1]).

By Poincaré’s inequality, we getφδ
′ → φ in L2(QT ). Therefore, in

view of theL∞ bounds forφδ
′
,

fe(φ
δ′)→ fe(φ) in L2(QT ).

Thus ∫
QT

∣∣nδ′e − fe(φ)∣∣2
6 2

∫
QT

(∣∣nδ′e − fe(φδ′)∣∣2+ ∣∣fe(φδ′)− fe(φ)∣∣2)→ 0

asδ′ → 0. We conclude thatne = fe(φ).
Fourth step: The above convergence results are sufficient to perform

the limit δ′ → 0 in Eqs. (2.2) and (2.3). Uniqueness of solutions to
the limiting problem implies, as usual, the convergence of the whole
sequence(nδe, n

δ
i , φ

δ). 2
Proof of Theorem 2.3. –Let δ = δe = δi . Since we are looking for

estimates independent ofδe and δi we only obtain uniform bounds for
ni in L∞(QT ) andL2(H 1). Furthermore, the entropy estimate in Lemma
3.2 has to be replaced by

1

δ

∫
Qt

(
ne
∣∣∇(he(ne)− φ)∣∣2+ ni∣∣∇(hi(ni)+ φ)∣∣2)6 c1.
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As in the proof of Theorem 2.2 we show that

nδi − fi(c− φδ)→ 0 inL2(QT ) asδ→ 0

employing the assumption (A6)i . Therefore, usingφδ−φ as test function
in the Poisson equation (2.3) we obtain∫

QT

∇φδ · (φδ − φ)

=
∫
QT

(
nδi − fi(c− φδ)

)
(φδ − φ)−

∫
QT

(
nδe − fe(φδ)

)
(φδ − φ)

+
∫
QT

(
fi(c− φδ)− fi(c− φ))(φδ − φ)

−
∫
QT

(
fe(φ

δ)− fe(φ))(φδ − φ)
+
∫
QT

(
fi(c− φ)− fe(φ))(φδ − φ).

Using the monotonicity offe andfi and the weak convergences ofnδe, n
δ
i

andφδ , we obtain as in the proof of Theorem 2.2 the inequality

lim sup
δ→0

∫
QT

|∇φδ|26
∫
QT

|∇φ|2, (3.7)

from which we conclude that∇φδ→∇φ in L2(QT ). The remaining part
is analogous to the proof of Theorem 2.2.2

Proof of Theorem 2.4. –This proof is very similar to the proofs of
Theorems 2.2 and 2.3. We get uniform bounds forni in L∞(QT ) and
L2(H 1). Furthermore,

1

δ

∫
Qt

ni
∣∣∇(hi(ni)+ φ)∣∣26 c1.

Thusnδi − fi(c − φδ)→ 0 in L2(QT ). The monotonicity offi implies
the inequality (3.7) and the rest is as in the proof of Theorem 2.2.2
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4. EXISTENCE OF SOLUTIONS

In this section we prove the existence of solutions to the problem

∂tn− div
(∇p(n)+ n∇φ)= 0, (4.1)

−1φ = n− f (φ) in QT =Ω × (0, T ), (4.2)

n= nD, φ = φD onΓD × (0, T ), (4.3)

∇p(n) · ν =∇φ · ν = 0 onΓN × (0, T ), (4.4)

n(0)= nI in Ω. (4.5)

Here,n denotes the ion density,φ the electric potential,p(n) the pressure
function for the ions, andf (φ) is the inverse of the enthalpy function for
the electrons.

We impose the following assumptions:

(A2′) p ∈C1([0,∞)) is non-decreasing on[0,∞).
(A3′) f ∈C0,1(R) is increasing onR andf (s)→∞ ass→∞.
(A4′) nD ∈ L∞+ (QT ) ∩ H 1(QT ), φD ∈ L∞(H 1) ∩ L∞(QT ), nI ∈

L∞+ (Ω).
The notion of weak solution is as in Section 2, i.e.,(n,φ) is a weak

solutionto (4.1)–(4.5) ifn ∈H 1(V ∗)∩L∞+ (QT ),

p(n)− p(nD) ∈ L2(V ), φ − φD ∈L2(V ), (4.6)

Eqs. (4.1) and (4.2) are satisfied in the usual variational formulation, and
the initial condition is satisfied in the sense ofV ∗.

THEOREM 4.1. – Let T > 0. Under the assumptions(A1), (A2′)–
(A4′) there exists a weak solution(n,φ) of (4.1)–(4.5)satisfying the
bounds

06 n6MT , f (φ)6MT , φ > φ, in QT , (4.7)

whereφ def= −MT − c(Ω)max(0, f (0)), c(Ω) > 0 only depends onΩ ,
andMT is defined by

MT =max
(‖nD‖0,∞,ΓD×(0,T ), f (‖φD‖0,∞,ΓD×(0,T )),‖nI‖0,∞,Ω).

Furthermore, ifT =∞ in (A4′) there exists a weak solution for allt > 0
and the above bounds hold uniformly int provided thatT =∞ in the
definition ofMT .
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Proof. – First step: An approximate problem. Let T > 0, setM =MT ,
letK >M , sK =max(0,min(s,K)), sM =max(0,min(s,M)) and

pεK(s)= p(sK)+ εs, s ∈R, ε > 0.

First we solve the approximate problem

∂tn− div
(∇pεK(n)+ nK∇φ)= 0, (4.8)

−1φ = nM − f (φ) in QT (4.9)

subject to the initial and boundary conditions (4.3)–(4.5). To solve this
uniformly parabolic initial-boundary value problem we use Schauder’s
fixed point theorem. For this, letu ∈ L2(QT ) and letφ(t) ∈ H 1(Ω) for
a.e.t ∈ (0, T ) be the unique solution of

−1φ(t)= u(t)M − f (φ(t)) in Ω,

φ(t)= φD(t) onΓD, ∇φ(t) · ν = 0 onΓN. (4.10)

The existence and uniqueness of the solution follow from the monotonic-
ity of f (cf. [19, Lemma 3.2.1, p. 36]). Thenφ is (Bochner-)measurable
in (0, T ) andφ ∈L2(H 1). The maximum principle impliesφ ∈L∞(QT ).
Now we solve the linear problem

∂tn− div
(
(pεK)

′(u)∇n)= div(uK∇φ) in QT ,

n= nD onΓD × (0, T ), ∇n · ν = 0 onΓN × (0, T ). (4.11)

Since div(uK∇φ) ∈L2(V ∗) there exists a unique solutionn ∈H 1(V ∗)∩
L2(H 1) of this problem [30, Theorem 23.A, p. 424]. Therefore, the fixed
point operatorS :L2(QT )→ L2(QT ), u 7→ n, is well defined. Taking
φ − φD as test function in (4.10) and using Young’s inequality and the
monotonicity off , we get

1

2

∫
QT

∣∣∇(φ − φD)∣∣26 1

2

∫
QT

|∇φD|2+
∫
QT

(
uM − f (φD))(φ − φD),

which implies ∫
QT

|∇φ|26 c(M,φD).

Usingn−nD as test function in (4.11) gives after standard manipulations

1

2

∫
Ω

(n− nD)2(t)+ ε
2

∫
Qt

∣∣∇(n− nD)∣∣2
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6 c(ε)
(‖∂tnD‖2L2(V ∗) +‖∇nD‖2L2(L2) +K2‖∇φ‖2L2(L2)

)
6 c(ε,K,M).

Therefore,n = S(u) lies in a bounded subset ofL∞(L2) ∩ L2(H 1) and
∂tn lies in a bounded subset ofL2(V ∗). Hence

sup
{‖S(u)‖L2(H1)∩H1(V ∗): u ∈L2(QT )

}
<∞.

In view of standard compactness results [30, p. 450], this implies that
S(L2(QT )) is precompact inL2(QT ). Standard arguments show the
continuity of S (see, e.g., [13]). The existence of a solution(nε, φε)
to (4.8)–(4.9), (4.3)–(4.5) is a consequence of Schauder’s fixed point
theorem.

Second step:L∞ estimates. This is the main step of the proof. For
convenience, we omit the indexε in (nε, φε). We show first that

φ(x, t)6 k a.e. inQT , (4.12)

wherek ∈ R is such thatf (k) = M . The existence ofk follows from
(A3′). Use(φ(t) − k)+ = max(0, φ(t) − k) as test function in (4.9) to
get, for a.e.t ∈ (0, T ),∫

Ω

∣∣∇(φ(t)− k)+∣∣2=−∫
Ω

(
f
(
φ(t)

)− f (k))(φ(t)− k)+
+
∫
Ω

(
n(t)M − f (k))(φ(t)− k)+

6
∫
Ω

(
M − f (k))(φ(t)− k)+

= 0.

This implies (4.12). In particular, we get

f (φ)6M a.e. inQT . (4.13)

To find a lower bound forφ, let m > ‖φD‖0,∞,ΓD×(0,T ) and use
(−φ(t)−m)+ in (4.9):∫

Ω

∣∣∇(− φ(t)−m)+∣∣2
=−

∫
Ω

(
f
(
φ(t)

)− f (−m))(φ(t)− (−m))−
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+
∫
Ω

(
nM − f (−m))(φ(t)− (−m))−

6−
∫
Ω

(
nM − f (−m))(− φ(t)−m)+

6 f (−m)
∫
Ω

(− φ(t)−m)+
6max

(
0, f (0)

)(
meas(−φ(t) > m))1/2∥∥(− φ(t)−m)+∥∥1,2,Ω,

(4.14)

employing Hölder’s inequality. Letr > 2 be such that the embedding
H 1(Ω) ↪→ Lr(Ω) is continuous. It is well known that for allµ>m

(
meas

(− φ(t) > µ))1/r(µ−m)6 c(Ω)∥∥∇(− φ(t)−m)+∥∥0,2,Ω

holds [27, Chapter 4]. Therefore we get from (4.14) and Poincaré’s
inequality, forµ>m,

meas
(− φ(t) > µ)6 c(Ω)r max(0, f (0))r

(µ−m)r
(
meas

(− φ(t) > m))r/2.
Sincer/2> 1, we can apply Stampacchia’s Lemma (see [28, Chapter
2.3] or [27, Chapter 4]) to get

−φ(t)6 ‖φD‖0,∞,ΓD×(0,T ) + c(Ω)max
(
0, f (0)

)
a.e. inΩ, t ∈ (0, T ).

Next we claim that

06 n(x, t)6M for a.e.(x, t) ∈QT . (4.15)

The lower bound is easily obtained by usingn− = min(0, n) as test
function in (4.8). To obtain the upper bound use(nK −M)+ ∈ L2(V )

as test function in (4.8). Since

G(s)
def=

s∫
0

(τK −M)+ dτ > 1

2

(
(sK −M)+)2

we get for a.e.t ∈ (0, T ) [16, p. 91]
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t∫
0

〈
∂tn, (nK −M)+〉V ∗,V = ∫

Ω

(
G
(
n(t)

)−G(n(0)))
> 1

2

∫
Ω

(nK −M)+(t)2,

and therefore,

1

2

∫
Ω

(nK −M)+(t)2+ ε
∫
Qt

∣∣∇(nK −M)+∣∣2
6−

∫
Qt

(nK −M)∇φ · ∇(nK −M)+ −M
∫
Qt

∇φ · ∇(nK −M)+

=−1

2

∫
Qt

∇φ · ∇(nK −M)+2−M
∫
Qt

∇φ · ∇(nK −M)+.

Now use Eq. (4.9) forφ and the estimate (4.13):

1

2

∫
Ω

(nK −M)+(t)2

6 1

2

∫
Qt

(
f (φ)− nM)(nK −M)+2+M

∫
Qt

(
f (φ)− nM)(nK −M)+

6 1

2

∫
Qt

(M − nM)(nK −M)+2+M
∫
Qt

(M − nM)(nK −M)+

= 0,

sinceM − nM = 0 in {n >M} for all K >M . Thus, the estimate (4.15)
is proved.

With theseL∞ bounds forn andφ independent ofK (andε), we can
remove the cut-off functions, and (nε,φε) solves

∂tn
ε − div

(∇pε(nε)+ nε∇φε)= 0, (4.16)

−1φε = nε − f (φε) in QT (4.17)

with the initial-boundary conditions (4.3)–(4.5), wherepε(s) = p(s) +
εs.

Third step: Further a priori estimates independent ofε. Takingnε−nD
as test function in (4.16) gives
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1

2

∫
Ω

(nε − nD)2(t)+
∫
Qt

(pε)′(nε)|∇nε|2

=
∫
Qt

(pε)′(nε)∇nε · ∇nD + 1

2

∫
Ω

(nε − nD)2(0)

−
∫
Qt

(nε − nD)∂tnD −
∫
Qt

nε∇φε · ∇(nε − nD). (4.18)

Since the last integral is equal to

−
∫
Qt

(nε − nD)∇φε · ∇(nε − nD)−
∫
Qt

nD∇φε · ∇(nε − nD)

= 1

2

∫
Qt

1φε(nε − nD)2+
∫
Qt

nD1φ
ε(nε − nD)

+
∫
Qt

∇nD · ∇φε(nε − nD)

and since theL∞-bounds fornε andφε imply, by using (4.17),∫
Qt

|∇φε|26 c1 (4.19)

for somec1> 0 independent ofε, we get theε-independent estimate

−
∫
Qt

nε∇φε · ∇(nε − nD)6 c.

Here and in the following,c denotes a positive constant independent of
ε, with values varying from occurrence to occurrence. Therefore, we get
from (4.18)

1

2

∫
Ω

(nε − nD)(t)2+ 1

2

∫
Qt

(pε)′(nε)|∇nε|26 c+
∫
Qt

(nε − nD)2,

and, employing Gronwall’s lemma, we conclude∫
Ω

(nε − nD)2(t)+
∫
Qt

(pε)′(nε)|∇nε|26 c(T ),
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wherec(T ) > 0 depends onT , but not onε. The Lipschitz continuity of
p in [0,M] implies∫

QT

∣∣∇pε(nε)∣∣26 c(M) ∫
QT

(pε)′(nε)|∇nε|26 c. (4.20)

Furthermore,

‖∂tnε‖L2(V ∗) 6
∥∥∇pε(nε)∥∥

L2(L2)
+‖nε‖L∞(L∞)‖∇φε‖L2(L2) 6 c. (4.21)

Fourth step: The limitε→ 0. From the estimates (4.19)–(4.21) and the
second step follows the existence of a subsequence (not relabeled) such
that

nε
∗
⇀n weakly* inL∞(QT ),

∂tn
ε ⇀ ∂tn weakly inL2(V ∗),

∇pε(nε)⇀ ∇ρ weakly inL2(QT ),

∇φε ⇀ ∇φ weakly inL2(QT ) asε→ 0,

for some functionsn ∈ L∞(QT ) ∩ H 1(V ∗), ρ ∈ L2(H 1), and φ ∈
L2(H 1). The identificationρ = p(n) follows from the usual monotonic-
ity argument. Indeed, settingpM(s)=min(p(M),max(0,p(s))), the op-
eratorP :L2(QT )→ (L2(QT ))

∗, 〈P(u), v〉 = ∫QT pM(u)v, is monotone
(thanks to (A2′)) and hemicontinuous (sincepM is continuous and
bounded), hence maximal monotone. Since(nε) is bounded inL∞(L2)

and inH 1(V ∗) and the embeddingL2(Ω) ↪→ V ∗ is compact, we infer
from Aubin’s lemma [26] that

nε→ n in C0([0, T ];V ∗).
The strong convergence ofnε to n in L2(V ∗) and the weak convergence
of pε(nε) to ρ in L2(V ) together with the monotonicity ofpε applied to
the inequality

T∫
0

〈
nε − v,pε(nε)− pε(v)〉

V ∗,V > 0 for all v ∈ C∞0 (QT )+ nD
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give 〈
n− v,ρ − P(v)〉

L2,L2 > 0 for all v ∈ L2(QT )+ nD.
SinceP is maximal monotone, we concludeρ = p(n).

Next we show that

∇φε→∇φ in L2(QT ). (4.22)

We proceed similarly as in the proof of Theorem 2.2. We useφε − φ as
test function in Eq. (4.17) and use the monotonicity off to obtain∫

QT

|∇φε|2=
∫
QT

∇φε · ∇φ +
∫
QT

(
nε − f (φ))(φε − φ)

−
∫
QT

(
f (φε)− f (φ))(φε − φ)

6
∫
QT

∇φε · ∇φ +
∫
QT

(nε − n)(φε − φ)

+
∫
QT

(
n− f (φ))(φε − φ).

The strong convergence ofnε in L2(V ∗) and the weak convergence ofφε

in L2(V ) give

lim sup
ε→0

∫
QT

|∇φε|26
∫
QT

|∇φ|2.

Therefore, together with the inequality∫
QT

|∇φ|26 lim inf
ε→0

∫
QT

|∇φε|2,

which follows from the weak convergence of∇φε in L2(QT ), we get

lim
ε→0

∫
QT

|∇φε|2=
∫
QT

|∇φ|2.

The convergence of the norms and the weak convergence imply the strong
convergence, i.e., (4.22).
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Now we can pass to the limitε→ 0 in the weak formulation of (4.16),
using the weak convergences ofnε to n andpε(nε) to p(n) in L2(QT )

and the strong convergence (4.22), to conclude that(n,φ) solves (4.1)–
(4.2). Furthermore,(n,φ) satisfies the boundary conditions (4.3)–(4.4) in
the sense of (4.6), andn(0)= nI sincen ∈ C0([0, T ];V ∗). 2

We end this section by proving some positivity results onn which are
needed for the uniqueness result. We call(n,φ) a limit solutionof (4.1)–
(4.5) if it is obtained as the (L2-weak) limit of approximate solutions
(nε, φε) ∈ (L∞(QT )∩L2(H 1)∩H 1(V ∗)

)2
of the problem (4.16)–(4.17)

subject to the initial-boundary conditions (4.3)–(4.5).
We show now that the ion density (of every limit solution) remains

positive (at least for finite time), if the initial and boundary densities are
positive, even in the adiabatic case. Let us suppose in the following that
the assumptions (A1), (A2′)–(A4′) hold.

PROPOSITION 4.2. – Suppose that there exist constantsn0> 0, λ0>
0 such that

nI (x)> n0 in Ω, nD(x, t)> n0e
−λ0t onΓD × (0, T ),

whereT =∞ is admissible. Then there exists a constantλ1 > λ0 > 0
such that for every limit solution it holds

n(x, t)> n0e
−λ1t in Ω × (0, T ).

Proof. –Let (nε, φε) be a solution to the approximate problem (4.16)–
(4.17), (4.3)–(4.5) such thatnε ⇀ n weakly inL2(QT ). In the proof of
Theorem 4.1 we have shown that (see (4.7))

06 nε(x, t)6MT , φε(x, t)> φ in QT . (4.23)

Let z = n0 exp(−λ1t), where λ1 > λ0 will be specified later. Using
(nε − z)− ∈ L2(V ) as test function in (4.16) and employing (4.17), we
get

1

2

∫
Ω

(nε − z)−(t)2+
∫
Qt

(pε)′(nε)
∣∣∇(nε − z)−∣∣2

= λ1

∫
Qt

z(nε − z)− −
∫
Qt

(nε − z)∇φε · ∇(nε − z)−
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−
∫
Qt

z∇φε · ∇(nε − z)−

= λ1

∫
Qt

z(nε − z)− + 1

2

∫
Qt

1φε(nε − z)−2+
∫
Qt

z1φε(nε − z)−

6 1

2

∫
Qt

f (φε)(nε − z)−2+
∫
Qt

(
λ1+ f (φε)− nε)z(nε − z)−

6 MT

2

∫
Qt

(nε − z)−2+
∫
Qt

(
λ1+ f (φ)−MT

)
z(nε − z)−

6 MT

2

∫
Qt

(nε − z)−2,

if we takeλ1 > max(λ0,MT − f (φ)). Now, Gronwall’s lemma implies
(nε − z)−(t)= 0 inΩ , for a.e.t ∈ (0, T ). Therefore,nε(x, t)> z in QT ,
and the conclusion follows after lettingε→ 0. 2

The above proposition can be improved if the functionf is uniformly
positive, including the casef = exp.

PROPOSITION 4.3. – Suppose thatf (s) > 0 for all s ∈R and that

nI > n0 in Ω, nD > n0 onΓD × (0,∞),
for somen0 > 0. Then there exists a constantn > 0 such that, for every
limit solution,

n(x, t)> n in Ω × (0,∞).
Proof. –Let (nε, φε) be as in the proof of Proposition 4.2. From (4.23)

follows thatf (φε)> f (φ) > 0 inQT . Setn=min(n0, f (φ)) > 0. Using
(nε − n)− as test function in (4.16) and proceeding as in the proof of
Proposition 4.2, we obtain

1

2

∫
Ω

(nε − n)−(t)26 1

2

∫
QT

1φε(nε − n)−2+ n
∫
QT

1φε(nε − n)−

= 1

2

∫
QT

(
f (φε)− nε)(nε + n)(nε − n)−

6 1

2

∫
QT

(
f (φ)− n)(nε + n)(nε − n)− 6 0.
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Therefore,nε > n in QT , from which we conclude the assertion.2

5. UNIQUENESS OF SOLUTIONS

We present two results on the uniqueness of solutions to (4.1)–(4.5).
For both results we need additional assumptions. First, we prove the
uniqueness of solutions in the class of weak solutions (as defined in
Section 4) if isothermal states are assumed, i.e.,p(n)= n.

For nonlinear pressure functions, the problem becomes quasilinear,
which is more delicate. We show the uniqueness of solutions in the class
of weak solutions satisfyingφ ∈ L∞(W 1,∞), where we have to exclude
mixed boundary conditions. Indeed, it is well known that in the case
of mixed Dirichlet–Neumann boundary conditions, we get, in general,
at mostφ(t) ∈W 2,4/3−ε(Ω) for everyε > 0 [2], even for smooth data.
For the second result, we also have to assume that eitherp′(s) is strictly
positive or the initial and boundary densities are strictly positive. This
condition implies that the problem (4.1)–(4.5) is uniformly parabolic.

We cannot present a general uniqueness result for degenerate prob-
lems. The reason lies in the fact that we are not able to deal with both
the degeneracy of the functionp and with the nonlocal drift term. It is
possible to prove uniqueness of solutions of the degenerate problem for
givenφ (see, e.g., [13] for a related result) or of the nondegenerate prob-
lem coupled self-consistently to the Poisson equation (Theorem 5.2). In
semiconductor modeling and in the hydrodynamics of immiscible flu-
ids through a porous medium, similar difficulties occur and no general
uniqueness results are available (see [1,7,8]). We refer to [7] for related
results for the degenerate case under special conditions (also see Remark
5.3).

We assume throughout this section that the conditions (A1), (A2′)–
(A4′) hold.

THEOREM 5.1. – Let p(s) = s for s > 0. Then there exists a unique
weak solution(n,φ) of (4.1)–(4.5).

Proof. –Let (n1, φ1) and(n2, φ2) be two solutions to (4.1)–(4.5). Then
n1, n2 ∈L2(H 1)∩H 1(V ∗) ↪→ C0([0, T ];L2(Ω)). Usingn1− n2 as test
function in the difference of Eqs. (4.1), satisfied by(n1, φ1), (n2, φ2),
respectively, we obtain
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1

2

∫
Ω

(n1− n2)(t)
2+

∫
Qt

∣∣∇(n1− n2)
∣∣2

=
∫
Qt

(n1− n2)∇φ1 · ∇(n1− n2)+
∫
Qt

n2∇(φ1− φ2) · ∇(n1− n2)

6 1

2

∫
Qt

(
n1− f (φ1)

)
(n1− n2)

2+ 1

2

∫
Qt

∣∣∇(n1− n2)
∣∣2

+ 1

2

∫
Qt

n2
2

∣∣∇(φ1− φ2)
∣∣2

for everyt ∈ (0, T ). Here, we have used Eq. (4.2) and Young’s inequality.
Observing that, thanks to the monotonicity off ,∫

Qt

∣∣∇(φ1− φ2)
∣∣26 ∫

Qt

(n1− n2)
2,

and taking into account theL∞ bounds (4.7), we get

1

2

∫
Ω

(n1− n2)(t)
2+ 1

2

∫
Qt

∣∣∇(n1− n2)
∣∣2

6 1

2

[(
MT − f (φ))+M2

T

] ∫
Qt

(n1− n2)
2.

We conclude from Gronwall’s lemma that(n1− n2)(t)= 0 a.e. in Ω, for
everyt ∈ (0, T ). 2

THEOREM 5.2. – Let ∂Ω = ΓD ∈ C2+ε (ε > 0), φD ∈ L∞(W 2,q) for
q > d (d being the space dimension), p is strictly increasing,f is locally
Lipschitz continuous inR, and either

(i) p′(s)> p0> 0 for all s > 0, or
(ii) nD > n0> 0 onΓD × (0, T ), nI > n0> 0 in Ω .

Then there exists a unique weak solution of(4.1)–(4.5)satisfyingφ ∈
L∞(W 2,q).

Proof. –Let (n1, φ1) be a limit solution to (4.1)–(4.5) (see the defini-
tion before Proposition 4.2) and let(n2, φ2) be another weak solution. Us-
ing elliptic regularity theory [28], we conclude thatφi(t) ∈W 2,q(Ω) and
∇φi ∈L∞(QT ) for i = 1,2, sinceq > d. Setn= n1− n2, φ = φ1− φ2,
and letτ > 0. We get for every test functionψ ∈ C∞(QT ) satisfying
ψ |∂Ω = 0 andψ(τ)= 0 in Ω
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−
∫
Qτ

n∂tψ −
∫
Qτ

(
p(n1)− p(n2)

)
1ψ

=−
∫
Qτ

(
n∇φ1 · ∇ψ + n2∇φ · ∇ψ). (5.1)

Now set

A(x, t)=
1∫

0

p′
(
θn1+ (1− θ)n2

)
dθ.

If the condition (5.2) is satisfied then it holdsA > p0 > 0 in QT . In
the case of condition (5.2) we get the existence ofn > 0 such that
n1(x, t)> n in QT , by Proposition 4.2, and therefore,

A>
1∫

0

p′(θn)dθ = (p(n)− p(0))/n > 0 inQT .

Furthermore, we get the regularityn1, n2 ∈C0([0, T ];L2(Ω)).
There exist sequencesAη, Bη ∈ C∞0 (QT ) such that

Aη→A in L2(QT ), sup{‖Aη‖0,∞: η > 0}<∞,
inf{Aη: η > 0}> 0,

Bη→∇φ1 in L2(QT ) asη→ 0,

sup{‖Bη‖0,∞: η > 0}<∞.
We rewrite Eq. (5.1):

−
∫
Qτ

n
(
∂tψ +Aη1ψ −Bη · ∇ψ)

=
∫
Qτ

n(A−Aη)1ψ −
∫
Qτ

n(∇φ1−Bη) · ∇ψ −
∫
Qτ

n2∇φ · ∇ψ. (5.2)

Let ψ = ψη ∈ C∞(QT ) be the unique solution of the retrograde
uniformly parabolic problem

∂tψ +Aη1ψ −Bη · ∇ψ =−gη in Qτ,

ψ = 0 on∂Ω × (0, τ ), ψ(τ)= 0 inΩ, (5.3)

wheregη ∈ C∞0 (Qτ ) satisfiesgη → n in L2(Qτ ). The existence ofψη
follows from standard parabolic theory [18]. Multiplying the differential
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equation (5.3) by1ψη, we easily get the following estimate (see, e.g.,
[13] for details):

‖∇ψη‖L∞(L2) + ‖1ψη‖L2(L2) 6 c0‖gη‖L2(L2),

wherec0> 0 depends onp0 in case (i) or onu in case (ii). Observing that

‖∇ψη‖0,2,Qτ 6
√
τ‖∇ψη‖L∞(L2),

we get from Eq. (5.2)∫
Qτ

ngη 6 ‖n‖0,∞‖A−Aη‖0,2‖1ψη‖0,2+‖n‖0,∞‖∇φ1

−Bη‖0,2‖∇ψη‖0,2+ c0
√
τ‖n2‖0,∞‖∇φ‖0,2‖gη‖0,2.

Performing the limitη→ 0 yields∫
Qτ

n26 c0M
√
τ‖∇φ‖0,2,Qτ‖n‖0,2,Qτ , (5.4)

whereM = ‖n2‖0,∞,Qτ . The differenceφ = φ1− φ2 satisfies, sincef is
monotone, the equation∫

Qτ

|∇φ|26
∫
Qτ

nφ 6 c1‖n‖0,2,Qτ‖∇φ‖0,2,Qτ , (5.5)

which implies, together with (5.4),

‖n‖20,2,Qτ =
∫
Qτ

n26 c0c1M
√
τ‖n‖20,2,Qτ .

Choosingτ < 1/(c0c1M)
2, we conclude thatn1− n2 = 0 a.e. inQτ . In

particular,(n1− n2)(τ )= 0 in the sense ofV ∗. Thanks to (5.5) we infer
thatφ1− φ2 = 0 a.e. inQτ . Applying the above method to the problem
(4.1)–(4.5) inΩ × (τ,2τ), we getn1 − n2 = 0 and φ1 − φ2 = 0 a.e. in
Ω × (τ,2τ) with (u1− u2)(2τ)= 0 in the sense ofV ∗, etc. Finally, after
a finite number of steps we arrive ton1= n2 andφ1= φ2 a.e. inQT . 2

Remark5.3. – It is possible to prove the uniqueness of solutions of the
mixed boundary-value problem in one or two space dimensions, provided
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that the boundary∂Ω is Lipschitzian and thatnI ∈ W 1,p(Ω) and nD,
φD ∈L∞(W 1,p) for somep > 2. This result can be proved as in [11].

Furthermore, it is possible to relax the hypothesis thatp(s) is strictly
increasing. Indeed, we get uniqueness of solutions, provided thatp(s) is
only non-decreasing and that the inequality

∇φ · ν 6 0 onΓD × (0, T )
is satisfied for some solution(n,φ). This inequality can be interpreted
as an entropy-type condition, since Eq. (4.1) becomes hyperbolic if
p(s)= const. The proof of this result is analogous to the corresponding
proof in [6].
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APPENDIX A

The hydrodynamic plasma equations including the physical parameters
read as follows:

∂tnα + div(nαuα)= 0, α = e, i, (A.1)

∂t(mαnαuα)+ div(mαnαuα ⊗ uα)+∇pα(nα)
=Qαnα∇φ − mαnαuα

τα
, (A.2)

−ε01φ = q(ni − ne), (A.3)

whereQe = −q, Qi = +q, q is the elementary charge, andε0 is the
permittivity constant. For the scaling, we assume that the electron mass
me, the ion massmi and the relaxation timesτe, τi are constant. Let
L denote the diameter of the domain, letNα andvα be typical density
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and velocity values for the electrons and ions, respectively (α = e, i).
Furthermore, we set

τ0= L/v0, τ0,α = L/vα, α = e, i,
wherev0 is a velocity constant, and we define the scaled Debye length

λ=
√

ε0kBT0

q2L2 max(Ne,Ni)
,

whereT0 is a temperature constant. Then, performing the scaling

x→ Lx, t→ τ0t, τα→ τ0,ατα,

nα→Nαnα, uα→ vαuα, pα(nα)→ kBT0Nαpα(nα) ,

φ→ (kBT0/q)φ,

in the system (A.1)–(A.3), we get the equations for the dimensionless
variables and parameters

∂tnα + (vα/v0)div(nαuα)= 0,

δα(v0/vα)∂t (nαuα)+ δαdiv(nαuα ⊗ uα)+∇pα(nα)
=−qαnα∇φ − δα nαuα

τα
,

−λ21φ = γini − γene.
Here,qe =−1, qi =+1, γα =Nα/max(Ne,Ni), and

δα = mαv
2
α

kBT0
, α = e, i.

In order to obtain the model (HD-EI) of Section 1, setv0 = ve = vi and
Ne =Ni such thatγe = γi = 1.
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