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ABSTRACT. — We discuss connectivity properties of the range of Sobolev
maps, and of weak diffeomorphisms or equivalently of elastic deformations.
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RESUME. — On présente des résultats sur la connexion de I'image d’un
difféomorphisme faible.

In this paper we shall study some properties of the range «({2) of a
weak diffeomorphism u, where {2 is an open connected domain in R". We
denote by R"™ another copy of R™ and we recall, compare [3] [2], that a

Classification AAM.S.: 49 Q 20, 73 C 50.

(*) This work has been partially supported by the Ministero dell’Universitd e della Ricerca
Scientifica, by C.N.R. contract n. 91.01343.CTO1, by the European Research Project GADGET,
and by Grant n.11957 of the Czech Acad. of Sciences. The second author would like to
aknowledge hospitality of the Mathematisches Institut of ETH Ziirich during the preparation of
this work.

Annales de IInstitut Henri Poincaré - Analyse non linéaire - 0294-1449

Vol. 12/95/01/$ 4.00/
© 1995 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



62 M. GIAQUINTA, G. MODICA AND J. SOUCEK

function u € WH(Q, R™) is said to belong to cart }(Q2, R") if
/ |M(Du)ldz < oo,
o

where M (Du) denotes the n—vector in A,R™ X R"
M(Du) := (e; + Diu)A(e2 + Dau)A ... A(e, + Dypu)
€1,. .., €, being the canonical basis of R", and moreover
G, LOAXR" = 0,

where G, denotes the n—dimensional rectifiable current in R™ x R™ carried
by the graph of u. If

L, :={z € Nz is a Lebesgue point for u }

Ry = LyN Lpy,

and
i) = {Lebesgue value of u at z, if £ € R,
= constant, if © ¢ R,
then
G, = 7(M,1,8)
where M := {(z,u(z))|z € R,} and &(z,u(x)) is the n—vector
orienting M
" M(Du(z))
&z, u(x)) =
) = T (DuGe))
compare [5].

The class of weak diffeomorphisms is then defined as the class of
u € cart*(Q, R™) such that

(1) det Du > 0 ae. in €,

(ii) u is globally invertible in the sense that

/qﬁ(z,u)detDudw < /A (sup ¢(z,y)) dy
Q R

n e}

holds for all ¢ € C°(Q2 x R™) with ¢ > 0.
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CONNECTIVITY PROPERTIES 63

In the physical case n = 3 such a class arises naturally in finite elasticity,
and in fact characterizes elastic deformations in the sense of [4].

In order to discuss properties of the range of u, of course we should first
identify »(2). First we consider Sobolev maps u € WI*P(Q,IA{"), p>1,
and we do it in terms of approximate continuity, compare e.g. [1]. Given
a point z € § at which © has positive density, ({2, z) > 0, one says that
z € R™ is the approximate limit of u(y) for y — =z,

z = ap lim u(y) ,

y—z

if for every r > 0 the point z is a zero density point for the set
u” (R™ \ B(z,r)). Here the density is defined in terms of Lebesgue

measure lB( ) A AI
: z,p
8(A. z) = lim 2P A
42) = 1 B, o)

It turns out that for a.e. z € {2 the approximate limit of u(y) for y — =
exists and agrees with Lebesgue’s value of u. More precisely, setting

A, = {z€Q | aplimu(z) exists}

Yo
u(z) = aplimu(z) , z e A,

y—z

we have

RuCL,CA,, HYQ2\R.) = 0

u(z) = lim u(y) dy forze L, ,
r=0% J B(a,r)

and finally, compare [7], [13]
dimy(Q\ Ly) <n—p,  HHQ\L,) =0
consequently
dimyx(Q\A) < n—p, H"HQ\A,)=0.

We shall now work with the approximately continuous representative %
on A, of u and prove that the image %(f2) of a connected set Q by a
WP map is connected.

DEFINITION 1. — We say that A C R™ is d-open if and only if (A, z) = 1
Jor all x € A.
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The collection of d-open sets defines the so-called d-topologys; it is in fact
easily seen that unions and finite intersections of d-open sets are d-open
sets. Such a topology is studied for instance in [8] [9] and [10], where the
notion of dg—connectedness is introduced.

Lemma 1. — Let Q C R™ be open and connected and let A C Q be a

set of positive measure with finite perimeter in §) for which |A] > 0 and
P(A,Q) = 0. Then |2\ A| = 0.

Proof. — From

P(A,9) = [Dxal(2)

:sup{/XAdivcpd:c

we infer that the distribution y 4 has zero derivatives in €2, hence x4 is
constant in €2, as  is connected. I
We can now state

o € CHQ,R™), mg} ~ 0

THEOREM 1. — Let Q be an open connected set in R™ and let u €
Wh2(Q,RN), p > 1. Then the set u(§2N A,) is connected.

Proof. — Suppose that B := u(A N .A,) is not connected. Then there are
disjoint open sets U; and Uy in R such that

BCL{lUUZ, Bﬂ%;ﬁ@Z:l,Q
Since % is approximately continuous on A, the sets
Ai = E‘I(L{i) 7= 1,2

are contained in 4, and d-open in R"™.
From B C U; U Uy we then deduce that A, = A; U Ay, hence

H O\ (AL UAs)) = 0.

As BNnU; # ¢ we have A; # @, hence |A;| > 0, since the A;’s are
d—open. Also

Ry = {x€Q | §(A,2) =0} D A,
Consider now the reduced boundary 95 A1 of A; in 2. We have

A1 C {z €9 | neither §(A1,x) = 1 nor §(Ay,7) = 0}
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CONNECTIVITY PROPERTIES 65

hence R
O A1 C O\ (A1 UA) C O\ (A UAy),
so that
H* 1 (05A1) = 0.
From Lemma 1 we therefore deduce |2 \ A;] = 0 which contradicts
IA2] >0 O

Remark 1. — It is easily seen that in fact Theorem 1 holds for any
representative v of u which is approximately continuous in A4,, with
LM(Q\ A,) = 0, replacing A, and @ respectively with 4, and v.

Remark 2. — The choice of a representative of v in Theorem 1 is
essential. For example consider the function

u : B(0,1)cR* — R

I 1fa:1;£0
M) =y o
1= .

Then u(B(0,1)) = (-1,0) U (0,1) U {2}, i.e. u(B(0,1)) is not connected.
Only carefully redefining » on H"~!-a.e. point of the line {0} x (-1,1) C
B(0,1) in terms of an approximately continuous representative v we can
infer that v(B(0,1)) is connected.

We are now ready to discuss connectivity properties of the range af weak
diffeomorphisms u € (Ti/fl’l(ﬂ,ﬁ“). Since u4jr, has the double Lusin’s
property, from [4] we known that there exists a null set N,, C 0, |N,| =0,
such that % is one to one on R, \ N, and

@Ry \ No)Na(N,) = 0.

In fact this holds for any Lusin’s representative of u, and, moreover, we
can assume that @ be defined in all of €.

We shall now introduce a variant of the notion of connectivity which
is suited for our purposes. Given two subsets A and B of R™ we define
their essential distance by

dess(A’B) = Sup{diSt (A\vaB\NZ) I [Nll = [N2I = 0} . (1)
We then set

DEeFINITION 2. — A set A C R™ is said to be essentially connected,
ess-connected, iff

A = A; U Ay with|A;| > Oand [A2] > 0 implies dess(Ay, 42) = 0. (2)
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We have

TueorEM 2. — Let Q C R™ be a bounded connected domain and let
u € dif ~ (Q, R™). Then 4(Q) is ess-connected for any Lusin representative
4 of u.

Proof. — Suppose () is not ess-connected. Then we can find
By, By C 4(9) such that

|Bil,|Ba] >0, |a(Q)\ (B1UBy)| =0, dist(B1,B2)>0. (3)

Consider now an open set { D B; with smooth boundary 8l such that
dist (U, Bz) > 0, and the function

AMy) = dist (y,U) yeR".
A(y) is Lipschitz-continuous and for some do > 0
0<Ay) <8  implies yeR"\UAUB,). (4)
Finally we extend A to all of R™ x R~ by setting
Az,y) = My)  for (z,y) e R* x R" . (5)

Setting
Ay = a7 Y(By)  i=1,2 (6)

we see as consequence of the double Lusin’s property of @ (in fact from
[a(A)] = 0 if |A] = 0) that

Al 145] > 0 and |9\ (A4;U4)|=0. (7)

Now we slice the current G, by A, compare [11]. For a.e. §, 0 < 4 < bo
the slice < Gy, \,§ > exists as a (n — 1)-rectifiable current and

< Gy N6 > = 0(G, L {(z,y) | Mz,y) < 6}
on (n — 1)-forms with compact support in {2 x R™. On the other hand
GuL{(zy) | Mz,y) <8} = Gy A X R"

and ~
Gul_{(l',y) l /\(‘T,y) > 60} = GuLAZ x R"
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so that

spt (G L A1 x R™) € O x {(z,9) | \(z,y) < 8}
spt H(Gy L Ay x R™) € O x {(z,9) | Mz,y) > 8o}

Since G, L X R™ = 0, we get
O(G, LA x R") = —9(G, LA, x ﬁ")
and therefore
NG, LA xR =0.
This implies
P(A1,9Q) = Mo(d[4:1]) = 0 (8)

as O[ A1 ] = mx0(G, L A1 X R") = 0, where  is the map 7 : (z,y) — .
This gives a contradiction since by Lemma 1 we then have [4,| = 0. O

~11, o~

We shall now show that maps in dif (€2, R™) do not cavitate. Results
of these type are relatively simple if one has some control on the boundary.
Indeed we have

ProrosiTION 1. — Let €2 be a bounded open connected set in R™ and let
~1,1 —~
uw € dif  (Q,R"). Suppose that

K := spt740G,
is compact and let
ﬁ"\Kz@OUi m € N, or m = oo

the decomposition of the complement of K into connected components,
where Uy is the unbounded component. Then

[a(§2) NUo| = 0

and for eachi = 1, ... ,mwe have either |u(Q)NU;| = 0 or [U\©(2)] = 0.
In particular, if m = 1, then

lG(Q)AU| = 0.
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Proof. — It is an easy application of the constancy theorem, see e.g.
[11]. In fact

TyGu = [u(Q)]

is an n—dimensional rectifiable current in R™ with multiplicity one and
[@(2) NU; ] is boundaryless in 24;. The last statement follows then at once
as |a(§2)] > 0 because of det Du > 0 ae. O

Remark 3. — A simple consequence of Proposition 1 is the result in
[12]. In fact one easily sees that the class .4, , introduced in [12] is a
subclass of &El’l(ﬂ,ﬁ") and, if 8G, is the current carried by the graph
of a continuous map u, then K C 4(30N).

Our last theorem concerns the regularity, in the sense of non-cavitation,
of weak diffeomorphisms without any control on the boundary. We
consider a bounded and simply connected domain €2 in R™. We denote by
d:Q — (0,00) a Whitney’s regularized distance function, i.e., a smooth

function d(z) which is equivalent to dist (z,d9Q) for z € 2. We then
assume that

(S) For some b9 > 0 the open sets
Qs := {z€Q | dz)>6 and Q\Q

are connected for all 6 with 0 < 6§ < 6.

THEO];EIM 3.~ Let 2 C R™ be a connected domain satisfying (S) and let
u € dif ’ (Q,ﬁ") Then for almost every 6, 0 < § < &g, the image u(Ss)
of s and R™ \ 4(Qs) are both essentially connected.

Proof. — Set As := u(§s), 0 < § < 8. We know that @4(s) is ess-
connected. Assume on the contrary that R™ \ As is not ess—connected for
a non zero measure set of §’s. For almost every such 4’s

d(G,L 05 x R?)

is of course a rectifiable current with finite mass, consequently Ag is a
Caccioppoli set, as

[As] = 74(GuLQs x R,

7 being the map (z,y) — y. Fix now one such a 6. We claim that for
almost every 6; with 0 < 6; < 6 we have

(G, L s, x R is a rectifiable current (9)
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and moreover
H YO As, N As) = 0. (10)
In order to prove (10) we first observe that
HYE) = 0

where
E = {ze(Q\Qs)NR,|u(z) €07 As}

because # satisfies the double Lusin property. From this we easily infer
H*Y(Es,) =0 for a.e. §; (11)

where
Es, == {2z €00, NR,|0(z) € 07 As} .

On the other hand thé trace  of v on 0%, belongs for ae. §; to
Wh1(890s,,R™), H*! almost every point in 8, is a regular point for
u and wu, and

u(z) = u(z) H* - ae z €00, ;

moreover N
(G, L, xR =G

Elanél b

compare e.g. [6]. Denoting by % the Lusin representative of u, we then
infer that

O™ As, CU(8Qs,)  H - ae.
consequently
0™ As, N0~ As C u({z € 30, N Ry |T(z) € 8™ As})
Since the set {z € 98, "Ry | a(z) € 8~ Ag} differs form Ejs, by a null set
and ¥ has the H™~! Lusin property on 925, , we finally infer (10) from (11).
We now choose 6; in such a way that (9) and (10) hold. Setting

B := ’17,(95) = A5
C = 17,(951 \Qg) = Agl \A5
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(10) yields
0°B C 9°C H* ! ae. (12)

On account or our assumption, R := R" \ 4(f2) is not ess-connected.
We can then find disjoint open sets Uy, Uy C R™ such that

RClUyUlUs ae., lRﬂU1l>0, IRDUQI > 0, diSt(ul,UQ>>0. (].3)
Being @ one-to-one in (! we have
IBNC| = 0 (14)

and
C = (CNUh)U(CNnl) a.e. (15)

if we take into account (13) and (14).
From Theorem 2 we know that C is ess-connected, hence one of the
addenda of (15), say C N U;, must be a null set

ICnth] = 0, i.€., C ClU ae.,

consequently _
0~C C U, H ! ae. .

From (12) we therefore obtain
8" B C U, H* ! ae. . (16)
Now we define
B = BUU, (17)
and observing that B, U, Us is a covering of R", we get
8 B=9"Bnl ,

consequently 9~ B = (), if we take into account (16). We therefore conclude
that either B = R" ae. or |B| = 0. Because of (13) we finally infer
B =R" ae. and, because of (17), that

B D ﬁ"\a2 o U
which contradicts |R N3] > 0in (13). O
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We shall now show by means of a few examples that Theorems 2 and
3 are in some sense optimal. Our first example shows that %(2) may be
disconnected.

Example 1. — Let Q = (—1,1)2 C R? and let o € (0,1). Consider the
map u : Q2 — R? defined by

ul(z) =z, wi(z) =z |z]* .
L1 = . .
We have v € dif  (Q,R"). In fact G,, — G, where u, is the family
of maps defined by
ul = u! inQ
5 v inQn{z | |z,] > e}
ug =
¢ T2e® in QN {z | |1, < e} .
It is immediately seen that

WRANR,) = {y€ﬁ2 |yl < lw1]*, lya] < 1}

is not connected, but it is ess-connected. Notice that instead for the
approximately continuous representative % of u we have

UQNA) = {y | el <lwal*, || <1} U {(0,0)}.

In fact {0} x (—1,1) is mapped to zero and by the Hausdorff estimates of
the singular set of u we cannot have {0} x (=1,1) C Q\ £,. We therefore
see that %(f2) is connected according to Theorem 1.

Finally we notice that Theorem 2 does not hold for Cartesian maps as it
is shown by the following variant of the previous example. Set

Q = (-2,2) x(-1,1) ¢ R?

and
ut(z) = 1, u*(z) = 25 (max(|z,| — 1,0))* .
Then it is easily seen that
QN A) =a(QNR,)
=y [yl < (lnl = 1)*, 1< fyn| < 2} U([-1,1] x {0})
is not ess-connected while it is connected in the usual sense.
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Example 2. — We identify R? with the complex plane C, we set

1
Q= {zEC = <|z[ <1, Imz>0},

2

and we consider u(z) := 22 for z € €. In the a.e. sense we have

WNNR,) =0 = {zEC %<|Z|<1}'

Clearly R?\ %(Q2NR,,) is not essentially connected, while R?\ 4(2sNR,,)
is essentially connected for all § > 0.

The map u is of course of class C! in Q and its exact image (not the
a.e. image) is given by
(2N Ay)

zﬁ’:z{zec

1
1< |z| < 1} \ {z€ C|Ilmz=0,Rez >0} (18)

which is simply connected in the usual sense.

The next example of a discontinuous weak deffeomorphism shows that
in general R?\ u(2 N A,) need not be connected (in the usual sense).

Example 3. - Let @ = B(0,2) C R?, @ = {(z1,22) | |z:1] + |22 < 1},
and v = (u!,u?) : B(0,2) — R? given by

1 .
— it ze@

ul(z) = { T+ [oe w (z) == 3y, fzeQ.

~11 ~—pd
One can show that € dif = (€2, R?) (in fact u € dif (9, R?) for all

p, g < 2), by approximating v by a sequence of smooth maps u., for

instance
, ul(z) = u?.

{%, if |zp]+|z2] <e

ul, otherwise

One then sees that
L, = B(0,2)\ {0})
u(z1,0) = (1,0) for 0<zy <1
u(z1,0) = (—1,0) for —1<x1<0;
while u is not approximately continuous at (0,0). Thus we have
WQNL) = B0,2)\((~1,1) x {0})
which is not simply connected, but w(2 N £,) and R\ ©(Q N L,) are
both essentially connected.

Example 3 shows that weak diffeomorphisms may create holes of zero
measure.
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