Ann. Inst. Henri Poincaré,

Vol. 10, n® 3, 1993, p. 345-361. Analyse non linéaire

Relaxation for a class of nonconvex functionals
defined on measures

by

Guy BOUCHITTE

Département de Mathématiques,
Université de Toulon et du Var, BP 132,
83957 La Garde Cedex, France

and

Giuseppe BUTTAZZO

Istituto di Matematiche Applicate,
Via Bonanno, 25/B, 56126 Pisa, Italy

ABsTRACT. — We characterize in a suitable integral form like

F(x)=f f(x,gﬁ)dwj <I><x,v)+f 706 A () dt
Q K O\A Ax

the lower semicontinuous envelope F of functionals F defined on the space
A (€2; R”) of all R"-valued measures with finite variation on €.

REsUME. — On établit une représentation intégrale de la forme:

F(x)=f f<x,;ﬂ>dp+J @(x,l‘)+f g2(x, M(x)) d#
Q (4] O\ A, Ay

pour la régularisée semicontinue inférieure F d’une fonctionnelle F définie
sur 'espace . (2, R") des mesures a variation bornée sur Q a valeurs
dans R".
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346 G. BOUCHITTE AND G. BUTTAZZO
1. INTRODUCTION

In a previous paper [3] we introduced a new class of nonconvex function-
als defined on the space .# (€; R") of all R™valued measures with finite
variation on Q of the form

F(X)=J f(x,@)du-FJ o (x, X‘)+J glx, A(xpd# (1.1
Q dp O\A; A

s
where (dh/du)u+2° is the Lebesgue-Nikodym decomposition of A, A, is
the set of atoms of A, A(x) denotes the value A({x}), and # is the
counting measure (we refer to Section 2 for further details). For this kind
of functionals we proved in [3] (see Theorem 2.4 below), under suitable

hypotheses on f, ¢, g, a lower semicontinuity result with respect to the
weak* . (€; R") convergence.

In a subsequent paper [4] we characterized all weakly* lower semiconti-
nuous functionals on .# (Q; R") satisfying the additivity condition
Fr+v)=F(\)+F(v) forevery A, ve# (R with ALlv
(1.2)
and we proved that they are all of the form (1. 1) for suitable integrands f,

?, 8-
In the present paper we deal with funtionals F of the form

F(X)={j f<x,@>dp+f glx, A(x))yd#
Q, +o du Ay

if =0 on Q\A, otherwise

and we consider their (sequential) lower semicontinuous envelope F
defined by

F=sup{G:G<F, G sequentially weakly* Ls.c. on .# (Q; R" }.

We prove in Theorem 3.1 that F satisfies the additivity condition (1.2)
so that, by the results of [4], it can be written in the integral form

F(k){f(x,"—?)dmj 5 (x, mﬁ Z(x. A(0) d#
Q dl»l O\ Ay Ay

for suitable p, £, @, g. An explicit way to construct {, f; @, g in terms
of u, f, g is given (see Theorem 3.2), and this is applied in Example 3.4
to the case f(x, s)=|s|” and g (x, s)=|s|? with pe[l+ o0] and ¢<[0, 1].

2. NOTATION AND PRELIMINARY RESULTS

In this section we fix the notation we shall use in the following; we
recall them only briefly because they are the same used in Bouchitté &

Annales de I'Institut Henri Poincaré - Analyse non linéaire



RELAXED FUNCTIONAL ON MEASURES 347

Buttazzo [3] and [4], to which we refer for further details. In all the paper
(Q, 4, p) will denote a measure space, where Q is a separable locally
compact metric space with distance d, # is the o-algebra of all Borel
subsets of Q, and p: % — [0, + oof is a positive, finite, non-atomic measure.
We shall use the following symbols:

— Co (2; R") is the space of all continuous functions u: Q — R”" “vanish-
ing on the boundary”, that is such that for every £¢>0 there exists a
compact set K, = Q with |u(x)|<e for all xe Q\K..

— M (Q; R") is the space of all vector-valued measures A: % — R” with
finite variation on Q.

— || is the variation of Ae .# (Q; R") defined for every Be # by

|M(B)=sup{ Y |2 (By]|: U B, = B, B, pairwise disjoint }
h=1 h=1

— A, — A indicates the convergence of A, to A in the weak* topology
of # (; R") deriving from the duality between .# (€; R") and C, (Q; R").

— A<y indicates that A is absolutely continuous with respect to , that
is [A|(B)=0 whenever Be # and pu(B)=0.

— A Llp indicates that A is singular with respect to p, that is
|2 [ (Q\B)=0 for a suitable Be # with u(B)=0.

— upwithueL(Q; R"; p), is the measure of .# (Q; R") (often indicated
simply by ) defined by

(uu)(B)=j udp for every Be 4.
B

It is well-known that every measure Ae.# (Q; R") which is absolutely
continuous with respect to p is representable in the form A=wup for a
suitable ue L' (Q; R"; p); moreover, by the Lebesgue-Nikodym decomposi-
tion theorem, for every Ae.# (Q; R") there exists a unique function
ueL;(Q; R") (often indicated by d\/dy) and a unique measure
Ae . 4 (; R™ such that

i) A=up+2*

(ii) A’ is singular with respect to p.

— u) with u:Q — R a bounded Borel function and Ae.# (Q; R"), is

the measure of .# (€; R") defined by

(ur) (B)=J udh forevery Be4.
B

— l1g with B < Q, is the function

L) 1 if xeB
x -
B 0 if xeO\B.
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348 G. BOUCHITTE AND G. BUTTAZZO

— 8, with xeQ, is the measure of .# (Q; R")

1 if xeB
0 if xeQ\B.

— #°(Q; R") is the space of all non-atomic measures of .# (Q; R").

— H*(Q;R") is the space of all “purely atomic” measures of
A (Q; R"), that is the measures of the form

SX(B)={

™ 8

x:

i

a;%,, (x;€Q, a,eR").

I

1

— A(x) with xeQ and Le.# (Q; R"), denotes the quantity A ({x}).
— A, is the set of all atoms of A, that is

A, ={xeQ:h(x)#£0}.

- jcp(x, A) with Be#, Ae #(;R"), and ¢:QxR"—[0, + 0] a
B

Borel function such that ¢ (x, .) positively 1-homogeneous for every xe,

denotes the quantity
dh
J 0} (x, ——> dv
B dv

which (see for instance Goffman and Serrin [12]) does not depend on v,
when v varies over all positive measures such that || <v.

— f* with f:R" -]~ o0, + o] proper function, is the usual conjugate
function of f

S*(s)=sup {sw—f(w):weR"} (seRM.

— f* with f:R" > ]~ 00, + 0] proper function, is the usual recession
function of f

feE)=sup{ f(s+0)—f(1):teR", f(H)< + 0 } (seRM.

It is well-known that when fis convex l.s.c. and proper, f* is convex ls.c.
and proper too, and we have f**=f, moreover, in this case, for the
recession function f® the following formula holds (see for instance Rock-
afellar [16]):

£2()= tim LEF®
t= +w t

where s, is any point such that f(so)< +co. It can be shown that the
definition above does not depend on s,, and that the function f® turns
out to be convex, Ls.c., and positively 1-homogeneous on R".
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RELAXED FUNCTIONAL ON MEASURES 349

— @, , with f1QxR" [0, + 0] a Borel function such that f(x,.)is
convex l.s.c. and proper for p-a.e. xeQ, denotes the function

O, (x, s)=sup{u(x)s:ueCo(Q; R"),Jf*(x, u)dp<+oo}

Q

defined for every (x, s)e QxR". The function ¢, ,(x, ) is Ls.c. in (x, s),
convex and positively 1-homogeneous in s, and we have (see for instance
Bouchitté and Valadier [5], Proposition 7)

QxS (x, ) for p-ae xeQ
Qs u2f® if the multimapping x — epi f*(x, .) is L.s.c. on Q.
— g° with g:R" > [0, + oo] a function such that g (0)=0, is the function
defined by

g° (s)=1lm sup‘M (seR").

t—>0"
— g subadditive with g:R" > [0, + 0] a function such that g(0)=0,
will mean that

g(sy+s)=g(s,) +g(sy) forevery s;,5,€R”
We remark that g is subadditive if and only if g <g, hence g =g for

every subadditive function g with g(0)=0.
— a'VB with a, B:R” > [0, + o] denotes the inf-convolution

(@VPB)(s)=inf{a()+P(s—1):teR"}.
It is easy to see that

{ SV fe=f forevery [:R"— [0, + o] convex, Ls.c., proper;
gV g=g forevery g:R"— [0, + oo]subadditive, with g (0)=0.

We also recall some preliminary resuits which will be used in the
following.

ProposITION 2.1: (see Bouchitté and Buttazzo [3], Proposition 2.2). —
Let g:R" > [0, + 0] be a subadditive l.s.c. function, with g (0)=0. Then we
have:

(i) the function g°:R" > [0, + o] is convex, ls.c., and positively 1-
homogeneous;

g9 _ 809

(i) g°(s)=sup=—— 222 for every seR".
{

>0 107

ProposITION 2.2: (see Bouchitté and Buttazzo [3], Proposition 2.4). —
Let a, p:R" > [0, + 0] be two convex ls.c. and proper functions, with o
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350 G. BOUCHITTE AND G. BUTTAZZO

such that

lim  a(s)=+o0.
[s{= +ow
Then we have:
(i) a V Pisls.c.and oV B=(o*+ p*)*;
(1) a VB, TaV B for every sequence B,:R" - [0, + 0] of Ls.c. functions
with B, 1 B.

ProrosiTion 2.3. — Let f, g:R"— [0, + 0] be two subadditive ls.c.
Sfunctions with f(0)=g(0)=0. Assume that for a suitable o.>0 it is
fs)Za|s| for every seR" 2.1

Then we have
(fV =1V g
Proof. — The inequalities (f V g)°<f° and (f V g)° </° imply that
(f Ve =r'veg’

Let us prove the opposite inequality. Let us fix seR” with
(f V 2)°(s)=C< + o0 and for every >0 let 5, R" be such that

(f Vg (1s)=f(1s) + g (1s—15). (2.2)
By (2.1) and (2.2) we have for every 1>0

als l<f(lst) <V
=y T t

S(fVe°E=C

so that we may assume s, —» z as t = 0. For every ¢>0 and weR” set
fowy=sup {ww* :w*<f (1) for every |1|<e}
g (w)y=sup { ww*: tw*<g(r) forevery |1|<e}.

Fix ¢>0; by Proposition 2.3 of Bouchitté and Buttazzo [3] we have for
every ¢ small enough

f(ts,)+g(ts-— ZS,)

p ;fs(st)+ge(s_st)’

so that, passing to the lim inf as 1 — 0, and taking into account (2.2)
(fV&°(s)2f.(2)+8.(s—2)

Finally, passing to the limit as € — 0, by Proposition 2.3 of [3] again, we
get

(Ve )z (+g°(s—2(f°Vgi)(s). W
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RELAXED FUNCTIONAL ON MEASURES 351

We shall deal with functionals defined on . (Q; R”") of the form

F()»)=J~ f(x,i)\—>dp+j (p(x,)»s)+J glx, A(x)d#. (2.3)
Q dp oA Ay

For this kind of functionals we proved in [3] a result of lower semicontinu-
ity with respect to the weak* convergence in . (Q; R"). More precisely,
the following theorem holds.

THEOREM 2.4, — Let pe # (Q) be a non-atomic positive measure and
let f, @, g: QXR" > [0, + 0] be three Borel functions such that

(H,) f(x,.) is convex and ls.c. on R", and f(x,0)=0 for p-a.e. xeQ,

Hy) [ (x, . )=0(x, .)=0; ,(x,.) for p-ae. xe,

(H;) gis ls.c. on QxR", and g (x, 0)=0 for every xe€,

(Hy) g(x,.) is subadditive for all xeQ, and g< @, , on QX R",

(Hs) g°=¢ on (Q\N) x R", where N is a suitable countable subset of Q,

Then the functional F defined in (2.3) is sequentially weakly* l.s.c. on
A (Q; RY).

Remark 2.5. — The assumption ¢ =0, , on (Q\N) x R" with N count-
able, of Theorem 3.3 of Bouchitté & Buttazzo [3], has been replaced here
by the weaker one ¢=¢, , on (Q\M)xR" with p(M)=0. A careful
inspection of our proof shows indeed that this weaker condition is still
sufficient to provide the lower semicontinuity of F.

Remark 2.6. — A slightly more general form of the lower semicontinuity
Theorem 2.4 can be given (see Bouchitté and Buttazzo {4]) by requiring,
instead of (H,), that

(i) the set D, has no accumulation points,
(Hy) (ii) the function g* is l.s.c. on Q xR,
(iii) g<0;,, nd g*<g on QxR",
where D, and g are defined by
D,={xeQ:g(x, .) is not subadditive }
g(x, s)= liminf g(y, ).
0= (x,9

yEx

The fact that all additive sequentially weakly* Ls.c. functionals on
A (€2; R”) are of the form (2. 3) has been shown in [4], where the following
result is proved.

THEOREM 2.7: (see Bouchitté and Buttazzo [4], Theorem 2.3). — Let
F: .4 (Q, R") = [0, + o] be a functional such that

(i) F is additive (i.e. F(A+v)=F (A\) + F (v) whenever \ L v);

(it) F is sequentially weakly* l.s.c. on 4 (Q; R").

Vol. 10, n° 3-1993.



352 G. BOUCHITTE AND G. BUTTAZZO

Then there exist a non-atomic positive measure pe # (Q) and three Borel
Sfuntions f, @, g: QxR" = [0, + c0] which satisfy

(H,) f(x,.) is convex and l.s.c. on R", and f(x,0)=0 for p-a.e. xeQ,

H,) [ (x, .)=(pf,p(x, ) for p-ae. xeQl,

(H,) g and g% are Ls.c. on QX R", and g (x,0)=0 for every xeQ,

(Hy) 259, , and g”<g on Qx R,

(Hy) g°=0=0,. o on (QN\N) x R", where N is a suitable countable subset

of Q, and such that for every he M (Q; R") the integral representation (2.3)
holds.

3. RELAXATION

The main application of Theorem 2.7 consists in representing into an
integral form the relaxed functionals associated to additive functionals
defined on #(Q;R"). More precisely, given a functional
F: . (Q; R") > [0, + 0], we consider its relaxed functional F defined by

F=sup{G:G<F, G sequentially weakly* Ls.c. on .# (Q; R") }.

The functional F above is sequentially weakly* ls.c. and less than or
equal to F on .# (Q; R"). We shall apply Theorem 2.7 to F thanks to the
following result.

THEOREM 3.1. — Let F:.#(Q; R") = [0, + 0] be additive; then F is
additive too.

Our goal is to characterize the functional F when F is of the form

dn
f(x’ _>dp+J g(xa X(X))d#
F(m= Jn dp Ay
+oo if A*=0 on Q\A,  otherwise

where pe#(Q) is a non-atomic positive measure and f,
g2:QxR">[0, + 0] are two Borel functions satisfying the following
assumptions:

f(x,.) is convex and ls.c. on R”, and f(x, 0)=0 for p-a.e. xeQ 3.1
There exist a>0 and e L} such that:

fex, )zalsj=B(x), V(x, 5HeQxR" (3.2
gis Ls.c.on QxR” and g(x, 0)=0 for every xeQ (3.3)
g(x, .) is subadditive for every xeQ (3.9
g% (x, s)2a|s| for every (x, s)e QxR". 3.5
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RELAXED FUNCTIONAL ON MEASURES 353

By Theorem 3.1 we may apply the integral representation Theorem 2.7
to F and we obtain

I_:()»)=j~f<x,j\—_>dﬁ+J ¢ (x, Xs)+f g(x, Mx))d#.
Q M O\ Ay Ax

for a suitable non-atomic positive measure pe.# (Q) and suitable Borel
functions f, @, g:QxR"—[0, +o0] satisfying conditions (H,)-(Hs) of
Theorem 2.7. In order to characterize these integrands we introduce the
functional

F1<x)=ff1(x,?)du+f 0, (%, w)+f g1 (. M (x) d#t
Q H O\ Ay Ay

where
f1=fV(pf,quo, (P1=(Pf,quo, g1=(Pf,qu-

The main result of this paper is the following relaxation theorem.

THEOREM 3.2. — For every he M (Q; R") we have
F\)=F, (M.

Remark 3.3. — We may consider on g the following weaker assumptions
instead of (3.4):
There exists a subset D of Q, which has no accumulation points, such that
g(x, .) is subadditive for every xe Q\D, and the function g% is ls.c. in
(x, s).

The conclusion will be the same.
Example 3.4. — Let pe[l, + o], g€[0, 1], and let
f@=|sP.  g®=|s|"

In the case p=+o0 we set f=y,,5,<1, (i-e. the function which is 0 if
|s|<1 and + oo otherwise), and in the case g=0 we set g=lg (o, (i.e.
the function which is 1 if s#0 and 0 if s=0). Then we have

p>1, g<l = Z=f, }g:=g
p=1, g=1 = f=f, g£=g

that is the associated functional F is sequentially weakly* lower semiconti-
nuous. In the remaining cases, F is not sequentially weakly* lower semicon-
tinuous and, after some calculations, one finds

P>l g=1 = =g, JO=(V])0),
p=1, 4<l = J=f z©=cV].)e.

Vol. 10, n® 3-1993.



354 G. BOUCHITTE AND G. BUTTAZZO
It is
Mp if Isléplm_p)
ls|+pp/(1—p)_p1/<1—p> if [Sl>p”“”’”
EVI].DE)=]s|A]s|
Of course, in the case p=+ o0 and g=1 it is
0 if |s]§1
s —_
7 {]s[—l it [s|>1,

while, in the case p=1 and g=0it is

(fVH)(S)={

g)=|s| A L

4. PROOF OF THE RESULTS

In this section we shall prove Theorem 3.1 and Theorem 3.2; some
preliminary lemmas will be necessary.

LemMma 4.1. — Let A, — A, let C be a compact subset of Q, and for every
t>0 let

C(n={xeQ:dist(x, O)<1t}.
Then there exists a sequence t, — 0 such that
Loy M= 1A
Proof. — Since C(r) is relatively compact, we have
leh = et

as soon as dC (r) is | A |-negligible, hence for all reR*\ N with N at most
countable. Choose r,e R*\N with r, = 0; then

{ legorn = leenh (as h— o0) for every keN,
leegr— 1ch (as k — ).

Therefore, the conclusion follows by a standard diagonalization
procedure. W

Remark 4.2. — For every functional G :.# (Q; R") — [0, + co] we define
G' (M) =inf{lim infG (A}) : 1, > X} for every Ae.# (; R™).

h =+ o

It is possible to prove (see for instance Buttazzo [7], Proposition 1.3.2)
that if 2 is the set of all countable ordinals and for every £e= we define
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by transfinite induction
F,=F
Fg 17 (Fg)'
F,=inf{F, :n<&} if £ is a limit ordinal,
we have
F=inf{F,:£eE}.
LeMMA 4.3. — For every >0 and L e # (§; R") let us define
F,(M)=F})+e||r|. 4.1
Then we have
F'=inf{F,:e>0}.
Proof. — The inequality < is obvious. In order to prove the opposite

inequality, fix A e .# (Q; R") and r>0; there exists A, — A such that, setting
M=sup {||A,||: heN}, it is

F’(\) 2lim inf F (A,)=lim inf[F, (A,)—¢ || A, ]2 F,(0) — e M.

h— o h
The conclusion follows by lettinge - 0. B
Proof of Theorem 3.1. — By Remark 4.2 it is enough to show that
Fadditive = F additive.

Moreover, setting F, as in (4.1) and applying Lemma 4.3, it is enough
to prove that F; is additive for every £>0. By Proposition 1.3.5 and
Remark 1.3.6 of Buttazzo [7] it is

F:=F, forevery £>0;

in particular, F; is weakly* ls.c. on .# (Q; R"). We prove first that for
every r>0, he # (Q; R"), and B, B,e % with B, \B,=(F it is

r+F (g, .5, M ZF, (15, M)+ F (15, ). 4.2
Let A, — 15, , 5, A be such that
r+F. (1g, ,p, M 2lim infF_(2,), 4.3)
h— o

and let K; < B, be compact sets (i=1, 2). By Lemma 4.1 we have
PRy PE R P (i=12)
for a suitable sequence ¢, — 0, so that
lim infF, (A,) 2lim infF, (1 o, ) +lim infF, (1, ., %) (4.4)

h—> o h— o h—+

2F (I, M+ F (1, V).

Vol. 10, n° 3-1993.



356 G. BOUCHITTE AND G. BUTTAZZO

Now, (4.2) (hence the superadditivity of F,) follows from (4.3) and (4.4)
by taking the supremum as K; 1B, and K, 1 B,. Finally, we prove that
for every r>0, he . # (Q; R"), and B, B,e# with B, "B,=¢, it is

Fi(lg, o8, M SF(Ig, M)+ Fi(1g, M) +r. (4.5
Let A, , — 1, A and X, , — 15, X be such that

lim infF, (b, ) SF, (I 1)+ 5 (=1,2) 4.6)

h - ©
and let K; c B, be compact sets (i=1, 2). By Lemma 4.1 we have
L, Min = L A i=1,2)
for a suitable sequence 2, — 0, so that

lim inf[F, (A, ;) +F, (A, Dl2lim inf[F (1, ¢y 21, 0+ Fe (i, g r2, )]

h— h -~

=lim iant(lKl(!;,))"l,h-*— 1K2(lh))"2,h)gF2(1K1 uKs A).

h—

Now, (4.5) (hence the subadditivity of F)) follows from (4.6) and (4.7)
by taking the supremum as K, 1B, and K,1B,. B

LEMMA 4.4, — There exists a countable subset N of Q such that
(i) gsg on QxR

(i) g:gp” on QxR",

(iii) 9<g” on (ANN) xR,

(iv) 9=Z¢, , on (Q\N)xR".

Proof. — Property (i) follows immediately from the fact that F<F on
M (Q; R™).
Let us prove property (il). Denoting by F, the functional
F(, if Ae°(Q;R"
Fo(x)={ * (%9 4.8)

+ o0 otherwise,

by using Theorem 4 of Bouchitté and Valadier [5] and Proposition 2.2
we have

_ a
Fo (x)=j V0, (x, w)arwr J 0, (u N,  Vhed (R
Q du Q
(4.9)
so that, if A=59,,

g(x, S)=F(S5x)§ﬁo(s5x)=f O u(x, 58)=0, ,(x, 9).
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Let us prove property (iii). By the integral representation Theorem 2.7
we have for a suitable countable subset N of Q

»=(g)° on (A\N)xR",
so that (iii) follows from (1).

Finally, let us prove property (iv). If F, is the functional defined in
(4.8), we have

li(zx)g 1130 (th), Vi>0, Yie.#°(Q; R".
t t

Letting t— +o0 and taking (4.9) into account, we get for every
he#°(Q; R

j h (x, d—f)dﬁf o x, )=F) M) (Fp)> M)
Q dp a

=J (fv@f,p)W<x,@)du+j 0, (% M){ 0,05 N
Q du Q Q

since ¢ ,(x,.)Sf*(x,.) for p-ae. xeQ. By Theorem 2.7 it is
(H=(x, )=0(x,.) for p-a.e. xe(Q, and we obtain

J\ (B(x, )\')éf (Pf,p(x’ )\')’ Vke,/lo(Q, Rn)a
Q Q

so that (iv) follows from Proposition 3.2 of Bouchitt¢ and
Buttazzo [3]. W

LemMMA 4.5. — The functional F, is sequentially weakly* ls.c. on
A (Q; R™) and verifies the inequality F| SF.

Proof. — The inequality F,<F is an obvious consequence of the
definition of f, ¢,, g,. We shall apply the lower semicontinuity
Theorem 2.4 by showing that the functions f,, ¢,, g, satisfy conditions
(H,)-(H5). Conditions (H;) and (H,) follow immediately from
Proposition 2.2 (i), and condition (Hy) follows from Proposition 2.3.

Let us prove condition (H,). The subadditivity of g, (x,.) is an easy
consequence of the subadditivity of g(x,.) and ¢, ,(x, .); it remains to
prove that g, <@, , on QxR" or equivalently (gl)og(pfhp on QxR"
Setting

T, (x)=dom (¢, ,)* (x, .)
[y (x)=dom (o, J)*(x,.)
o (x)=dom (g°)* (x, .)
and using Proposition 2.2 (i), it remains to show that
Fo(x) NI (x) =Ty (%), VxeQ.
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Since g° is coercive and Ls.c., the multimapping x> I, (x) is Ls.c. and its
values are with nonempty interior. The same holds true for I';(x) and
[, (x). Moreover, by Proposition 6 of Bouchitté and Valadier [5] we have

T (x)=cl{seR":f*(.,s5) is locally p-integrable around x} (4.10)
I, (x)=cl{seR":(f)*(., s) is locally p-integrable around x}. (4.11)

Let us now fix xeQ and seint(I'y (x) N T, (x)). The lower semicontinuity
of the multimapping ', implies (see for instance Lemma 15 of [6]) that
for a suitable neighbourhood V of x

selTy(y), VYyeV.
By (4.10) we can choose V such that

Jf*(.,s)dp<+oo.

Therefore

Jff(-, S)du=J (. 9+E* (., 9+ of (., 9ldn

=Jf*(.,s)dp<+oo

that is, by (4.11), se ', (x). Hence
int(Co )N T,(x)) = Ty ().
The conclusion now follows by recalling that T'; (x) is closed, and that
cl(intK)=cl K for every convex set K = R” with nonempty interior.
Finally, let us prove condition (H,). Since f; ¢, on QxR", we have
<P =0,; on QxR" By conditions (H,) and (H;) already proved, we
have for a countable set N = Q
Py =g(1)§((Pfl,u)0=(Pf,,u on (Q\N)xR".
Finally, the inequality
Qs (X ST (x,0) for p-ae xeQ,
is a general property of the functions of the form ¢ , (see Section 2). W
LemMma 4.6. — Setting
E={xeQ:f(x, )#0(x, )}
we have that there exists e L} (Q) such that apu=1gu.

Proof. — Let us consider re #°(Q; R") with A L p; taking into account
that F, <F (by Lemma 4.6) and ¢ <¢, (by Lemma 4.5) we have

F(X)ZFx(X)=J

Q

¢, (x, X)zj o (x, =) ).

Q
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Since F<(F)® on . (Q; R"), we obtain
F)=(F)*(\) forevery Le.#°(Q R") with ALpu (4.12)

Consider now the Lebesgue-Nikodym decomposition of 1pp with respect
top

lgp=ap+v  with aeLl,;(Q), vip,
and let
A=ulgv  with ueL](Q).
We have, by (4.12)

ff(x, u)dv=ﬁ(l)=(ﬁ)”(l)=J ¢ (x, K)=f @ (x, u)dv.
E E E

Since ue L} (Q) is arbitrary, we get
f(x, )=0(x,.) v-a.e. on E,
and, by definition of E, this implies v(E)=0, thatis v=0. W
Proof of Theorem 3.2. — By Lemma 4.5 it is enough to show that
F<F, on .4 (X R"),

that is
g<g, on QxR" (4.13)
$<0, on (O\N)xR" (4.14)
lgp=op (4.15)

-, S .
filx, 92 ‘“(x)f(x’ 5(7)) a0 @ WM xR (@.16)
’ ¢ (x, $) if a(x)=0

where N is a suitable countable subset of Q, M is a suitable Borel subset
of Q with u(M)=0, and o is a suitable function in L; (Q).

Conditions (4.13) and (4. 14) follow from Lemma 4.4, whereas (4.15)
follows from Lemma 4.6. Let us now prove (4.16). Take ue L; (Q; R
and A=up. We have

u _
1{«#0}0]3)": ;1{#0)05}1 so that

= — u
F(l{a?ﬁo)nE)\')= af<x,~)du 4.17)
{a®0} o

liaropng A=0 because a=0 p-a.e. on Q\ E, hence
F(lazopgM=0 (4.18)
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liaxo,~gA L1 because R({a=0} M E)=0, hence

F(l{a=0}nE)\’): ? (x, ») 4.19)

{¢=0}AnE

f=® on (Q\ E) x R" so that

F(l{m=0}\E)\')= (B(X, L) (4.20)
{a=0\E
Collecting (4.17)-(4.20) we get

ff(x, wdp=F M) 2F (L)

=F(1{a¢0}nEx>+?a{wm\ﬁxwi(lm:mnEk>+f?(1{a=0}\EX>

=J af(x,z)dyﬁ—f @ (x, u)dp.
{a#0} o4 {a=0}

Since ueL}(Q; R") was arbitrary, we obtain for a suitable Be # with
HM)=0

—_ Ay .
Fn 92 ‘or.(x)f(x,?x)) if a(x)#0

¢ (x, 5) if a(x)=0

for every (x, s) €(Q@\M) xR". Now, (4. 16) comes out easily from (4.21).
Indeed, for p-a.e. xeQ with o (x) =0, we have, using (4.14) and 4.21):

q;(xa )élnf{(pl (.X, -)’f(x9 ')}é(pl(x’ ) v f(-xs )=f1 (X, )
On the other hand, by Theorem 2.7 and (4.14) we get
f(xa .)g(]‘)oo(x, )éé(xa )g(pl (X, )
p-a.e. on Q, hence p-a.e. on {a#0}, so that by (4.21);

@.21)

a(x)f(x, ~S—)ginf{ 0y (x, 8), f(x, ) } £, (x, 5)
a(x)

on (Q\ M) x R" with #(M)=0. Therefore (4.16) is proved, and the proof
of Theorem 3.2 is completely achieved. M
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