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1 Introduction

Inverse function theorem is a natural tool to apply to many problems arising in control
theory and optimization. The classical theorems, such as Ljusternik’s theorem, are
not always sufficient , and this because the data of the problems often happen to be
“nonclassical” ones.

Such “unusual” situation does arise when one deals with

i) A map whose domain of definition is a metric space

ii) A map which is not single-valued

iif) A map for which the first order conditions are not sufficient to solve the problem.

This is why one has to look for different inverse function theorems adapted to new
problems. During the last twenty years this task was undertaken in many papers (see
for example [6], [5], [8], [9], [14], [21], [22] and bibliographies contained therein).

Let us recall first the classical result of functional analysis:

Theorem 1.1 Let f : U — X be a continuously differentiable function from a Banach
space U to a Banach space X and w € U. If the derivative f'(¥) is surjective, then for
alh >0, f(7) € Int f(Ba(%)) and there exists L > O such that for all z € X near
f(@), dist (z, f7(z)) < L [f(@) - .

As it was observed in [9] the assumptions of theorem imply much stronger conclusions.
Infact the very same proof allows to go beyond the above result and to prove the uniform
open mapping principle and regularity of the inverse map f~! on a neighborhood of the
point (f(T), ).

The surjectivity assumption of the above theorem may be replaced by an equivalent
assumption

1 0 € Int f'(w) (B)

Several extensions of Theorem 1.1 were derived in [9] via the same idea. Assuming
that the space U is just a complete metric space and some “covering assumptions” on
f/ one can obtain a result similar to Theorem 1.1. However verification of covering
assumptions is not always simple.

In this paper we prove a High Order Uniform Open Mapping Principle for
maps defined on a complete metric space. That is, we provide a sufficient condition for
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the existence of £ > 0, k > 1 such that
(2) Vu near ¥ and V small A >0, f(u) + LA*B € Int f(Bn(u))

To get regularity of the inverse map f~! we use a high order analogue of Theorem 1.1
proved in [19]:

Theorem 1.2 (a general inverse function theorem). Let G be a set-valued map
from a complete metric space (U, d) to a metric space (X, dx) having a closed graph and
let (2,Z) € Graph G. Assume that for some k>0, p>0, €>0, 0 < <1 we have

(3)Vu € B.(z), z€ G(u) N B.(Z), h € [0,¢], sup dist (b, G(Bn(u)})) < apht
. b€B 1 (2)

Then for every h > O satisfying h/(1 — a%) + 2ph* < €/2 and all u € Bﬁ(i), T €
G(u) N Bs(Z), y € B, () we have
1
dist (u, G (y)) < - h
1—ak
In particular, for all (u,z) € Graph G near (%,Z) and all y near G(%)

(4) dist (v, G7'(y)) < dx(z, y)t

pE(1 - at)
When X is a Banach space, assumption (3) can be formulated as
z + ph*B C G(Bn(v)) + aph*B

It holds true for a map satisfying the Uniform Open Mapping Principle (2) and there-
fore the two theorems together bring a sufficient condition for the regularity of .
The Uniform Open Mapping Theorem is proved via the Ekeland variational principle.
The curious aspect of this approach lies in the use of an apparently first order result
(Ekeland’s principle) to derive high order sufficient conditions.

Let us explain briefly the main ideas. When the space U is just a metric space
then one can neither differentiate the function f nor speak about the continuity of the
derivative. In [18], [19] we proposed to replace the derivative by the variation of the
map (which can be single-valued or set-valued). The first order variation fO)(z) of
single-valued map is defined in such way that for a C! map f between two Banach spaces
the set f'(Z)B is equal to it. Condition (1) together with continuity of the derivative
inherit then their natural extension

0 € Imt Uso Magua)<e @ fN(w)

High order variations were introduced in [13] (see also {19], [14], [16]), where several
sufficient conditions for regularity of the inverse map f~'! were proved. When one
restricts the attention to single-valued maps only, then results of {19] can be improved
and proofs can be made simpler. In this paper on one hand we prove more precise
results for single-valued maps on the other we overview the applications of the inverse
function theorems given in {15], [17}-[19] and provide their several new consequences.

The plan of the paper is as follows: Variations are defined in Section 2, where also
several examples are given. Sections 3 and 4 are devoted to first and high order inverse
function theorems for a single valued map. In Section 5 we state several theorems
for set-valued maps. Their proofs can be found in [19]. Examples of applications are
provided in Section 6.
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9 Variations of single-valued and set-valued maps

Consider a metric space (U, d) and a Banach space X. For all u € U, h > 0 let Bx(u)
denote the closed ball in U of center u and radius h.
We recall first the notions of Kuratowski’s limsup and liminf:

Let T be a metric space and A, C X, 7 € T be a family of subsets of X. The Kuratowski
limsup and lsminf of A, at 1 are closed sets given by

limsup, ,,, A, = {ve€ X : liminf,,,, dist(v,4,) = 0}
liminf, ,,, A, = {v€X : lim,,, dist (v,4,) = 0}

Definition 2.1 Constder a function G:U — X andlet wuc U, k > 0.
i) The contingent variation of G at u is the closed subset of X given by

Vi) = 5 G(Ba(u)) — G(u)
GW(y) = hin—j):l-p —

i) The k-th order variation of G at u is the closed subset of X given by

GHu) = limipi S5 ZG(¥)

h—0+,u'—u hk

In other words v € G(u) if and only if there exist sequences h; — 0+, v; — v
such that G(u) + h;v; € G(B,,(u)). The word contingent is used because the definition
reminds that of the contingent cone of Bouligand.

Similarly v € G*{u) if and only if for all sequences h; — 0+,u; — u there exists a
sequence v; — v such that G(w;) + h¥v; € G(By,(ui)).

Clearly, G)(u) and G*{u) are closed sets starshaped at zero. When U is a Banach
space and G : U — X is a Giteaux differentiable at some v € U function, then
GW)(B) ¢ GW(u). If moreover G is continuously Fréchet differentiable at u then
GW)(B) = GY{u) = G {(v).

The notions of variation extend to set-valued maps in a natural way:

Let G : U — X be a set-valued map, that is for all u € U, G(«) is a (possibly empty)
subset of X. The domain and the graph of G are given by

Dom G = {u € U | G(u) # 8}, Graph G = {(v,z) | v € Dom G, z € G(u)}

Definition 2.2 Let G : U — X be a set-valued map and (u,z) € Graph G, k > 0.
i) The contingent variation of G at (u,x) is the closed subset of X
G(l)(u,:l:) = limsup M
R0+ h
11) The k-th order variation of G at (u,z) is the closed subset of X

]
G*(u,z) := lim inf M
(v, 2) —¢ (u, ) h
h — 0+

where —g denotes the convergence in Graph G.
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When G is a single-valued map the point (u,z) € Graph G if and oaly if G(u) = z and
therefore in this case the variations in the sense of the first and the second definitions

do coincide.
Variations of all orders can be used to prove sufficient conditions for the existence

of a Holder inverse for a single-valued and a set-valued map. They describe a local
expansion of a map at a given point.

Let co (¢o) denote the convex (closed convex) hull and B the closed unit ball in X.
The following result was proved in [19]:

Theorem 2.3 For every (u,z) € Graph (G), k > 0 we have

{) Forall K >k, 0€ G¥(u,z) C G¥(u,x)

it) For all s >0, RyG*(u,z) C G¥"*(u,z)

i) For all \; > 0,v; € G*(u,z),i = 0,...,m with Y2, X =1, S0 v € GF(u,z)
tv) For all v € co G*(u,z) there ezists € > 0 such that ev € G¥*(u, z)

v) UisoAco G¥(u,z) = Uyso AG*(u, 1)

vi) Usso AG*(u,z) = X <=> 0 € Int co G*(u,z). Moreover if X = R" these conditions
are equivalent to: vy, ...,v, € G¥(u,z) such that 0 € Int co {vy,...,vp}.

Example 1. First order variation of a set-valued map

Consider Banach spaces P, X, Y, continuously differentiable functions g : P x X —
Y, h: P x X — R" and the set-valued map G: P x X — P XY x R" defined by

G(p,z) = {(p, 9(p,2), h(p,z)+p) | pERL}
Then a direct calculation yields that for all (p,z,9) € P x X xR}

GY(p,z,p,9(p, z), h(p,z) +q¢) D
{(v, Ep, 2)v + Zp, 2w, P(p,2)v + 2P 2)w+0) | [[(v,w)| <1, p€ R1}

Example 2. Contingent variation of end points of trajectories of a control
system

Let U be a separable metric space, X be a Banach space and f : X x U — X be a
continuous, differentiable in the first variable function.

We assume that f is locally Lipschitz in the first variable uniformly on U, i.e. for
all z € X there exist L > 0 and € > 0 such that for all u € U, f(-,u) is L-Lipschitz on
B,(z):

17z u) — f(=",u)[| €L ||z'—2"]|, forall z',z" € B,(x)
Fix T > 0 and let U denote the set of all (Lebesgue} measurable functions u : [0,7] — U.
Define a metric d on U by setting d(u,v) = p({t € [0,T] | u(t) # v(t)}), where u denotes
the Lebesgue measure. The space (U, d) is complete (see Ekeland [10]).

Let {S(t)}t>0 be a strongly continuous semigroup of continuous linear operators from
X to X and A be its infinitesimal generator, zo € X. Consider the control system

z'(t) Az(t) + flz(t),u(t)), uvel
) {:z:(O) = zp
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Recall that a continuous function z : [0,T] — X is called a mild trajectory of (5) if for
smeu€Uandall0<t<T

() = S(t)zo + fo's(t—s)f(z(s),u(s))ds

We denote by z, the trajectory (when it is defined on the whole time interval [0, 7} and
is unique) corresponding to the control u. Define the map G :U — X by

G(u) = {=.(T)}

Let z be a mild trajectory of (5) on [0,7T] and % be the corresponding control. Consider
the linear system

a
(6) Z' = AZ + a—i(z(t),ﬂ(t))Z
and let Sg(t; s) denote its solution operator, where Sg(s;s) = Id, t > s. Then for all

unear T, G is a well defined single-valued map. Moreover for almost all £ € [0,T] we
have

M VueU, Su(T;t)(f(2(t),v) - f(2(t),2(1)) € GW(w)
We refer to [11] for the proof of this result.

Example 3. First order variation of end points of trajectories of a dif-
ferential inclusion

Let X be a finite dimensional space, F be a set-valued map from X to X. We
wsociate with it the differential inclusion

@) ' € F(z)

An absolutely continuous function £ € W1(0,T), T > O (the Sobolev space) is called
atrajectory of the differential inclusion (8} if for almost all s € [0,T}, z'(s) € F(z(s)).
The set of all trajectories of (8) defined on the time interval [0,T] and starting at

§, (z(0) = &) is denoted by Sp,ri(£). The reachable map of (8) from ¢ is the set-valued
map R: Ry — X defined by

R(t) = {z(t)] z€ Spq(é) }
Assume that

H) VYze X near ¢, F(z) is a nonempty compact set and 0 € F(¢)
H;) 3 a neighborhood N of ¢, L > Osuch thatVz,y€ N, F(z) C F(y)+ Lz —y|| B

Hypothesis H,) means that F is Lipschitz in the Hausdorff metric on a neighborhood
of {. Hypothesis H,) implies that z = £ € Sjo,o0((£)-
The derivative of F at (£,0) is the set-valued map CF(£,0) : X — X defined by

hu) —
VueX, CF(£,0u = liminf F(I—“Lh—“l—l
(x,y) —F (5’0)
h — 0+

Fix T > 0 and consider the single-valued map G : W1(0,T) O Sjo,rj(§) — X defined
b G(z) = z(T). Let K C co F(£) be a closed convex set having only finite number of
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extremal points. Then there exists M > 0 such that for every trajectory w € Wl»‘(O,T;
of the differential inclusion
(9) w' € CF(,0w + K, w0) = 0

we have ﬂgl € G(£). The proof follows from the results of [15].

Example 4. High order variations of the reachable map

Let F be a set-valued map satisfying all the assumptions from the Example 3.
Consider again the differential inclusion (8) and the reachable map t — R(t). It was

shown in [17] that for all integer k& > 1
. R(h)—
k . .
(10) R*0,¢) = h;fP.éEf —

A very same proof implies that the above holds true for all £ > 0.

3 First order inverse of a single valued map

Consider a complete metric space (U,d), a Banach space X and a continuous map
G :U — X. Let u € U be a given point. We study here a sufficient condition for the
regularity of the inverse map G™!: X — U defined by

G z) = {uelU| Gu)==z}
on a neighborhood of (G(%), @).

Theorem 3.1 (Inverse Mapping Theorem I) Let @ € U and assume that for some

e>0,p>0
(11) pB c [ GW(u)

d{u,u)<e
Then for everyu € By (%) and h € [0, §], G(u)+hp BcC G(Br(uw)), (where B denotes the
open unit ball in X ). Furthermore for every u € B:(%), z € X satisfying [[z—G(u)] <
min{ £, £}
(12) dist (v, G7(z)) < > |Glu) — ]
Remark  Inequality (12) means that G is pseudo-Lipschitz at (G(%), %) with the
Lipschitz constant p~! (see Aubin {1]). 0O

Theorem 3.2 (Inverse Mapping Theorem II) Assume the norm of X is Gdteaur
differentiable away from zero. If for some ¢ >0, p >0

pB C [ ew@GW)

d(u,3)<e

Then for everyu € Bs (%) and h €[0,5], G(u) +hp BC G(Bhx(u)). Moreover for every
u € Bs(u), z € X satisfying ||z — G(u)]] < min{§, £}

(13) dist (wG7(@) < > [6(u) -2
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Corollary 3.3 Assume that X is a finite dimensional space and that
0 € Int liminf t6 G (u)
u—u
Then there exist € > 0, p > O such that all conclusions of Theorem 8.2 are valid.

Proof (of Theorem 3.1)  Fix u € B<(%), 0 <k < § and assume for 2 moment
that there exists z € X satisfying

(14) lz—G)ll < kp, z¢ G(Ba(u))

Set ©* = ||z — G(u)|| /hp. Then 0 < © < 1. Applying the Ekeland variational principle
10 to the complete metric space Bx(u) and the continuous function y — ||G(y) — z||
we prove the existence of § € Bea(u) such that for all y € Bj(u)

(13) IG@) -zl < IGW) —=ll + ©pd(y,7)

Observe that § € Int B,(u) and, by (14), z # G(¥). Set w = —p(G(¥) — z)/|G(¥) — =}
By our assumption there exist h; — 0+, w; — w such that G(¥) + hiw; € G(Bx,()).
Hence, from (15) we deduce that for all large 7

1G@E) - 2l < IGE) +hiw —zl| + hillw: —wl] + ©ph; =
(1= hipat=g) 1G@) = zll + hiljwi —w]| + ©ph;

and therefore h;p < h;ljw; — w]| + ©ph;. Dividing by ph; and taking the limit yields
1 < O. The obtained contradiction ends the proof of the first statement. The second
one results from Theorem 1.2. O.

Proof of Theorem 3.2 Fix v € Bg (@), 0 < h < § and assume for a moment
that there exists z € X satisfying (14). Let ©, ¥ be as in the proof of Theorem
3.1. By differentiability of the norm, there exists p € X* of ||p|| = 1 such that for all
h; = 04, v; = v we have

(16) IG@) + hsv; — =l = IG@) —=zll + <ps hjv > + 0u(hy)

where liminf; ., 0,(h;)/h; = 0. Fix v € G®)(7). Then from (15), (16) and Definition
2.1 we obtain 0 < < p,hjv > +Oph; + 0,(h;). Dividing by h; and taking the limit
vields < p,v > > —Op. Hence

(1n vv e wGY(F), <pv>> —0p

Since d(7, %) < d(¥,u) + d(u, %) < Oh + § < ¢, by the assumption of theorem, pB C
% GU(g). From (17) we deduce that —p > inf e e < p,v > > —Op. But
0<©® < 1and p > 0 and we obtained a contradiction. The second statement follows
from the first one and Theorem 1.2. O

The following theorem provides a stronger sufficient condition for local invertibility
but does not allow to estimate the Lipschitz constant.

Theorem 3.4 Assume that X is either separable or reflezive and that sts norm is

Gateauzr differentiable away from zero. Let w € U. Further assume that there ezist
€>0 and a compact Q C X such that

(18) It (\ (wG6W(u)+Q)+0

u€B, (1)
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Then the following statements are equivalent
i) (nm_?f % GW(u) + Gl(i))+ = {0}
11) for some § > 0, L > 0 and for all (u,z) € Bs(u) x Bs(G(zw))
dist (u, G} (2)) < L|G(u) — 2|

In particular if for some § > 0, G(%) is a boundary point of G(B;(%)), then there exists
a non zero p € X* such that

(19) Vw € liminfge GW(u) + G'(T), <p, w>>0

Proof  Clearly i) implies that for all ¥ € U near % and all small k > 0, G(u) +
1p BC G(Ba(u)). Thus 1B C G'(m) and 1) follows. To show that 1) = ii), by
Theorem 1.2, it is enough to prove that for some p > 0 and all u € U near ¥ and all

small h >0 .
G(u) + ok BC G(Bu(u)

Assume for a moment that for some t; — %, h; — O+ there exist

(20) % ¢ GB 1), I%- Gl < %, i=12,..

We shall derive a contradiction. Set K; = By, (¢;). We apply the Ekeland variational
principle ([10]) to the continuous functions K; 3 u — ||G(u) — %I, i =1,2,... to prove
the existence of u; € By, (t;) such that for all u € K;

(21) 16 () ~ %l < 166) — Tl + 7} d(u,w)

By differentiability of the norm and by (20), there exist p; € X*, ||p;]lx- = 1 such that
for all h; — 0+,v; — v, we have

1G(w) + hyv; — Tl = [Glu) — Tll + < pishjv > + 0;,4(hy)

where limy_o4 0;0(R)/h = 0. Fix v € GW(xu;)) and let hj — 0+,v; — v be such that
G(ui) + hjv; € G(Ba;(us)). Setting G(u) = G(w;) + hjv; in (21) we obtain

1
(22) 0 < <« p,-,h,»v > + oi,v(hj) + : hj

Dividing by k; and taking the limit when § — oo yields that for all v € G(y,),
< pi,v > —3 and therefore

(23) Vv€Eco G(l)(ui), < piv > > —1.
1

Let p € X* be a weak-* cluster point of {p;}. Then

(24) Vuwe liminf @6 GM(u), <pw>> 0
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Fix next v € G*(%) and choose h; — 0+ in such way that

lim ounlhe) _ 0 and By(u;) C By .(t:)

i—00 h‘- *
Let v; — v be such that G(u;) + h;v; € G(By,(u;)). Then from (22) there exist ¢, — 0+
such that

ok

Since p is @ weak—x cluster point of {p;}, we infer from the last inequality that for all
v € G'(@), < p,v > > 0. This, (24) and i) together yield that p = 0. To end the
oroof it remains to show that p # 0. Indeed by (18) there exist 2 € X, p > 0 and
et CM(w), ¢ € Q, w; € B such that < p;,w; >> 1 — 1, 2 —pw; = a; + ¢;. From
23), < pi,z — pw; — ¢; > > —1. Hence

1 1
<pnz—@G>2p (1 - —.) - =
1 7
Let {pi;},{@,} be such subsequences that pi; — p weakly-x and ¢;; > ¢ € Q. Then
taking the limit in the last inequality yields < p,z— g > > p > 0 and therefore p # 0.
The obtained contradiction proves 7). 0O

Corollary 3.5 Let X be a Hilbert space, H be a closed subspace of X of finite co-
dimension. Assume that there exist p > 0, z € X such that

VYunearw, z+pBy < ¢ GU(x)

where By denote the closed unit ball tn H. If 0 € Int liminf,z <o G(l)(u), then for
dlh >0, G() € Int G(B,(a)).

Proof Observe that pB C pBg + pBy.. Thus for all u near @, z + pB C
2+ pBy + pBy: € €@ GW(u) + pBy.. Since By is a compact set, Theorem 3.4 ends
the proof. [0

4 High order inverse of a single valued map

Let U be a complete metric space, X be a uniformly smooth Banach space (see [7] ) and
G:U — X be a continuous function. In this section we prove higher order sufficient
conditions for regularity of the inverse map G™1.

Theorem 4.1 (High Order Inverse Mapping Theorem I) Let % € U and assume

that for some k> 1, M > 0, p > 0 and for all v € U near © and all small h > 0

G(Bi(u)) — G(v)
hE

Then there exists £ > 0 such that for all w € U near %, for all z € X near G(%) and all

2> 0 small enough

23) pBC @ ( NMB + Gm(u))

1
L

G(u) + Lh*B C G(By(v)); dist (u,G7(z)) < = |G(u) —z|

i
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Corollary 4.2 Assume that Xisa finite dimensional space and for some k > 1, the
convez cone spanned by G*(,T) is equal to X. Then the conclusions of Theorem {.1
hold true.

Proof From Theorem 2.3 we deduce that for some v; € G*(%w), i = 1,..,p we
have 0 € Int co{v;,...,vp}. Then for some ¢ > 0 and for all v} € Be(v;) we have
0 € Int co{v},...,v.}. On the other hand, by the definition of variation for every
1 <1 < p there exists § > 0 such that

d@u) + h < & => dist (v'., _G_(Bh(u})l)b—G(u)) <

Hence the assumption of Theorem 4.1 is satisfied. O
Proof (of Theorem 4.1) Assume for a moment that there exist u; —» %, h; -
0+, z; € G(%;) + 2~ *i~*R; B satisfying

(26) z;, ¢ G(Bg,(®))

Applying the Ekeland variational principle to the complete metric space By (%) and

the continuous function v — ||G(u) — z.-ni we prove the existence of u; € Bz, (%) such
2

that ||G(u;) — =)} < [|G(®:) — =:]|* and for all u € By, (W)
en I6(w) ~ =it < 166) ~ =t + T dlw,w)

By (26) and the smooth differentiability of the norm, there exist p; € X* of [jp;]| = 1
and a function o : Ry — R satisfying lims o4 o(h)/h = 0 such that for all u € B (%)
we have

IG() — z:ll < IG(w) —=ll + <pi, Glu) — G(w) > + o([|G(x) — G(ui)])
Hence

IG() —zll* < (IG(w) — =l + < pi, G(u) — Gluws) > + o(|G(w) - G} =

3y zlit _ G(u)-G(u) ofjG{u)-Glu )\ ¥
I6(w) —zll* (1+ <pi, -z > T §6wi-=1 )F <

Y — Glu)-G(u:) [6(w)-Gu)]
IG(w) — =l (141 <, Tetw—=l > "(n Glua)- :11))

where 3 : Ry — R, satisfies lim, o4 6(h)/h = 0. This and (27) yield that for all
u € By (&)

(28) { 0 < <pi Glu) = Glw) > +k [|G(w) - =l o (Lelcll)
+ HIG(w) — =l F d(u,w)

Fix v € GW(u;) and let h; — 0+, v; — v be such that G(u;) + hjv; € G(Bh,;(u;)). Then
from (28) we obtain

0 < <p, h,-v,- > + O(hj) + ? “G(u‘) —1;‘.”52_1 hj
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Dividing by h; and taking the limit yields
k 1
(20) Vo € GO(w), <p,v> 2 —|G(w) ~ =l T

On the other hand, by (28), for k; = ||G(u;) — :r.-“i /4% and for all v € w

{30} 0 < <pi, v> +k\/;0(g/_“) + kiS¢

Adding (29) and (30) yields

{ Vue ﬂﬁ..(_“'{lﬁﬁ"_)nMB+G(‘)(u‘)

& <pi,v>>-—% |]G’(u.)—:c.n z —-\/—o( ) — k5

Observe that for all large ¢, d(ui, %) < d{u;, %) + d(@:, %) < hi/2 + d(%;, %) < €. Hence
assumption (25) of theorem contradicts (31). This proves that (26) can not hold. The
second statement of theorem follows from the first one and Theorem 1.2. O

Theorem 4.3 (High Order Inverse Function Theorem II} Letu € U and assume
that (18) holds true for some € > O and & compact set @ C X. If for some k > 1,
0€ Int to G¥(), then there exzists L > O such that for all w € U near @ and for all
1€ X near G(u)

dist (v, G(z)) < L [|G(u)—z|?

Proof — By Theorem 1.2 it is enough to show that for some p > 0 and all u € U
near % and all small A > 0

G(u) + ph* B C G(Ba(u))

If we assume the contrary, then, by the proof of Theorem 4.1 there exist z; — u,
4 — U, z, - G(@), hi — 0+, h; — 0+, p; € X* of ||piflx» = 1 and a function
7:Ry — Ry such that By (w) C By, (%), zi # G(w), limpo4 6(h)/h =0 and

Vué€ By (w), 0 <<p,Gu)—G(w)> +

(32)
k(|G (w) — 2 o (IEE=Sdl) + %16 (w,) — =) ' d(u, w)
Ywe G(B""(u'zl — G(""), 0< i <p,w>+Vio (]L/_“)

Fix v € G¥(%) and let v; — v be such that G(u;) + htv; € G(Bx,(u:)). Thus we deduce
from the last inequality

0 < % <pivi > +\/;O(H\[H)

Let p be a weak-» cluster point of {p;} (it exists because X is reflexive). Then taking
the limit in the above inequality we obtain < p,v >> 0 and since v is arbitrary

p € (Gk(zo,yo))+ = (ﬁGk(zo,yo))+ = {0}
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We show next that p can not be equal to zero. Fix v € G)(u;) and let h; — 0+, v
be such that G(u;) +kv; € G(By, (). Setting G(u) = G(w;)+hjv; in (32), dividing by
h; and taking the limit yield 0 < % < piyv > —f—%HG(u,-) — x;[li%. Hence for a sequence
€; — 0+ we have

VvewGW(w), <p,v>> —¢
The end of the proof is similiar to that of Theorem 3.4. Let z, p, w;, a;, ¢ be asin
the proof of Theorem 3.4. Then < p;, z2—q > = < p;, pwi > + < p; a; > 2>
P (1 - %) — €. Consider subsequences {p;,}, {¢,} such that {p; } converges weakly-»
to p and ¢;; — ¢ € Q. Then the last inequality implies that < p,z — ¢ >2 p which yelds
that p can not be equal to zero and completes the proof. O

5 Inverse of a set-valued map

Consider again a complete metric space (U,d) and a Banach space X. Let G bea
set-valued map from U to X, whose graph is closed in I/ x X. Consider a point (%, %) ¢
Graph G. We proved in [19] sufficient conditions for regularity of the inverse map

G lz) = {ueU: zeG)}

on a neighborhood of (Z,%). In this case the results are more restrictive, we only state
them (the corresponding proofs can be found in [19}]).
Theorem 5.1 Let T € G(u) and assume that for some € >0, p > 0
(33) pB C N G (u, z)
(u,z) € Graph(G)
d(u,u) <¢ellz—Z| <e
Then for every (u1,21) € Graph G N Bs(@) x B¢(%), z; € X satisfying ||z; — zif <
min{ £, ¢}
. _ 1
(34) dist (ul, G 1(:1:2)) < . llz1 — z2]|
Theorem 5.2 (A characterization of the image) Assume that X is either separa-
ble or reflezsve and let T € G(u). Assume further that there exist closed convez subsets
K(u,z) € GM(u,z), € > 0 and a compact set Q C X such that
(35) Int N (K(u,z) + Q) # 0
(u,z) € Graph G
(u,z) € B(%) x B.(%)
Then at least one of the following two statements holds true:

i) There exist L > 0, § > O such that for dall (uy,z,,23) € (Graph G N Bs(7) x
B;(Z)) x Bs(%)
dist (u1, G7H(z2)) < Lz — =]
11) There ezists a non zero p € X* such that

(36) Yw € liminfn)K(u,:c), <p,w>2>0

(u,z)>c(G,2
Consequently sf for some § > 0, Z is a boundary point of G (Bs(4)), then there ezists a
non zero p € X* such that ($6) is satisfied.
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When the norm of X is differentiable, then a stronger result may be proved:

Theorem 5.3 Assume that the norm of X is Gédteauz differentiable away from zero
ond let T € G(u). If for some e >0, p>0, M >0

{37) pB C N e (GW(u,z) " MB)
(u,z) € Graph (G)
(u,z) € B, (%) x B.(%)

then for every (uy,z;) € Graph G N Be(7) x B:(Z), 32 € X satisfying ||z; — 7, <
min{£,%}

. _ 1

dist (u;, G7Y(zz)) < > lfz1 — za|
Theorem 5.4 Assume that X is either separable or reflezive and that its norm is

Giteaur differentiable away from zero. Let T € G(%). Further assume that there exzist
€>0, M >0 and a compact Q C X such that

(38) Int N (0 (M (x,2) N MB) + Q) # 0
(u,z) € Graph(G)
(u,z) € B.(w) x B.(%)

Then the following statements are equivalent

i) ( liminf_ @ (GW(u,z) " MB) + c;l(-u—,z))+ = {0}

(v,z)—c(1,7)
ii) for some 6 > 0, L > 0 and for all (w1, 21,22) € (Graph G N Bs(%) x Bs(z)) x Bs(Z)
dist (ul, G’l(zz)) < Lz — =4

In particular, if for some § > 0, Z is a boundary point of G(Bs (€)), then there exists a
non zero p € X* such that

(39) Vwée liminf E(G(l)(u,z) ﬁMB) + GYw,z), <p,w>>0

(v,2)—~c(8,7)

Observe that when X is a finite dimensional space, then the condition (38) is always
satisfied with @ equal to the unit ball and M = 1. Hence

Corollary 5.5 Assume that X is a finite dimensional space and for some M > 0

O€Int liminf & (GW(u,z) N MB)

(u,2)~a(4.2)
Then for all h > 0, T € Int G(B(%)).

The high order results also have their analogs in the set-valued case.
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Theorem 5.6 Let T € G(u) and assume that for some k > 1, p > 0, M > 0 and all
(4,z) € Graph G near (u,%) and all small h >0

pB C w(%%));’-nMB)

or equivalently

£ G(Bh (u)) ~T
fpllxe=1 hE

If the. space X is uniformly smooth, then there ezists L > 0 such that for all (u1,z;) €

Graph G near (u,Z) and all z; € X near T

dist (ul, G_l(-’cz)) < Lz —‘932”%

{<p,v>[v€ ﬂMB}zp

Theorem 5.7 (High Order Inverse Function Theorem) Let T € G(a) and aos-
sume that (38) holds true for some ¢ > 0, M > 0 and a compact set @ C X. If
the space X is uniformly smooth and for some k > 1, 0 € Int €6 G*(u,Z), then there
exists L > O such that for all (u1,x1) € Graph G near (i,Z) and for all £, € X near I

dist (ul, G"l(xz)) < L= —-”52”%

6 Applications

6.1 Taylor coefficients and inverse of a vector-valued function

Consider a function f from a Banach space X to a Hilbert space Y and a point Z€ X.
We assume that f € C* at T for some & > 1. Then for a neighborhood N of Z and for
all z € N there exist i-linear forms A;(z), 7 = 1, ...,k such that 4;(-) is continuous at z
and

i, sup 154 hu) = 7(6) = 3 Alehw] /12 =0

h=0+ Jujl<1
uniformly in z € N.
Theorem 6.1 (Second order invertibility condition) Assume that f € C? at 3,

that Imf'(Z) is a closed subspace of Y and for some a > 0, € > 0 and all z € B.(T) the
following holds true

{ YyeIm f/(Z)L of ly =1 Fw € X of fjw|| <1 such that

(40) <uf"Bww>> o <y f(Dw> > alf(z)v]

Then there ezists L > O such that for all £ near T and for all y near f(T)

dist (z, f(y)) < Ly/|f(z) — vl

Proof It is not restrictive to assume that a < 1. Since f € C? at %, there exists
a function o : Ry — Ry such that lims_o+ 0(h%)/h? = 0 and for all z near T and all
w € X of [jw|| <1 we have

(}_.:)w N f (D)ww (Bh(z})l)z—f(z) n (O(hz) +1f"(z) - f"(E)”) B
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Hence, by the separation theorem and Theorem 4.1 it is enough to show that for some
M>0,p>0,e>0andallyeY of ljyll =1,z € Be(z), h >0

sup {< y,e>|ec€ {f—'(%)iu— + %f”(i)ww | lwil < 1} NMB + f’(z)B} >p

Set H = Im f'(Z), M = 1+ ||f"(Z)]| and let v > 0 be such that yBg C f'(Z)B. Then
for some 0 < € < € and all z € B(Z)

(41)

{ VyeH of |yl=1, suppyci <9 f(zg)w>2>3
Yyec Ht of I]y][ =1, suppy< <Y, f'(z)w> < o

Set p = min{;5%, 51 Fix z € Be(%), h>0 yeY of [ly] =1andlet y1 € H,y2 € H*
be such that y = y1 + y2- If {3l > ;57 then from (41) we obtain

supjuss < ¥ (20 > 2 suBpyg < w1, ()0 > —supjues < s, (W >
zznyln—ﬁ, >

If o]l < 225 then [lys]l > 1 — & and, by (40), for some w € X of Jjw|| < 1
<y f1(2)w > 2 afwll I @wl, <uf'@ww>2> oy

t]f@3] <1 then |£'@)3 + 3f"@wu] < M and

1
<@ L@ >2 < L > M > S-S > G2 2

If”fl(z)%n > 1 then setting w = m we obtain ||| < 1, “f’(z)% +if(z)w w“ <
R I T a— =y o 3 o

< y,f (I)h+2f (I)w w >Z< y25f (I) h > = ”yln M Z a”yg”—z 2 [2 (Z - m‘) > P

The proof is complete.

Theorem 6.2 (A high order condition) Assume that for some A > 0 and for all z
near T and y €Y of llyll < 1 there exists X' > X such that

Ny € & {Ai(z)w..w ]| flwl] €1, 4;(z)w..w=0 for 1 <j<i<k}
Then f~* is pseudohélderian on a neighborhood of (f(Z),Z) with the Holder ezponent e
Proof  Observe thatforallz € N, w € X of fjw]| < 1

E  REA(z)w... Bi(z)) — flz ol hF
ixh(h) 2 c £ h(,)l); 1) (:,,)B

where limp .o+ —(fk—l = 0. Hence, by Theorem 4.1, it is enough to show that for some
M>0,p>0,e>0andall z€ B,(%),all small k >0 and every y€ Y of |ly]| =1

sup {<y,e> 1 ee{i Kalz)w.w |1w1151}nMB} > p

T hE
= ith
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Let € > 0 be such that max;<ic; SUP,ep.z) | 4i(z)w..w]| < co and such that the
assumption of theorem is satisfied on B(Z). Fix y € Y of ||yl =1 and z € B.(g), 0 <
h <1andlet w, € B, 1< s < k be such that < Y, A, (Z)wz...w, >> X and for all
1<j <s, Aj(z)ws...w, = 0. Setting w = h:~'w, we obtain Jlw:]] €1 and

kR A (r)w..w 1 ko piStE
— — = 4 2o Wy ——A; 2o Wy
‘zzl T hE o o(T)Wzew, + ;:,.ZH a Ai(z)ws...w
Then )
kR Ay (z)w..w A kR
<y, ':Zl T > > E — {=!Z+l o Ag(z)w,...wz

Since the right-hand side of the above inequality converges to % when h — 0+ uniformly
in z € B.(Z) we end the proof. 0O

6.2 Stability

Consider a Banach space X, finite dimensiona_l spaces P, Y and continuously differ-
entiable functions ¢ : Px X — Y, h: P x X — R" For all p € P define the

set
(42) D, = {zeX]| g(p,z) =0, h(p,z) <0}

Let (p, ) be such that
9(p,7) =0, h(p,Z) < O
We study here the map p — D, on a neighborhood of (5, Z).
Theorem 6.3 (first order condition) Assume that for some w € X

oh

dg
(s F\1pg = — (9 T 17 0
aJ_J(zr,z)w 0, ax(p,z)w <

Then there ezxist € > 0, L > 0 such that for all p, p' € B(P), z € D, N Be(T)
dist (z,Dy) < Lip—7¢

Remark The above result is the well known Mangasarian and Fromowitz condition
for stability (see [24]). It was also proved in [25] via an inverse mapping theorem involv-
ing the inverse of a closed convex process. The proof given below uses the variational
inverse function theorem (Corollary 4.2).

Proof Define the set-valuedmap G: Px X - P XY xR" by
G(p,z) = {(p 9(p,2), h(p,z) +p)| PER"}
and set ¢ = (B, %,P, 9(P, %), h(P,Z)). Then, by Example 1,

1 99, _ _ .
G(§)> {(v,a—z(%z)v+ g%(p,z)w,gg(p,x)v+ g—:(ﬁ,f)w +o)| f|(v,w)} <1,p€RY
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Let @ be as in the assumptions of theorem Without any loss of generality we may
assume that ||@|| < 1. Then (O, 0,22 (p,z)w) € G'(€). Hence for all p > 0 and all
(v,w) ePxX

(& Z 3o+ 5257, (2o g D wwm) ) | o € BT € U Ao GH(E

2A>0

Fix (v,y,2) € P x Y x R". Since %i—(;_),f) is surjective, there exists w € X such that
a a
y- 5. = S BT
On the other hand, since g—:(z—), T)w < 0 there exists u > 0 such that
oh ,_ _ dh o n
—._(9_’;(1),1:) (p7 )w € I‘L_(p’ )w + R‘+

Therefore Ux»o Aco G*(€) = P x Y x R" and we may apply Corollary 4.2. Thus there
exists L > O such that for all (p, z) near (7,Z) and all z near (p, ¢(p, z), h(p, z))

dist ((p,.’c),G_l(Z)) S L H(p,g(p,:z:),h(p,:z:)) - ZH

Fix (p,z) sufficiently close to (§,%) with z € D,, p' sufficiently close to p and z =
{(¢,0,h(p,z)) and let (p”,z') € G~1(2) be such that ||(p,z) — (p",2")|| < Lilp—7
Then z € G(p", ') = (p", 9(p", 2'), R(p",2')) + R7}. This yields that p” = p', g(p’,z') =0
and h(p,z) € h(p',2') + R%. Therefore h(p',z') < h(p,z) < 0. Consequently =’ € Dy
and
iz — 'l <li(p,2) — (¢, )| < Lp - ¥l
Second order sufficient conditions require a more fine analysis. Theorem 6.1 can be

applied to the case when equality constraints only are present. We state next a result
for inequality constraints.

Theorem 6.4 (Second order condition) Assume that ¢ =0, h € C? at (p,Z) and

let H be the largest subspace contained in Im 22 o A(p,Z) + RN, If there exists a > O such
that for all (p, z) near (p,T)

{ VYyeH of ||yl =1, Jwe X, {w|| <1, p; € R?, i =1,2, {{p] <1, such that
Zhp— =
<y, @ Dww+p > >, <y, Z(pr)wtp>> %(p,x)w”

then there exist € > 0, L > O such that for all p, p € B(p), x € D, N B.(T)
dist (z, Dp) < Ly/[lp— Pl
Proof Consider the set-valued map G : P x X — P x R" defined by
Glp,z) = {(p, h(p,z) +p)| PERL}
Then for all e > h(p,z) and for all (p,z) near (p,%), t >0

{0 2(p,2)0 + 2(5,2)% + 122 (B, Dww + 9) | [(v,w)]] < 1,0 € R}
o S 2
c SearB(ea | (—(:Tl + 545, 7) - %(P’x)“) B
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where o(t?) /t* — 0 when t — 0+ and

ah
(0. 5228+ R3) € 6,200
Let § > 0 be such that

M1 = < o©

(»s 2)635(55) 3 (p’ 2)

Fix (a,q) € PxY of |(a,q)|| = 1. If ||q}] < 2(M1+1) then |la]] > 1 — z(M—lﬁ-ﬁ and

sup, ((0:0) (0, 2 (2)0)) > ol - Jalah > 1 - 222 2

llei<1

By Theorem 5.7 it remains to show the existence of v+ > 0, M > 0 such that for all
y €Y of |lyll =1 and all (p, z) near (p,Z) and all small ¢t >0

sup {<y,e>|e€{2(p,2)2 +122F Duww +p| [w) <L,peRL}NMB
+(2(p,2)B + R") NMB} >

But this follows from the assumptions by the arguments similar to the proof of Theorem
6.1. O

6.3 Interior points of reachable sets of a control system

We consider the control system described in Example 2 and we impose the same as-
sumptions on f, X, S. For all T > 0 denote by R(T) the reachable set of (5) at time
T,ie.,

R(T) = {z(T) | zis a mild trajectory of (5)}
Let 2 be a mild trajectory of (5) on [0,7] and ¥ be the corresponding control. We
provide here a sufficient condition for 2(T') € Int R(T) and study how much we have to
change controls in order to get in neighboring points of z(T).

Consider the linear control system

{ w'(t) = Aw(t) + ZL(z(t),5@®))w(t) + v(2)

(43) w(0) = 0; v(t) €@ f(z(t), V) ~ £(=(t), u(2))

and let RE(T) denote its reachable set by the mild trajectories at time T.

Theorem 6.5 Under the above assumptzons assume that for all z € X the set f(z,U
is bounded and for adllu € U, t € [0,T], L(-,u) is continuous at 2(t). If O € Int RE(T)
then z(T) € Int R(T) and there ezist € > 0, L > 0 such that for every control u € U
satisfying d(u,%) < € and all b € B.(z(T)) there ezists a trajectory-control pair (z,,v)
which verifies

z.(T) = b w({t€lo,T]{u(t)#v(t)}) < L {b—=z.(T)]
In particular for every b € B.(2(T)) there ezists a control u € U such that
zu(T) = b p({t€[0,T]]u(t) #u()}) < Liib—2(T)|
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The above result was proved in {18] therefore we only sketch the idea of the proof.
From (7) we deduce that for almost all ¢ € [0,T]

Sa(Tst) (€6 f(2(t),U) — f(2(8),%(1))) C & GW(@)
and for the same reasons for all 4 near ¥ and for almost all ¢ € [0, T}

(44) 54(T;t) (65 (zu(t), U) — f(za(t),u(t)) C @ GM(u)
On the other hand

T
RY(T) = { /o Su(T;t)v(t)dt : v(t) € ©f (2u(t), U) — F(z4(t), u(t)) is measurable}
and therefore integrating (44) we obtain RE(T) c T @ G(¥)(u). Hence
1 —
T RHT) c GO (w)

Since 0 € Int RZ(T) and RL(T) is a. closed convex set, the separation theorem and
regularity of the data imply that for some § > 0

0em (| FEED)
d{u,i3)<s

This allow to apply Theorem 3.2 (see [18] for details of the proof). 0O

6.4 Local controllability of a differential inclusion

We consider the dynamical system described by a differential inclusion from the Example
3 and we assume H;) and H;). Let T > O be a given time. We study here sufficient

conditions for £ € Int B(T) and the regularity of the “inverse®. Consider the following
linearized inclusion

(45) v € CF(§,0)w + co F(&); w(0) =0
and let RY(T) denote its reachable set at time T'.
Theorem 6.6 If 0 € Int R*(T) then & € Int R(T) and there exists a constant L >
0 such that for every = € Spri(€) sufficiently close to the constant trajectory ¢ (in
W(0,T)) and for all b€ X near £ there ezists y € Sjomy(£), satisfying

y(T) = b |v—=lwiipn < Llb—=(T)|
In particular this tmplies that for all b near £ there exists z € S[O,T](E) with

2(T) = & liz—&lwuor <L lIb—¢El

Proof The map G defined in Example 3 is continuous on its domain of definition.
It was proved in [15] that if 0 € Int RE(T) then there exists a compact convex set
K C ¢coF(¢) having only finite number of extremal points such that the reachable set
RL(T) at time T of the differential inclusion (9) satisfies 0 € Int RE(T). From the
Example 3 we also know that for some M > 0

7 BE(T) € 6'(9)

Applying Corollary 4.2 we end the proof.
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6.5 Small time local controllability of differential inclusions

Consider again dynamical system described in Example 3 and satisfying H;), H;). We
study here sufficient conditions for

VT>0, ¢ € IntR(T)

Set
V = {veX|3k>0suchthatVt >0, £ +t*v € R(t) + o(t*) }

Theorem 6.7 Under the above assumptions assume that for every z € X, F(z) s
a convez set. If the convex cone spanned by V is equal to X, then for all T > 0,
&€ nt R(T).

The above result was proved in {17]. It follows from Theorem 5.7, (10) and from the
existence of € > 0 such that GraphR N B,(0, £) is a closed set.
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