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ABSTRACT. — We consider neutral nearly diagonal n-dimensional sys-
tems of the form &%y’ = ixA(x)y + g(x, &, y). We study the propagation
of solutions from x = — oo to x = + o0 past the complete degeneracy of

the linearized problem at x = 0. Under several conditions on A and g
we show that for small ¢ in ¢" there exists a global solution having the form

X

y= { exp iz j‘ sA(s)ds } cnear x=—ooand y= { exp %J sA(s)ds } S(e, ¢)
& 0 & 0

near x = + oc. Here S(e, ¢) € €" is the scattering function. Our main result
is an asymptotic formula for S(g, ¢). We show that if g(0,0, y) = 0 and

g = Zgu(x, &)y;y + O(] y I°) then
S(e, ¢) = ¢ + Zeje(2mi { A(0) — (4;(0) + A (O)L })~ /2
+0(1cP) + 0fe).

To establish this formula we use the Kolmogorov-Arnold-Moser method
and the Moser-Jacobowitz approximation method to obtain a priori
estimates for solutions. These a priori estimates provide a rigorous justi-
fication for our calculation of explicit asymptotic formulas by a technique
of matched asymptotic expansions.

O¢ ©.0)

RESUME. — Nous considérons des systémes différentiels neutres a
n dimensions presque diagonaux de la forme &%y = ixA(x)y + g(x, &, y).
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Nous étudions la propagation des solutions depuis x = — oo jus-
qua x = + oc a travers la dégénérescence compléte du probléme
linéarisé a lorigine. Moyennant diverses conditions sur A et g nous
montrons que, pour ¢ assez petit dans ¢", il existe une solution glo-

bale de la forme y = { exp izf sA(s)ds }c au voisinage de x = — oo,
& Jo

l' x
et v= { exXp — j sA(s)ds } S(e, ¢) au voisinage de x = + c0. Ici S(g, ¢)
&” Jo

est la fonction de scattering.
Notre résultat principal est une formule asymptotique pour S(e, ¢).
Pour Iétablir, nous utilisons la méthode de Kolmogorov-Arnold-Moser
et la formule d’approximation de Moser-Jacobowitz pour obtenir des
estimations a priori, qui nous permettent de justifier rigoureusement le
calcul des formules asymptotiques par une technique de comparaison.

Mots-clés : Matched asymptotic expansions, scattering function, Kolmogorov-Arnold-
Moser method.
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A NONLINEAR SCATTERING PROBLEM 3

PART 1

ASYMPTOTIC THEOREMS

1. Introduction.

Our purpose is to determine the asymptotic behavior of certain
systems £2y = f(x, ¢ ¥); f(x, &0) = 0, near the zero solution in some
cases in which the linearized problem is neutral and degenerate. We ask
for results which are global in x, asymptotic as ¢ —» 0%, and which do
not require that f be holomorphic in x so that we can study the effect of
smooth nonlinearities with compact x-support. We obtain results of two
kinds. First are definite computational procedures for sinning boldly
with the formal apparatus of perturbation theory to obtain explicit asymp-
totic formulas for solutions. Our main tool here is a technique of matched
expansions. Second are existence theorems which vindicate the formal
calculations. Here we need the Kolmogorov-Arnold-Moser technique.
We proceed by supposing that f is holomorphicin y (but not x) and studying
the asymptotics of the linearization problem that is, of reducing the nonlinear
equation to its linear part by a change of dependent variable given by
a convergent power series in y. Hartman [/] and Wasow [2] give accounts
of this classical method, the latter giving special emphasis to asymp-
totic questions. In this paper we study a problem which in fact lies beyond
a straightforward application of this method. Brjuno [3] gives a more
recent account of the linearization problem together with counterexamples
which show the unreliability of purely formal reasoning in this regime.

We consider nearly diagonal n-dimensional systems of the form

(1.1) e’y = ixAx)y + g(x, &, )

where g(x, ¢, 0) = g(0, 0, ¥) = 0, g,(x, & 0) = 0, g is a smooth function of x
and ¢ holomorphic at 3 = 0, and A is a smooth real diagonal matrix valued
function satisfying certain nondegeneracy conditions to be stated below.
The salient features here are the neutral behavior of the linearized problem
and its complete degeneracy at x = 0. In addition we suppose that g
vanishes for large | x|. We can then formulate the following scattering

problem. Consider the solution which has the form { exp iz j sA(s)ds } c
&7 Jo

for large negative x. If this solution exists for all x then for large positive x

x

it must have the form { exp %J‘ SA(s)ds } S(s, ¢) where S(e, ¢) is a new
€

0
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4 J. NARAYAN AND G. STENGLE

constant vector. The mapping ¢ — S(g, ¢) is the scattering function which
measures the impact of the perturbation g on the propagation of solutions
from x = — ¢ to x = + 2¢. By the scattering problem we understand:
find asymptotic formulas for the scattering function.

We have arranged our exposition in three stages of increasing difficulty
and technical complexity. In Sections 1-5 we describe the problem, give
motivating examples, discuss the chief difficulties, and state our main
results (in Section 4). Sections 6-11 present a second level. In Sections 6 and 7
we formulate and state without proof the asymptotic a priori estimates
necessary to prove our main results. In Sections 8-11 we show how these
estimates can be used to derive our asymptotic theorems. With them our
method of matched formal expansions, which often has only heuristic
significance, becomes a rigorous deduction of asymptotic formulas. The
balance of the paper exposes the third level of difficulty. In it we prove
our a priori estimates using the KAM technique [4] combined with the
approximation methods of Jacobowitz [5].

2. An elementary example,

The following explicitly solvable problem motivates and also delimits
our results. Consider

2.1) &y’ = imx" "y = g(x, )y

where g 1s a smooth function vanishing for large | x |. The solution reducing

1
to cexp — X" near x = — 0 is
&

i c |* i -1
(2.2) y(x) = cexp—zx"‘{l — ZJ g(s, &) expjs"‘ds} .
£ & o £

A simple computation shows that if m > 1

—2+2 -1+2 -2+4
YO ~c {1—c[g(0, 0)0tme  ™+g.0,0)Bme  T+gx(0,00me T4 }T!

where o,,, fm, ¥m are certain nonzero constants. This formula shows that y
will not in general be holomorphic in ¢ on a domain independent of ¢
unless we require that g(o, 0) = 0 and restrict the degeneracy of the linearized
problem at x = 0 by demanding that m = 2. In this case the solution (2.2)
can be given in the factored form

X2
(2.3a) V= P(x, g, exp i? S(x, &, c)>

Annales de " Institur Henri Poincaré - Analyse non linéaire



A NONLINEAR SCATTERING PROBLEM 2

where

: -1
b3 x l

w(l — XZJ‘ g(s, &) exp 5 (s — xz)ds> x<0
&2 )« 3

(2.3b) P(x,e,w) = w [ ; -1
w(l + 7j gls, e expg—z(sz - xz)ds) x>0
& Jx

and
c x<0

© i -1
(2.3¢c) S(x,ec)= c(l—%j g(s,s)exp%ds) x>0
€ €

—xC

This formula has the curious feature that it expresses the holomorphic
function y as the composition of the discontinuous functions P and S.
However it has the virtue that P and S have simple, regular asymptotic
properties as ¢ — 07. This follows easily from the condition g(v, 0) = 0
and elementary properties of the integrals in (2.3b) and (2. 3¢). For example
some computation shows

S(0*, ¢ ¢) = ¢ + /e g, (0,0)c* + 0(c2) + 0(c?).

To explain the meaning of the factorization (2. 3) for our subséquent ana-
lysis we distinguish functions of x according to their rapidity of variation,
that is, according to the way in which their x-derivatives are unbounded
in the parameter & Further simple calculations with (2.3) then reveal the

following.
£ 2

1) The solution expli2 of the linearized equation is rapidly varying
at a rate O(g " 2). ¢

2) In contrast, the function P exhibits slower variation, O(¢ ) at worst,
if we agree to use one sided derivatives at 0. Thus the most rapid variation
of y is accounted for in (2. 3) entirely through dependence on the solution
of the linearized problem.

3) The function P is a generalized (discontinuous at 0) solution of the
partial differential equation 2P, + ix(wP,, — P) = gP? which (by remark 2)
satisfies the qualitative subsidiary condition of non-rapid variation. Such
solutions are far from unique but we show later that a properly formulated
version of this condition uniquely determines the asymptotic properties of P.

4) Dependence of y on the data ¢ is entirely through the piecewise
constant scattering function which is holomorphic in ¢ on a neighborhood
of ¢ = 0 independent of e.

If we bear these four properties in mind we can give another description
of this paper. It is devoted to obtaining analogous representations of solu-
tions for a class of general systems.

Vol. 3, n® 1-1986.



6 J. NARAYAN AND G. STENGLE

3. Hypotheses.
We suppose that the system

(1.1) &y = ixAx)y + glx, ¢, y)
satisfies the following.

H.1. Regularity conditions.

On (— oc,0) x [0,e0] X {|y]| <ro}g is jointly infinitely differen-
tiable in (x, &) and holomorphic in y. The matrix A is real, diagonal and
infinitely differentiable.

H.2. FEigenvalue conditions.

On the x-support of g, for each j and each n-tuple of nonnegative integers

(my, ...,m,) with Zm; > 2, the diagonal elements 4; of A satisfy
a) i;>0
b) /’Lj = Zmi;.i 75 0

H.3. Small perturbation conditions.
The perturbation g vanishes for large | x| and satisfies
glo,0,y) = glx,2,0) =0,  glx,60)=0.

We remark that in the case that the A’s are constant the eigenvalue
conditions H.2 are familiar sufficient conditions for linearizing a vector
field (Hartman [/ ]). It is also possible in this case to relax H.2a at the cost
of profound complications. Likewise in our problem this raises new diffi-
culties which we avoid in the present investigation. The eigenvalue condi-
tions ensure that the linearized problem is nondegenerate except at x = 0
where it is instead completely degenerate. However we emphasize that
even if we restrict our results to a closed x-interval not containing O (in
which case the factor x can be absorbed into A without altering the eigen-
value conditions, and the condition g(e. 0, y) = 0 is vacuous) we obtain
results about a delicate problem, namely

(3.1 g1y = iAx)y + glx, e1,y) g=0(]y[%), e =¢.

The e-asymptotics of this problem also demand the full power of the KAM
method and are not covered by classical techniques such as those appearing
in Wasow’s treatise [2]. We therefore also give a result (Theorem 3 below)
about this problem as a simple byproduct of our work.
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4. Solution of the scattering problem.

By a linearizing function we mean a piecewise solution P(x, ¢, w) of the
linearizing problem
2P, — ixAP + ixP,Aw = g(x, &, P)

4.1)
P]w=0 = Pw]w=0 =0.

If P =w+ Q we call Q a linearizing perturbation. An invertible solution
of this equation defines a change of variable y = P(x, ¢, w) which linearizes
problem (1.1). The following theorems justify a qualified reliance upon
the far simpler problem of finding formal ¢-power series solutions of (4.1)
(strictly speaking, solutions of the equation resulting when g is replaced
by its formal e-y-Taylor series at ¢ = 0, y = 0). Specifically we use the
following method of matched formal expansions.

By a formal solution of the linearizing problem we mean a formal e-power

oC

series solution &Py(x, w) of (4.1). We will find that this solution is
k=0

unique but fails, in general, to be defined at x = 0. In the technique of

matched formal solution we augment the previous procedure to obtain

formal results at x = 0 in the following way. Let

4.2) r=e
P(x, &, w) = p(s, &, w)
Then
4.3) ps — isA(es)p + isp Ales)w = £ gles, &, p)
(44) plw:O =0> pw‘w=0 =0

We note that our hypothesis g(o, 0o, w) = 0 ensures that this problem
is regular in ¢ Formal e-power series solutions of (4.3) are determined
by a recursive set of equations with polynomial data. We will show that
there are solutions Ze&fp,(s, w) in which p, = 0(1 + | s} )* on the real s-axis.
We will also show that these conditions uniquely specify p. The matched
formal solution is then the pair (P, ).

The main content of the following theorems is that the above formal
procedure can be carried through and that it actually yields asymptotic
formulas for a linearizing transformation.

TueoreM 1 (Factorization of solutions). — Suppose the system
g2y’ = ixAy + g satisfies conditions H.1-H.3. Then for small ce¢"

there exist solutions of the form y = P(x, g, expi7 f sA(s)dsS(x, ¢, c)).
£ Jo
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8 J. NARAYAN AND G. STENGLE

The functions P and S are holomorphic at 0 € ¢" and have uniform asymp-
totic expansions given by the unique matched formal solution (P, p)
of the linearizing problem according to

P e w b o
@.5) P(x, &, W) ~ { ~()c g W) ae __[x-i (,
p(S,&‘,W) lslﬁaﬁ 1+
forany 0 < 6 < 1 and
0
(4.6) S(x,a,c)~{f_1 . *=
p (07,6 p0 ,e¢) x>0

By carrying out the calculations described in Theorem 1 we obtain a
solution of the scattering problem. This we express in terms of the w-series

expansion of the perturbation g(x, ¢, w) = Z g,(x, e)w? where g indicates

q
amulti-index ofintegersq = (g1, . . -, gn), W = w{ ... w¥,and|q| =qu.
j=1
Tueorem 2 (Scattering formula). — Suppose the system &%y” = ixAy+g
satisfies conditions H.1-H.3. Then for small ce " the solution which

has the form { exp iz J
£

0

has the form {exp%f
& Jo

sA(s)ds }c near x = — oo exists for all x and

SA(s)ds }S(s, ¢) near x = + o whqre

1

4.7) S c)=c+ 2 ot { 2ni<A(O) —Z q j;.,(0)1> } % ©, 0)

fq|=2 i=1

+ 0} c?) + 0).

Finally our analysis justifies the simplest methods in the nondegenerate
case.

THEOREM 3 (Parametric asymptotic linearization of neutral systems). —
Suppose the system &)’ = iA(x)y+g(x, & ¥) 2=0(] y|?), has smooth data
on | x| < x, and satisfies the eigenvalue condition. Then for small ¢ e ¢"

there exist solutions of the form y:P<.\', g, explf sA(s)ds c>. The func-
€ Jo

tion P(x, & w) is holomorphic at w =0 and has a uniform asymptotic
expansion given by P, the unique formal solution of the associated problem
&P, — iA(xX)P + iP A(x)w = g(x, ¢, P)

4.8
( ) P|w=O=O> Pw1w=0=0'

Annales de I'Institur Henri Poincaré - Analyse non linéaire



A NONLINEAR SCATTERING PROBLEM 9

5. A remark on the role of power series expansions.

We call special attention to the fact that Theorems 1-3 make no direct men-

tion of convergent w-power series expansions P(x, &, w)=w+ wiP(x, &)
lgl=2
for the linearizing function P. Existence of this expansion together with
asymptotic expansions for its coefficients are consequences of our conclu-
sions. However a converse implication is not usually true. The existence
of a convergent w-series expansion for P(x, ¢, w) together with asymptotic
formulas for the P,(x, ¢) does not entail asymptotic information about
the sum unless the asymptotic formulas are uniform in the multi-index g.

xX

For example the series G(e, w) = Zw"(l + e*¢)™! is uniformly conver-

k=0
1
gent for |w| < 1 — 6. But even for w = — we have
e
1 Y ek = e~ * dt
G<8,—):Z k~J\ x:J\ 2—=1+61ni
e 1+e% o (1+ee%) 1 (1 +et) 1+¢

k=0

Here the limiting behavior of the sum simply cannot be described by e-power
series even though the behavior of each summand can be. Now it happens
that in our investigation the uniformity in g of the asymptotic behavior
of Px, ¢) is an exceedingly subtle problem. It is one of the difficulties
that we overcome with the KAM method. This explains why, although
we use w-power series expansion to compute individual terms in the
matched formal expansions (P, p), we never use the w-expansion as a direct
analytical tool for solving the linearizing problem itself.

These difficulties have been sometimes overlooked in the literature.
The main theorem on solution of nonlinear equations with a small para-
meter in Wasows’ book [2], Theorem 36. 2, falls short in this way. Although
this theorem is correct as stated it does not strictly contain asymptotic
information about solutions of the nonlinear equation to which it refers.

6. A measure of perturbation strength.

We now introduce a collection of norms which measure the strength
of the perturbation g(x, ¢, w). We study perturbations more general than
these described in conditions H.1 and H.3 above because this added
generality is essential for our proofs. We consider perturbations which
are piecewise smooth in x with possible discontinuities at x = 0. In the

Vol. 3, n° 1-1986.



10 J. NARAYAN AND G. STENGLE

following formulas we suppose that suprema over function values range
over both right and left limits at 0.

Let g(x, e w) = g4x, eyw? where g = (g1, .- -, qn), W= wi ... wi
lgl=2

and |g|=¢q; + ... + g, Also let |w|= max | w;|. Then to each real

r> 0 and each convex function ¢ : [0,00) — (— oo, 00) we associate
the norms (possibly infinite) defined by

@) || £]8, = sup i | Digx, &) | ¢4

6.1) x.4,!

b) || gllor = sup ¥ { (1 x| + &)D, Vg (x, &) | e ¢®.
x,q,1

We also define the corresponding unit balls by

By, = {2l glls, <1}
By, = {ellglo, <1}

The ball BS, consists of perturbations g(x, &, w) which are holomorphic
for [w] < r with a sequence of progressively higher x-derivatives growing
no more rapidly than e?®, The ball B,, is similar but embodies estimates
which allow non uniformities in x and ¢ (of the kind appearing in the example
of Section 2). We make exacting use of the spaces B, , in our existence argu-
ments. However for the derivation of asymptotic results less precision
is required and it suffices to consider the spaces

By =_JBS,
¢

B, =|_JB,,.
¢

Our analysis requires perturbations which are 0(| x | + ¢) in the following
sense.

6.2)

(6.3)

H.3'. Alternate small perturbation condition.

For some r > 0
ge(lxi+eB,.
However we prefer the simpler hypotheses H.3 for the statement of our
theorems.
We emphasize that the condition g e B, is not numerical in character.
Each ball B,, embodies numerical derivative estimates. But the union

B, = U B, ;s instead embodies the existence of e-independent estimates.

¢
We refer to the containment of a linearizing perturbation in some B, or B?
as an asymptotic a priori estimate. The term « asymptotic » indicates the

Annales de I’ Institut Henri Poincaré - Analyse non linéaire



A NONLINEAR SCATTERING PROBLEM 11

non-numerical nature of the relation. The term « a priori » is generally
used for estimates which are established prior to existence. In this investi-
gation the basic existence problem is to find a linearization which depends
regularly on the singular parameter ¢&. We will see that we find linearizing
perturbations in B, by powerful existence arguments which nevertheless
entirely preceed the resolution of this more delicate existential question.
It is with respect to this latter asymptotic problem that our estimates are
« a priori ».

The following shows that our hypotheses H.1 and H.3 imply that each
perturbation g belongs to some B,.

PROPOSITION 6.1. — If g satisfies H.1, g=0(]w|?), and g vanishes for
large x, then g € BY for some r > 0. If also g(o, 0, w)=0 then ge(| x| +¢)B,.

Proof. — Let g(s, ¢, w) be the x-Fourier transform of g(x, &, w). Since g
has compact support, g is rapidly decreasing as a function of s. Moreover
if g = Zgx,ew?for |w]| < rthen g = Zg,wi Since | s [*g is holomorphic
in|w| < rand continuousin e for 0 < & < ¢, this implies | s |4 | &,] < M,
for a > 0. Define
6.9 #la) = - sup ri f [P 29| ds

T lal,e -0

We claim that log ¢ is a convex function of x. For
1 1

© ’ © 2/ [ 2
logf_ ISIa;algq(s,e)ldsslog(f_ lSI’lgqldS) (J Is{"'léqldS)
s%log<£;!Sl“I§qldS>

1 <o
+Elogf s g, lds.

Thus logJ [s]%] &4s, &) | ds is a convex function of . Moreover

—oxC

r"f [5*] &qls, &)ds < 2] x0 | M,

if we suppose that g vanishes outside [— xo, xy]. Hence log ¢(a) is the
supremum of a pointwise upper bounded family of convex functions and
is therefore also convex.

x

rlal ] R
We next show that ge B = B?. ForrD¥ g (x, 8):7 e™(is)* g (s, e)ds.
: 7

-

2n

lal (f
Hence r'4! | Dk g (x, )| < LJ. |'s¥] g4s, &) | ds < p(k). Thus ge By . If

Vol. 3. n° 1-1986.



12 J. NARAYAN AND G. STENGLE

in addition g{o, 0, w) = O then g has the form xh(x, ¢, w) + ek(x, &, w). Hence

1 X N I3 P ha £
= = SgNx
lx|+8g [x|+e | x|+¢ & [ x|+e

ment above we can suppose that h and k belong to B. We next show that h,
keB,,, for some ¢;. Computing recursively we find

d \¥ - YAY
(x+ ¢ d_x> h= kaj(x+8)’(g;> h

ji=1
where mgo =1 and my, ;= M;_1 = jm,,. These inequalities imply
my; < k! (a very crude estimate but sufficient for our purposes). It follows

d k
|:(Ix[+s)a} hy(x, €)

we can suppose ¢ is an increasing function so that

d k
{(IXHS)E} hy(x, €)

This shows i € B, , where ¢, () = ¢(o) +(x+1)log (x+1)+ealog (| xo [+ 1).
Similarly k—heB,, ,. Finally an application of the Leibniz rule for the
€

(k-sgnx h). By the argu-

easily that 9! < (k+1)!1(]xo}+ 1) maxe? ) Now
1 k

=j=

rlal <(k+1)1(lx0} + 1Fe?® .

d
derivation (lxl+s)d— to the product | (h—k) implies
x X

+ &

k
< ¢1(k)+22(k‘>e¢1<k) < Dk 11l
J
0

plal

dT 1
[(lxi'i'ﬁ)ajl le—i-sg

Hence if ¢,(¢) = ¢1(2) + (k + 1)log2then (| x| + &) ‘g€ By,, €B,.
We make two comments about the preceeding proof. First our hypotheses

d X
permit the definition of derivatives (d—> g for real « > 0 by means of
X

the Fourier transform. Accordingly we invariably suppose that the func-
tion ¢(k) describing the growth of successive x-derivatives is a convex
function of a real argument as in formula (6.4). For convenience we also
define ¢(x) = + oo for x < 0. Secondly we call attention to the tedious
character of the preceding calculations with elementary derivative for-
mulas. Since we must perform numerous far more complicated estimations
of derivative growth rate, an essential part of our subsequent analysis will
be an effective and systematic technique for doing this.

7. Statement of a priori estimates.

In this section we state our main analytic results in the form required
to prove the asymptotic conclusions of Theorems 1-3. The proofs of these
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results are far more technical than their applications. We give the latter
first. We believe that our method of separating these is itself a valuable
tool which can be applied to many other problems. We have therefore
tried to give a reasonable account of our asymptotic reasoning to a reader
who is willing to take the results of this section for granted.

We first state the main linearization theorem.

ProrosiTioN 7.1 (Linearization with derivative estimates). — Suppose
ged(lx|+¢)B, (g dB?). Then for each v’ <r and for & sufficiently small
thereis a linearizing transformation w + Q for Problem (1.1) (Problem 3.1)

satisfying Q € 8B, (Q € B?).
We also require similar results for certain reduced linearizing problems
in the « outer scale », | x| > x; > 0 and the « inner scale » x = &s.

PROPOSITION 7.2 A. — Suppose geSB?. Then for each ¥ < r and for & suffi-
ciently small there is a unique solution Q of —iIAQ+iQ, Aw=g(x, &, w+ Q)
satisfying Q € 5B.

The following proposition provides solutions to the reduced linearizing
problem in the inner scale x = gs.

ProposITION 7.2B. — Suppose g(s, w) is holomorphic for [w]| < r

and |[Imlog(l1+s)| < 8 <g and satisfies |(1 + s)"!g| < §. Then for &

sufficiently small the problem
Q, — isA0)Q + 15Q AW = sh(w + Q) + k(w + Q)

has a unique bounded holomorphic solution on the domain {w]| < r < r,
IImlog(1 + s)| < & < # satisfying | Q| < M(r’, 8 | w |2

We also require similar (but much easier) results about linearized forms
of the preceedings propositions.

PROPOSITION 7.3. — Suppose g €(| x| + ¢)B,. Then the linear problem
e2Q, — ixAQ + ixQ,Aw = g(x, ¢, w) has a solution in B,. for any r' < r.

PROPOSITION 7.4 A. — Suppose ge B, (g€B?). Then
— IAQ + iQ Aw = g(x, &, w)
has a unique solution in B,. for any r’ < r.
PrOPOSITION 7.4 B. — Suppose g(s, w) is holomorphic for {w|<r

and — f < Imlog(l+s) < 8,0 <8 < g.Supposelgl <1+ sy Hwh
Then given r’ < r the problem -

Q; — isA0Q + isQ, . AQ)w = g(s, w)
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14 J. NARAYAN AND G. STENGLE

has a unique solution Q satisfying | Q| < M(1+]|s|)"|w|* for |[w| < r,
—f<Imlogfil+s]i<8.

In our reasoning we operate on B, with the common operations of
analysis. To express compositions of small perturbations of the identity
map we find the following notation for composition convenient (Stern-
berg [4]).

DEFINITION 7.5. — Qo R(w) = R(w) + Q(w + R(w)).

DEFINITION 7.6. — If Qo R = 0 then we write R = Q¥ and we call R
the quasi-inverse of Q.

The operations - and # are local in character and in general do not
carry B, x B, or B, into B,. The following proposition lists some closure
properties of the family { B, },, as substitutes.

ProrositioN 7.7 (Closure properties of 6B,). If g, h belong to éB, then

a) g + hedB,
b) gw,(|x| + e)g,€6BLforr < r

Moreover if § is sufficiently small then the following belong to 6B;.

o I+ g,) " th .

dy glx,e,w+h)—g(x, e w)and - [g(x, e, w+eh)—g(x, e, w)]

e) g=h ’

g

We summarize the conclusions of this section broadly. They show that
our linear operations lead from data in B, to results in B,. for any ' < r.

Moreover the same is true for our nonlinear operations if the operands
are small.

8. Proof of Theorem 3.

We begin with the proof of Theorem 3 which shows our reasoning in
a relatively uncluttered form. We subdivide the proof into two parts.
The first shows the existence of an asymptotic linearization; the second
shows its uniqueness.

ProPOSITION 8.1. — Assume the hypotheses of Theorem 3. Then pro-

blem (3.1) has a linearizing transformation w+ Q where Q e B? for some

r > 0. Also Q has a uniform asymptotic expansion Q(x, &, w) ~ z " Qulx, w)
k=0
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A NONLINEAR SCATTERING PROBLEM 15
with coefficients Q; € B®. This expansion can be x- or w-differentiated
term by term any number of times.

Proof.— Suppose g € BY. We observe that the change of variable w — dw
replaces g(x, ¢, w) by 6 'g(x, ¢, dw) in the linearizing problem (4.8). Since
g =0(lw|?) we have 6 g(x, ¢ éw)eéB?; = 6By if 6 < s. Thus at the
cost of shrinking the w-domain we can suppose that g JdBY. (However
it is vital that such shrinkage be controlled in later steps.) Then Propo-
sitions (7.1) and (7.2) provide a solution w + Q of the linearizing pro-
blem (4.8) and a solution w + Q, of the corresponding reduced problem
— iAQo + QonAw = gl(x, 0,w + Qo), where Q, Qo €6BY,, if & is small.
Also by Proposition 7.7 we can suppose that Qf - Q, (Qf - Q),, QF,

1
h = (I + QOw)_1 {Z [g(x7 &, w)—-g(x, 0, W‘)] - QOx and h(x’ &, W+Q(;)# ° Q)

all belong to 6B, if 4 is small.
Let eR = Qf - Q, that is Q = Q¢ eR. Then R satisfies

8.1) ¢R, — iAR + iR, Aw = h(x, &, w + ¢R)

where h is defined above and he B?,,. We show that R e 5BY,; by an
argument which exploits the fact that R is the « compositional » remainder
of a solution Q satisfying the a priori asymptotic estimates Q € 6BY,.
Equation (8.1) implies that R satisfies the linear problem

8.2 — iAR + iR Aw = h(x, &, w + QF 0 Q) — (QF - Q).

with data in 6BY,,. Unlike (8.1) this problem has a unique solution in 6BS 3
which must be R. Thus we find Q = Qg o ¢R where Q, Q, and R belong
to 6BY,;. This implies that Q = Qo + eR; where

1
R; = R + —{Qo(x, & w + eR) — Qq(x, &, w) } belongs to éBY,, for suffi-
3

ciently small ¢. This establishes the lowest order finite asymptotic expan-

sion of Q with remainder, Q = Q, + ¢R;.
Obtaining higher order finite expansions with remainder is easier (the

reasoning illustrates further use of our a priori estimates). Let #(g) be the
unique solution of — iAQ + iQ,Aw = g(x, e, w), Q = 0(|w?). Then
equation 8.1 can be transformed into

R = L(h(x, e, w + ¢R) — eR,)
Since RedBY,; this implies immediately that R = #£(h(x, 0, w)) + ¢R’

1
(where R=2% {~ [h(x, &, w+ eR)— h(x, o, w)]—R_,}). Moreover, simple
£
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16 J. NARAYAN AND G. STENGLE

1
iteration leads to higher order formulas with terms in B} for any r < -
if ¢ is sufficiently small. For example 3

R = & { h(x,e,w + e¢ZL(h(x,e,w + eR) — e ZR,))
— si(Z(h(x, e, w + gR) — SRX))}
dx

= Z(h(x, o, W)) + & { g(hs(x! o, W) + hw(xs 0, w)g(h(x’ 0, W)))
— PHh(x,0,w) } + 0(e?)

Thus the functional equation (8.1) and the estimate R eBj,3 together
. 1
imply that R has an asymptotic expansion for, say, |w} < e The same

will be true of the composition Q = Qg < ¢R for ¢ sufficiently small and

1
[w] < 3 This establishes the proposition.

We next show that the expansion of Proposition 8.1 is the unique formal
solution of the linearizing problem (4.8). This fact is well known and is,
so to speak, the basis of the formal utility here of perturbation methods
(see Wasow [2], p. 218-219). We give an alternate proof.

ProrosITION 8.2. — The formal series of Proposition 8.1 is the unique
formal solution of the linearizing problem (4. 8).

Proof. — Let w+Q be the given formal solutlon Suppose w+Q’ is an-
other. Then R= Q# o Q' is a formal solution of 3R —1AR+1R Aw=0.Hence
R= —8$(Rx) where % is the linear solution operator of —iIAQ+QnAw=g.
Iteration gives R = — N#NDYR which shows R =0 on any domain
|w| < <r, supposing that the terms of R belong to B,.

Propositions 8.1 and 8.2 together establish Theorem 3. We remark
that all our derivations of asymptotic expansions are variants of the argu-
ment of 8.2 which appears here in its purest form.

9. A proof of asymptotic uniqueness.

Our proof of Theorem 1 will use the ideas of Section 8 but will require
separate arguments in the inner scale | x | < a¢’ and the outer scale| x | > ag’.
A new difficulty arises in the inner scale where the reduced linearizing
equation (set ¢ = 0 in problem 4.3) no longer has a unique solution.
We also note that in the proof of Proposition 8.1 in the previous section
we estimated the remainder R by alternately representing it as the unique
solution of equation (8.2). Our next result provides a substitute for this
uniqueness. We show that our qualitative estimates Q €JB, are suffi-
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A NONLINEAR SCATTERING PROBLEM 17

cient to determine uniquely the asymptotic properties of solutions of
certain problems.

ProprosITION 9.1. — Suppose Q and Q’ are solutions of
glx,e,w + Q)
£2Q, — ixAQ + ixQ,,Aw = { or
g(x, & w)
belonging to B,. Then Q’ ~ Q uniformly in some domain |w| < ¢ <r.
Q# ° Qr
Proof. — Let R = ¢ or . Then in either case R satisfies
Q -Q

&2R, — ixAR + ixR,Aw = 0

and by choosing r’ sufficiently small we can suppose ReB,.. For x > 0
this implies that R can be represented in the form

R = exp;2 f sA(s)ds c(s, exp {;21 J OA(s)ds } w)
ac® € agd

where c(e, w) is holomorphic for | w | < r* and c(e, w) = R(a€’, &, w). (R also
has a similar representation for x < 0.)

d k
The idea of the proof is that R e B,. implies (d—> R oges = 0%,
X

k
while the preceeding representation implies (E) R | s = O{ce ™2 79%),
These estimates are compatible only if ¢ = 0(g2! ~9%), that is, if ¢ ~ 0.
To make this precise we again use .#, the linear solution operator of the

problem
—iIAR + R, Aw=h; R=0|wl]?.
2

—¢

ThenR=—— Z({x| +&)R,). Since (by Proposition 7. 7) (| x| + )R €B,.,
x(|x[+e)

this representation immediately shows that c(e, w)=R |y=gps = 0820 79,
Moreover, iterating the representation gives

g2 o2

R=m3<(IX!+8){m$(|x[+s)Rx}x)
. 1

=g (m{g(lxl+8)Dx${(]xl +8)D‘R}}

—( 1 +_ex )32{(|x[+s)DxR})

Ixl+¢  x(ix|+ e
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18 J. NARAYAN AND G. STENGLE

Again setting x = a&® we find c(e, w) = 0(** ~?). An elementary induction
argument shows similarly that c(e, w) = 0(e*N* ~9) for each N, establishing
the proposition.

10. Proof of Theorem 1.

We roughly follow the pattern of Section 8. The following is a two-scale
analog of Proposition 8. 1.

ProprosiTiON 10.1. — Assume the hypotheses of Theorem 1. Then
Problem (1.1) has a linearizing transformation w + Q where Qe B,
for some r > 0. Moreover, Q has outer and inner expansions

Z Ru(x, we¥  ael™® < | x|

i,j=0

z Sk<f,w>s" x| <a°.
€

i,j=0

(10.1) Q ~

uniformly valid for any 0 ¢ § { 1 where x*R,and (| x| + £)~*S, belong to B,.
These expansions can be x- or w-differentiated any number of times.

Proof. — We begin with the outer expansion. As in the proof of Propo-
sition 8.1 we can suppose g € 6B,, by a preliminary shrinking of the

w-domain. Since g(o, 0o, w) = 0 we have g = xh + ¢k where h, kedB,,.
Let Qo(x, w) be the solution of —iAQo+iQowA=h(x,0, w+ Qo) in 6Bz
2)‘

provided by Proposition 7.2 if ¢ is small. Let Q € 6B3 be the linearizing
ET

perturbation given by Proposition 7.1 and let Q = Qg0 U where also

UedB; . Then

2

(10.2) e2U, — ixAU + ixU,Aw = gf (x, e, w + U)

where
f:(I+Q0w)_ ! { k(x’ & W+Q0)+z [h(xa &, W+QO)_h(x> 0, W+QO]+8Q0I}

For small § we can also suppose that fe 6B; . Moreover, g has a uniform
77‘
asymptotic expansion in ¢ since k and h do. In a word we have normalized
the problem to the case in which the perturbation has the form &f.
We now establish that Qg is the leading term of the outer expansion.
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A NONLINEAR SCATTERING PROBLEM 19

Let U= EV. Then
X
V=Z%{fx,e, w+ U)—eU,}.
This shows that for é sufficiently small (so that the composition f(x, ¢, w+ U)

can be estimated) we have Ve dB, . Hence Q = Q,>» EV = Qo + 0<f>
37 x X

. . . e . . .
To obtain higher expansions we replace U by — V in the previous relation
X

obtaining
& &2
V= f{f(x, g, w+—V>+ —Z(V—xVx)}.
X X

From the standpoint of the outer expansion the occurrences of V in the
right hand side are all small. Once again iteration can be seen to yield finite
expansions with remainder of any order for V. Hence we omit further

. . .- & .
details. Finally the composition Q = Q, = —V also has an outer expansion.
x

To obtain the inner expansion we return to the original linearization
problem (4.1) and its rescaled form (4.3). Its derivation is slightly more
complex. In the preceeding argument x played the role of an inert para-
meter because the reduced problem (set ¢ = 0in (4.1)) is no longer a diffe-
rential equation in x. However here the reduced problem (set ¢ = 0 in (4. 3))
has the same character as the full problem. We therefore require a somewhat
more elaborate argument although the general idea is the same.

Since the first transformation Q = Qg o U is valid in both scales it will
suffice to establish an inner expansion for the solution U = Q§ o Q of
(10.2). Let U, be a solution of the leading part of (10.2) in the inner scale

(10.3)  £2Uy, — ixA(O)U, + ixUg AW = &f (0, 0.w + Up).

We can suppose that U, e B, for small 6. Let U = U, = R,. Then
37‘

(10.4) 2R, — ixAR; + ixR; ,Aw = ¢fi(x, &, w + Ry)

where
fi=0+ Up) ' {Ax,e,w+ Up) — flo.0,w + Up)

ix ix
+ ?(A(X) — A(0)U, — ;Uo“-(/\(X) — A0)) }

Since fi(o. 0,w) = 0 we can suppose f; €(|x| + ¢Bs for small S. (This
4r

is the last shrinkage of 5. We prevent further shrinkage of the w-domain
by choosing ¢ sufficiently small.) By Proposition 7.1, for ¢ sufficiently
small, problem (10.4) has a solution Q} € éBs . However since the solution
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20 J. NARAYAN AND G. STENGLE

to this problem is not unique it need not be true that R}, = R,. We therefore
appeal to the asymptotic uniqueness result, Proposition 9.1, which shows

that, as elements of B; , R; ~ R/. It follows that R, € eBs . Let Ry = €Ty,
Then 6" 6"

(105) 82T1x - lXAT1 + ilewAW =f1(x, e, w+ 8T1) .

This is an equation in which the occurrence of T in the right hand side
is small and which therefore can be used for an iterative derivation of
finite asymptotic expansions with remainder. To elaborate this proce-

dure it is convenient to introduce the « inner » variable s = = into (10. 5)
e
and to separate out the « intermediate » and « slow » x dependences of f

in the following way. As a function of s, our solution U, of 10.3 satisfies
Uo

— isSA(O)U, + isUo,A(Q)w = f(0, 0,w + U,). By Proposition 7.2 B

we can choose Ug to be of the form Ul(s, w). The perturbation £, 0f (10.5)
can then be expressed

fi={1+Uosus, W)} 1 { fx,e,w + Uo(s, w)) — £(0,0,w + Ug(s, w) }
+ I(A(x) = A(0)U (s, w) — isU g, (A(x) — A(0))
=Fi(s, x, ¢, w).

We can then express (10.5) in the form

(10.6) Ty~ isAO)T, +isT; ,A(O)w=F(s, es, &, w+£T;) + es2k(es) T,

ix ix
where es?k(es)T; = — (A(x) — A(O)T, — — T AX)—A@Q)w. If we regard
I3 ' €
the right hand side as a given element of (| x| + ¢)Bg then we have a
77’

linear problem which by Proposition 7.3 has a solution T; € B, which
we indicate by 8

1 =L {Fils, 5,6, w + €Ty) + es?k(es)Ty } .
We cannot assert that T} = T,, but by Proposition 9.1 T} ~ T, as ele-

ments of By, . Hence
?)‘

(10.7) Ty = L {Fis, 65,6, w + €Ty) + es’K(es)T, } + Z
where Z ~ 0. This relation implies immediately that
T, = Zi(u(s, 0,0, W) + O(| x| + ¢).
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Similarly iteration gives higher order finite expansions with remainder

of the form
N

T, = Zﬁle(k) + " 1Rn+y

k=0

where s T® e (| x| + ¢)*B;; ande"*'Ry.;e(| x| + &)~ 'B;; . Theexpan-
x 10" 10"
sion Ty ~ Ze"T‘{‘) thus is an asymptotic expansion in the inner region
k=0
x| < ag® where (| x| + &) = 0(¢%). It is not however strictly the desired
inner expansion since it is obtained by using a uniform solution operator .%,
provided by Proposition 7.1. This %, is not the simpler holomorphic
solution operator of the reduced problem in the inner scale analysed in
Proposition 7.4.B. For this reason the functions T{® are, in principle,
functions of (s, &, w) rather than (s, w) as required in our inner expansion.
However the T are solutions of the recursive system of linear equations
obtained by expanding (10.6) in powers of & These problems have poly-
nomial data, and Proposition 7.4 B ensures their recursive solubility for
functions T%¥(s, w) obtained by separately solving the system on the com-

plex domains — 8 < Imlog(l +s)<fand —0 <Imlog(l—s)<6,|w]| g;r
and piecing together at s =0 their restrictions to the real s-axis. These solu-

tions T{‘(;, w | satisfy our derivative estimates and by Proposition 9.1
€

x
we have T¢(x, &, w) ~ T‘l")<v, w) as elements of B,, . Hence
8 r

T, ~ Z skTg“(f, w)
&

1
k=0

which gives us the required inner expansion.

Finally, the composition Q = Qg+ Uge¢T; has a similar expansion
with terms in B, which we obtain by combining the above expansion of T;
with Taylor expansions of Qg(es, w) in both arguments and of Uy(s, w)
in its second argument.

This establishes the existence of a matched asymptotic expansion (10.1).
To establish its identity with the matched formal solution (P, p) we observe
that the reasoning of Proposition (8.2) applies separately in each scale
and we easily obtain the corresponding result here which, as a parallel

to Proposition 8.2, we state as:
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22 J. NARAYAN AND G. STENGLE

ProOPOSITION 10.2. — The matched expansion (10.1) is the unique
matched formal solution of the linearizing problem (4.1).

Propositions 10.1 and 10.2 together establish relation (4.5) of Theo-
rem 1. To obtain (4.6) we observe that if y =z + Q(x, ¢, z), then z is a

solution of &2z’ = ixA(x)Z with a possible discontinuity at x = 0. Sup-
pose for x < 0

i X
z = exp o L sA(s)ds c.

In any case for x > 0 z is given by
i x

Z = exp j sA(s)ds z(0%, g).
&7 Jo

But y is an ordinary solution of the full problem, that is, y is continuous
at zero. Hence

P07, & 207, &) ~ PO, ¢ ¢)

Solving for z(0*, &) and using

y = P(x, g, EXp LZJ sA(s)ds (0, £)> for x>0
£ Jo

gives us formula (4.6). This completes the proof of Theorem 1.

This result fully justifies more conventional calculations with formal
series to which we now turn.

11. Proof of Theorem 2.

By Theorem 1 there is a linearizing transformation w + Q holomor-
phic at w = 0 with a matched asymptotic expansion. Let

Qlx, &, w) = E Q,(x, e + 0(w?).

lgl=2
Then the Q, must satisfy

ngqx —ix { A(X) - qu/l('x)l } Qq = gq(xs 8)

for | g] = 2. Moreover the Q,’s inherit matched asymptotic expansions
from Q. For example it follows that for | x| > ae® we have

ix

1 . B €
Qq = — ‘{ Zqi/'il — A} lgq + 0<—>
X
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Similarly for | x| < ag® we have

1
Qq =~ {24;7/0) — A0)}~'g4:(0, 0)

* (57 — %) .
— exp i —5 { A(0) — Z4q,;7/0) } dog,0, 0)

+0(lx]+ ¢

x> 0and
1 R
Q= ; { £g;740) — A(0) } 440, 0)

* (s — %) )
+ exp i ————(A(0) - £q;4{0)do + 0| x| + ¢)

for x < 0.
The scattering function S is determined by

c+ Q07 ,5¢)=S+ Q0% ¢ S)

which implies
S=c+Q07,¢6¢)—QO0%,&¢c)+0(]cl).

Combining this with the preceeding formulas for Q we find

B - iO’Z )
S=c+ Z f exp — { A0) — 24;7.;(0) } doc?

— o
lgj=2

+0(]ci®) + 0.

Evaluating the integrals explicitly we obtain (4.7).
PART 11

LINEARIZATION WITH DERIVATIVE ESTIMATES

12. A sketch of some analytical methods.

The balance of our analysis is essentially devoted to proving Propo-
sition 7.1 which establishes the existence of a linearizing perturbation
satisfying our derivative estimates. Most of the other propositions of
Section 7 will appear in the course of proving this main analytical result.
We shall be operating with the collection of spaces { By, } keeping much
more careful account of ¢ and r than was necessary in our asymptotic
analysis. We find a powerful tool for manipulating the necessary deri-
vative estimates here by combining the ideas of Jacobowitz [5] with some
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simple resources from the theory of convexity in a form which the second
author has used previously in [6].

The method of Jacobowitz is to represent differentiable functions g
on a real domain Q by a sequence g™ of functions holomorphic on nested
complex domains Qy in such a way that the convergence of g™ to g as Qy
converges to Q accurately reflects the differentiability properties of g.
For holomorphic functions h the problem of obtaining derivative estimates
is simple since the Cauchy integral formula gives estimates in terms of
sup | k| for all derivatives of h on a slightly smaller domain. In the next
section we show how to obtain from data g in B, a sequence of approxi-
mations g™ holomorphic in x so that the rate of convergence of the g™
is governed by the convex conjugate function or Young transform of the
convex function ¢. This is defined by

(12.0) O*(r) = max {tu— o)}

We show roughly that if g € B, , then we can find g™ and nested domains Qy
so that on Qy4; we have g® — g™ x exp — ¢*(N). Conversely we
find that if A is holomorphic on Qg and AN*Y — KN x =¥ N on Q.
then h™ — he B,,. We thus have a duality between smoothness properties
and approximability properties corresponding to duality of conjugate
convex functions. Here we require the simple fact that our growth moduli
are closed convex functions [7] so that invariably we have ¢** = ¢.
Our main use of this technique is to solve

(12.1) 2Q, — ixA(X)Q + ixQ AW = g(x, &, w + Q)

by choosing a sequence of approximating problems
(12.2)x  &QYY — ixAM(x)Q™ + ixQNAN(xjw = gM™(x, &, w + Q™)

with data holomorphic on an x — w domain Qy (which we do not describe
yet). We then solve (12.2)y on a smaller domain Qg by the KAM method,
obtaining a sequence Q™ of holomorphic approximate linearizing per-
turbations. Finally we deduce the differentiability properties of Q = lim Q™
from the convergence properties of the sequence Q™ and Q4. A notable
advantage of this procedure is that it permits us to use the rather arduous
KAM procedure only in the simple case of holomorphic data.

We have relied on Sternberg’s account of the KAM method [4], speci-
fically his lucid and technically complete exposition of holomorphic pro-
blems admitting the action of a group nucleus. However his treatment of
problems with C* data is now technically obsolete. In any case since no
general theorems obtained by this method appear to come within light-
years of our higly idiosyncratic application we are forced to give a self-
contained analysis. This proceeds along the following lines.
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In Section 15 we solve the linear problem
£2QN — ixAMX)QYY + ixQEAN()w = gM(x, &, w)

with holomorphic data. This problem is solvable by quadratures but
demands some delicate analysis of paths of integration in the complex
x-plane to obtain a solution Q§¥ which depends regularly on &. A most
characteristic feature here is that Q¥¥ ~ D,g™. We give up an x-derivative
in passing from g™ to QY in exchange for estimating Q¥ uniformly
in the singular parameter ¢. This is the famous « loss of derivatives » phe-
nomenon which precludes the use of ordinary successive approximation
methods in solving the full linearization problem. This difficulty requires
Kolmogorov’s idea of quadratic convergence which we next describe.

In Section 17 we introduce the change of variable Q™ = Q§Y R
into (12.2)y obtaining

2R — ixAMX)R + ixRPAMNx)w = gM(x, e, w + Ry)

where gV =(1+Q8) ™! { g™(x, &, w+ QF")—g™(x, &, w) }. We thus have a
problem of precisely the form (12.2)y in which g = g®™Q® = ¢™D, g™
if Q§Y is small. Since g™ is holomorphic in (x, w) we have the vital qua-
dratic estimate gt ~ (g"™V)? on a suitably smaller (x, w) domain. Now
let Q{¥ be a solution of

QN — ixARQPYY + ixQNAN(x)w = gM(x, & w).

Let R = QP = RV, etc. We obtain a sequence Q8¥, QP, . . . of successive
approximate linearizing perturbations which (because of quadratic conver-
gence) converge rapidly to zero on some fixed smaller (x, w) domain Qg
and there give a linearizing perturbation in the form of an infinite compo-

QM = QRY- QM- Q..

In Section 19 we conclude our basic existence argument by showing
that the Q™ can be found converging to a linearizing perturbation Q
belonging to some B, ,.

sition

13. Piecewise holomorphic approximation in B,.

In characterizing functions by membership in some B, 4 we find it neces-
sary to avoid the use of small ¢’s which can impose very subtle condi-
tions on g. (€. 8. ¢p(k) = k implies g is an entire function of s of exponential
type) to which our methods are insensitive. Since ¢’ > 0 implies B,, < By,
we can always choose a larger ¢ if we please. Actually a decisive condi-
tion (Carleman [8]) is that ¢(k) should grow rapidly enough so that

O~ Bk
z e f( ) < . This ensures the existence of partitions of unity obeying
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26 J. NARAYAN AND G. STENGLE
the corresponding derivative estimates. However we easily pass over these
refined questions by agreeing to use only ¢’s which permit partitions
of unity and which even satisfy ¢(k)/k logk — o0 as k — oo.

Now suppose that g belongs to some B, and vanishes for | x| > x,.

The norm || gll,, defined by (6.1.b) can be expressed in terms of the
variable

(13.1) z=log<1+lxl>sgnx

s
in the simple form
g llgr = suprif|| Dzg, | exp — ¢(1)
z,49,

Letg, =gifz>0and g, =0if z < 0. Let g — g, = g_. We assume
(choosing ¢ larger if necessary) that g_ (that g.) has a smooth extension
to (— oo, 20) vanishing identically for z > 1 (for z < — 1) and satisfying
the same bounds. Then

(13.2) I glls, = supl r'4l exp — $(/) max { | Dig_|,| Dig., |}

In terms of (13.2) we now construct a pair of sequences of holomorphic

functions g converging to g.. The functions g4 will be holomorphic
on domains of the form Qy ,- where ' < r and

xote N
QNz{xl —e MN<Rez<log (1 +—\3——e—>,lnge‘N}
€

Q= O % {‘W\Sr}

The functions g™ will be holomorphic on — Qy,,. The domains Qy are
simply rectangles in the z-plane

0

Fic. 13 A.

corresponding to truncated sectors

<
e

-
-~

Fic. 13 B.
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A NONLINEAR SCATTERING PROBLEM 27

in the x-plane. As N — oc these latter domains converge to the inter-
val [0, xo]. Our construction of the approximating sequences appears
in the proof of the following result.

ProposiTION 13.1 (Conjugate duality between smoothness and holo-

morphic approximability). — Suppose g € B,, and satisfies (13.2) where
@(k)/klogk — oc as k — oc. Then there exist sequences g‘”’ of approxi-

mations to g, which are holomorphic on + Qy ,- for any r’ < r and there
satisfy estimates of the form
rl -n
(13.3) sup | g < M(l - ﬁ>
+ QN r
(where n is the dimension of the system).

’

(13.4)  sup |[g®*P —gP|< M(l - _r_) exp — ¢*(N — 1) + N
r

TON+ 1,

Conversely if the #9Y are sequences of functions holomorphic on + Qy.,,

[H?| <1 and
sup |AE*Y — Y| < exp — H*(N)

+ON,-

then the limits b, = \llim Y exist and satisfy
(13.5) ()al | Dbk, | < M(S) exp (1 + )p(l + 1)

for any ' < r and any & > 0.

Proof. — Leat g. be the z-Fourier transform of the smooth extensions
of g, appearing in (13.2). Let 0 < 6(z) < 1 be a smooth function vanishing
identically for | z| = 1 and identically 1 for [z]| < e~ 1. We choose

1 oo}
(13.6) g9z, w) = Z_J Ble No)g 1 (o, w) exp izado .
n

>

Then it is easy to verify that

(N+1) N3 )

—&8ig
rlql
Jj [Be™N"'o)—B(e Vo) } g4 () exp i(z — s)odsda
eN-l<|ogj<eN*1

r!ql |
J‘JN P<lofsens ‘1+("— 0)? [ (l=D) { [Be™ o) —8e™"0)]

(lcr ') Dilg. expio(z ~ Jddo.

rlqi(g
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28 J. NARAYAN AND G. STENGLE

For |Im z| < e"N~! we can estimate this by

1 {= dg N-
lal (N+1) (N) s I—Dczr e N1y
et 4= 2nJ 1+(z—02L-15.ﬂSew’( e

— 0e ™ No)]o " | do.exp ¢(I)
< Mexp ¢(I)~(N—DI+N<Mexp —¢p*(N—-1)+N.

Hence on Qy., ,, where r’ < r, we can estimate

laf
| g®+v — (§)|S‘Z(g(§;”)w‘1 sMexp{—¢*(N—1)+N}.z<;)

lal 7\ n lal
5M<1——) exp — ¢*(N — 1) + N
r
which proves (13.4).
Similarly on Q,,- we can estimate

Pelg, (2

rlql 1
J‘J; 1<ig]<1 1+(Z C)Z( ) (a)g+ q(c n)exp lO'(Z C) C o
by 1
] gl < 5-(1 —eYsup [(1 - D7), fe <M
YA

This implies that on Qg ,- we have
r' -n
(-2
r
Hence on Qy ,-

N-1
6 < |49+ z Py

-0y Zexp —EG -+
=0

e I 2exp — ¢*(j — 1) + 2( — 1)

~

IA
<
TN /’;\ /‘\
|
N
H
i1

This establishes 13.3.
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For the converse part of the argument if A™ satisfy [h@| < 1 and
[AN*D g™ < 7 #"™N then we can estimate DA™V — 1Y) on Q. -
by the Cauchy integral formula. Since each = in the projection of Qy,,
is the center of a disc of radius e~~~ ? contained in the projection of Qy ; ,-
we have .

!
sup  (r)d | DYATTY — h]Y) | < —— exp — ¢*(N)
40N+ 2,0 (E ’ )
I1e exp — ¢*(N) + IN
e Mlexp — ¢*(N) + (I + DN + 21
Me Nexpo(l + 1) + 21 + llog .

IA

IAIA

Since [log! = O(¢(l)) we can estimate this more crudely as

M(@S)e Nexp (1 + 8)p(I + 1).
This combined with the easily obtained similar estimates for h®
[DIRO| < 1te < M) exp (1 + 8)p(l + 1)

implies that the restrictions of ™ to the positive real axis converge geo-
metrically in the norm || i, - specified by ¢'(1) = (1 + 8)p(I + 1).

We remark that the shifts of argument | - [+ 1, N - N — 1 and
the factor 1 + ¢ in our conclusions produce « loss of derivatives » so that
at our level of formulation we have only an approximate duality. We have
not attempted to minimize loss of derivatives although for other appli-

cations it would be valuable to do so.

14. Closure properties of the family { B, }.

We now use Proposition 13.1 of the previous section to establish closure
properties of the kind given in Proposition 7.7. We obtain most of these
properties from the following simple principle.

PropOsITION 14.1. — Let F be a mapping from =+ Qy, (from
+ Onr X + Q) into + Qn.y - for v < r satisfying F(0)=0 (F(0, 0)=0)
which is Lipschitzian in the sense that

sup |F(g:) — Flg2)I| <M sup | g1 — &2

QAN+ 1,7 +ON.F

.{ sup !F(gl,gz)—F(gs,g4)l£M+sgp (lgr—g3blgz—gal)

FON+ 1,
sup |g;| < 1. Then F induces a mapping

TON .-

from B, (from B, x B,) into B,..

for arguments g; satisfying
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30 J. NARAYAN AND G. STENGLE

Proof. — Suppose g€ B,,. Let g% be the sequence of approximations

of Proposition 13.1. Then for ¥ <r” <r

7

. '\
sup \g‘i‘“’—g‘ﬁ)lS(l —~> exp — ¢*(N — 1) + N + c.
+ Q. r

This implies that

+qup | F(g®+ ) — F(g)| < (1 — —) exp — ¢*(N — 1) + N 4 ¢
TON+ 1, r

and |Fe9)] = (1 -

position 13.1 the restrictions of F(g}") to = > 0 converge to functions f.
satisfying the estimates of || ||, where

7

) exp ¢’. Hence by the converse part of Pro-
B

O =L+ NP*N -1+ N+PF =1+l + 1) +cil+ec,.

We define F(g) to be f, for 4+ z > 0. The case of the binary mapping is
similar.

Parts (a)-(e) of Proposition 7.7 follow easily from this. To establish
part (f) suppose ge B, , and choose r” < v < r. Let g}’ be the approxi-
mations to g given by Proposition 13.1. Then finding (ug)* is equivalent
to finding ph where h is the solution of g(w + ph(w)) + h(w) = 0. For
sufficiently small (depending only on the common upper bound for the
| g¥|) the approximating problems g™(w+ h(w))+h(w)=0 have solu-
tions A}’ holomorphic in Qy, satisfying estimates of the form (13.3)
and (13.4). By the converse part of Proposition 13.1 these converge to h..

in B, , for a suitably larger ¢’. Then (ug)* = ph; for £ x > 0 esta-
blishes ( f).

15. The linear problem with holomorphic data.
We next confront a main difficulty: to solve the linear equation
82QOJc - iXA(x)QO + leONA(g) = 8g(-x7 &, W)

supposing that A and g are holomorphic in x on a narrow domain about
the interval [0, xo]. Formally all solutions can be obtained by w-series
expansion and quadratures. However it requires delicate analysis to show
that any one of these solutions has the properties we require. In particular
this solution must involve only a small shrinkage in the domain of ana-
lyticity in passing from g to Q. The following family of exponential horns &,

is a suitable family of x-domains for our purposes. Our reasons for this
unusual choice will appear soon.
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FiG. 15 A. — An exponential horn & . between Qy and Q..

The curve AED is an arc of the circle | x| = ge™?. Curves AB and DC
have the parametric form

(15.1)  Hp)=p= e<L> exp E(p — xo — e77)
Xg + e 7

where E is a large parameter. A property of &, which is essential for our
purposes is illustrated in Figure 15.A, namely that the domains &, can
be estimated from above and below by domains Qy of the kind appearing
in our method of holomorphic approximation in Section 13. This section
is devoted to proving the following result.

PropPoSITION 15.1 (Solution of the linearized problem on an expo-
nential horn). — Suppose A(x) is holomorphic for |Rex| < xo + €77,
|Im x| < e”7 and satisfies su_p(l/l,],]/".}] )<Mand |}, —Zq i | = ulql

x5 J

for |q| = 2. Suppose g is holomorphic on &, x (|w]| < r). Then there
exist constants yo(g, M) and Co(y, M) such that for y > v, the problem
82QOx - i-XA(x)QO + ixQOwA(x)W = sg(x, &, W)
Qo =0(|w/)

has a solution satisfying

sup | Qol < Co—r (1—1)_" sup | (x + &) g

&, x(|wl<r) Yy =7 r &, X (s )

foranyy > yandr < r.

Proof. — We have the following explicit general solution. Let
glx, &, w) = Zg (x, ew? and Ujg = A;j — Zqply -
Let T;,(x) be rectifiable paths in &, terminating at x. Then

1 i [*
(15.2) Qolx, &, w)= z w“gj diag [eXp S—J G#jq(a)danq(C, e)d(
T jq(x) [4

lql=2
is a solution for | w| < #” < r. The basic problem here is to find paths I';,(x)
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32 J. NARAYAN AND G. STENGLE

along which the integrals can be bounded and which cover the expo-
nential horn &, suitably for each (j, ¢). It is in constructing such paths
that we indicate our rather unusual choice of the exponential horn as
a solution domain. We require some lemmas which like Proposition 15.1
establish certain conclusions for sufficiently large v, that is, for sufficiently
narrow horns.

We introduce for each (j, g) the auxiliary variables

D) x 172
(15.3) Tiglx) = { 15,0) L quq(o)da} .

We will show that there exists y,(s, M) such that if y > y, then the 1,
are holomorphic and univalent for |Im x| < e™7. Assuming this for the
moment let

(15.4) T34 (1) = {(2).

We can then express (15.2) componentwise (indexed by j) as

(15.5) Qoj(x. e, w) = Z waj, [exp #id0) (th(x) — tz)}

2¢2
lal=2 dt. (1)
Gigll
. gjq(qu(t)y% dt

where I'j(x) =17,;,(I'j4(x)). To carry out our estimates in this parameteriza-
tion we require lemmas for establishing the collective univalence of the
mappings T;, of (15.2).

LEMMA 15.2. — Suppose h(x) is holomorphic on the rectangle
[Imx|<e 7, |Rex| < xy+ e ?where |hx)| =m>0and |k | |<M
and h is positive on the real axis. Then there exists a y;(m, M) such that
j {h(0)d{ is univalent provided y > y;.

0
Proof. — We show that on the rectangle of the form indicated

J h(Q)d:

which implies univalence. Let x = p + io. Then

m
Zzlxl — X3 |

X2 *p2+ics
J‘ h(£)d{ h()d
Xy Jp1tio

(*p2 o2

= | h(p)p + ij h(p2)do
Jpi gy

(P2 a5

+ | [Hp+ioy) —hp)ldp + iJ [hp2 + io) — h(p2)1ds.

vp1 g1
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Since h is real on the real axis and | 4| > m, for y > 7, we can estimate

J zh(C)dCIZ ml(pi—p2)’+(o1—02)*1"*={p—p: | e "M
i —loy —o,]le” ™M

Zm(l—z—e—.h)lxl_le.
m

M 1
Choosing y; so that <1 - e’“) > 3 we obtain the required inequality.
m

LEmMMA 15.3. — Assuming the hypotheses of Lemma 15.2 y,; can be
f Ch()ds
0

choosen so that

ZTIXIIZ.
4

x
Proof. — Since the rectangle is convex we can parameterize J 4 (4714
: 0

1 1
in the form xzf th(xt)dtzxZJ th(pt+iot)dt. Using the estimates
[¢]

[¢]
[hi=m|W| <M, fory =y, wefind that

qxlh(l)dl>z IxIZJ t{m—Me " }dr.

M 1 N .
Our previous choice of y; gives —e™ " < > which implies the conclusion.
m

LEMMA 15.4. — There exists y,(#, M) such that for y > y, each mapping
x — 1,(x) is univalent on &,. Moreover there is a bound C,(u, M) for
the moduli of the first two derivatives of the inverse mapping t — {;,(t)
on 7;(8,). '

Proof. — For

[Imx| <e™ |Rex|<xo+e?,
max | g4 < (1gq] + 1)l | ma}w[lj(x)[ =(|g|+ HM.
xj<xpte

Also by hypothesis min | y4; .| > [ g| p. By Lemma 15.3 we can choose y,

f Cu; o(O)dC ; > g] g||x|? Then

0

so that for y > y, we have

1 X 1/2
100 g i e
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34 J. NARAYAN AND G. STENGLE

can be estimated from above and below by
1/2

u
—lq 172

M 4 g ]x‘l‘qu(x)l S(M([ql + 1))
(gl +1) plql

or more crudely by

U 1/2 . 3 M\1/2
(@) =1 sl = (35)

. ; xiujq(x)
Hence for y > y, we can estimate tj(x) = —————
by lujq(o)‘ch(x)

2 u\2 M 1) [6M\/2
(-i) _mal [M()ISM<_>
3M M(|gf+ 1) ulql U

2 3/2 3 M 3/2
(g ﬁ) <[tjx)] < 5\/8(#> .

By Lemma 15.2 there exists a 7, such that for y > y, the mapping 7;,

from above and below

or

32
is univalent. The lower bound (5 ﬁ) for 1}, gives an upper bound

.. — 1 .
for {}; = —. Similarly {%; = —,“ and some calculation shows that
Tiq Tiq
"o XU, lu';q 1 ‘E}q
ot =~ log — 22— =2 4 - — =

dt Kjq (O)qu Hijq X

’ 2\ C:u \C
_ Hiq I 215, — () lqu _ J "

Hiq 2x‘cj;q Hjq /qu(O)(.X qu)z
2M 2M <6M>2
<-4 (=
g ou\u

giving us an upper bound for {7, also. This completes the proof of the lemma.

This lemma allows us to parameterize each curve I';, (yet to be deter-

mined) by its image in the t-plane under the mapping t = 7,(x). To deter-

mine Qg (given by 15.1) it is usual to seek paths of integration along which
i X

the exponents — | {u;({)ds in this formula have preponderantly nega-
& -

tive real parts. The geometry of our problem precludes this. Instead we
rely upon paths along much of which these integrals are purely imaginary.
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However if x = 0(¢) and { = O(¢) these integrals are bounded in & This
permits us to choose the innermost portions of our paths freely (and accounts
for the more or less arbitrarily chosen inner circular portion of our expo-
nential horn). The most decisive property of this domain is described in
the following lemma.

Lemma 15.5. — There exist a constant E(u, M) in the parameterization
(15.1) of the curves AB and DC and a yo(y, M) such that for y > 7, each
image of these curves and the vertical segment CB under a mapping Tjg
is transverse to the family of hyperbolas, Im > = constant.

Proof. — Let n(x) = u;'(O)u j4(X)- Then our hypotheses imply

M
niql < [n(9] < tel+b Ii/’(x)lsM(lq[+1)

M(lgl+ 1) ulql ulql

U M 2M . .
so that —Zﬁs Inl<2 I and [’ | < —. For the image of the parametric
) x 1/2
curve x(p) = p + io(p) under 1, (x) = (T)J (ujq(C)d§> to be trans-
Hjglo)Jo
versal to Imt? = constant, it suffices that

d
ImE;rfq(x(p)) >0 or Im(1 +io’)p + io)k(p + ic) > 0.

M
Estimating |n(p + io) — #(p)| < — ¢ we find that it suffices that (for
u

M
p=0, 020, ¢ =0) np)lpo' + 6)=— o|l+ic’| |p + io| or even
u

2
n(pXpa’ + 0) = —(p + o)1 + ¢’). Since || > 2—%, this will be a conse-
u

2M\? 2M\?
quence of { p—|—|)(p+0)o o’ =2|— ) (p + 0)o. In the para-
I .

meterization (15.1) we have ¢ < ¢ ™7 —L < 1 so it suffices that

Xo + €7

2M\? e’ 2M\?
p<1 - (—) (xo + 1)*)6' > (—) (x0 + 2)o.
H Xo H

—v0

2M\? e 1 .
Choosing 7q so large that (—) (xo+1) < 5 we find that it suffices that
U 2

8M2 Xo +1
po’ =z —; a

U Xo
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2
To check this it suffices to substitute g= pe®? yielding 1+ Ep> SI\;I <XO+ 1>p,
8M? (xo + 1Y . _ . o\ Xo
whence E = e ( . > is a suitable choice of E. Transversality of
0

the image of CB for large y is much easier to check along similar lines
and we omit the verification.

We now construct curves Ij(x) on &, by utilizing properties of the

image 1;,(&,). (See figure 15 B.)

IRAN
W
B RN B’
A A ,
0 X"x E O’/ﬂ s =
) N
i
c ¢’

Fic. 15 B.

The paths in the t-plane are of two kinds. If x lies inside the curve
OABCDO then we follow the level curve Im ¢} = constant through x
until it intersects the segment BC. This is possible since the hyperbola
Im ¢* = Im 77,(x) does not intersect the real axis at all and can intersect
the curve O’B’ (or O’C’) only once (by the global monotonicity of Im 2
along O’B’ established in the previous lemma). Thus the hyperbola must
intersect B’C’. Since B’C’ is transverse to the hyperbolas, Im ¢ is mono-
tonic along B’C’. We complete I';(x) by following CB to either B or C

in the direction along which the imaginary part of | {u;(0)d{ = 2u;,(0)?
0

is decreasing. If x lies outside OABCDO we joint x to the origin by a line
segment and then complete the curve as in the previous case. This completes
our definition of the solution operator given by equation (15.2). It remains
to verify that the resulting Q,, satisfies the conclusions of Proposition 15.1.
We must estimate integrals of the form

1

l‘ X
(15.6) I, = —J exp — —Zf opjg(o)do . g;(0)dl .
€ Jrigtx) & Jg

LemMa 15.6. — For y > 7o(u, M) the integral I;, defined by equa-
tion (15.6) satisfies || < Ci(u, M) Sélp(lgjq(X)l,lg}q(X)l)-

Proof. — Depending on the location of x in E, the curve I';(x) consists
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of one, two, or three different pieces: I'y, a segment through the origin of
length less than ge” 7; I',, a vertical segment on the right edge of E,; and I's, a

level curve of Im f ouj(0)de. We let I, I, and I be the integrals along
0

these subcurves respectively. I, is present only if x = gs where |s| < e
In this case

es i &S
Pl J e — J o100 8 ()AL
[4

€ Jo

= f exp — ij olij(eo)do . g ,(el)ds
¢

o]

which can be bounded by
[Li|<e 7+ e Msup|gjl.
E‘/

We next estimate I,. Suppose x lies on I's and p;,(xo) < 0. In this case
4

the level curve of Im J ou;fo)do through x meets I'; in a point x’. We
estimate 0

1 (® i
L =- J eXp ~ 3 j opjllo)dog ()l
4

& Jx'

very crudely (using Reif o fo)do = O> to obtain
B i

1 i [®
Li< sup[gqu—f exp — Rejf olglo)de | dl ]
E, & ‘ £ 4

x

Now parameterize the segment x'B by { = xo + e "(1 + it) and estimate
[ pjlxo + €771 + it)) — pjfxo) | < Me™(|q| + 1). Then for large y we
find

e 2 5
IIzISSE/plgque ’gLexp—Z?(l—t)dt
1 7
< Sg/})[gque /EJ:) exp—g(l e t)dt

2e
<— e Tsup|gj,l-
7 s,

v

In case x eI} the estimation of I, requires a simple combination of the
two preceeding arguments which we omit.
The integral Iy has an oscillatory kernel and requires more delicate
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reasoning. Again we suppose x € I';. We use the parameterization in the
t-plane

zjq{x) [
I;= % J exp — é 15g0)(t () — T%)g g Lo D))C ()T -

Let pe L[ .
ki(t) = ;J exp — ;liyjq(O)(ti(x) — 6%)do.
Then e
(15.7) I3 = ka(t;o(x))g o X)CjalT5(X))
Tjq(x)
- J ka(t)(g5d L D) sol0)) T -
ja(x")

To estimate this we must estimate k;. Let t = p; + is; 7;(x) = po + ioo,

c
6=p+ic. Then, since Im t5=Im 6?>=C along I';, we have ¢ = — and

. ; . p
‘ IJ‘“ i (O)( 5 , N c2)<1 lc)d
s==| eSO pd—p>~=+S )1 -5 )dp.
£ Jpo 2827 ps = p? p*

It therefore suffices to bound the integral

1 [~ i c? ic
e s (2

€
Suppose ¢ > 0. Then letting p = ¢'/*t and ¢ = — we find
c

1" i 1 i
Jy=— Xp — 22— 1 —-)drt.
Py Le P 28”( t2>( t)

It suffices here to consider t, = 1 since J; can be represented as the sum

1
of two such integrals. Suppose ¢, > 1. Let u? = | 2 — 3 Then
1 [ iy W — DY2u? — i)
Jz == expy — 2 d
> S’Jvo p{ 28'2u} u* +1 "
This integral is easily estimated by the method of stationary phase. We find

27
J3 ~ .
1

In case Im t> = ¢ < 0 or ¢ = 0 the argument is similar and we omit further
details.

Returning to Equation (15.7) and using Lemma 15.4 which ensures
that | {7, | and | {};| have bounds on 7;(&,) we conclude that

3] < G, M) sup (1852(x) 1,1 gialx) ).
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Since we now have estimates of this form for I,, I, and I the conclusion
of the lemma follows.

We now have the resources to finish the proof of Proposition 15.1.
Estimating the integrals in (15.2) by Lemma 15.6 we find that for ' < r

Qo | < C, ()l Sgp( | 81X ], 1 5(x) 1)

On E, where y" > y we can estimate gj,(x) in terms of g; by Cauchy’s
estimate. It is easy to see that the distance between x € E,- and JE, can be
estimated from below by ¢e™ 7' (y" — y)(x + ¢). Hence on E, we can estimate

g%(x) using
1

() 02
. x [ . [
Ela 2mi |x—:f=p(x>g” t—x

where p(x) = ce”7(y" — y)| x + ¢|. Then
git) | I x| + p(x)

1
| g5(x)| < —J
. 21 Ju—xl=py [T+ € p(x)

gjq(t) |xl

(el P (m * 1)

& gjq(t)
t+ ¢

| dt |

IA

su
E,:

CI

IA

t
y — 7 Ev

. . 1
Finally, representing g ,(x, ¢) as W gl(x, ¢, 2)z79%z, ... dz,, we find
T lz|=r

e’ <r1>lql [ g
<C E — su ?
[Qol = O'y’—'y r E.,.'x{lg[sr': x4 e

q

This completes our solutions of the linear problem.

16. Subsidiary linear problems.

We require results similar to that of the previous section for the related
problems appearing in Propositions 7.1 to 7.4 B. First, by restricting Pro-
position 16.1 to an interval not containing x = 0 we obtain a result about
the simpler nondegenerate problem

(16.1)  eQox—IAX)Qo+iQouAl)w=g(x, & w); Qo=0(]w[?)

on domains of the form #, x {|w| < r} where &, is the frustrum of an
exponential horn as shown in Figure 16 A.
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FiG. 16 A.

A frustrum &, between two rectangles surrounding [x;, x,] bounded

by the curves

ip—x —e” _

(16.2) x(p)=pt 2 —L7° —exp{—y+Llp—x;—e)}
Xy, —x; —2e 7

and vertical segments at x; — e”? and x, + e ’. In this case the natural
domains entering into our approximation methods are rectangles rather
than the truncated sectors of Figure 15 A. We have also illustrated these
in Figure 16 A.

PrOPOSITION 16.1. — Suppose A(x) is holomorphic for
[ Imx| <e™7, x;—e "<|Rex|{<x, +e7?

and satisfies sup (] 4,(x) [, | 45(x)]) <M and | 4; — Thq, | = ulq] for

L
fq| = 2. Suppose g is holomorphic on #, x {|w]| < r }. Then there exist
constants yo(¢, M) and Co(g, M) such that for y > y, the problem (16.1)
has a solution Q, satisfying

sup  [Qol =G ‘ <1—rﬁ>~" sup lgl,

’
Foxifwlsry 7 7 r F,x|wl<r

forany y’ > yand r' <r.

Proof. — This is an immediate consequence of Proposition 16.1. We
next consider the reduced nondegenerate problem.

(16.3)  —iAX)Qo+iQoAx)w=g(x,e,w);  Qo=0(]|w|?).

PropoSITION 16.2. — Suppose A(x) is holomorphic on

R,={[Imx[§e_"‘,x1 —e‘yglRex[§x2+ei’}
and satisfies sup|A;{x)| <M and | A; — Zizge| = ulql for [ g| = 2. Sup-
7J
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pose g is holomorphic on R, x {|w| < r}. Then for »* < r the problem
(16.3) has a solution Q, satisfying

rl —n
sup | Qo] < Co(M, #)(1 - —) sup  |g|

R, x{jw|<r'} r R, x|wl<r’

Proof. — This follows easily from the explicit series solution

Qolx, &, W) = Z wi (diag [u;,]) g (x, 9).

lal=2

Finally we must analyse the reduced problem in the inner scale on' the
unbounded truncated sector &, = {|1+s|>e7 7, Jarg(l1+s)|<e™? }. We
consider the problem

(16.4)  Qos—isA(0)Qo +isQonAQW=s"g(s,w);  Qo=0(]w [*)

on this domain. This has much in common with the full problem but the
presence of A(0) rather than A(x) simplifies the analysis greatly.

PROPOSITION 16.3. — Suppose | 4;(0) — Zq,iul0)] = ulq] for [g] > 2
and max | /{0)] = M. Suppose g(s, w) is bounded and holomorphic on
&, x {|w] < r}. Then for y/ > y and r < v Problem (16.4) has a solu-

tion Q, satisfying
sup HA45) """ Q| < Coli, M)e ™™ (y" — y)™ sup | iql

Proof. — The estimate is obtained by induction. For m = 0 let

Qols, w) Z wqf diag; [CXP ido )( Z)ng( )do

laf=2
where integration is taken along the part of the hyperbola Im ¢? = Im s2
asymptotic to the real s-axis if s is in the right half plane, and otherwise
is the segment joining s to the origin plus the positive s-axis.

FiG. 16 B.
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42 J. NARAYAN AND G. STENGLE

These two choices are described in Figure 16 B. But in the proof of Pro-
position (15.1) we estimated the integrals

K, (s)= J exp lusz(zO')(sz — o?)ds

along these paths. The argument given there carries over almost verbatim
to establish the conclusion in this case.
Now suppose m > 0. Let

R, = Z we diag [it0)] (s W)
lai=2
Then R, satisfies

—iA(0)Rg + iRy, w = g(s, w).
Let Qo = S" 'Ry + U,. Then U, satisfies
Ugs — isA(0)Uq + isUq Alow = — s" 1Ry, — (m — 1)s™ ?R,.
The functions Roj, and R, are bounded on &, for y < y” <y by

7
Gy

— sup | gj, |- Now Uy is the sum of solutions of two equations of
Y=y %

the form (16.4). Hence by the induction hypothesis we have the existence
of a U, satisfying
etm— 1y’ e’

(,y/ _ ,yu)mfl ,yn _
we easily find that the inequality
L3+ 57 Qo | <T1(+8)7 (1 +5) ™ 2Ug [+

s m—1
—— R
) (1 + s) 0
leads to the required estimate.
The most important cases of this result are m = 0 and 1.

sup [(1 + 5)7""2U,; | < C, sup | gjq |
P 2,

. +y
Choosing y” = L

17. The nonlinear problem with holomorphic data.

We next parlay the result of Section 15 on the linear problem into a
similar result for the corresponding nonlinear problem. The following
proposition differs from Proposition 15.1 chiefly in the requirement that
if the x-domain is narrow and if we wish a small loss in the radius of the
w-domain then the perturbation must be very small. We will overcome
this limitation later by using the approximation methods of Section 13.

ProposiTION 17.1 (Linearization on an exponential horn). — Sup-
pose A is holomorphic on |Re x| < xo + 77, | Imx| < e”7 and satisfies
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| 4;1, 125] < M and | 4; — Zqi/s| = u|q] for |g| > 2. Then there exists
v¥(u, M), A*(u, M) and ¢*(p, M) such that y > y*, A < A* and

sup  |(x + & lg| < c*eT(r — )"t IA
& x {lwl<r)

imply the existence of a linearizing perturbation Q satisfying | Q |,
|Qui<A on &y x{lwi<r}.
Proof. — We index our data to show a recursive argument. Let g, = g,
Yo = 7, Fo = r and suppose
sup  [(x + &) 'go| < €7ro — P)"T 1A,

Eyo* (Wl <ro}
Then £2Qox — ixAQ, + ixQo,A,, = golx; & W) has a solution satisfying
(17.1)
sup [Qo| < 2"Col, M)e?* ™ 7°(yy —70) " Hro—=r )y ro—r1)"A
r‘+ro
&yux {Iwls 130}
whatever y; > 7o and r; < r, provided 7o is large (by Proposition 15.1).
Let Q = Qo o R;. Then R, satisfies
82R1x - ixARl + i-XleAw = gl(x5 & w + Rl)
where g; = (I + Qo)™ { golx, & w+ Qo) —&olx, &, w) }. Formally this is

the original problem with g, replaced by £i. We now determine relations
among the parameters which suffice to give the recursive estimate

sup  |(x+e)Tlg | ey —ryTIALL

gylx(]wlﬁrl}
1
First g; is defined on this domain if |Qol <r, — 7, and [ Qow| < 5
Bounding | Qo | by (17.1) and estimating | Qo,, | on the small domain

|w| < r; by the Cauchy formula, we find that both of these estimates are
consequences of

(17.2) 2" 'nCoe’* 77(y, — R (2 PV e —r) Ay <

N[ =

Moreover we then have on &,, x {|w| <7y}

[(x + 8~ g1{<—j [(x + &) tgowlx, & W + £Q0)Qo | dt
1 -~
2
<2 sup |(x+ & ‘gowl sup {Qol
IWIS'L;L fwl<r;
< sup |(x + &) 'gol sup [Qo |

Fo — Iy lwlsre Iwl<ry
<e yl(rl _ r n+1 { 2n+2c0e2(y1 yo)(ro . r)2"+2(y1 — ,yo)—l
ro — r1)_"_1(r1 - r')_"_lAcz) } .
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44 J. NARAYAN AND G. STENGLE

The bracketed expression gives an estimate for A,. We note that it embodies
the crucial quadratic dependence A; ~ AZ2.
We now show that it is possible to choose A,, y, and r, so that

r4r
a) Ay > 0, 1 > ry, > 2,yk—>ym<yo+1,

B) Aps1 = 2" 2Coe? e Ty — )T
0 R (M P I (M r)Th AR

ar —_ - -n— 1
o) 27 InCoe® 1T 1 — ) T = 7)) P = s )T A < 5

This will imply that we have a recursive scheme for determining a sequence
Qo, Qy, - - ., which, provided Ay tends to O rapidly enough, gives us a
linearizing perturbation Q on the domain &,+; x {|w|<r'} in the
form of a convergent infinite composition

Q=Q0°Q1°Q2°~-~

1 1
Let 7k = yo + E - Z_k—l. Then Y Yo + '2“. Let A}%/Z = (rk -— rk+1)"+1

r+r

(r — r)™"" 1. Then, provided r, > (17.3) b) and ¢) are consequences

of relations of the form
a) Ay = Cily, M)zkAl%/z

17 .4
1749 B) Ay < Calu, M)2-2*.

where C; > 0. The equation 17.44, has the explicit solution

3

Ak = C1_22_2k_4(16C%A0)(2)
which implies -
A < c;2(16c§A0)(5) .

3 k
— . . -2
e~ ! M for notational convenience. Then A, < Cse () .

Let Ay =
S T e
If ] is large enough this implies (17.4 b). To complete the inductive scheme

4+ . _r
" I(u, M)is large. But ry_; —r=(r —r)AF"* 1.

r
it remains to show r, >
Hence

Y O L3y
Fe=>r — Z(rk—rk+1)2 r—(r—r)Cs Ze ntl (2) .
k=0 k=0
. —_l__(é)k 1 . r+r1
Choosing I(u, M) so large that C; e 26+D)\2) Ewe obtainr, >

k=0
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This ensures that a sequence Qq, Qy, - .. is defined satisfying
;(E)"
sup [l <1 — 11 < Ci(r — retnr A2

rk+rk+1}
Enc® {|WIST

(17.5) and .

sup I ka ] b

Epe X {Iwl=res 1} 2
We next show that these estimates ensure the uniform conver-
gence of the infinite composition Qg - Q; ... to a holomorphic
function Q on &, x {|{w|<r'}. Let Q¥ =Qu°Q o ... Q, We first
1
letM; = sup [Q® |recursively. First Mg =  sup | Qoul< 5

S x {{wl<ris 1} E0X{|lw]<ry}

Moreover
Q¥ = QWoQpyy = Q%W + Qiy1) + Quir.

Hence
sup Q%Y | < sup | QW | (1+ sup 1Qr+ 1)

Eoen 1 X WIS ric+ 2} Ep X Wl <rics 1} g1 X Wl - 2]

+ sup 1 Qrs1,wl

S+ 1 X {{wW] <+ 2}

which implies

3 k
Hence Mk < <§> - 1.

r+r
We can estimate |Q%*Y — Q®| on é”y+ix{|wl§ 5 } by
2

[QE+D — Q¥ < IQ(k)(W + Qu+1) — Q) + Qi i

3 k
3{(5) —1+1}SUP|Q1¢+1|

3\ ~ L (3
3<5> Ciy(r—r)e 20FD\2

Similarly on &,., x {|w| <7} we have
k k
ot -t <2t

This implies the convergence of Q® together with all its partial derivatives
on the smaller domain &,.; x {|w] <7 } to a holomorphic function Q.
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46 J. NARAYAN AND G. STENGLE

1

W—M—)e"“" M if we choose c* so small that
Y,

Since Ay =

S
0022<§) C36’ 2132 < AO we have | QOWI < AO .

It remains to show that Q actually satisfies the linearizing equation.
This is a consequence of the relation

(17.6) e2Q¥T Y _ ix AQ* TV 4 ixQ%* T VAw=g(x, &, w+ Q¥)

and the convergence of Q®, Q¥, Q¥. To establish (17.6) with a minimum
of computation denote it briefly by L,Q%**V = g(w + Q®). We have
repeatedly used the fact that the change of variable Q = Q’=R in
L.Q = gw+ Q) leads to L(R) =g;(w + R) where
g1=(0+ Qo) " {gw+Q)—-LQ}.

Denote g, by Q' x g. The action Q’ x on g is induced by a local group
of coordinate changes and is therefore associative in the sense that
Qi x (Qp % g =(QoeQy) x g (this is unpleasant to verify by direct
calculation). The relations L. R=Q’ x g(w) and L (Q'-R) = g(w + Q)
then express the same relation in different coordinates. Now Q. Is
exactly the solution of

LQur1 = Qe X Quoy x ... X Qg X g(w)

or
LQu+1 =(Q0°Q10Q; ... 2Q;) X g(w)
= QW x g(w).
Hence
L(Q® - Q** 1) = g(w + QY)
or

LQU™ = gw + QY).

This concludes the proof.

18. Subsidiary nonlinear problems.
The following results correspond to the Propositions of Section 16.

ProposITION 18.1. — Assume the hypotheses of Proposition 16.1.
Then there exist y*(u, M), c*(u, M) and A*(yu, M) such that if y > y*, A <A*
and sup |gl|<c*e !(r — r')""'A then

F,x 4wl <r}

eQx — IAX)Q + iQoAw =glx, 5, w+ Q);  Q =0(|w[?)
has a solution satisfying [Q|, | Q.| <A on F,.; x {|w|<r}.
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Proof. — This is a consequence of Proposition 17.1.

PrROPOSITION 18.2. — Assume the hypotheses of Proposition 16.2.
Then there exist y*(u, M), c*(u, M) and A*(y, M) such that if y > y* A < A*
and sup |g| < c*r — )" A then

R, x{lw]<r}
—iIAQ +iQA, =glxew+ Q)5 Q=0(Iw]?)
has a solution satisfying [ Q ], | Qo | < AonR,,; x {[w|<r}.

Proof. — The proof of Proposition 17.1 carries over almost verbatim
except that estimates for the solution of the linearized problem come
from Proposition 16.2. These contain no factor e’ resulting from the loss
of x-derivative and permit a stronger conclusion here, namely that the
requisite smallness of g does not depend on the width of the x-domain.

ProprosITION 18.3. — Assume the hypotheses of Proposition 16.3.
Suppose g(s, w) is holomorphic on &, x {|w]| < r}. Then there exist
(1, M), c*(u, M)and A*(u, M) such thatifsup | (1 +5) " lg | < c*e’(r—r)"" 1A
then Q,—isA(0)Q+isQ,Al0)s=g(s,w+Q); Q=0(|w|?) has a solution
satisfying [ (1+5)7'Q [, [(1+35)7'Q, | <Aon F,uy x {{w| <1 }.

Proof. — The proof is nearly that of Proposition 17.1 expressed in
terms of the variable x = es. The only difference is the occurrence of the
unbounded domain &,. This is however entirely accounted for in the solu-
tion of the linearized problem in Proposition 16.3. The balance of the
proofis the same and we omit further details.

19. Linearization in B,.

We complete our analysis by proving the results of Section 7 along
the lines sketched in the remarks of Section 12. We articulate as lemmas
several steps in the proof of the main result, Proposition 7.1. For these
we assume the hypotheses of the proposition.

LemMa 19.1. — Suppose ged(| x| +¢)B, 4, and | DA | < e?*®. Then
for any r* < r there exist holomorphic approximations g™ and A™ to g
and A satisfying

[(x + &) g™ <Cr—r)™"

(19.1
) [ (x 4+ &)7 (g™ — g™ ) < Cyr — r) "0 exp — ¢*(N)
on QNX{legr;r}
and
(19 ?) 'A(N) I, l DXA(N){ < M1

IA(N) — A(N_l)} < Mle—tb"(N)
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on|Im x| < e ™, where ¢ is a convex function satisfying. ¢®/k log k —
as k — oC.

Proof.— Let ¢3(k) = max { ¢,(k), ¢,(k + 1) }. Then by Proposition 13.1
we can find approximations g™ to g and w™ to DA of the required kind
with ¢p*(N) = ¢3(N — 1) + N = { ¢5(K + 1) + K + 1 }*(N). The approxi

mations A™ to A given by AM=A(0) + | w™N(&)ds will satisfy similar
estimates. 0

LemMa 19.3. — For N sufficiently large, depending on g=inf| g |7* | s
and M = sup(|4;1],]2]), the elements of A™ satisfy

Iﬂ-SN’—quAaN>|zglql on R,.

Proof. — This follows from the uniform convergence of A{¥ to 4; on the
real interval [— xo, xo] and the bound | AN | < C; (from (19.2) of Lemma
19.2) on the narrow domain Ry about this interval.

Lemma 19.4. — There exists an Ny (g, M) such that Oxon, ©éEnan, < On

Proof. — The parameter E of Equation (15.1), by Lemma 15.5, depends
only on u and M. The existence of an N; yielding the configuration of
Figure 15 A is simple to check.

REMARK 19.5. — Because of estimate (19.2) and the lower bound
of Lemma 19.3 we choose the parameter E determining the family of

exponential horns to be E<ﬁ, M1>. It is this family which appears in all
subsequent arguments.

LEMMA 19.6. — There exist N¥, ¢¥ and A% such that for N > N¥
and A < A%, each of the problems

LPQ = Q. — ixA®(Q + ixQ,AMw = h(x, &, w + Q)

has a solution Q satisfying |Q|, |Q,,| <Aonéxs+1 X {{w]|<r" } provided h
is holomorphic on &y x {|w| < r} and there satisfies

c*e N =1y (x + &) | < AL

Proof. — Here also by (19.2) and Lemma 19.3 we have collective esti-
mates for the parameters determining the applicability of Proposition 17.1
to each of these problems.

We now prove Proposition 7.1 by recursively solving the sequence
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of problems L™(Q®) = g™(w + Q™). We begin by directly solving the
problem

(19. 3)Nu L(No)(Q(No)) = g(No)(w + Q(No))

for a suitable choice of N,. For higher indices N > N, we seek solutions
in the factored form

(19.4)x QM = QN6 Qy.
The compositional remainder Qy must then satisfy
(19.5)n L™Qn) = gnw + Qn)
where

(196 en=(1+QN™)* { g™(w+QN"V)—g™ Vw+ Q")
— (L(N) - L(N-l))Q(N-l) } .

By Lemmas 19.1 and 19.4, for N sufficiently large we have the estimates

19D 1+ g™ = g™ )| < Colr = N78e ¥
and

(19.8)n [A® — AN-D| < Cle™ '™

on £N+Nox{[w|sr+2r,}.

We also suppose that N is so large that for N > N, the conclusion of
Lemma 19.6 holds. We now attempt to solve (19.3)y,(19.6)x recursively
by choosing Ny and § suitably. Let

3 +r r—r mr+r
'No = 4 s IN—1—IN= 2N—No+4’ T = g >r
Ay = sup {1Q™ L 1Q |}

Eng+N X {[w]<rn}

(19.9)y Gy = sup [(x + &)~ 'gnl

gN0+Nx{|w[5w}

Ay = sup (1O~ Quwl)

Eng+ N> {|W]<rn+ 1}

4

e 1
Then, if Ay < ;and Ay< 7, we can estimate Gy -1 =sup| (x-+2) g |
. + r
using (19~6)N°(19'8)N on gN+1+N0 X {|W| < "N%l.}
P

GN+1 < 2{(:1(" - r')_"ée_d"(N) + 2 sup Cle_d,‘(N)AN}.

N+1+No X + &
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These inequalities have the form
(19.10) An<a
Gn+y < e o0 { bé + cAxn } .

Next, we can use this estimate for gn.; to obtain an estimate for Qn.;
as the solution of (19.5)n+; given by Lemma 19.6 provided

N — N —n—1
No+N +1
Cie™ 5 Gn+1 < An+s

(and Aniy < AY). This inequality has the form
(19.11) Gy < de ™Ay, ;.
Finally the explicit form of (19.4)yx. 1, namely
QYD = Q™(w + Quy) + Qnis

leads to the estimate

An+1 < sup (An + An+1, AN + Ansq) + Ansi)
provided An+; < e N <ry—ryst
(19.12) Anse: < An < (1 + AQAN, ;-

To summarize, if we choose ¢ and Ny so that the following hold, then the
quantities Ay, Gy, Ay will majorize the quantities defined in (19.9) :
i) Ay <a

ii) Gu+1 =e "™ {bs + cAL}
iii) Gh+1 = dedequ+1

iv) ALy < e An+y < AT
v) Alsr — Ak < (1 + ARAL.

(Here a, b, ¢, d, « and f are nonnegative quantities depending on u, M, ¥’
with specific properties that no longer concern us.
Combining ii), iii), and v, we obtain
. b c
(19.13) Alsr — AN = e PN A&)(dé + Eéqu).

We now choose N, so large that

e~ NN max B,E> < le”".
d d 2

This is possible since, using ¢** = ¢, we have

e H*(N)+aN — 2N —(¢*(N)— (a+ 2)N)

=e
— 2N+ @(z+2)

IA

e
0e™™.

Il
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The sequence defined by (19.13) will then be majorized by solutions of
the simpler scheme

1
(19.14) N+1 —AIL}:Ee‘N(l + ARXO + AY
Moreover, now that N has been fixed, we can apply Lemma 19.6 to the

problem LNY(Q®M9) = g®o) to conclude that for small § we have Ay, < K.
We therefore add to (19.14) the initial condition

(19.15) A%, = K5

It is now easy to prove by induction that A, — Af < Ae N5 for some A.

For if A7, — A7 < Ae™™ for j <N, then Af <ké + A and

_e_l

1 1 1 .
Al —AL< 5(1+k+ [T A><1+K5+ . _lAé)e_Na. Thus induc-
—e

tion is justified if

1 1 1
N1 +K+—AN1+ K5+ —Af) < A.
2 1 —e ! 1—-e!

But this inequality is true for large A and small §. Hence we conclude that

A

This implies, using iii) and iv) above, that

AN+1 S Ce_¢*(N)+aN6.

Then ir) is a consequence of

Ce_¢t(N)+¢N5 < min { (r _ r/)e—(N—No+4) log 2, AT }

which is true for small 6. We also estimate

P sup | Q™D —QM™ | = sup | Q™MW+ Qn+1) — QMW)+ Qn 1 |
SNO-NXw[<rn g}
worn il < (Ax + DAx+

< Cle™ #"N)+aNg

By Lemma 19.4, Qu.n, © én,+n- Hence these estimates imply

sup 1Q(N+ 1y Q(N)I § C/56—¢‘(N)+1N

On - ano X wl=r’)
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or for N > 2N,

(19'6) sup [ Q(N—2N0+ 1) _ Q(N—ZNO)] < Cfae—¢*(N—2No)+a(N—2No) .

Qn X {wl<r)

The converse portion of Proposition (13.1) now implies that the sequence
Q™ converges on [0, x,] to a function in B,. Moreover the convergence
of QM, Q¥, g™ to Q,, Q,,, g ensures that the limit satisfies L(Q) = g on
[0, xo1. .

Similarly we can construct a linearizing perturbation on [— x,, 0]
Piecing these together we obtain a linearizing perturbation on the inter-
val [—xo, Xo] containing the support of g. This concludes the proof of
Proposition 7.1.

A proof of Proposition 7.2 A can be given along the same lines but is
much easier. However this result is basically the known result that the
vector field iA + g (in which x and ¢ merely appears as parameters) can
be linearized if A satisfies the eigenvalue conditions. We therefore omit
the proof.

ProrosiTioN 7.2B. — Since it deals with holomorphic data, is a conse-
quence of Proposition 18.2.

To prove Proposition 7.3 we use a simpler variant of the proof of Pro-
position 7.1 in which the operation 0 is replaced by +. Briefly we consi-
der L(Q) = g(w) as the limit of holomorphic problems L™(QM)=gMNyw),
Letting Q™* 1D = Q™ 4+ Qu4, we find

LA D(Qu ) = g H — g — (LEHD — LO)QW,

A much simpler version of the recursive estimation scheme in the above
proof shows that for some large « and N, we have

Qnig = QN*D — QM ~ g &0 TaN on Qnane X {IW] <7},

The converse part of our approximation scheme then shows that the QW
converge to an element of B,..

The conclusions of Proposition 7.4A can be derived from the explicit
solution Q = Zw {A — (2¢*)}7'g, of —iAQ + iQ,A, = g(x, &.w).
Proposition 7.4 B is a consequence of Proposition 16.3. Finally we recall
that the closure properties of { B, } were established in Section 14.
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