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RÉSUMÉ. – Nous étudions dans cet article l’existance de solutions « multi-couches » du
problème de transition de phase suivant :

−ε2uxx +Wu(x,u)= 0 in (0,1),

ux(0)= ux(1)= 0

où ε > 0 est un petit paramètre etW(x,u) est un potentiel à double parts « équlibre ». En
particulier, nous montrons l’existence de solutions avec couches limites et couches.

0. Introduction

In this paper we study the existence of solutions with multiple transition layers for the
following spatially inhomogeneous problem of Allen–Cahn type:

−ε2uxx +Wu(x,u)= 0 in (0,1),

ux(0)= ux(1)= 0. (0.1)

Here ε > 0 is a small parameter andW(x,u) is a double-well potential. A typical
example ofW(x,u) is 1

4h(x)
2(1 − u2)2 with h(x) : [0,1] → (0,∞) and in this case
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(0.1) is called (spatially inhomogeneous) Allen–Cahn equation. Such problems and their
higher dimensional versions appear in various situations related to phase transitions.

Here we assume
(W1) W(x,u) ∈ C2([0,1] ×R),
(W2) there exist 2 functionsα−(x), α+(x) ∈ C2([0,1]) such that

α−(x) < 0< α+(x) for all x ∈ [0,1], (0.2)

W(x,α−(x))=W(x,α+(x))= 0 for all x ∈ [0,1], (0.3)

Wu(x,α−(x))=Wu(x,α+(x))= 0 for all x ∈ [0,1], (0.4)

Wuu(x,α−(x)) > 0, Wuu(x,α+(x)) > 0 for all x ∈ [0,1], (0.5)

W(x, s) > 0 for all s ∈ R \ {α−(x), α+(x)}. (0.6)

Two functionsα−(x), α+(x) represent two stable states of the potentialW(x,u). It is not
difficult to find two stable solutions of (0.1) which are close toα−(x) or α+(x) for all
x ∈ [0,1]. Besides such stable solutions (0.1) gives rise to solutions with finitely many
sharp transition layers joining two stable statesα−(x) andα+(x) for small ε > 0. The
main purpose of this paper is to study location and multiplicity of such transition layers.
Especially we are interested inclustering layersandboundary layers. Here we mean, by
clustering layers, multiple transition layers which are not isolated and appear in a small
neighborhood of a particular point in[0,1]. By boundary layers, we mean transition
layers which approach to the boundary 0 or 1 of[0,1] asε→ 0.

We remark that a typical feature of our problem is the property (0.3) and our potential
W(x,u) is “balanced”, that is, depth of two wells are equal for allx ∈ [0,1]. For the
study of layered solutions for the “unbalanced” case, we refer to Angenent, Maret-Paret
and Peletier [3] and Ai and Hastings [1]. We also refer to Kath [13] and Gedeon, Kokubu,
Mischaikow and Oka [8] for the study of slowly varying planar Hamiltonian systems
from the dynamical point of view.2 In particular, in recent paper [8], Gedeon, Kokubu,
Mischaikow and Oka showed the existence of complicated dynamics, which is described
in terms of symbolic sequence of integers, by means of the Conley index theory.

In previous papers [15,16], the first author studies a special class of balanced
potentials; her potential has a form:

W(x,u)= h(x)2F(u)

and she assumes conditions related to (W1)–(W2); in particular, for someα− < 0< α+,
she assumes thatF(α−) = F(α+) = 0, F(u) > 0 for u ∈ R \ {α−, α+}, Fu(0) = 0,
Fuu(0) < 0 and

Fu(u)

u
< Fuu(u) for all u �= 0. (0.7)

We remark that spatially inhomogeneous Allen–Cahn equation satisfies these assump-
tions.

2 After completing this work, the Authors has learned about works [13,8] from Professor H. Kokubu. The
Authors would like to thank to Professor H. Kokubu for this information.
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We observe in [15,16] that transition layers appear only in a neighborhood of critical
points ofh(x) and boundary points 0 and 1 of[0,1]:{

x ∈ (0,1); h′(x)= 0
}∪ {0, 1}.

Moreover at most one transition layer can appear in a neighborhood of interior local
minimum ofh(x).

Under non-degeneracy assumption onh(x):

h′′(x) �= 0 if h′(x)= 0

we studied in [16] non-degeneracy and the existence of solutions with interior clustering
layers, but without boundary layers. Our proof of the existence in [16] is based on the
non-degeneracy of solutions and global bifurcation theory.

In this paper, we continue a study of layered solutions and we investigate the existence
of solutions with boundary and interior layers in more general setting (0.1). We do not
assume non-degeneracy conditions. Here we use a variational argument and we find
layered solutions rather in a constructive way.

Now we state our main results. In our setting (0.1), the following function plays an
important role.

G(t)=√
2

α+(t)∫
α−(t)

√
W(t, τ) dτ : [0,1] → R.

We can determine location of layers of solutions byG(t). For sufficiently smallε > 0,
we can find a solutionuε(x) of (0.1) which has prescribed number of zeros near local
minima and maxima ofG(t); as numbers of zeros of solutions, we can prescribe 0 or 1
at interior local minima ofG(t) and any non-negative integers at interior local maxima
of G(t). At boundary points 0, 1 of the spatial region[0,1], we can prescribe any non-
negative integer ifG(t) takes local maxima there. To state our existence result precisely,
we assume

(W3) G(t) has finitely many critical points in(0,1)

in addition to (W1)–(W2). We use notation

M+ = {
p ∈ [0,1]; G(t) takes a local maximum in[0,1] atp

}
,

M− = {
p ∈ (0,1); G(t) takes a local minimum atp

}
,

M =M+ ∪M−.

We remark that 0 (1 respectively) belongs toM+ if G′(0) < 0 (G′(1) > 0 respectively).
Our main result is the following theorem:

THEOREM 0.1. – Assume(W1)–(W3). Then for anyδ > 0 and for any sequence of
non-negative integers(np)p∈M satisfying

np ∈ {0,1} if p ∈M−,
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there exists anε0 = ε0((np), δ) > 0 such that for any0< ε � ε0, (0.1) has solutions
u+ε (x), u−ε (x) with the following properties:

(i) ±u±ε (0) > 0,
(ii) u±ε (x) has exactlynp zeros in[p− δ,p+ δ] for all p ∈M ,
(iii) u±ε (x) �= 0 for all x ∈ [0,1] \⋃

p∈M[p− δ,p+ δ].
Remark0.2. – (i) If W(x,u) = h(x)2F(u), we haveG(t) = Ch(t), whereC =√
2

∫ 1
−1F(s)ds is a constant independent oft , andM± are sets of points whereh(x)

takes local maximum in[0,1] or local minimum in(0,1).
(ii) We can generalize (W3) slightly. See Remark 5.1 below.

Solutions of (0.1) can be characterized as critical points of the following functional:

Iε(u)=
1∫

0

ε

2
|ux |2 + 1

ε
W

(
x,u(x)

)
dx

and solutionsu±ε (x) in Theorem 0.1 will be obtained as a critical points satisfying

Iε(uε)→
∑
p∈M

npG(p) asε→ 0. (0.8)

By virtue of (0.3), we can also show that solutionsuε(x) of (0.1) with finite energy
lim supε→0 Iε(uε) <∞ must be very close toα−(x) or α+(x) in most of the spatial
region[0,1] for ε small anduε(x) has finitely many zeros. Moreover any zero ofuε(x)
belongs to a neighborhood of critical points ofG(t) or boundaries 0, 1. More precisely,
we have

THEOREM 0.3. – Assume(W1) and (W2). Then for anyA > 0, δ > 0 there exist
ε0 = ε0(A, δ) > 0, n0 = n0(A) ∈ N,C(δ) > 0 with the following properties: if ε ∈ (0, ε0]
and solutionsuε(x) of (0.1)satisfy

Iε(uε)�A, (0.9)

then
(i) meas{x ∈ [0,1]; uε(x) /∈ [α−(x) − δ,α−(x) + δ] ∪ [α+(x) − δ,α+(x) + δ]} �
C(δ)ε,

(ii) uε(x) has at mostn0 zeros in[0,1] and any of zeros belongs toδ-neighborhood
of critical points ofG(t) or boundaries{0,1}.

Proofs of Theorems 0.1 and 0.3 will be given in the following sections. To find
solutionsu±ε (x) stated in Theorem 0.1, we use a method quite different from [1,3,8,
15,16]; we employ variational arguments and we apply a method originally introduced
by Hemple [11] and Chen [4]. More precisely, we set

�= {
(t1, t2, . . . , tn); 0< t1< t2< · · ·< tn < 1

}
and define for(t1, . . . , tn) ∈�
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f ±
ε (t1, t2, . . . , tn)= inf

{
Iε(u); u ∈H 1(0,1),±(−1)ju(x)� 0 in [tj , tj+1]

for j = 0,1,2, . . . , n
}
. (0.10)

Here we use conventiont0 = 0 andtn+1 = 1.
We will show that critical points off ±

ε (t1, t2, . . . , tn) are corresponding to critical
points ofIε(u) with transition layers att1, t2, . . . , tn under condition(tj+1 − tj )/ε� 1
for all j (see Corollary 1.6 below). Conversely, if a solutionuε(x) satisfies (0.9) for
ε > 0 small, then it is also characterized as a critical point of (0.10).

We study the behavior off ±
ε (t1, . . . , tn) and its derivatives to find critical points of

f ±
ε (t1, . . . , tn). We observe that

f ±
ε (t1, . . . , tn)∼

n∑
j=1

G(tj )−
n∑
j=0

exp
(
−ρ±,j (tj ) tj+1 − tj

ε

)
. (0.11)

Hereρ±,j (t) (j = 0,1, . . . , n) are positive continuous functions oft . For the precise
meaning of (0.11) we refer to Proposition 1.15 and Remark 1.16 below. Estimates of
derivatives off ±

ε related to (0.11) are important for the proofs of Theorems 0.1, 0.3 and
this is a key of our proof. In particular, the second term of (0.11) seems to be related to
the interaction phenomena between two layers or between a layer and a boundary.

Finally we would like to give a mention about works [2,5–7,9,10,12,14,17–21] where
a similar question for nonlinear Schrödinger equation

−ε2�u+ V (x)u= up in RN

is studied via variational arguments and our approach in this paper is largely motivated
by these works.

1. Minimizing problems in subintervals and variational formulation of (0.1)

1.1. Variational formulation of (0.1)

To give our variational formulation to (0.1), we use the following notation: for
0� s < t �∞

E±
NN(s, t)=

{
u ∈H 1(s, t); ±u(x)� 0 in [s, t]},

E±
DN(s, t)=

{
u ∈ E±

NN(s, t); u(s)= 0
}
,

E±
ND(s, t)=

{
u ∈ E±

NN(s, t); u(t)= 0
}
,

E±
DD(s, t)=

{
u ∈ E±

NN(s, t); u(s)= u(t)= 0
}

and

Iε,(s,t)(u)=
t∫
s

ε

2
|ux |2 + 1

ε
W(x,u)dx for u ∈E±

NN(s, t).

HereD andN stand for Dirichlet and Neumann boundary conditions. We define
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m±
DD(ε; s, t)= inf

u∈E±
DD(s,t)

Iε,(s,t)(u),

m±
ND(ε; s, t)= inf

u∈E±
ND(s,t)

Iε,(s,t)(u),

m±
DN(ε; s, t)= inf

u∈E±
DN(s,t)

Iε,(s,t)(u).

With this notation, our functionalf ±
ε (t1, t2, . . . , tn) given in (0.10) can be written as

f ±
ε (t1, t2, . . . , tn)=m±

ND(0, t1)+m∓
DD(t1, t2)+ · · ·

+m±(−)n−1

DD (tn−1, tn)+m±(−)n
DN (tn,1). (1.1)

Here

(−)n =
{− if n is odd,
+ if n is even.

Thus analysis of minimizing problemsm±
DD(ε; s, t), m±

ND(ε; s, t), m±
DN(ε; s, t) is essen-

tial in our approach.
To analyze minimizing problemsm±

DD(ε; s, t) etc., we introduce the following
minimizing problem fors ∈ [0,1] and$ ∈ (0,∞]

b±(s, $)= inf
u∈E±

DN(0,$)

$∫
0

1

2
|vy |2 +W(

s, v(y)
)

dy. (1.2)

After scaling v(y) = u(s + εy), the above minimizing problem appears as a limit
problem ofm±

DN(ε; s, t) orm±
DD(ε; s, t). See Lemma 1.8 below.

When$ <∞, (1.2) is corresponding to positive (or negative) solution of

−vyy +Wu

(
s, v(y)

)= 0 for y ∈ (0, $),
v(0)= 0, (1.3)

vy($)= 0.

We remark that under (W1)–(W2), solutions of (1.4) can be extended to 4$-periodic
solutions of−vyy +Wu(s, v(y)) = 0 in R. When$ =∞, (1.2) is corresponding to a
solution of

−vyy +Wu(s, v(y))= 0 for y ∈ (0,∞),
v(0)= 0, (1.4)

v(y)→ α±(s) asy→∞.
We remark that the solution of (1.5) can be extended to a heteroclinic solution joining
α∓(s) andα±(s):

−vyy +Wu

(
s, v(y)

)= 0 for y ∈ (−∞,∞),
v(0)= 0,

(1.5)
v(y)→ α∓(s) asy→−∞,
v(y)→ α±(s) asy→∞.
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Uniqueness of the heteroclinic solution of (1.5) is easily seen and we denote the unique
heteroclinic solution byω±(s,∞;y).

Here we give some remarks on solutionsv(y) of

−vyy +Wu

(
s, v(y)

) = 0. (1.6)

It is not difficult to show the following

LEMMA 1.1. – Assume(W1)–(W2). For any fixeds ∈ [0,1] and for any solution
v(y) of (1.6), we have the following properties:

(i) Ev ≡ 1
2|vy(y)|2 − W(s, v(y)) is independent ofy. Moreover we haveEv < 0

for all periodic solutionsv(y) of (1.6), in particular, for minimizers ofb(s, $)
($ <∞),Ev = 0 for heteroclinic solutions joiningα+(s) andα−(s), in particular,
for minimizer ofb(s,∞). Ev � 0 for all bounded solutions of(1.6).

(ii) If a bounded solutionv(y) of (1.6)satisfies

v(yn)→ α+(s) or α−(s)

for some sequenceyn satisfyingyn→∞ or yn→−∞, thenv(y) is a heteroclinic
solutions joiningα−(s) andα+(s).

We will use the above properties repeatedly in the following arguments.
Next we give basic properties ofm±

DD(ε; s, t), m±
ND(ε; s, t), m±

DN(ε; s, t), b±(s, $).
Proofs of the following proposition will be given later in Section 6.

PROPOSITION 1.2. – There existε0> 0 and$0> 0 such that
(i) for ε ∈ (0, ε0], (t − s)/ε � $0 the minimizing problemsm±

DD(ε; s, t),m±
ND(ε; s, t),

m±
DN(ε; s, t) have unique minimizersu(x). The minimizers satisfy

−ε2uxx +Wu(x,u)= 0 in (s, t),

±u(x) > 0 in (s, t)

and 
u(s)= u(t)= 0 for m±

DD(ε; s, t),
ux(s)= u(t)= 0 for m±

ND(ε; s, t),
u(s)= ux(t)= 0 for m±

DN(ε; s, t),
(ii) for $ ∈ [$0,∞], the minimizing problem(1.2)has a unique minimizerω(y) and it

satisfies(1.4)or (1.5).

In what follows, we denote the unique minimizers by

u±DD(ε, s, t;x), u±ND(ε, s, t;x), u±DN(ε, s, t;x), ω±(s, $;y)
for ε ∈ (0, ε0], (t − s)/ε � $0, $� $0.

By the uniqueness of the minimizers, we can see that the minimizers depend on the
parametersε, s, t , $ continuously inC1-sense. In particular, setting

D = {
(ε, s, t); ε ∈ (0, ε0], 0 � s < t � 1, (t − s)/ε � $0

}
,
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we have

LEMMA 1.3. – Functionsu±DD,x(ε, s, t; s), u±DD,x(ε, s, t; t), u±ND,x(ε, s, t; t), u±DN,x(ε,
s, t; s) :D→ R are functions of classC1.

We remark here that the minimizeru(x) is uniquely determined by its initial datau(s)
andux(s). Forω±(s, $;y), we can see thatω±(s, $;y) is continuous also at$ =∞. In
particular,

LEMMA 1.4. – For anyL > 0 andδ > 0, there existsη = η(L, δ)� $0 such that for
$� η ∥∥ω±(s, $;y)− ω±(s,∞;y)∥∥

C2([0,L]) < δ.
The following lemma is essentially due to Hemple [11] and it is easily derived from

C1-dependence ofu±DD, u±ND, u±DN on s, t .

LEMMA 1.5. – (i)m±
DD,m±

ND,m±
DN :D→ R are differentiable and

∂

∂s
m±

DD(ε; s, t)=
ε

2

∣∣u±DD,x(ε, s, t; s)∣∣2 − 1

ε
W(s,0),

∂

∂t
m±

DD(ε; s, t)=−ε
2

∣∣u±DD,x(ε, s, t; t)∣∣2 + 1

ε
W(t,0),

∂

∂t
m±

ND(ε; s, t)=−ε
2

∣∣u±ND,x(ε, s, t; t)∣∣2 + 1

ε
W(t,0),

∂

∂s
m±

DN(ε; s, t)=
ε

2

∣∣u±DN,x(ε, s, t; s)∣∣2 − 1

ε
W(s,0).

(ii) b±(s, $) : [0,1] × [$0,∞)→ R is differentiable and

∂

∂$
b±(s, $)=−1

2

∣∣ωy(s, $;$)∣∣2 +W(
s,ω(s, $;$))=W(

s,ω(s, $;$)).
In the setting of Lemma 1.5(ii), we can see−1

2|ωy(y)|2 +W(s,ω(y)) is independent
of y. Thus we also have

∂

∂$
b±(s, $)=−1

2

∣∣ωy(s, $;0)
∣∣2 +W(s,0).

Here we omit proofs of Lemmas 1.3–1.5.
As to the corollary to the above lemma, we can give a variational formulation of (0.1).

COROLLARY 1.6. – The functionf ±
ε (t1, t2, . . . , tn) defined in(1.1)is differentiable in

(0, ε0] × {(t1, t2, . . . , tn); t1/ε, (t2− t1)/ε, . . . , (tn− tn−1)/ε, (1− tn)/ε� $0}. Moreover
(t1, t2, . . . , tn) with t1/ε, (t2 − t1)/ε, . . . , (tn − tn−1)/ε, (1− tn)/ε� $0 is a critical point
of f ±

ε (t1, t2, . . . , tn) if and only if

uε(x)=


u±ND(ε,0, t1;x) for x ∈ [0, t1],
u
±(−)j
DD (ε, tj , tj+1;x) for x ∈ [tj , tj+1] (j = 1,2, . . . , tn),

u
±(−)n
DN (ε, tn,1;x) for x ∈ [tn,1]

is a solution of(0.1).
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Proof. –Recall that

f ±
ε (t1, t2, . . . , tn)=m±

ND(ε;0, t1)+m∓
DD(ε; t1, t2)+ · · ·

+m±(−)n−1

DD (ε; tn−1, tn)+m±(−)n
DN (ε; tn,1)

andu±ND(ε,0, t1;x), u∓DD(ε; t1, t2;x), . . . are the corresponding minimizers. It is clear that
uε(x) satisfies (0.1) exceptn pointst1, t2, . . . , tn and it solves (0.1) if and only if

∂

∂t1
u±ND(ε,0, t1; t1)=

∂

∂t1
u∓DD(ε, t1, t2; t1),

∂

∂tj
u
±(−)j−1

ND (ε, tj−1, tj ; tj )= ∂

∂tj
u
±(−)j
DD (ε, tj , tj+1; tj ) for j = 2,3, . . . , n− 1,

∂

∂tn
u
±(−)n−1

ND (ε, tn−1, tn; tn)= ∂

∂tn
u
±(−)n
DD (ε, tn,1; tn).

We can easily see that these are equivalent to∇f ±
ε (t1, t2, . . . , tn)= 0. ✷

Remark1.7. – IfW(x,u) has a form:

W(x,u)= h(x)2F(u)

andF(u) satisfies (0.7) in addition to (W1)–(W2), Hemple [11] showed the uniqueness
of minimizer m±

DD(ε; s, t) without assumption of smallness ofε and largeness of
(t − s)/ε. His proof of uniqueness works also form±

ND(ε; s, t), m±
DN(ε; s, t) after minor

modification. Thus under the assumption (0.7), all solutions of (0.1) can be characterized
as critical points off ±

ε (t1, . . . , tn).

1.2. Properties of m±
DD(ε; s, t), m±

ND(ε; s, t), m±
ND(ε; s, t)

From now on, we try to find critical points of∇f ±
ε (t1, t2, . . . , tn). We remark that

re-scaled functionv(y)= u±DD(ε, s, t; s + εy), etc. satisfies

−vyy +Wu

(
s + εy, v(y)) = 0 in

(
0,
t − s
ε

)
.

We use frequently the following properties of minimizers.

LEMMA 1.8. – For anyL > 0 and δ > 0 there existsε1 = ε1(L, δ) > 0 independent
of s, t such that forε ∈ (0, ε1] and(t − s)/ε � $0∥∥∥∥u±DD(ε, s, t; s + εy)−ω±

(
s,
t − s
2ε

;y
)∥∥∥∥

C2([0,L̃/2])
< δ,

∥∥∥∥u±DD(ε, s, t; t − εy)− ω±
(
t,
t − s
2ε

;y
)∥∥∥∥

C2([0,L̃/2])
< δ,

∥∥∥∥u±ND(ε, s, t; t − εy)−ω±
(
t,
t − s
ε

;y
)∥∥∥∥

C2([0,L̃])
< δ,
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(
s,
t − s
ε

;y
)∥∥∥∥

C2([0,L̃])
< δ,

whereL̃=min{L, t−s
ε
}> 0.

From Lemma 1.4, we have

COROLLARY 1.9. – For any L > 0 and δ > 0 there existε1 = ε1(L, δ) > 0 and
η= η(L, δ)� $0 such that forε ∈ (0, ε1] and(t − s)/ε � η∥∥u±DD(ε, s, t; s + εy)− ω±(s,∞;y)∥∥

C2([0,L]) < δ,∥∥u±DD(ε, s, t; t − εy)−ω±(t,∞;y)∥∥
C2([0,L]) < δ,∥∥u±ND(ε, s, t; t − εy)− ω±(t,∞;y)∥∥
C2([0,L]) < δ,∥∥u±DN(ε, s, t; s + εy)−ω±(s,∞;y)∥∥
C2([0,L]) < δ.

LEMMA 1.10. – For any δ > 0 there existL1 = L1(δ) > 0 and ε1 = ε1(δ) > 0 such
that for ε ∈ (0, ε1] and(t − s)/ε � $0

t−εL̃1/2∫
s+εL̃1/2

ε

2

∣∣u±DD,x(ε, s, t;x)
∣∣2 + 1

ε
W(x,u±DD)dx < δ,

t−εL̃1∫
s

ε

2

∣∣u±ND,x(ε, s, t;x)
∣∣2 + 1

ε
W(x,u±ND)dx < δ,

t∫
s+εL̃1

ε

2

∣∣u±DN,x(ε, s, t;x)
∣∣2 + 1

ε
W(x,u±DN)dx < δ,

whereL̃1 = min{L1, (t − s)/ε}> 0.

LEMMA 1.11. – There are constantsa1, a2, a3> 0 such that fory ∈ [0, (t − s)/ε]∣∣u±DD(ε, s, t; s + εy)− α±(s + εy)
∣∣+ ∣∣∣∣ d

dy

(
u±DD(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣
� a1ε

2 + a2 exp(−a3y)+ a2 exp
(
−a3

(
t − s
ε

− y
))
,

∣∣u±ND(ε, s, t; s + εy)− α±(s + εy)
∣∣+ ∣∣∣∣ d

dy

(
u±ND(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣
� a1ε

2 + a2 exp
(
−a3

(
t − s
ε

− y
))
,

∣∣u±DN(ε, s, t; s + εy)− α±(s + εy)
∣∣+ ∣∣∣∣ d

dy

(
u±DN(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣
� a1ε

2 + a2 exp(−a3y).

Proofs of Lemmas 1.8–1.11 will be given later in Section 6. As a corollary to Lemma
1.11, we have
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COROLLARY 1.12. – There is a constanta4> 0 such that for(t − s)/ε � 2a4|logε|∣∣u±DD(ε, s, t; s + εy)− α±(s + εy)
∣∣+ ∣∣∣∣ d

dy

(
u±DD(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣ � 2a1ε
2

for y ∈ [
a4|logε|, (t − s)/ε− a4|logε|],∣∣u±ND(ε, s, t; s + εy)− α±(s + εy)

∣∣+ ∣∣∣∣ d

dy

(
u±ND(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣ � 2a1ε
2

for y ∈ [
0, (t − s)/ε− a4|logε|],∣∣u±DN(ε, s, t; s + εy)− α±(s + εy)

∣∣+ ∣∣∣∣ d

dy

(
u±DN(ε, s, t; s + εy)− α±(s + εy)

)∣∣∣∣ � 2a1ε
2

for y ∈ [
a4|logε|, (t − s)/ε].

1.3. Behavior of f ±
ε (t1, . . . , tn)

In this section we give an explanation and a proof of (0.11). We do not need estimates
given in this section for the proofs of Theorems 0.1 and 0.3 directly. The readers can
skip this section and proceed to Section 2.

First we comparem±
DD(ε; s, t), m±

ND(ε; s, t), m±
DN(ε; s, t) andb±(s, t−s

ε
), b±(t, t−s

ε
).

Here we use results in previous subsections.

LEMMA 1.13. – For any δ > 0 there existsε1 > 0 such that for anyε ∈ (0, ε1] and
(t − s)/ε � $0 ∣∣∣∣m±

DD(ε; s, t)− b±
(
s,
t − s
2ε

)
− b±

(
t,
t − s
2ε

)∣∣∣∣ � δ,∣∣∣∣m±
ND(ε; s, t)− b±

(
t,
t − s
ε

)∣∣∣∣ � δ,∣∣∣∣m±
DN(ε; s, t)− b±

(
s,
t − s
ε

)∣∣∣∣ � δ.

Proof. –We only prove the first inequality. By Lemma 1.10, we can findL > 0 such
that

t−εL̃∫
s+εL̃

ε

2

∣∣u±DD,x(ε, s, t;x)∣∣2 + 1

ε
W(x,u±DD)dx <

δ

3
for sufficiently smallε > 0, (1.7)

where

L̃= min
{
L,
t − s
2ε

}
.

On the other hand

s+εL̃∫
s

ε

2

∣∣u±DD,x(ε, s, t;x)∣∣2 + 1

ε
W(x,u±DD)dx
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=
L̃∫

0

1

2

∣∣∣∣ d

dy
u±DD(ε, s, t; s + εy)

∣∣∣∣2 +W(s + εy,u±DD)dy (1.8)

and by Corollary 1.9 we have for sufficiently smallε∣∣∣∣∣
L̃∫

0

1

2

∣∣∣∣ d

dy
u±DD(ε, s, t; s + εy)

∣∣∣∣2 +W(s + εy,u±DD)dy

−
L̃∫

0

1

2

∣∣∣∣ω±
y

(
s,
t − s
2ε

;y
)∣∣∣∣2 +W(

s,ω±
(
s,
t − s
2ε

;y
))

dy

∣∣∣∣∣< δ6. (1.9)

We can also see

∣∣∣∣∣
L̃∫

0

1

2

∣∣∣∣ω±
y

(
s,
t − s
2ε

;y
)∣∣∣∣2 +W(

s,ω±
(
s,
t − s
2ε

;y
))

dy − b±
(
s,
t − s
2ε

)∣∣∣∣∣< δ6 (1.10)

for largeL� 1 independent ofs, t satisfying(t− s)/ε� $0. It follows from (1.8)–(1.10)
that

∣∣∣∣∣
s+εL̃∫
s

ε

2

∣∣u±DD,x(ε, s, t;x)∣∣2 + 1

ε
W(x,u±DD)dx − b±

(
s,
t − s
2ε

)∣∣∣∣∣< δ3. (1.11)

Similarly we have∣∣∣∣∣
t∫

t−εL̃

ε

2

∣∣u±DD,x(ε, s, t;x)∣∣2 + 1

ε
W(x,u±DD)dx − b±

(
t,
t − s
2ε

)∣∣∣∣∣< δ3. (1.12)

Thus by (1.7), (1.11), (1.12) we have∣∣∣∣m±
DD(ε; s, t)− b±

(
s,
t − s
2ε

)
− b±

(
t,
t − s
2ε

)∣∣∣∣ � δ. ✷
Next we give an estimate forb±(s, $).

LEMMA 1.14. – It holds that

b±(s, $)∼ b±(s,∞)− exp
(−2

√
Wuu(s, α±(s))$

)
for large $. More precisely for anyν > 0 there exists̃$(ν)� $0 such that

−exp
(−(

2
√
Wuu(s, α±(s))− ν)$) � b±(s, $)− b±(s,∞)

�−exp
(−(

2
√
Wuu(s, α±(s))+ ν)$) (1.13)

for $� $̃(ν).
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Proof. –We deal with ‘+’ case. ‘−’ case can be dealt in a similar way. By (ii) of
Lemma 1.5,

∂

∂$
b+(s, $)=W(

s,ω+(s, $;$)).
We remark thaty �→ −1

2|ωy(s, $;y)|2 +W(s,ω+(s, $;y)) is independent ofy and we
have

ω+
y (s, $;y)=

√
2
(
W(s,ω+(s, $;y))−W(s,ω+(s, $;$)))

for all y ∈ [0, $]. Thus

$=
$∫

0

dy =
ω(s,$;$)∫

0

1√
2(W(s, ζ )−W(s,ω+(s, $;$))) dζ. (1.14)

We remark that

ω+(s, $;$)→ α+(s)− 0 as$→∞.
To analyze the behavior ofω+(s, $;$) as $→∞ precisely, we fix smallh0 > 0 and
consider behavior of

α+(s)−h∫
α+(s)−h0

1√
2(W(s, ζ )−W(s,α+(s)− h)) dζ (1.15)

ash→+0. We remark that we can find constantC0(h0) depending only onh0 such that

α+(s)−h0∫
0

1√
2(W(s, ζ )−W(s,α+(s)− h)) dζ � C0(h0). (1.16)

IntroducingW̃ (τ)=W(s,α+(s)− τ), we can rewrite (1.15) as

h0∫
h

1√
2(W̃ (τ)− W̃ (h))

dτ.

Using Cauchy’s mean value theorem, we can findθ1 ∈ (h,h0) andθ2 ∈ (0, θ1)⊂ (0, h0)

such that

W̃ (τ)− W̃ (h)
τ 2 − h2

= W̃u(θ1)

2θ1
= 1

2
W̃uu(θ2).

Thus, settingC±(ν)=
√
Wuu(s, α+(s))± 1

2ν, for anyν > 0 we can choose smallh0> 0
such that

1

2
C−(ν)2

(
τ 2 − h2) � W̃(τ)− W̃(h)� 1

2
C+(ν)2

(
τ 2 − h2) for 0< h< τ < h0.
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Thus we have

1

C+(ν)

h0∫
h

1√
τ 2 − h2

dτ �
h0∫
h

1√
2(W̃ (τ)− W̃(h))

dτ

� 1

C−(ν)

h0∫
h

1√
τ 2 − h2

dτ.

Since
h0∫
h

1√
τ 2 − h2

dτ = log
(
h0

h
+

√(
h0

h

)2

− 1
)
∈

[
log

(
2h0

h
− 1

)
, log

(
2h0

h

)]
,

we have

1

C+(ν)
log

(
2h0

h
− 1

)
�

h0∫
h

1√
2(W̃ (τ)− W̃(h))

dτ

� 1

C−(ν)
log

(
2h0

h

)
. (1.17)

Settingh= α+(s)−ω+(s, $;$), we have from (1.14), (1.16) that

$−C0(h0)�
h0∫
h

1√
2(W̃ (τ)− W̃ (h))

dτ � $.

Thus by (1.17)

exp
(
C−(ν)

(
$−C0(h0)

))
� 2h0

h
� exp

(
C+(ν)$

)+ 1.

That is, for anyν > 0 we can find

exp
(−C+(2ν)$

)
� α+(s)− ω+(s, $;$)� exp

(−C−(2ν)$
)

for l� 1.

Using

∂

∂$
b+(s, $)=W(

s,ω+(s, $;$))∼ 1

2
Wuu

(
s, α+(s)

)(
α+(s)−ω(s, $;$))2

and

b+(s, $)− b+(s,∞)=−
∞∫
$

∂

∂$
b+(s, $)dτ,

we can get the desired result (1.13).✷
Combining Lemmas 1.13 and 1.14, we have
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PROPOSITION 1.15. – For any δ > 0 and ν > 0 there existε1 = ε1(δ) > 0 and
$1 = $1(ν)� $0 such that for anyε ∈ (0, ε1] and for any(t1, . . . , tn) satisfying0= t0<
t1< t2< · · ·< tn < tn+1 = 1 and(tj+1 − tj )/ε� $1 it holds that

−exp
(
−(
ρ±(t1)− ν) t1 − t0

ε

)
−
n−1∑
j=1

exp
(
−(
ρ±(−)j (tj )− ν

) tj+1 − tj
2ε

)

− exp
(
−(
ρ±(−)n(tn)− ν) tn+1 − tn

ε

)
− δ

� f ±
ε (t1, . . . , tn)−

n∑
j=1

G(tj )

�−exp
(
−(
ρ±(t1)+ ν) t1 − t0

ε

)
−
n−1∑
j=1

exp
(
−(
ρ±(−)j (tj )+ ν

) tj+1 − tj
2ε

)

− exp
(
−(
ρ(tn)±(−)n + ν) tn+1 − tn

ε

)
+ δ,

whereρ±(t)= 2
√
Wuu(t, α±(t)).

Remark1.16. – Proposition 1.15 means that (0.11) holds with

ρ±,0(t)= 2
√
Wuu(t, α±(t)),

ρ±,j (t)=
√
Wuu(t, α±(−)j (t)) for j = 1,2, . . . , n− 1,

ρ±,n(t)= 2
√
Wuu(t, α±(−)n(t)).

Proof. –We remark thatG(s)= ∫ ∞
−∞

1
2|ω+

y (s,∞;y)|2 +W(s,ω+
y (s,∞;y))dy and it

holds thatG(s)= b+(s,∞)+ b−(s,∞). Since

f ±
ε (t1, . . . , tn)=m±

ND(ε;0, t1)+m∓
DD(ε; t1, t2)+ · · · +m±(−)n

DN (ε; tn,1),
Proposition 1.15 follows from Lemmas 1.13, 1.14 and the continuity ofWuu(t, α±(t))
easily. ✷

Thus we have (0.11). Heuristically we can derive our existence result from (0.11).
Here we explain the casen= 1. Since

f ±
ε (t1)∼G(t1) for

t1

ε
,

1− t1
ε

� 1,

we can find critical points in a neighborhood of strict interior minima and maxima.
As to boundary layers, we assume that 0 is a strict local maximum ofG(t). Choose

η ∈ (0,1) so thatG(t) < G(0) in (0, η]. We have

f ±
ε (t1)∼G(t1)− exp

(
−ρ±(0)t1

ε

)
neart1 ∼ 0.

More precisely by Proposition 1.15, for anyδ > 0 andν > 0 there existsε1(δ) > 0 and
$1(ν)� $0 such that forε ∈ (0, ε1] and$� $1(ν), it holds that
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f ±
ε (ε$)�G(ε$)− exp

(−(ρ±(ε$)+ ν)$)+ δ,
f ±
ε (2ε$)�G(2ε$)− exp

(−2(ρ±(2ε$)− ν)$)− δ.
We chooseν, $, δ in the following way: first we choose smallν so that

2
(
ρ±(0)− ν)> ρ±(0)+ ν.

Next we choose large$� $1(ν) so that

G(0)− exp
(−2(ρ±(0)− ν)$)>G(η).

Finally we chooseδ > 0 so that

−exp
(−(ρ±(0)+ ν)$)+ δ <−exp

(−2(ρ±(0)− ν)$)− δ,
G(0)− exp

(−2(ρ±(0)− ν)$)− δ >G(η).
Letting ε→ 0, we have

lim sup
ε→0

f ±
ε (ε$)�G(0)− exp

(−(ρ±(0)+ ν)$)+ δ,
lim inf
ε→0

f ±
ε (2ε$)�G(0)− exp

(−2(ρ±(0)− ν)$)− δ,
lim
ε→0

f ±
ε (η)=G(η).

Thus we have

f ±
ε (2ε$) >max

{
f ±
ε (ε$), f

±
ε (η)

}
for sufficiently smallε > 0.

Thereforef ±
ε (t1) has a critical point in(ε$, η). Since we can chooseη > 0 arbitrarily,

we can see thatf ±
ε (t1) has a critical point in a neighborhood of 0.

To find critical points off ±
ε (t1, . . . , tn) for n� 1, we need to use minimax methods or

degree arguments and we need estimates of∂tj f
±
ε (t1, . . . , tn) which will be developed in

the following sections.

2. A constraint for f ±
ε (t1, . . . , tn)

From now on, we try to find a critical point off ±
ε (t1, . . . , tn) with a profile given in

Theorem 0.1. We choose a smallh > 0 such that

h <
1

6
min

{|p− p′|; p,p′ ∈M ∪ {0,1}, p �= p′}.
Thenp ∈M+ (p ∈M− respectively) implies

G′(t) > 0 (< 0 respectively) for t ∈ [p− 2h,p),

G′(t) < 0 (> 0 respectively) for t ∈ (p,p+ 2h].
We writeM = {p1,p2, . . . , pN } (p1 < p2 < · · · < pN ). For a sequencenj = npj (j =
1, . . . ,N ) of non-negative integers satisfying the assumption of Theorem 0.1, i.e.,

nj ∈ {0,1} if pj ∈M−
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we try to find a critical pointuε(x) of Iε(x) which has exactlynj zeros in a neighborhood
of pj for eachj . To do so, we arranget1, t2, . . . , tn (n = ∑N

i=1npi ) into N groups. We
write

(t1, . . . , tn)= (t11, . . . , t1n1, t21, . . . , t2n2, . . . , tN1, . . . , tNnN )

and we assume theith group (ti1, . . . , tini ) lie in [pi − 2h,pi + 2h]. (Some of these
groups may be empty.)

If pi /∈ {0,1}, we set

�iε =
{
(τ1, . . . , τni ); pi − 2h� τ1< τ2< · · ·< τni � pi + 2h,

(τj+1 − τj )/ε � $0 for j = 1,2, . . . , ni − 1
}
. (2.1)

If pi = 0, we havei = 1 and set

�1
ε =

{
(τ1, . . . , τn1); ε$0 � τ1< τ2< · · ·< τn1 � 2h,

(τj+1 − τj )/ε � $0 for j = 1,2, . . . , n1 − 1
}
. (2.2)

If pi = 1, we havei =N and set

�Nε = {
(τ1, . . . , τni ); 1− 2h� τ1< τ2< · · ·< τnN � 1− ε$0,

(τj+1 − τj )/ε� $0 for j = 1,2, . . . , nN − 1
}
. (2.3)

For sufficiently smallε > 0 we try to find a critical point of

f ±
ε :�1

ε × · · · ×�Nε → R. (2.4)

We will show the existence of a critical point of (2.4) by means of Brouwer degree; that
is, we will show

deg
(∇f ±

ε ,�
1
ε × · · · ×�Nε ,0

) �= 0. (2.5)

Estimates of∇f ±
ε on ∂(�1

ε × · · · ×�Nε ) are important in the proof of (2.5).
We choosei ∈ {1,2, . . . ,N} and we deal with estimates of

(∂ti1f
±
ε , . . . , ∂tini f

±
ε ) :�

i
ε→ Rni

for fixed (t11, . . . , ti−1,ni−1, ti+1,1, . . . , tNnN ) ∈�1
ε×· · ·×�i−1

ε ×�i+1
ε ×· · ·×�Nε . By the

definition off ±
ε , it is clear that(∂ti1f

±
ε , . . . , ∂tini f

±
ε ) depends only onti−1,ni−1, ti1, . . . , tini ,

ti+1,1.
For the sake of simplicity of notation, we write

p = pi, n= ni,
τ0 = ti−1,ni−1, τ1 = ti1, τ2 = ti2, . . . , τn = tin, τn+1 = ti+1,1,

∇τ = (∂τ1, . . . , ∂τn),
�ε = {

(τ1, . . . , τn); p− 2h� τ1< τ2< · · ·< τn � p+ 2h,

(τj+1 − τj )/ε � $0 for j = 0,1, . . . , n
}

(2.6)

and compute deg(∇τ gε,�ε,0), where

gε(τ1, . . . , τn)=m+
DD(ε; τ0, τ1)+m−

DD(ε; τ1, τ2)+ · · · +m(−)nDD (ε; τn, τn+1). (2.7)
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If i = 1 or i =N , we regard {
τ0 = 0 if i = 1,
τn+1 = 1 if i =N

and we replace the first term of (2.7) bym+
ND if τ0 = 0 and the last term bym(−)

n

DN if
τn+1 = 1. We remark that we may assumeε$0< h and any set�iε in (2.1)–(2.3) can be
written in form (2.6) in a unified way.

We will estimate∇τ gε on the boundary∂�ε of �ε to show deg(∇τ gε,�ε,0) �= 0. We
remark that ifp /∈ {0,1},

∂�ε = {
(τ1, . . . , τn); τ1 = p− 2h

}∪ {
(τ1, . . . , τn); τn = p+ 2h

}
∪ {
(τ1, . . . , τn); (τj+1 − τj )/ε= $0 for somej ∈ {1,2, . . . , n− 1}}.

If p= 0, then

∂�ε = {
(τ1, . . . , τn); τn = p+ 2h

}
∪ {
(τ1, . . . , τn); (τj+1 − τj )/ε= $0 for somej ∈ {0,1,2, . . . , n− 1}}.

If p= 1, then

∂�ε = {
(τ1, . . . , τn); τ1 = p− 2h

}
∪ {
(τ1, . . . , τn); (τj+1 − τj )/ε= $0 for somej ∈ {1,2, . . . , n}}.

We remark thatj = 0 or j = n takes a place ifp = 0 orp= 1.
In what follows, we show two types of estimates of∇τgε on ∂�ε. The first type of

estimates deal with the caseτ1 = p − 2h or τn = p+ 2h and it reflects the influence of
the functionG(t), i.e., the first term of (0.11). The second type of estimates deal with
the case(τj+1− τj )/ε= $0 and it reflects the interaction between two layers or between
a layer and boundary 0, 1, i.e., the second term of (0.11).

3. Estimates of ∇τgε

3.1. Estimates of derivatives of m±
DD(ε; s, t), m±

ND(ε; s, t), m±
DN(ε; s, t) for

relatively large (t − s)/ε

The aim of this subsection is to show the following estimates:

PROPOSITION 3.1. – For any δ > 0 there existsε2 > 0 such that ifε ∈ (0, ε2] and
(t − s)/ε � 3a4|logε| (a4> 0 is given in Corollary1.12), then∣∣∣∣ ∂∂sm±

DD(ε; s, t)−G±′(s)
∣∣∣∣ � δ, (3.1)∣∣∣∣ ∂∂t m±

DD(ε; s, t)−G±′(t)
∣∣∣∣ � δ, (3.2)∣∣∣∣ ∂∂t m±

ND(ε; s, t)−G±′(t)
∣∣∣∣ � δ, (3.3)∣∣∣∣ ∂∂sm±

DN(ε; s, t)−G±′(s)
∣∣∣∣ � δ. (3.4)
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HereG±(t) is defined by

G+(t)=√
2

α+(t)∫
0

√
W(t, τ)dτ, G−(t)=√

2

0∫
α−(t)

√
W(t, τ)dτ.

Before giving a proof of Proposition 3.1, we remark that

G+(t)=√
2

α+(t)∫
0

√
W(t, τ)dτ

=√
2

∞∫
0

√
W(t,ω+(t,∞;y))ω+

y (t,∞;y)dy

=
∞∫

0

1

2

∣∣ω+
y (t,∞;y)∣∣2 +W(

t,ω+(t,∞;y)) dy.

Thus we have

G+′(t)=
∞∫

0

(−ω+
yy +Wu(t,ω

+)
)
ω+
t +Wx

(
t,ω+(t,∞;y))dy

=
∞∫

0

Wx

(
t,ω+(t,∞;y)) dy. (3.5)

In a similar way, we have

G−′(t)=
0∫

−∞
Wx

(
t,ω+(t,∞;y))dy. (3.6)

Proof. –We give a proof of (3.1). (3.2)–(3.4) can be proved in a similar way. We fix
t ∈ (0,1] and we show (3.1) for ‘+’ sign. Here we writeu(x) = u+DD(ε, s, t;x). Let
ϕ(τ) : [0,∞)→ R be a function of classC1 such that

ϕ(τ)= 1 for τ ∈ [0,1],
ϕ(τ)= 0 for τ ∈ [2,∞),
ϕ′(τ )� 0 for τ ∈ [0,∞)

and we set

µε = a4|logε|,
wherea4> 0 is a constant appeared in Corollary 1.12.

We suppose(t − s)/ε � 3µε and it follows from Lemma 1.5 that

∂

∂s
m+

DD(ε; s, t)=
ε

2

∣∣ux(s)∣∣2 − 1

ε
W(s,0)
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= ε

2

∣∣ux(s)∣∣2 − 1

ε
W

(
s, u(s)

)
=

t∫
s

d

dx

{
ϕ

(
x − s
εµε

)(
−ε

2

∣∣ux(x)∣∣2 + 1

ε
W

(
x,u(x)

))}
dx

=
t∫
s

1

εµε
ϕ′

(
x − s
εµε

)(
−ε

2

∣∣ux(x)∣∣2 + 1

ε
W

(
x,u(x)

))
dx

+
t∫
s

ϕ

(
x − s
εµε

)
1

ε
Wx

(
x,u(x)

)
dx.

Changing variablex = s + εy and introducingv(y)= u(s + εy)= u+DD(ε, s, t; s + εy),
we have

∂

∂s
m+

DD(ε; s, t)=
2µε∫
µε

1

εµε
ϕ′

(
y

µε

)(
−1

2
|vy |2 +W(

s + εy, v(y)))dy

+
2µε∫
0

ϕ

(
y

µε

)
Wx

(
s + εy, v(y)) dy

= (I)+ (II). (3.7)

By Corollary 1.12 and (W3), we have∣∣∣∣−1

2
|vy |2 +W(

s + εy, v(y))∣∣∣∣ �Cε2 for y ∈ [µε,2µε],

whereC > 0 is independent ofε > 0. Thus

|(I)|�
2µε∫
µε

− 1

εµε
ϕ′

(
y

µε

)
Cε2 dy = 1

2

(
ϕ(1)− ϕ(2))Cε = C

2
ε. (3.8)

Using Corollary 1.9 and Lemma 1.10, we have

(II) =
2µε∫
0

ϕ

(
y

µε

)
Wx

(
s + εy, v(y)) dy

→
∞∫

0

Wx

(
s,ω+(s,∞;y))dy =G+′(s) (3.9)

asε→ 0 uniformly in s ∈ [0,1]. Here we used (3.5).
Combining (3.7)–(3.9), we get (3.1).✷
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We also need the following estimate.

PROPOSITION 3.2. – For any δ > 0 there existε2 > 0 and $2 � $0 such that for
ε ∈ (0, ε2] and t , s satisfying(t − s)/ε � $2,∣∣∣∣( ∂∂s + ∂

∂t

)
m±

DD(ε; s, t)−
(
G±′(s)+G±′(t)

)∣∣∣∣ � δ. (3.10)

Proof. –We deal with just ‘+’ case. Here we writeu(x)= u+DD(ε, s, t;x) andv(y)=
u(s + εy)= u+DD(ε, s, t; s + εy). As in the proof of Proposition 3.1, we have(

∂

∂s
+ ∂

∂t

)
m+

DD(ε; s, t)

=−
(
−ε

2

∣∣ux(s)∣∣2 + 1

ε
W(s,0)

)
+

(
−ε

2

∣∣ux(t)∣∣2 + 1

ε
W(t,0)

)

=
t∫
s

d

dx

{
−ε

2
|ux|2 + 1

ε
W

(
x,u(x)

)}
dx

=
t∫
s

1

ε
Wx

(
x,u(x)

)
dx =

(t−s)/ε∫
0

Wx

(
s + εy, v(y)) dy.

Thus by Corollary 1.9 and Lemma 1.10, for sufficiently smallε > 0 and sufficiently
large(t − s)/ε, we have∣∣∣∣∣

(t−s)/ε∫
0

Wx

(
s + εy, v(y)) dy −

∞∫
0

Wx

(
s,ω+(s,∞;y))dy

−
∞∫

0

Wx

(
t,ω+(t,∞;y))dy

∣∣∣∣∣ � δ.

By (3.5), we have (3.10). ✷
3.2. Estimates of derivatives of m±

DD(ε; s, t), m±
ND(ε; s, t), m±

DN(ε; s, t) for
relatively small (t − s)/ε

Next we deal with estimates of∂
∂s
m±

DD(ε; s, t), ∂
∂t
m±

DD(ε; s, t), ∂
∂t
m±

ND(ε; s, t),
∂
∂s
m±

DN(ε; s, t) for relatively small(t − s)/ε.
PROPOSITION 3.3. – (i)For any$� $0 there existsρ($) > 0 andε3($) > 0 such that

for (t − s)/ε ∈ [$0, $] andε ∈ (0, ε3($)], it holds that

ε
∂

∂s
m±

DD(ε; s, t)�−ρ($),

ε
∂

∂t
m±

DD(ε; s, t)� ρ($),

ε
∂

∂t
m±

ND(ε; s, t)� ρ($),
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ε
∂

∂s
m±

DN(ε; s, t)�−ρ($).
(ii) For anyδ > 0 there exists$(δ)� $0 andε4> 0 such that for(t − s)/ε � $(δ) and

ε ∈ (0, ε4], it holds that

ε

∣∣∣∣ ∂∂sm±
DD(ε; s, t)

∣∣∣∣, ε∣∣∣∣ ∂∂t m±
DD(ε; s, t)

∣∣∣∣, ε∣∣∣∣ ∂∂t m±
ND(ε; s, t)

∣∣∣∣, ε∣∣∣∣ ∂∂sm±
DN(ε; s, t)

∣∣∣∣ � δ.

Proof. –We prove just for∂
∂s
m+

DD(ε; s, t).
(i) We argue indirectly. If the conclusion of (i) does not hold, there exist sequencessj ,

tj , εj such that

(tj − sj )/εj ∈ [$0, $],
εj → 0,

lim inf
j→∞ εj

∂

∂s
m+

DD(εj ; sj , tj )� 0. (3.11)

We may assumesj → s̃, tj → s̃ and(tj − sj )/εj → $̃ ∈ [$0, $]. Letuj (x) be a minimizer
corresponding tom+

DD(εj ; sj , tj ) and setvj (y)= uj(sj + εjy). Then by Lemma 1.8, we
have ∥∥vj (y)− ω+(s̃, $̃/2;y)∥∥

C2 → 0 asj→∞.
Sinceω+(s̃, $̃/2;y) can be extended to a 2$̃-periodic solution of

−vyy +Wu

(
s̃, v(y)

)= 0,

we have
1

2

∣∣ω+
y (s̃, $̃/2;0)

∣∣2 −Wu(s̃,0) < 0.

On the other hand by Lemma 1.5, we have

εj
∂

∂s
m+

DD(εj ; sj , tj )=
1

2

∣∣vj,y(0)∣∣2 −W(sj ,0)→ 1

2

∣∣ω+
y (s̃, $̃/2;0)

∣∣2 −W(s̃,0) < 0

asj→∞. This is a contradiction to (3.11).
(i) Sinceω+(s,∞;y) is a heteroclinic solution of (1.5), it satisfies

1

2

∣∣ω+
y (s,∞;0)

∣∣2 −W(s,0)= 0.

Using this property, we can deduce the second statement of Proposition 3.3 from
Lemma 1.5 and Corollary 1.9.✷
3.3. Estimates of ∇τgε when τ1 = p − 2h or τn = p + 2h holds

From now on we give estimates∇τ gε on∂�ε. First we deal with the caseτ1 = p−2h
or τn = p+ 2h. Mainly we consider the casep ∈M+ \ {0} andτ1 = p− 2h.
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Suppose thatp ∈M+ and(τ1, . . . , τn) ∈�ε satisfiesτ1 = p−2h. Then for sufficiently
smallε > 0 we can findj ∈ {1,2, . . . , n} such that

p− 2h= τ1< τ2< · · ·< τj � p− h, (3.12)

(τj+1 − τj )/ε � 3a4|logε|. (3.13)

We chooseδ > 0 sufficiently small so that

min
p−2h�t�p−hG

′(t) > δ.

Applying Propositions 3.1 and 3.2, we chooseε2 > 0 so that (3.1)–(3.4) holds for
ε ∈ (0, ε2]. Then we have(

∂

∂τ1
+ · · · + ∂

∂τj

)
gε(τ1, . . . , τn)

= ∂

∂τ1
m±

DD(ε; τ0, τ1)+
(
∂

∂τ1
+ ∂

∂τ2

)
m∓

DD(ε; τ1, τ2)+ · · ·

+
(

∂

∂τj−1
+ ∂

∂τj

)
m

±(−)j−1

DD (ε; τj−1, τj )+ ∂

∂τj
m

±(−)j
DD (ε; τj , τj+1)

�
(
G±′(τ1)− δ)+ (

G∓′(τ1)+G∓′(τ2)− δ)+ · · ·
+ (
G±(−)j−1 ′(τj−1)+G±(−)j−1 ′(τj )− δ)+ (

G±(−)j ′(τj )− δ)
=G′(τ1)+ · · · +G′(τj )− jδ
> 0.

We can argue in a similar way and we have

PROPOSITION 3.4. – (i)Suppose thatp ∈M+ \ {0} (p ∈M− \ {0} respectively)and
τ1 = p−2h. Then there existj ∈ {1,2, . . . , n} such that(3.12)and(3.13)hold. For such
a j , we have (

∂

∂τ1
+ · · · + ∂

∂τj

)
gε(τ1, . . . , τn) > 0 (< 0 respectively). (3.14)

(ii) A similar result holds for the casep ∈M+ \ {1} (p ∈M− \ {1} respectively)and
τn = p+ 2h. More precisely, there existsj ∈ {1,2, . . . , n} such that

p+ h� τj < τj+1< · · ·< τn = p+ 2h, (3.15)

(τj − τj−1)/ε � 3a4|logε| (3.16)

and for such aj we have(
∂

∂τj
+ · · · + ∂

∂τn

)
gε(τ1, . . . , τn) < 0 (> 0 respectively). (3.17)
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3.4. Estimates of ∇τgε when (τj+1 − τj )/ε = �0 for some j ∈ {0,1, . . . , n}
Next we deal with the case(τj+1 − τj )/ε = $0. Here we use Proposition 3.3. We

choose$1, $2, . . . , $n in the following way. First we apply Proposition 3.3(i) to choose

ρ0 = ρ($0).

Next we apply (ii) of Proposition 3.3 forδ = ρ0/2> 0 and let

$1 = $(ρ0/2).

We continue this process and set

ρ1 = ρ($1), $2 = $(ρ1/2), ρ2 = ρ($2), $3 = $(ρ2/2), . . . , $n = $(ρn−1/2), ρn = ρ($n).
By the definition, we have

ρ0> ρ1> · · ·> ρn,
$0< $1< · · ·< $n.

As a consequence of Proposition 3.3, we have the following

PROPOSITION 3.5. – Suppose that(τ1, . . . , τn) ∈�ε satisfies

(τi+1 − τi)/ε = $0 for somei ∈ {0,1, . . . , n}. (3.18)

Then we can findj ∈ {1,2, . . . , n} andk ∈ {1,2, . . . , n} such that{
(τj − τj−1)/ε ∈ [$0, $k],
(τj+1 − τj )/ε ∈ [$k+1,∞) (3.19)

or {
(τj − τj−1)/ε ∈ [$k+1,∞),
(τj+1 − τj )/ε ∈ [$0, $k]. (3.20)

For suchj , k, we have(
∂

∂τj

)
gε(τ1, . . . , τn)

{
> 0 if (3.19)holds,
< 0 if (3.20)holds.

(3.21)

Proof. –First we show (3.19) or (3.20) holds. If (3.19) does not hold, we have for any
j , k

(τj − τj−1)/ε ∈ [$0, $k] ⇒ (τj+1 − τj )/ε ∈ [$0, $k+1]. (3.22)

Since (3.18) holds, we apply (3.22) repeatedly and we get

(τi+1 − τi)/ε ∈ [$0, $1],
(τi+2 − τi+1)/ε ∈ [$0, $2],

...

(τn+1 − τn)/ε ∈ [$0, $n−i+1].
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If (3.20) does not hold, we have

(τj+1 − τj )/ε ∈ [$0, $k] ⇒ (τj − τj−1)/ε ∈ [$0, $k+1]
and

(τi+1 − τi)/ε ∈ [$0, $1],
(τi − τi−1)/ε ∈ [$0, $2],

...

(τ1 − τ0)/ε ∈ [$0, $i+1].
Thus, if both of (3.19) and (3.20) do not hold, we have

(τj+1 − τj )/ε� $n for all j ∈ {0,1, . . . , n}.
In particular, we have

τn+1 − τ0 � n$nε. (3.23)

Sinceτn+1 − τ0 � h, we can see (3.23) is impossible for smallε > 0. Therefore (3.19)
or (3.20) holds for suitablej andk.

Next we assume that (3.19) holds for somej , k and prove (3.21). The case, where
(3.20) holds, can be treated in a similar way. By Proposition 3.3, we have for small
ε > 0

ε
∂

∂τj
m±

DD(ε; τj−1, τj )� ρ($k)= ρk, (3.24)

ε

∣∣∣∣ ∂∂τj m±
DD(ε; τj , τj+1)

∣∣∣∣ � ρk

2
. (3.25)

Thus we have
∂

∂τj
gε(τ1, . . . , τn)= ∂

∂τj
m
(−)j−1

DD (ε; τj−1, τj )+ ∂

∂τj
m
(−)j
DD (ε; τj , τj+1)

� 1

2ε
ρk > 0. (3.26)

Here we remark that we need to modify our proof slightly ifτ0 = 0 orτn+1 = 1. If τ0 = 0
andj = 1, we replacem±

DD(ε; τ0, τ1) in (3.24)–(3.26) bym±
ND(ε; τ0, τ1). If τn+1 = 1 and

j = n, we replacem±
DD(ε; τn, τn+1) bym±

DN(ε; τn, τn+1). ✷
4. Brouwer degree of ∇τgε

By the estimates developed in the previous section, we have

∇τgε �= 0 on∂�ε

for sufficiently smallε > 0 and deg(∇τgε,�ε,0) is well-defined. In this section we show
that deg(∇τ gε,�ε,0)=±1. We consider 3 cases:
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Case 1:p ∈M− andn= 1.
Case 2:p ∈M+ \ {0,1} andn� 1.
Case 3:p ∈M+ ∩ {0,1} andn� 1.

In each case we set
Case 1:6ε(τ1)= 1

2(τ1 − p)2,
Case 2:6ε(τ1, . . . , τn)=−1

2(τ1 − p)2 − 1
2(τn − p)2 −

∑n−1
j=1 exp(− τj+1−τj

ε
),

Case 3: Ifp = 0, we set6ε(τ1, . . . , τn)=−1
2τ

2
n −

∑n−1
j=0 exp(− τj+1−τj

ε
), whereτ0 = 0.

If p = 1, we set6ε(τ1, . . . , τn)=−1
2(1− τ1)

2−∑n
j=1 exp(− τj+1−τj

ε
), where

τn+1 = 1.
In each case we will see that∇τ gε and∇τ6ε is homotopic in�ε, that is,

(1− θ)∇τgε(τ1, . . . , τn)+ θ∇τ6ε(τ1, . . . , τn) �= 0

for all θ ∈ [0,1] and(τ1, . . . , τn) ∈ ∂�n, (4.1)

and

deg(∇τ gε,�ε,0)= deg(∇τ6,�ε,0)=
{

1 in Case 1,
(−1)n in Cases 2, 3.

(4.2)

In the following subsections we show (4.1) and (4.2) for each case.

4.1. Case 1: p ∈ M− and n = 1

In this case we havep /∈ {0,1}, n= 1 and�ε = [p− 2h,p+ 2h].
Proof of (4.1) in Case 1. –We remark thatτ0 < p − 4h < p − 2h � τ1 � p + 2h <

p+4h < τ2 and(τ1−τ0)/ε, (τ2−τ1)/ε� 2h/ε� 3a4|logε| for sufficiently smallε > 0.
Applying Proposition 3.4 withτ1 = p± 2h, j = 1, we have

∂

∂τ1
gε(p− 2h) < 0,

∂

∂τ1
gε(p+ 2h) > 0

for sufficiently smallε > 0. Since we have∂
∂τ1
6ε(p± 2h)=±2h, we have (4.1). ✷

Proof of (4.2) in Case 1. –By the homotopy invariance of Brouwer degree and (4.1),
we have deg(∇τ gε, [p − 2h,p + 2h],0) = deg(∇τ6ε, [p − 2h,p + 2h],0). It is clear
that deg(∇τ6ε, [p− 2h,p+ 2h],0)= 1. ✷
4.2. Case 2: p ∈ M+ \ {0,1} and n � 1

Proof of (4.1) in Case 2. –It suffices to show that6ε(τ1, . . . , τn) has similar properties
to gε(τ1, . . . , τn). More precisely,

(i) (3.12)–(3.13) implies( ∂
∂τ1

+ · · · + ∂
∂τj
)6ε(τ1, . . . , τn) > 0,

(ii) (3.15)–(3.16) implies( ∂
∂τj

+ · · · + ∂
∂τn
)6ε(τ1, . . . , τn) < 0,

(iii) (3.19) or (3.20) imply (3.21) for6ε(τ1, . . . , τn).
Suppose that (3.12) and (3.13) hold. Straightforward computation gives us(
∂

∂τ1
+ · · · + ∂

∂τj

)
6ε(τ1, . . . , τn)=−(τ1 − p)− 1

ε
exp

(
−τj+1 − τj

ε

)
� 2h− ε3a4−1.
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We can assume 3a4 − 1> 1 and we have for sufficiently smallε > 0(
∂

∂τ1
+ · · · + ∂

∂τj

)
6ε(τ1, . . . , τn) > 0.

Thus we get (i). We can also show (ii) in a similar way.
Next we show that (3.19) implies∂

∂τj
6ε(τ1, . . . , τn) > 0. In fact we have under (3.19)

that

∂

∂τj
6ε(τ1, . . . , τn)=−1

ε

(
exp

(
−τj+1 − τj

ε

)
− exp

(
−τj − τj−1

ε

))
�−1

ε

(
exp(−$k+1)− exp(−$k))> 0.

In a similar way, we can see that (3.20) implies∂
∂τj
6ε(τ1, . . . , τn) < 0. ✷

Proof of (4.2) in Case 2. –By the homotopy invariance of Brouwer degree and (4.1),
we have deg(∇τ gε,�ε,0) = deg(∇τ6ε,�ε,0). We can also see that6ε has unique
critical point in�ε and it is corresponding to a strict local maximum. Thus

deg(∇τ6ε,�ε,0)= (−1)n. ✷
4.3. Case 3: p ∈ M+ ∩ {0,1} and n �� 1

Here we assume 0∈M+ and we deal with the casep = 0 andn� 1. The casep = 1
can be treated in a similar way.

Proofs of (4.1) and (4.2) in Case 3. –In this case we have

�ε = {
(τ1, . . . , τn); ε$0 � τ1< τ2< · · ·< τn � 2h,

(τj+1 − τj )/ε � $0 for all j = 0,1, . . . , n− 1
}
,

∂�ε = {
(τ1, . . . , τn) ∈�ε; (τj+1 − τj )/ε = $0 for somej = 0,1, . . . , n− 1

}
∪ {
(τ1, . . . , τn) ∈�ε; τn = 2h

}
.

Thus it suffices to show
(i) (3.15)–(3.16) implies( ∂

∂τj
+ · · · + ∂

∂τn
)6ε(τ1, . . . , τn) < 0,

(ii) (3.19) or (3.20) imply (3.21) for6ε(τ1, . . . , τn).
We can show the above properties essentially as in Case 2 and we omit the proof
here. ✷

5. Proofs of Theorems 0.1 and 0.3

Now we can prove our Theorem 0.1.

Proof of Theorem 0.1. –It suffices to show that

deg(∇f ±
ε ,�ε,0)=±1.
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For eachp ∈M we define6(p)ε (τ1, . . . , τn) as in Section 4 and set7ε :�1
ε×· · ·×�Nε →

Rn1+···+nN by

7ε(t11, . . . , t1n1, . . . , tN1, . . . , tNnN )=
N∑
i=1

6(pi)ε (ti1, . . . , tini ).

Then we can see that∇f ±
ε is homotopic to∇7ε and

deg
(∇f ±

ε ,�
1
ε × · · · ×�Nε ,0

)= deg
(∇7ε,�1

ε × · · · ×�Nε ,0
)

=
N∏
i=1

deg
(∇6(pi)ε ,�iε,0

)
=±1.

Thusf ±
ε has a critical point in�1

ε × · · · × �Nε and it has a desired profile stated in
Theorem 0.1. ✷

Remark5.1. – From the proof of Theorem 0.1, it is clear that we can get the existence
result in more general setting. For example, instead of (W3), we assume

(W3′) G(t) has critical sets(Ii)i∈8 such that
(i) for eachi, Ii is an subinterval of(0,1). (Ii may be one point.) We write
Ii = [ai, bi].

(ii) Ii ∩ Ij = ∅ for i �= j .
(iii) G′(t)= 0 for all t ∈ ⋃

Ii .
(iv) For eachi there existsδi > 0 such that{

G′(t) > 0 in [ai − δi, ai),
G′(t) < 0 in (bi, bi + δi], (5.1)

or {
G′(t) < 0 in [ai − δi, ai),
G′(t) > 0 in (bi, bi + δi]. (5.2)

We classifyIi ’s into 2 groups:

M+ = {
Ii; (5.1) holds

}
, M− = {

Ii; (5.2) holds
}
.

Then we can show the following result:Assume(W1), (W2) and (W3′). Then for any
given sequence(ni)i∈8 of non-negative integers satisfying

(i) ni = 0 except for finitely manyi,
(ii) ni ∈ {0,1} if Ii ∈M−,

there existsε0 > 0 such that forε ∈ (0, ε0] our problem (0.1) has a solutionu(x) with
exactlyni-layers in a neighborhood ofIi . We can also deal with boundary layers.

Finally we give a proof to our Theorem 0.3.

Proof of (i) of Theorem 0.3. –LetA> 0 andδ > 0 are given numbers and letuε(x) be
a critical point ofIε(u) satisfying

Iε(uε)�A. (5.3)
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Setting

ν(δ)= min
{
W(x,u); x ∈ [0,1], u /∈ [α−(x)− δ,α−(x)+ δ]

∪ [α+(x)− δ,α+(x)+ δ]}> 0,

we have

ν(δ)meas
{
x ∈ [0,1]; uε(x) /∈ [α−(x)− δ,α−(x)+ δ]

∪ [α+(x)− δ,α+(x)+ δ]}
�

1∫
0

W
(
x,u(x)

)
dx � εIε(uε)� εA.

Thus choosingC(δ)=A/ν(δ), we have (i) of Theorem 0.3.✷
Proof of (ii) of Theorem 0.3. –Proof of (ii) of Theorem 0.3 consists of several steps.

LetA> 0 be a given number and letuε(x) be a critical point ofIε(u) satisfying (5.3).
We fix smallρ0> 0 satisfying

inf
x∈[0,1], |ξ |�ρ0

Wuu

(
x,α±(x)+ ξ)> 0.

We set

Lε = {
y ∈ [0,1/ε]; uε(εy) /∈ [α−(εy)− ρ0, α−(εy)+ ρ0]

∪ [α+(εy)− ρ0, α+(εy)+ ρ0]}.
By (i) of Theorem 0.3, we have

measLε �C(ρ0) independent ofε. (5.4)

Step1: Let sε ∈ Lε be a sequence such thats̃0 = limε→0 s̃ε exists, wherẽsε = εsε. Set
vε(y)= uε(s̃ε + εy). Thenvε(y) converges inC2

loc to a heteroclinic solution of

−wyy +Wu

(
s̃0,w(y)

)= 0 (5.5)

joining α−(s̃0) andα+(s̃0).
In fact, vε(y) converges inC2

loc to a solutionw(y) of (5.5). By (i) of Theorem 0.3,
for any δ > 0 there existsyε,δ ∈ [s̃ε − 2C(δ), s̃ε + 2C(δ)] such thatvε(yε,δ) ∈ [α−(s̃ε +
εyε,δ)− δ,α−(s̃ε + εyε,δ)+ δ] ∪ [α+(s̃ε + εyε,δ)− δ,α+(s̃ε + εyε,δ)+ δ]. Thus

w
([
s̃0 − 2C(δ), s̃0 + 2C(δ)

])
∩ ([

α−(s̃0)− δ,α−(s̃0)+ δ]∪ [
α+(s̃0)− δ,α+(s̃0)+ δ]) �= ∅.

Therefore there exists a sequenceyn →±∞ such thatw(yn)→ α+(s̃0) or w(yn)→
α−(s̃0) By (ii) of Lemma 1.1,w(y) must be a heteroclinic solution joiningα−(s̃0) and
α+(s̃0).

Step2: Let sε and tε be consecutive zeros ofuε(x). Then tε−sε
ε

→∞ asε→ 0.
This is a direct consequence of Step 1. In a similar way, we have
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Step3: Let sε be any zero ofuε(x). Thensε
ε
→∞, 1−sε

ε
→∞ asε→ 0.

Now we prove
Step4: The number of zeros ofuε(x) is bounded by a constantn0(A) depending only

onA.
In fact, let{t (ε)j ; j = 1,2, . . .} be a set of zeros ofuε(x). By Steps 1–3, we can see

lim sup
ε→0

Iε(uε)� lim sup
ε→0

∑
j

G
(
t
(ε)
j

)
.

Thus by (5.3), the number of zeros ofuε(x) is bounded byn0 = A/minx∈[0,1]G(x) for
sufficiently smallε.

Step 5: Let 0 < t
(ε)
1 < t

(ε)
2 < · · · < t(ε)n < 1 be set of zeros ofuε(x). Suppose

uε(0) > 0 (uε(0) < 0 respectively). Then for sufficiently smallε > 0, uε|[0,t1](x),
uε|[t1,t2](x), . . . , uε|[tn,1](x) are minimizers ofm+

ND(ε;0, t1),m
−
DD(ε; t1, t2), . . . ,m(−)

n

DN (ε; tn,
1) (m−

ND(ε;0, t1),m
+
DD(ε; t1, t2), . . . ,m(−)

n+1

DN (ε; tn,1) respectively).
We prove just foruε|[tj ,tj+1](x) (j = 1,2, . . . , n− 1). By Steps 1–3 and (5.4), we can

seeuε|[tj ,tj+1](x) satisfies

∣∣uε(tj + εy)− α±(tj + εy)∣∣ � ρ0 for y ∈
[
C(ρ0),

tj+1 − tj
ε

−C(ρ0)

]
. (5.6)

Thus applying Lemma 6.4 in Section 6, we can get uniqueness of solutions in(tj , tj+1)

satisfying (5.6). The minimizer ofm±
DD(ε; tj , tj+1) is also a solution satisfying (5.6).

Thereforeuε|[tj ,tj+1](x) is a minimizer ofm±
DD(ε; tj , tj+1).

Step6: Conclusion.
For sufficiently smallε > 0,uε(x) is characterized as a critical point off ±

ε (t1, . . . , tn).
Thus by the arguments in Section 3, we can get the desired result.✷

6. Properties of m±
DD(ε; s, t), m±

ND(ε; s, t), m±
DN(ε; s, t)

Here we give proofs to Proposition 1.2 and Lemmas 1.8–1.11.
First we deal with Proposition 1.2. We mainly considerm+

DD(ε; s, t). Setting$ =
(t − s)/ε and v(y) = u(s + εy), it suffices to prove uniqueness of minimizer of the
following minimizing problem:

c(ε, s, $)= inf
v∈E+

DD(s,$)
J (ε, s, $;v)

for sufficiently smallε and large$. Here

J (ε, s, $;v)=
$∫

0

1

2
|vy|2 +W(

s + εy, v(y)) dy.

We start with the following lemma.
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LEMMA 6.1. – For sufficiently smallε and large$, c(ε; s, $) has a minimizerv(y)
which satisfies

v(y) > 0 in (0, $).

Proof. –It is clear thatc(ε, s, $) is achieved and the corresponding minimizerv(y)
satisfies

v(y)� 0 in [0, $].
Under (W1)–(W2) we can easily see thatv(y) �≡ 0 for large$.

Suppose thatv(y)= 0 in [0, δ] (δ > 0) andv(y) > 0 in (δ,m) (m� $). Then we have

−vyy +Wu

(
s + εy, v(y)) = 0 in (δ,m).

Forh ∈ (0, δ), we set

vh(y)=


0 in [0, δ − h),
v(δ+h)

2h (y − (δ − h)) in [δ − h, δ+ h),
v(y) in [δ + h, $].

Then we can see

d

dh

∣∣∣∣
h=0
J (ε, s, $;vh)=−1

4

∣∣vy(δ)∣∣2< 0.

ThusJ (ε, s, $;vh) < J (ε, s, $;v) for smallh > 0. This is a contradiction and we have
δ = 0. In a similar way, we can see thatv(y) > 0 in (0, $). ✷

As a fundamental property ofc(ε, s, $) we have

LEMMA 6.2. – There exists a constantA1 > 0 independent ofε ∈ (0,1], s ∈ [0,1],
$� 2 such that

c(ε, s, $)�A1 for all ε, s, $.

Proof. –We set

v(y)=

sα+(s + ε) for y ∈ [0,1],
α+(s + εy) for y ∈ [1, $− 1],
($− s)α+(s + ε($− 1)) for y ∈ [$− 1, $].

Then we have
∫
[0,1]∪[$−1,$]

1
2|vy |2+W(s+εy, v(y))dy � C, whereC > 0 is independent

of ε, s, $. Thus we have

c(ε, s, $)�C +
$−1∫
1

1

2
|vy |2 +W(

s + εy, v(y)) dy

=C +
$−1∫
1

1

2
ε2∣∣α′+(s + εy)∣∣2 dy
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=C + ε

2

s+ε($−1)∫
s+ε

∣∣α′+(x)∣∣2 dx

�C + ε

2

1∫
0

∣∣α′+(x)∣∣2 dx.

Thus we get Lemma 6.2.✷
Next we show the minimizerv(y) stays nearα+(s + εy) except neighborhoods of

boundaries of[0, $].
LEMMA 6.3. – For any ρ > 0 there existsL2(ρ) > 0 such that for any minimizer

v(y) of c(ε, s, $) it holds that∣∣v(y)− α+(s + εy)∣∣ � ρ for all y ∈ [
L2(ρ), $−L2(ρ)

]
. (6.1)

Proof. –First we show that for anyη > 0 there existsA2(η) > 0 such that

meas
{
y ∈ (0, $); ∣∣v(y)− α+(s + εy)∣∣ � η

}
�A2(η). (6.2)

In fact, setting

νη = inf
t∈[0,1], ξ∈[0,α+(t)−η]∪[α+(t)+η,∞)

W
(
t, α+(t)+ ξ)> 0,

we have from Lemma 6.2 that

νη meas
{
y ∈ (0, $); |v(y)− α+(s + εy)|� η} � J (ε, s, $;v)= c(ε, s, $)�A1.

Thus we have (6.2) forA2(η)= A1/νη. Next we show the following property holds for
any minimizerv(y) of c(ε, s, t):

For any δ > 0 there existd(δ) > 0 and ε(δ) > 0 such that forε ∈ (0, ε(δ)] and y1,
y2 ∈ (0, $) satisfying∣∣v(yi)− α+(s + εyi)∣∣ � d(δ) for i = 1,2, (6.3)

it holds that
y2∫
y1

1

2
|vy |2 +W(

s + εy, v(y)) dy � δ. (6.4)

To prove this fact, we consider two cases:|y2 − y1| � 3 and |y2 − y1| < 3. When
|y2 − y1|� 3, we consider a functionw(y) defined by

w(y)=

(y − y1)α+(s + εy1)+ (1− y + y1)v(y1) for y ∈ [y1, y1 + 1],
α+(s + εy) for y ∈ [y1 + 1, y2 − 1],
(y2 − y)α+(s + εy2)+ (1+ y − y2)v(y2) for y ∈ [y2 − 1, y2].
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When|y2 − y1|< 3, we consider

w(y)= y − y1

y2 − y1
v(y1)+ y2 − y

y2 − y1
v(y2).

In both cases, we have
y2∫
y1

1

2
|wy |2 +W(

s + εy,w(y)) dy→ 0

asε,
∣∣v(y1)− α+(s + εy1)

∣∣, ∣∣v(y2)− α+(s + εy2)
∣∣→ 0.

Sincev(y) is a minimizer, we have

y2∫
y1

1

2
|vy |2 +W(

s + εy, v(y)) dy �
y2∫
y1

1

2
|wy|2 +W(

s + εy,w(y)) dy

and we can find desiredε(δ), d(δ).
Suppose|v(y0)− α+(s + εy0)| > ρ and our goal is to show thaty0 lies in a

neighborhood of 0 or$. We assumey0 ∈ [1, $ − 1] and we remark that there exists a
constantc(ρ) > 0 depending only onρ such that

y0+1∫
y0−1

1

2
|vy |2 +W(

s + εy, v(y)) dy � c(ρ). (6.5)

For δ = c(ρ)/2> 0 we choosed(δ), ε(δ) > 0 so that (6.3) implies (6.4). Applying (6.2)
with η= d(δ) > 0, we can findy1 ∈ [0,A2(η)], y2 ∈ [$−A2(η), $] such that (6.3) holds.
Thus we have

y2∫
y1

1

2
|vy |2 +W(

α+(s + εy), v(y)) dy � δ = c(ρ)/2. (6.6)

Comparing (6.5) with (6.6), we havey0 ∈ [0, $] \ [A2(η)+ 1, $−A2(η)− 1]. Thus we
get (6.1) forL2(ρ)=A2(η)+ 1. ✷

For the proof we chooseρ0> 0 such that

δ0 = inf
t∈[0,1], |ξ |�ρ0

Wuu

(
t, α+(t)+ ξ)> 0. (6.7)

Next lemma is an essential part of the proof of Proposition 1.2. It is also used in the
proof of Theorem 0.3.

LEMMA 6.4. – Let ρ0 > 0 be a number satisfying(6.7). For anyL0 > 0 there exist
$̄0> 0 and ε̄0> 0 such that for anyε ∈ (0, ε̄0], $� $̄0 satisfyings + ε$� 1, positive(or
negative) solutionv(y) of
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−vyy +Wu

(
s + εy, v(y)) = 0 in (0, $), (6.8)

v(0)= v($)= 0 (6.9)

with a property: ∣∣v(y)− α+(s + εy)∣∣ � ρ0 in [L0, $−L0] (6.10)

is unique.

Proof. –We argue indirectly and suppose that there exist sequences(εn)
∞
n=1, (sn)∞n=1,

($n)
∞
n=1 such that

εn→ 0, $n→∞
and the corresponding problem (6.8)–(6.9) has two distinct solutionsv1

n(y) andv2
n(y)

which satisfy the property (6.10). We may assume

sn→ s0, sn + εn$n→ t0 ∈ (0,1].
It is not difficult to see thatv1

n(y), v
2
n(y) converge inC2

loc to some solutionw(y) of

−wyy +Wu

(
s0,w(y)

)= 0. (6.11)

Solutions of (6.11) can be classified into 3 classes; unbounded solutions, periodic
solutions and heteroclinic solutions. Sincev1

n(y), v
2
n(y) has no zeros in[0, $n] and

$n →∞, the limit functionw(y) must be a heteroclinic solution which is asymptotic
to α+(s0) by the property (6.10). Thus we have

v1
n(y), v

2
n(y)→ ω+(s0,∞;y) uniformly in [0,L] asn→∞

for anyL> 0. Similarly we have for anyL> 0

v1
n($n − y), v2

n($n − y)→ ω+(t0,∞;y) uniformly in [0,L] asn→∞.
Since both ofv1

n(y) andv2
n(y) satisfy (6.8) in[0, $n], we can find thathn(y)= (v1

n(y)−
v2
n(y))/‖v1

n(y)− v2
n(y)‖H1 satisfies

−hnyy +Wuu

(
sn + εny, θnv1

n + (1− θn)v2
n

)
hn = 0,

hn(0)= hn($n)= 0, (6.12)

‖hn‖H1 = 1

for a suitableθn = θn(y) ∈ (0,1).
Multiplying hn(y) to (6.12) and integrating over[0, $n], we can find

$n∫
0

|hny |2 +Wuu

(
sn + εny, θnv1

n + (1− θn)v2
n

)
h2
n dy = 0. (6.13)

Thus by (6.7) and (6.13)
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$n∫
0

|hny|2 + δ0

$n−L2(ρ0)∫
L2(ρ0)

|hn|2 dy

�
∫

[0,L2(ρ0)]∪[$n−L2(ρ0),$n

Wuu

(
sn + εny, θnv1

n + (1− θn)v2
n

)
h2
n dy. (6.14)

Therefore we have

‖hn‖L2(0,L2(ρ0))
�→ 0 or ‖hn‖L2($n−L2(ρ0),$n)

�→ 0 asn→∞.

In fact, if not, (6.14) implies‖hn‖H1 → 0 and it is a contradiction to‖hn‖H1 = 1.
Here we assume‖hn‖L2(0,L2(ρ0))

�→ 0. The case‖hn‖L2($n−L2(ρ0),$n)
�→ 0 can be treated

in a similar way. By (6.14), we may assume thathn ⇀ h �= 0 weakly inH 1. By (6.14),
we have

−hyy +Wuu

(
s,ω+(s,∞;y))h= 0 in [0,∞),

h(0)= 0,

h ∈H 1(0,∞) and h �≡ 0.

On the other handω+
y (y)= ω+

y (s,∞;y) also satisfies

−(ω+
y )yy +Wuu

(
s,ω+(s,∞;y))ω+

y = 0,

ω+
y (0) �= 0.

Thush(y) andω+
y (y) are linearly independent solutions of

−ζyy +Wuu

(
s,ω+(s,∞;y))ζ = 0 in [0,∞). (6.15)

SinceWuu(s,ω
+(s,∞;y))→Wuu(s, α+(s)) > 0 asy→∞, (6.15) have a unbounded

solution ζ(y). Howeverζ(y) must be a linear combination ofh(y) and ω+
y (y). We

remark that both ofh(y) andω+
y (y) are bounded in[0,∞). It is a contradiction and

the solution of (6.8)–(6.10) is unique for large$ and smallε. ✷
Now we can complete the proof of Proposition 1.2.

Proof of Proposition 1.2. –Let v(y) be a minimizer forc(ε, s, $). By Lemma 6.3,
v(y) satisfies the assumption of Lemma 6.4. Thus by Lemma 6.4, we get uniqueness
of minimizer ofm+

DD(ε; s, t) for sufficiently smallε and large(t − s)/ε. Uniqueness for
minimizers ofm−

DD(ε; s, t),m±
ND(ε; s, t),m±

DN(ε; s, t), b±(s, $) can be proved essentially
in same way. ✷

As to the corollaries to uniqueness result for minimizers, we can prove Lemmas 1.8,
1.10 and 1.11.

Proof of Lemma 1.8. –We give a proof just foru+DD(ε, s, t; s + εy). If the conclusion
of Lemma 1.8 does not hold, we can findδ > 0 and sequencesεn, sn, tn such thatεn→ 0
and
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tn − sn
εn

� $0,∥∥∥∥u+DD(εn, sn, tn; sn + εny)− ω+
(
sn,
tn − sn

2εn
;y

)∥∥∥∥
C2(0,L̃/2)

� δ (6.16)

for all n ∈ N. We may also assumesn → s∞ and$∞ = limn→∞(tn − sn)/εn ∈ [$0,∞]
exists.

When$∞ =∞, we can easily see thatu+DD(εn, sn, tn; sn + εny)→ ω+(s∞,∞;y) in
C2

loc and this is a contradiction to (6.16).
When $∞ ∈ [$0,∞), we can also see thatu+DD(εn, sn, tn; sn + εny) → w(y) in

C2([0, $∞]), wherew(y) is a unique solution of

−wyy +Wu

(
s∞,w(y)

)= 0 in (0, $∞),
w(y) > 0 in (0, $∞),
w(0)=w($∞)= 0.

We havew(y)= ω+(0, $∞/2;y) in [0, $∞/2] and this is also contradiction to (6.16).✷
Proof of Lemma 1.10. –The result of Lemma 1.10 is essentially obtained in the proof

of Lemma 6.3. ✷
Proof of Lemma 1.11. –We chooseρ0 > 0 so that (6.7) holds. Writingw(y) =

v(y)− α+(s + εy) and applying Lemma 6.3, we have

−wyy +Wuu

(
s + εy,w(y)+ α+(s + εy)) = ε2α′′+(s + εy),

|w(y)|� ρ0 in
[
L2(ρ0), $−L2(ρ0)

]
.

Thus applying maximal principle tow(y) in [L2(ρ0), $−L2(ρ0)], we have the result of
Lemma 1.11. ✷
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