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ABSTRACT. — We consider the quantum nonlinear Schrédinger equa-
tion (NLS) as a model of the quantum (nonrelativistic) field theory in
1 + 1 dimensions. In this paper we develop a calculus of intertwining
operators for the NLS. This calculus will be used in subsequent publi-
cations to solve explicitly an initial value problem for the NLS.

RESUME. — On s’occupe ici de 1’équation de Schrodinger non linéaire
quanitique (NLS) comme un modéle de la théorie quantique (non rela-
tiviste) des champs en 1 + 1 dimensions. Dans ce travail nous présentons
un calcul des opérateurs entrelagants pour le NLS. Ce calcul sera utilisé
dans les publications suivantes a donner la solution explicite d’un probléme
de valeur initiale pour le NLS.

§ 0. INTRODUCTION

This is the first in the series of papers on the quantum Nonlinear Schro-
dinger equation {NLS)
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286 E. GUTKIN

where W*(x, t), ¥(x, t) are time dependent operator valued distributions
(fields) in the Fock space # = @ #x. On the jargon of physics literature
N=0

¥*(x,1), W(x,t) are the creation, annihilation operators, respectively, in
the position representation. NLS is the evolution equation given by the

unitary group e¥ M where

H= J dx[— PH(x)¥x + P HX)PAX)] 0.2)
is the selfadjoint Hamiltonian, which preserves the N-particle sectors
Hn=Ly™RN and Hy = H |, is the N-body Hamiltonian with §-potential

Hy = —AN—f—cZé(xi—xj) (0.3)
i%j
The problem of solving NLS explicitely is thus equivalent to the problem
of constructing the group e¥ ! which is the direct sum of the groups
e/"THAN N =0,1, ...

Faddeev and his collaborators (cf. [/5] [/6]) and independently Thacker
with his collaborators (cf. [7/2]) claimed a solution of (0.1) by the quantum
inverse scattering method. This method yields a quantization prescription
for solving NLS. More precisely one considers the classical version of NLS
(or the Zakharov-Shabat equation [/4])

V=1o.= — ¢+ 200 (0.4)

where ¢(x, t) is a complex valued function. After solving (0.4) by the
inverse scattering method (cf. [/7]) one « quantizes » the solution replacing
functions by fields written in the normal order. The quantized solution of
(0.4) is supposed to solve (0.1).

The quantization prescription has serious drawbacks as B. Davies ([2])
pointed out. Due to the singularities in (0.1) it is impossible to check
whether the obtained expression solves the NLS. I noticed some time ago
that these singularities arise as a result of formal manipulations with the

Hamiltonian H. The Hamiltonian H is not the sum of — j dx¥ (%)

and cJ dx¥**(x)¥?*(x) because the highly singular operator density

¥+ 2(x)¥2(x) does not define an operator on #. This problem with H
is not at all different from the problem with its N-body restrictions Hy where

(0.3) is not the sum of the Laplacean and the §-potential ¢ o(x; — x;).
i#j

The problem is actually not a problem because one can make and does

make sense out of Hy and therefore H in a few equivalent ways. The one
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NONLINEAR SCHRODINGER EQUATION 287

we work with here defines Hy as a boundary value problem (see § 1). The
authors of [/5] and [12] are of course aware of the fact that Hy is defined
as a boundary value problem but proceed to work formally with H which
disguises the singularities. The reader can easily see for instance that
the square of (0.3) involves expressions §%(x; — x;) which don’t make
sense even as distributions. Nevertheless H is well defined and one can
write it down using the definition of Hy as a boundary value problem.

In view of the above one should take the quantization prescription for
NLS with a grain of salt. In this series of papers we solve NLS explicitely
using the approach of intertwining operators which started in [3] and has
been applied since to NLS [4] and other (unrelated) problems ([5] [6]).

In §1 we develop the calculus of intertwining operators Py, P¥, P31,
Py ! which (for ¢ = 0) produce an equivalence of Hy and the free Hamil-
tonian — Ay. The material of § 1 can be viewed as a far reaching extension
of the Bethe Ansatz for the delta Bose gas (0.3) (cf. [8] [/3]). The main
purpose of §1 is to establish convenient formulas for intertwining ope-
rators on sy, N = 1,2, ... which will be later on put together for all N

to produce formulas in the Fock space # = @ #y. The exposition in §1
N=0

is completely self-contained and on the way we derive formulas for the
Bethe Ansatz eigenstates from the calculus of intertwining operators.
As another application of our techniques we obtain at the end of §1 the
scattering matrix for Hy.

In §2 we pass to the Fock space . recalling the basic definitions for
the reader’s convenience. The intertwining operator on J is the direct
sum of the corresponding operators on #%y, i.e¢.

P= @ Py 0.5)
N=0
and it yields an equivalence (¢ > 0) of the interacting Hamiltonian
H= @® Hy (0.6)
N=0
with the free Hamiltonian .
Ho = (— Ay) 0.7
N=o0

These intertwining operators conjugate solutions of NLS (0.1) with the
solutions of the linear equation

A2 I‘P, = - lPx:c (08)

In order to convert this general remark into an explicit formula for solutions
P(x, t) of the NLS we need to expand P in terms of the « standard fields »
Wo(x), o (x) (see §2 for definitions). This will be done in a forthcoming
paper [7]. In § 2 besides preparing the ground for [7] we use the second
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288 E. GUTKIN

quantized intertwining operators P, P~1, P* P*~1 to construct the crea-
tion and annihilation operators b*(k), (1) for the Bethe Ansatz cigenstates
and their companion fields a®(k), a(l). Our formulas for a(k), a*(k), b(k),
b* (k) easily yield the commutation relations for these operators (Theo-
rem 2.1) which were written earlier ([/2] [I6]) on the basis of analogy
with the Zakharov-Shabat equation.

§ 1. INTERTWINING OPERATORS
FOR THE N-BODY PROBLEM

Throughout this section, N > 2 is fixed. We denote by W the group
of permutations of N items, denote by x — wx its natural action on R¥
andlet # = L,(R™) be the subspace of symmetric L,-functions f(x;,. . .,xy).
Let C. = {x; > ... = xx} be the positive « octant » and denote by

O(x) = Oxy, ..., xx5) = 6(x; — x;) the indicator function of C. (6 is

i<j
the indicator function of R.). Multiplication by ® is an isometry of #
on L,(C,) and the symmetrization operator

(S)x) =N~ 2 S (wx)

weWw

is the Hermitian projection of L,(RY) on .
Denote by H, the positive Laplacean on H, fix a real number ¢ and set

H=H0+C25(xl—xj) (1.1)
i*j
We define the operator corresponding to (1.1) as the positive Laplacean
on L,(C.) with boundary conditions

(0/0x; = 0/0x;4 1) f = of (1.2)

onthewallsC, ;={x>...Z2x;=x4, > ... 2xy} of Cy,i=1,.. ,N—L

Let L < L,(RM) be the dense subspace of smooth rapidly decaying at infi-
nity functions and denote by &, the operator §/0x;i=1,. . ., N. The imaginary
unit will be denoted by ./ —1. We use the shorthand exp (/ —1{k|x))
for exp [\/—Jl (kyxy+ ... +kyxn)] The inverse Fourier transform & ~*
of feL,(RY) is denoted by f(k) and we use the convention that

(F 1 f)k) = f(k) = (27r)_NJ‘_ flx)exp(—y/—1{xlk))d"x. (1.3)
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NONLINEAR SCHRODINGER EQUATION 289
We denote the Fourier transform % f by f and we have
(F N0 =f(x) = J _: f®yexp(/=1<klx>)d%. (1.4
For any i # j we define the operator A;; on L by
(A Mxe, .o xN)=J0wf(x1,. Xty L Xi—y, .. L xne” Ydy (1.5)

Operators A;; are instrumental in our construction of the intertwining
operator P.

ProPosITION 1.1. — i) Operators A;; commute with each other and
with operators J, for all k and we have
((3,- - aJ)AU = — 1 + CA,'_,' (1 6)

ii) Forany ¢ # 0

(A f)x) = J [e—/ =1tk = k)17 fkyexp (/=1 (k| x ) )dN  (1.7)

Proof. — Operators A;; are convolution operators (of a special type)
therefore they commute with each other and with (infinitesimal) transla-
tions. Any convolution operator A is conjugate by the Fourier transform
to the operator of multiplication by a function m(k) which is called the
Fourier multiplier of A. If Aexp(./—1<k|x>) is defined then

Aexp (V—1<k|x)) =mk)exp(\/ —1<{k|x})

which yields (1.7). Formula (1.6) is obtained by an elementary compu-
tation. It is equivalent to

A= [C_(ai‘aj)]_1 (1.8)
For n = 1, ... define operators HY on # by

N
HY = Z(A J—18/8x.)y 1.9
i=1

As differential operators with constant coefficients, HY commute with
each other and H{’ = H,, in earlier notation. Define operators H™ on #

N
as z (— \/——10/6x,-)" on C, with boundary conditions on the walls C, ;
i=1

(8/0x; — 0/0x:+ )" f = A0/0x; — 0/0x;+1)** f (1.10)
for 1<2k+1<n—-1and i=1...,N-1
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290 E. GUTKIN

Denote by © the operator of multiplication by the function @ and define
the operator P on # by

P=N! 59[1—[(1 _ cAij)}s (1.11)
i<j
THEOREM 1.1. — Operator P intertwines H{? with H®, i e.

H®™P = PHY (1.12)
forn>= 1.

Proof. — The domain D of H® consists of n times differentiable sym-
metric functions on RN or, equivalently, n times differentiable functions
on C, with boundary conditions

(8)0x; — 6)0x;4 P* 1 f =0 (1.13)

for 1 <2k +1<n—1 on the walls of C.. The domain D™ of H" is
given by the boundary conditions (1.10).

Regarding P as an operator from the symmetric part of L,(RN) to L,(C,)
we see from (1.11) that Pf is obtained by applying the integral operator

ﬂ(l — cAy;) to f and restricting the result to C.. By Proposition 1.1,
i<j

H(l — cA;;) commutes with all differential operators with constant
i<j

coefficients. Thus it remains to show that PD{ <« D™,

Fix an index i, 1 <i< N —1 and represent the operator H(l —cAy)

as i<j
H(l —cAy) =1 = cAjive) H (1 — cAy)) (1.14)
i<j i<j

where H means the product over all i < j except i < i + 1. Since the
i<j

operators 1 — cA;; commute, by Proposition 1.1, the order of factors

in the product (1. 14) does not matter. Denote the functions l:ﬂ 1- CAU):]f

1<

and [H a- cAU)J f by g and ¢ respectively. Then
g=(0—cAii+1)o. (1.15)

The productn (1 — cA;;)is invariant with respect to the transposition s; :
i<j
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i —» i+ 1, therefore ¢ is symmetric in variables x; and x;.,. Since ¢ is
differentiable at least the same number of times as f, we have
(¢/ox; — &/exi ) Tl =0 (1.16)
onC, ;for1 <2k + 1< n— 1L Using (1.6) we obtain
(0/0x; — 8/0x;4 )** " 1g = (8; — 0;4 1)*M0: — Cie Ml — CAyiv 1)
= (0 — 0ir 1)@ + A0; — 04 )1 — cAiir1)o
=(0; — 0i+1)* o + 0; — ;1) g. (1.17)

In view of (1.16), g satisfies the boundary conditions (1.10). The Theorem
is proved.

LetD = m D™ be the common domain of operators H™ n > 1.
. nz1
It consists of infinitely differentiable functions on C, satisfying boundary

conditions (1.10) for all k > 0. From now on we consider H™ as operators
on D.

CoROLLARY 1.1, — Operators H®, n > 1 commute.

Proof. — Let Dy = # be the space of smooth functions with boundary
conditions (1.16) for all k > 0 and rapidly decaying at infinity. The argu-
ment of Theorem 1.1 shows that PD, < D and for feD,, g = Pf and
any m, n, we have, by Theorem 1.1,

HM™MH®y — H(m)H(n)Pf — H('")PH((;')f = PH\dn)H(On)f
= PHPH{? f = HWH™g .

ProrosiTion 1.2. — Let P* be the formal adjoint of P. Then

P* = N! S[H(l - cAji)JG)S (1.18)

i<j
and P* intertwines H"™ with H{® for n = 1, i.e.
Hg'P* = P*H™. (1.19)
Proof. — Using (1.7) it is elementary to see that

Afi=Aj; (1.20)

which implies (1.18). Applying * to (1.12) and using that H®™ H® are
symmetric, we get (1.19).
For i # j set
B;; = (Aij + Ay)/2. (1.21)
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From the definition we have

ool

1
Bijf(xls""xN)=5J‘ e_dy,f(xlw--axi+y9"-’xj—y""axN)dy (1‘22)

—C

and, by (1.20),
B?‘szU:Bﬁ' (123)

For i # j define the operator D;; by
D f X1y - Xn) = j fxtse e Xt Yoo Xj—= Yo x0dy  (1.24)
0

From the definition we have

D;S: - D,-jz Dji (1.25)
and from (1.8)
1 + CDij == (1 - CAij)_l . (1.26)
Fork = (ky, - . ., kn) € C, let fy(x | k) denote the symmetrized plane wave
fo(XIk)=(N!)_”ZEeXP(\/—l<Wle>). (1.27)
weW

The functions fy(x|k) are generalized eigenfunctions (eigenstates) of
HP n>1

HP fo( .1 k) = (kT + ... + kR)fo(- 1K) (1.28)
and they are normalized to é-function, i.e.
Jw Jolx 1 k') folx | K)dx™ = 2n)¥o(k — k') (1.29)
and o
L Jolk | x) fo(k | y)dkN = 2m)No(x — y). (1.30)

The following theorem is crucial for the calculus of intertwining operators.

THEOREM 1.2. — i) The operator P*P commutes with all symmetric
differential operators with constant coefficients and

P*P = S[H(l - cBij):lS. (1.31)

ii) The operator P has a left inverse P~ ' which is the inverse of P for
¢ > 0and
P! = N!SH_I(I + cD,-j):lG)S. (1.32)
i<j
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iii) The operator P* has a right inverse (P*)~ ! which is the inverse of P*
for ¢ =2 0 and
(P*)~1 = N! S@[H(l - cDij)]S. (1.33)
i<j

Proof. — By Theorem 1.1 and Proposition 1.2, P*P commutes with
operators HY for all . By the classical invariant theorem, H?, 1 < n < N,
generate the algebra of invariant with respect to permutations differential
operators with constant coefficients.

By (1.29) and (1.30), the functions fy(. | k) form a complete family of
generalized eigenvectors of HY, n > 1. Besides, by (1.28), the multiplicity
of { fo(.1k):keC, } is one, i.e. fo(.|k) and fo(.]k’) belong to the same
« eigenvalue » of HY, n > 1 if and only if k = k’. Therefore any operator A
commuting with H§’ > 1 iagonalizes on { fo(. | k):ke C, }. In other
words there exists a function (multiplier) a(k), k e C, such that

(Ag)(x) = J a(k)p(k) fo(x | kyd k™ (1.34)

c,
for all p € #.

Consider first the case ¢ > 0. The operator P is defined on bounded
functions, in particular on fo(.] k). If f(x|k), x, k€ RN is a function of two
variables and we W we use notation wf (x| k) for f(x|wk). Let f (x| k)=Pf(x]| k).
An elementary computation shows that

=1k, —k,)
) le, =(N1)=172 NS 1
fx k) e, =(NY ZW{[iq c+\/:'1(kj——k,~)] exp ( 1<klx>)}.
(1.35)
Denote by C,, the domain wC.. Then RN = UCW and f(x|k)|c, is

weW
determined by (1.35) and the symmetry. Thus, f(x | k) is bounded and P*
is defined on bounded functions, by (1.18). We will calculate P* f(x | k).

Denote © exp (\/:I< k|x>) by e(x|k). It suffices to calculate

[H (1 - cAﬁ):le(x | k).

i<j

From (1.8) using that A;; commute between themselves and with ¢, we get

H(l —CAji)=H(ai—5j)HAﬁ- (1.36)
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An elementary computation shows that for any i < j

[c—/—1(k;—k) ] texp (/—1 (k| x D) +aemoi=een
exp(v/—1<klx)) for xeD,

Aje(x | K)= 4 [e—/—1(kj—k)] 7 exp (/=1 (k| x D) +aze™Csmi =)
exp(y/—1(k|x)) for xeD,

0 for xeRMD
(1.37)
where D = {X1> ... in—l in+1> e >xj—1>xj+1> ...ZXN}aHd

where D, « D is given by x; — x;4; < X;—1 — Xxj, D, = D is given by
Xjo1 — X; < X; — Xij+1. FOT ke CN we-use the self explanatory notation
Rek,ImkeRY and (k|x)>=<Rek|x)>+./—1{Imk|x>. Then (1.37)
can be written as

Aje(x | 1) = [c — /=10, — k)] telx [ k) + o(x)  (1.38)
where
ay exp(/—1{kyix)) xeD; D
Px) = § azexp(/—1<{k,[x)) xeD,=D (1.39)
0 xe RM\D
and Im A, Im Ak, = O lterating (1.38) and (1.39) we obtain
-1
[HAﬁ]e(ch) = [ﬂ c—\/j(kj-k,-)} e(x | k)+d(x) (1.40)
i<j i<j

)

where R is the union of a finite number of polyhedral domains D, and
p)

‘D(X)ID,,ZZap,qexp(«/—1<kp,q]x>) (1.41)

q=1

with Im k, , # 0. Applying H(@i — 0;) to (1.40) we get

i<j

v~ Uki—k;)
(1— Aji):] [k):[ 7 ﬁ_jil k ! .
[[}[ c e(x || . _l(ki_kj) e(x | k)+d'(x)+ (1.42)

where @’(x) has the form (1.41) only with other constants a),, and V is

a distribution supported on hyperplanes separating domains D,. Since
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O f(x | k) is given by (1.35) we see that the function P* f(x | k) has the form

PfﬂXWﬁﬁND_”Zziw{[II ;i@kk)}enﬂv <kIX>)}
w

= + D)+ (1.43)

where ®(x) is given by (1.41) with different constants a,, and 17/ Is sup-
ported on a finite union of hyperplanes. On the other hand, P* f(.] k) must
be proportional to fo(. | k).

Therefore ® = 17/ = 0 and we have

(ki —k;)?
P*f(-lk): nm fo(-lk)- (1-44)

i<j

The last expression can be rewritten in the form (1.34) as

P*P )—J [H (ki — k;)® :|Ak k)d k™ 4
(P*Po)(x) = . m oK) folx | k)dk™.  (1.45)

i<j
A straightforward computation of the Fourier transform shows that

(k; — k;¥*/[c* + (k; — k;)*] is the Fourier multiplier of the convo-
i<j
lution operator S[H(l — cBij):ls which proves assertion i) for ¢ > 0.

i<j

By analytic continuation in ¢, formula (1.35) remains valid for arbi-
trary ¢. The operator P* is always defined on bounded functions because
it involves integration on bounded domains only. Since f(x|k) is always
bounded, the second part of the argument above remains valid and proves
the assertion (i) for arbitrary c.

The polar decomposition of the operator P

P = “)‘P*P) P2 ](l):szl))l 2 {1.46)

where Q = P(P*P)™! 2 is an isometry and R = (P*P)"? is positive defi-
nite (by (1.11), Ker P = 0) implies the polar decomposition of the left
inverse P~ 1

1= (P*P)" ' 2 [(P*P)" ! 2P*] = (P*P) " 'P*. (1.47)
From (1.18) and {1.31) we have
= N! S[H(l — cBij)_IJSZH—[(l - cAj,-)]G)S. (1.48)
i<j i<j
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By (1.23), the operator H(l — ¢B;;)™! is symmetric, i.e. it commutes
with S, thus

i<j

-1 = N! S[H(l — Bl — cA,-,.)](as. (1.49)

According to earlier calculations, the Fourier multipliers of (1 —c¢B;;)™* and

1—cAj; are [+ (ki—kj)*/(ki—k;)* and / —L(ki—k;)/ [c++/ — L(ki—k;)]

respectively. Hence, the Fourier multlpher of the product is

e+ —1k; — k)I/ —1kj — ki)

which is the Fourier multiplier of (1 — cA;;)™'. In view of (1.26), this
implies (1.32). The proof of (1.33) is completely analogous and we spare
the details.

The generalized eigenfunctions f(x | k) = Pfy(x | k) of H™, n = 1, given
by (1.35) are called the Bethe Ansatz eigenstates (cf. [/2]). It is known
(cf. [10]) that for ¢ > 0 the Bethe Ansatz eigenstates are complete ortho-

gonal (but not normalized) in J#. That is J@(x) fx | k)dxN = 0 for all k

implies ¢ = 0. Completeness of f(.|k) means that Ker P* = 0 hence P
is invertible, thus P~! given by (1.47) is the inverse of P. Theorem 1.2
is proved.

The following Corollary was proved in the course of proof of Theorem 1. 2.

COROLLARY 1.2. — Let 4, denote the closure of PJ# in 5. Then 4,
is the subspace of absolutely continuous spectrum of the Hamiltonian H
(for ¢ = 0, #, = #). The operator P! given by (1.32) intertwines H®
with H forn > 1 and Ker P! = # ;. The operator (P*) ! given by (1.33)
intertwines H"') with H® for n > 1 and the closure of (P*)"1# is #..

Sometimes it is convenient to use another « normalization » of Bethe
Ansatz eigenstates. Namely set g(.|k) = (P*)"!fo(.|k), ke C,.

CoroLLARY 1.3. — The functions g(.{ k) form a complete orthogonal
in J#, family of common eigenstates of H™, n > 1. We have

+/ —1k;—k;
g(xlk)lc+=(N!)‘”ZZ { C\/—(k( k))exp(\/—1<klx>)}~

(1.50)
The two families of Bethe Ansatz eigenstates are related by

T+ G =k
g(-(k)—[HW}f(-lk)- (1.51)

i<j
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Proof.— The Fourier multiplier of the convolution operator n (1—cDy))
i<j
1s H[c+~/ —l(k,-—kj)]/\/—ll(k,-—kj). Using this and (1.33) we obtain
i<j
(1.50) the same way as we obtained (1.35) in the proof of Theorem 1.2.
To prove (1.51) we use that g(.1k) = P(P*P)"! fy(.| k) and, by (1.44),

(ki — k;)?
(P*P)fo(~ ] k) = H m fo(c ‘ k) . (1 -52)

1<j

Throughout this section we have used the convolution operators on
L,(RM) of a special type. Let g be a distribution on R with its Fourier trans-
form

g(k) = r g(x)er =¥ dx (1.53)
and the inverse Fourier transform
gk)y = (2n)~! F g(x)e v~ 1k=dx. (1.54)
For every pair i # j of indices we associate with g the convolution ope-
rator G;; on L,(RY) by
(G f)x) = jj gO)f(xy, .., xi+t, . x;— .., xndt. (1.55)

A straightforward computation shows that

(Giif ) = f Bk — k) K exp (/=1 < k| x>)dkY  (1.56)
RN

that is the Fourier multiplier of G; is glk; — k;). Set

G= HGU. (1.57)

i<j

Then G is the convolution operator with the Fourier multiplier H glk;i—k;).

i<j
We call g(k), k € R the elementary multiplier of G and g(x), x € R the ele-
mentary kernel of G. Using notation A;; for the operator which was earlier
denoted by 1 — cA;; (see (1.5)) we have

P = N!S®AS (1.58)
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where A is the convolution operator of type (1.50) with the elementary
kernel
a(x) = d(x) — cB(x)e™ > (1.59)

and the elementary multiplier
ak) = — / —1lkfc — / —1k). (1.60)

Analogous formulas hold for the other intertwining operators P*, P*~1,
P-L

The operator ’
Q = P(P*P)” 112 (1.61)

is the normalized intertwing operator. We calculate Q explicitely in the
following Theorem.

THeoreM 1.3. — i) The operator Q is an isometry of 3 on the space
# . of the absolutely continuous spectrum of H and Q is unitary for ¢ = 0.
ii) We have
Q = N!SOUS (1.62)
where U is the unitary convolution operator of type (1.57) with the ele-
mentary multiplier

- — c+/—1k
and the elementary kernel (for ¢ # 0)
1 d
w(x) = = ¢ — — }[Lolex) — Ip(ex)] (1.64)
2 dx

where L(x) and I4(x) are the modified Struve and Bessel functions res-
pectively.

Proof. — Assertion i) was proved in the course of proof of Theorem 1.2.
By (1.52),
P*P = STS (1.65)
where T is the convolution operator of type (1.57) with the elementary
multiplier k?/(c®> + k?). Therefore

(P*P)~ Y2 = ST~ !/28 (1.66)
where T~ 1/2 has the same type and its elementary multiplier . /¢ +k?/| k|
is invariant under k¥ — — k. This property of the elementary multiplier
of an operator G of type (1.57) is equivalent to the W-invariance of the

Fourier multiplier of G which means that G commutes with the permu-
tation group W, hence with S. In particular T and T~ !/?2 commute with S.

Now
Q = N!SOASST V28 = N!SOAT /28
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and weset U = AT~ /2, Since the set of convolution operators of type (1.57)
is closed under multiplication, U has form (1.57) with the elementary
multiplier -

—/ — Lk(c?+ k)12

k) = R e P AVl
u( 101kl lsgnk(cz+k2)1/2.

Since | @(k) | = 1, the absolute value of the Fourier multiplier H t(k; —k;)
i<j

of U is 1, thus U is unitary. The kernel u(x) is the inverse Fourier transform

of u (see (1.54)) and after elementary transformations we have

_, | ©kooskx — csin kx
ux) =7 . R dk. (1.67)

Using tables of Fourier sine transform (cf. [9], p. 416) we obtain (1.64).
Theorem 1.3 is proved.
Now we can normalize the Bethe Ansatz eigenstates.

COROLLARY 1.4. — Set @(k|.) = Qfy(k].), ke C,. i) o(k|x) are sym-
metric functions and

ok [l = (= /= DN DN Y12

' et = 1(ki—k;)
sgn (ki—k;) Y Z T e (/1< k[x>)}. (1.68)
Ziw{[l Lt/ —1(ki—ky)|

i<j

ii) {@k]|.), ke C, } is the complete in #, (# for ¢ = 0) family of
normalized to d-function simultaneous eigenstates of operators H™, n > 1.

Proof. — By (1.27)~(1.30), functions fo(k].), ke C, form a complete
in # family of normalized simultaneous eigenstates of H{, n > 1, and
Q: # — U, is an intertwining isometry, hence ii). We can calculate
Qfolk].) using (1.62) and (1.63) which yields (1.68).

In order to formulate the following Proposition we indicate by subscript ¢
the dependence of functions and operators on parameter c.

ProrosiTION 1.3. — i) The operator valued function ¢ — Q. is conti-
nuous in the uniform operator topology for ¢ bounded away from zero
and infinity and in the strong topology for all ¢. Q¢ = 1.

ii) Strong limits s-lim Q. = Q. exist and Q- = (— WE=D2Gy

iiiy We have 77

Q.. =NI!ISOU,.S (1.69)
where U, . is the operator of form (1.57) with the elementary kernel
Ui (X)) = — (ax)71 (1.70)
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and U_, = (=)NN-2y, . For i #j the operator

(Usn)ijf(x)=—=n"1 f Yy U G, xS X— Y. Lxdy (1.71)
is defined by the Cauchy principal value, i. e. (U);; is the Hilbert transform
in variable x; — x;.

Proof. — Since the operator N!®S does not depend on ¢, by (1.62),

it suffices to prove assertion i) for the function ¢ — U,. Since U= H(UE)U
i<j

and (U,);; is equivalent to the multiplication operator in one variable by

the elementary multiplier (1.63), everything boils down to the analysis

of the following function of two variables

udk): (c, k) » —/—1sgnkc + /—1k)/(c* + KHY>.  (1.72)
The function #(k) is continuous everywhere on the extended plane except
when ¢, k - Oand |c|,| k| - oo where the limits do not exist. On any
part of the (¢, k)-plane where ¢ and k can not go simultaneously to 0 or o
the function u/(k) is even uniformly continuous.
The elementary inequality

| (k) — k)| < f(c/d) (1.73)

where f is a continuous function with f(1) = 0 implies
| k) — ugk)| < const [¢ — d| (1.74)
if 0 <& < ¢, d < E < oo which gives the continuity of U, in the uniform

topology.

To show the continuity of ¢ — U, in the strong topology it suffices to
estimate the L,-norm of (&, — &) f for feL,(R). For a fixed feL,(R)
and any ¢ > O there exists n > 1 such that

J_" | f(k) |Pdk + f | f(k)|Pdk + r [ f(k)|Pdk < €.

-n

For | k| bounded away from 0 and oo the inequality (1.74) holds. Thus

H(ﬁc—ﬁa)fﬂz=f | (k) — s k) [* | f(K) Pdk

k] <n—1!

+J | k)~ #dR)P | f (k)fzdk+f lik)—afk)P| f(k)Pdk  (1.75)
Ikl > m

n- < lk|<n
<de+const | c—d || f]|*

Estimate (1.75) gives the uniform continuity of ¢ — U.f which implies
the strong continuity of ¢ — U..
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The argument above also shows the existence of the limits 11m uU.f
which correspond to the limit elementary multipliers *

. c+/—lk
“i(k):cll?w(_ /—1sgnk(cT+k—2)172=i —1lsgnk. (1.76)
The corresponding convolution operator is known to be the Hilbert
transform. The details are left to the reader. The proof of the following
Corollary is also left to the reader.

CorOLLARY 1.5. — The Hamiltonian H_ (¢ = oo, the infinite strength
of interaction) is equal to the Dirichlet Laplacean in C,. The unitary
intertwining operator Q,, transforms the Neumann Laplacean H, into
the Dirichlet Laplacean H,. The normalized Bethe Ansatz eigenstates
Jolk].) = Qu folk|.) of H,, are given by

folk1X) e, =(—/ —D)NFDN)~2 Zdet Wexp(/ —1<{wk|x3).

w (1.77)

Calculus of intertwining operators allows to obtain explicitely the wave
operators W,,, W, of the scattering theory and the scattering operator
W, W ! for the Hamiltonian (1.1). We recall the basic notions of the
scattering theory. By general definition

W, = lim [e7~ 1*Hog ~TtH]
t—> — o
Wy, = lim [e™~ ~ [Hopv=TrH] (1.78)
o t=>+ o

The wave operators are isometries from the space 4, of absolutely conti-
nuous spectrum onto 3# and we denote their right inverses by W,_,'W__ 'res-

ins

pectively. Both operators W, ! and W_,! intertwine H, with H
Wi 'H, = HW !, W Ho = HW!. (1.79)

For the rest of this section we denote the scattering operator W, W, '
by S and the symmetrization operator by Sym. By (1.79), S commutes
with the free Hamiltonian

SHo = HoS. (1.80)
Let for ke C,
Jalk].) = Wil folk].)
Soulk 1) = Wil folk 1)) (1.81)

be the incoming and outgoing scattering states. Then

fulk]xy < x5 ... <x3)=(N !)—1/'2[e~-—1<’4*>+ Zp(w, ke~ ~1 <W"l*>]

w¥* 1

(1.82)
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and
out =(ND" e + g(w, k)e ! )
Joulk1x; > > xn)=(N1) /2[ I ¢kix) Z (w, k) 1 (wkix >:I

w# 1
(1.83)
Let wo e W be the longest permutation i.e. wy:

1 - N, 2->N-1,... N - 1.

Then woC, =C_ ={x:x; < ... <xn} and (1.82) implies by sym-
metry that in C, we have

fulk]x; > ... > x0)=(N !)-l/z[e—~—_1<wo"IX>+ z p(w, k)e~"—_1<w"IX>].

Ewe (1.84)
Now for every k = (k; > ... > ky) we have 5 Bethe Ansatz eigenstates
fkl.), gk].), @kl.), fin(k].) and f,(k|.) which coincide up to scalar
factors.

Denote by V the convolution operator on L,(RY) of type (1.57) with
the elementary multiplier

W) = — 1SV LK (1.85)

(cz +k2)1/2 -

THeEOREM 1.4. — i) The inverse wave operators are equal to
W, ! = N !Sym OUV Sym (1.86)
and
W,! = N!Sym®UV~!Sym (1.87)
respectively.

ii) The unitary operators UV and UV~! are convolution operators
of type (1.57) with elementary multipliers

[ (c+ .~ 1k)? =0
-~ 7 >
Wll) = e (1.88)
1 k<0
and
1 k>0
Folk) = (€ + /— 1K? (1.89)
- k<0
2 + k?

respectively. The corresponding elementary kernels are equal to

—lelx

win(x) = (1 — ¢)d(x) — %c(sgnx + sgn¢)e

-+

Vi (1+sgn c)e” *I*Ei(| ¢] x)+ vl (1—sgnc)e'™Ei(—|c]x) (1.90)
2n 2n
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and
Wou(X) = Wiy(x) (1.91)

where the exponential integral Ei(x) (cf. [9])
Ei(x) = J 1~ te'dt (1.92)

1s given by the Cauchy principal value for x > 0.
iii) The scattering operator is equal to

S = Sym V2 Sym (1.93)

where the convolution operator V2 has elementary multiplier

) = vy = — I LRI

R (1.94)
and the elementary kernel
s(x) = (1 — 20)8(x) — | c| e~ lelIl
=1
N TR~ (o] x) + e FREi( ] )], (1.95)
T

Proof.—Since | 9(k) | =1, the operator V is unitary and, since #(— k)= i(k),
V commutes with Sym. Compairing (1.68) with (1.83) and (1.84) we have

Julk].) = [H ulk; - kj)](/)(k 1)

i<j

Joulk[.) = [ﬂ 57 (ks — kj)]q)(k )

i<j

(1.96)

which, in view of the above, implies
Wil =QV =N!Sym®U Sym V = N!Sym OUV Sym
and
Wl =QV™! =N!SymOUSym V™! = N!Sym ®UV~'Sym.

Formulas (1.88) and (1.89) are obvious. (1.90) is obtained from (1.88)
using the tables of Fourier sine and cosine transforms (cf. [9]). (1.91)
follows from

Woulk) = Win(— k)~ .

For the scattering operator S we have
S=W_,Wio!=SymVQ ! QVSym
which proves (1.93). The set of convolution operators of type (1.57) is
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closed under multiplication and the elementary multiplier of a product
is the product of elementary multipliers of the factors. This proves (1.94).
Formula (1.95) is obtained using tables of the Fourier transform (cf. [9]).

§2. FOCK SPACE

We start by recalling generalities about the second quantization of a
many body problem. We restrict our exposition to the case of interacting
particles on the line with the pair potential interaction

Hy = _AN+Zv(xi_’xj) 2.1

although the formalism holds for more general interactions. Denote by #y
the space LY™(RY) and set

j = (‘;3 %N
N=0
. © 2.2
H = (‘B HN-
N=0
where #, = R and H, = 0. The subspace #)y of # is called the N-particle
sector. One chooses a generator Q € #, 1]l = 1. Then #, = CQ and Q
is called the vacuum vector. The space # is called the Fock space and H
is the second quantized Hamiltonian (2.1). As is customary in the second
quantization, we denote by X the operator adjoint to X and call the ope-

rator valued distributions on A the fields. For x € R we define operators
Yo(x), ¥g (x) on A by

Wolx) f)x1s - xn) = /N+Lf(x, xp, ..., xN) (2.3)
where f € N+, and

1
(ll/g(x)f)(xl’ CeaXNel) = Z O(x~x)f(x1,. .5 Xiye ooy XN1)
VN+1— 2.4)

where fe #xn. The operators Yo(x), Yo () satisfy the canonical commu-

tation relations
Wolx), ¥o(3)] = [Wo (X1 ¥3(»] =0
[Wo(x), Y5 (y)] = 6(x — y) (2.5)

Yo(x)Q2 = 0. (2.6)

Any system ¥(x), ¥ *(y) of fields in H satisfying (2.5), (2.6) is unitarily
equivalent to Yo(x), Y5 (y). The fields ¥ ¥ (x), Y(y) are called the creation,

and
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annihilation operators respectively. We will call yo(x), ¥3(y) the stan-
dard fields. We refer the reader to [/] or [/!] for more details on the for-
malism of second quantization.

Any reasonable operator on # can be expressed in terms of the standard
fields. In particular

A= | aal-vsewonds | [axdnseonsonts o

(2.7)

where, as usual in the physics literature on second quantization, we put
differentials in front. The second quantized Hamiltonian H generates a
one-parameter unitary group ¢~ ~ ', The corresponding evolution equa-

tion in N
¢ _
_ \/i'le: 1387 (2.8
ct
is equivalent to the opcrutor cvolution equition

Jﬁ%x: X, H]. (2.9)

Applying the evolution o the standard fields we obtain the time dependent
fields

Ylx, 1) =ev T TYg(x)e > T, Y =T RYd (e TR (2.10)
which for any t satisfy the canonical (equal time) commutation relations
(2.5), (2.6). Applying the time evolution to (2.7) we see that
H= J dx[— Y™ (x, e, 1)]

+ J dedﬂ/ﬁ(x, DY (y, olx — YW, Y(y, 1) (2.11)
which simply means that the Hamiltonian H is an integral of the evolution

(2.9). From (2.11) and the equal time commutation relations we obtain
the evolution equation for the fields

\/j % d/(x’ t) = - wxx(x> [)
+ 2J dyy ™ (y, tholx — YW(x, )y, t) (2.12)

Although the evolution equation (2.12) is nonlocal and nonlinear it is
equivalent to the infinite sequence of local linear evolution equations

0
VAT N @.13)
where fye #n, N=1,2 ...
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Now we specialize to the case v(x — y) = ¢6(x — y). Equations (2.11)
and (2.12) become formally

A =f dx[ = YT (e + P22 (x)] (2.14)

and

VW= = e+ 207 (2.15)

Equation (2.15) is the quantum Nonlinear Schrodinger equation and we
will refer to it as NLS.

When solving the NLS one should not forget that expressions (2.14)
and (2.15) are formally obtained from (2. 11) and (2. 12), which make sense
literally for smooth potentials v(x), by setting v(x) = ¢d(x). It is clear from
the preceeding exposition that the Hamiltonian H of (2.14) is the direct
sum of N-body Hamiltonians

i#j

which are defined by the boundary conditions (1.2). With this understanding
and our earlier conventions on the fields ¥(x, t), ¥ *(y, t), the NLS (2.15)
is well defined and we proceed to solve it explicitely. By that we mean an
explicit expansion of the time dependent fields y(x, t), ¥ *(y, t) in terms
of the initial data—the standard fields yo(x)=y(x,0), Y3 (¥)=¥"(y,0).
The fields ¥(x, t), ¥ *(y, t) are called interacting as opposed to the free
fields o(x, t), Y5 (y, t) which correspond to the case ¢ = 0.

Our solution of NLS is based on the explicit equivalence of the Hamil-
tonian H which depends on ¢ and the free Hamiltonian H, which cor-
responds to ¢=0. Quoting the results of § 1 we will use the subscript N=1, 2...
in formulas established there. Set

P= & Py

N=0
" ® 2.17
B9 = & (Py) -

N=0

In what follows we denote by H the restriction H |, _. Then
H = PHP! (2.18)
which implies

e TR _ P T TP -1 (2.19)

i.e. P intertwines the unitary groups e~ 1Ho gpngq o —1H Analogous

formulas hold with the other intertwining operator (P*)~!. The following
Proposition is obvious.
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ProOPOSITION 2.1. — i) Let Ay(t) be an integral curve of the free (ope-
rator) evolution, 1. €.

0 -
v 1= Ao(t) = [Ao(t), Hol.
ot

Then A(z) = PAo(t)P ! is an integral curve of the interacting evolution, i. e.
0 .
—1—A(t) = [A(z), H].
v-lo (t) = [A(), H]

ii) Let A(t)=ev_~“ﬁAe_V’"_“ﬁ and Ao(t)=e¢‘_“ﬁ°Ae—V’T“ﬁ° be an
interacting and a free evolution respectively. Then

A(t) = PB(t)P ! (2.20)
where
Bo(0) = P 'A(O)P. (2.21)

In view of Proposition 2.1, in order to obtain an explicit formula for
the interacting fields y(x, t), it suffices to express the intertwining ope-
rators P and P~ in terms of the standard fields ¥ o(x), ¥& (). Before doing
it, let us establish a direct connection between the intertwining operators P,
(P*)~! and the Bethe Ansatz eigenstates.

Define for ke R the operators (k) by

Yolk) = f_ dxe™ T yo(x) . (2.22)
Then O:O
Yo (k) = j dxe’ ™Y (x) (2.23)

and the commutation relations are

[Wolk), Yolk)] = [¥5 k), Y5 (k)] =0
[Wo(k), Yo (k)] = 2md(k — k') (2.24)

Operators g (k) are creation operators for the eigenstates of the free
Hamiltonian Hy, i.e. for any k = (k,, ..., ky)

Wi ky) ... Yg (k) = fol .1 k) (2.25)
where fo(.] k) given by (1.27) satisfies
Ho fol. 1K) = [ k[P fol .1 k). (2.26)

For obvious reasons yg(k), yo(k) are called (the standard) momentum
creation, annihilation operators as opposed to g (x), ¥o(x) which are
position creation, annihilation operators. Letting y(k), 5 (k) evolve under
the free time evolution e¥~ "o we obtain the time dependent free fields
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Yolk, t), W (k, t). From the definition of yo(k) we see immediately that

Yolk, 1) = e~ = ¥yo(k), Y3 (k, 1) = e Ty (k) . (2.27)
Define the operators b*(k, t) by
b*(k, t) = P* 1yd(k, t)P*. (2.28)
ProposITION 2.2. — b™(k, t) is an integral curve of the interacting
evolution (2.9) and o
bk, t) = e " Y*b*(k, 0). (2.29)
Denote b*(k, 0) by b¥(k). For any k = (k;, ..., kn)eC.
b¥(ky) ... b (kn)Q = g(.1k) (2.30)

where g(.]| k) are defined by (1.50).

Proof. — The operator (P*)™! intertwines the free evolution with the
interacting evolution. By Proposition 2.1, (i), b*(k, t) is an integral curve
of the interacting evolution (Proposition 2.1 obviously holds with (P*)~!
in place of P). Thus, (2.29) follows from (2.27). We have

bt(ky) ... bY(kn)Q=P* Lyg (k)P* ... P* 1y (kn)P*Q
= P*_l‘ﬁg(kﬂ Yo (k) = Ils*_lfo(- ki, oo kn) = g(-1 k).
In this sequence of equalities we have used that P*Q = Q, (2.25), that
Jol-lky, . ke #xand P 1, =PE L
We summarize the meaning of Proposition 2.2 in the following Corol-
lary.

CoroLLARY 2.1. — The fields b*(k) create Bethe Ansatz eigenstates
g(.| ky, ..., ky) of the Hamiltonian H,

Remark. — If we used P instead of P*~! in (2.28) we would get creation
operators for eigenstates f(.|k) (see (1.35)). Both f(.]k) and g(.] k) are
Bethe Ansatz eigenstates in different « normalizations » and both options
are equivalent. The choice of P*~! over P is made to facilitate comparison
with some formulas in the literature (cf. [/2]). Using U = @ U, instead
of P*~ ! in (1.28) we get creation operators for the normalized Bethe Ansatz

eigenstates ¢(. | k).
Let b(k, t) be the adjoint to b*(k, ).

CorROLLARY 2.2. — b(k, t) is an integral curve of the interacting evo-

lution and o
bk, t) = e~ ~"*b(k) (2.31)

where we set b(k) = b(k, 0).
Proof. — Immediate from Proposition 2.2.
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We will now compute the commutation relations for operators b(k),
b* (k). This requires some preparation. Define the operators ay(k) on J# by

@ < =1k
agll) = exp [(27!)_1 f drlog (C?—(k( ))wa‘(r)wo(r)} 2.32)
—r
Then

. [ /- ) . }
k) = 2 drl . (2.33
ag (k) = exp [( ) j rlo ( N Yo (ro(r) | (2.33)

The basic properties of fields ay(k), ag (k) are summarized in the following
Lemma.

Lemma 2.1. — For all k and [ the fields ao(k), ag (/) commute with
each other and with the Hamiltonian H,. The fields ay(k) and o(k) satisfy
the commutation relations

= Uk —1
aokyg (1) = ‘ t/———_l(k(— D ) ¥g (Dao(k) (2.34)
~ = Uk =1)
k )= l k 2.35
ao(k)yo(l) - \/—_——l(k _ Vo(Dag(k) ( )
J=1l-k
ag (ko (l) = cr ( ) ¥ (Dag (k) (2.36)

V= 1=K

kU
kwo(l) =
ag (k)o(l) = \/_([ S

For any (ky, ..., ky)e C,; we have

Yo(Dag (k) . (2.37)

k
CT/_V_(k(_k) foli ks -k (2.39)

= e+ —1(ki—k)
= 1(ki—k)

aolk) fol- L ky, - . kn) =

ag(K) fol 1 ki, . ky) = Sol- ke, oo kn). (2.39)

Proof. — Set

ak) = (2n)_1f

- x

'Sy —_ 1 k —
dr log (C ’LJ_V_W( (_ , ’))wg(r)wo(r) - (2.40)
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An elementary computation with the commutation relations (2.24) shows

that
=1k -1
[o(k). w3 ()] = log (C :L/_—l(k - ; ))waa) .41

c+fk—l)>
. 2.42
NESTE Yoll) (2.42)

Since ag(k) = exp a(k), we have from (2.41)

c+ /- Uk—-1)

k=1

and

[ak), Yo(D] = — (

ag(k)ys (Daok)™" =

Yo ()

AN

which is equivalent to (2.34). (2.42) implies (2.35) in the same way. For-
mulas (2.36) and (2.37) follow from (2.35) and (2.34) respectively.
Since

Sol 1 kg, oo skn) = Wg (k1) - .- g (kn)Q

the commutation relations (2.34)-(2.37) imply (2.38) and (2.39). The
latter equations mean that the fields ay(k), aq (I) are diagonalized by the
eigenstates fo(. | ky, . . ., kn) of Ho. Hence they commute with H, and with
each other.

Define the fields a(k) by

a(k) = P*~ao(k)P* (2.43)

and let R .
a (ky = Pagth)P™! (2.44)

be the adjoint fields.
Next Theorem establishes the commutation relations between the fields

b(k), b (k), a(l), a™(I).

THEOREM 2.1. — The fields a(k), a*(I) commute with each other and

A

with the interacting Hamiltonian H. They are diagonalized by the Bethe
Ansatz eigenstates and
c+ /-

\/——k—k

. ¢+ /= 1(k; —
= 1(k; — k)
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The following commutation relations are satisfied

¢+ (k — I?
bR (1) = o B (ObK) + 2mdlk — Da*(alt)  (2.47)
c+ /- Uk =1
kb*(l) = b*(Dalk 2.48
a(k)b™ (1) NESTED) (Dalk) (2.48)
=10 -k
*(kyb(l) = b(ha*(k 2.49
a” (k)b(1) c+\/i(l—k)()a() (2.49)
=1k = 1)
k)b(l) = b(Da(k 2.50
a(k)b(l) c+\/j—1_(k—l)()a() (2.50)
et =11-k
(kb ()= b*(Da* (k). 2.51
a (kb (1) NS (Da™(k) 2.51)
Proof. — The operator P*P on # which is given by
P*p = Néo PP, (2.52)
is invertible and we have
(P*P)yo(k)(P*P) ™" = af (Kao(k)yolk) - (2.53)

To establish (2.53) we apply both sides of it to the free eigenstates
fol.1ky, - ., kyn) and use (1.45), (2.36) and (2.37) to show that we obtain
the same thing. The operator ag (k)ao(k) is symmetric and taking the adjoint
of (2.53) we get

(B*P)™ 'y (K)(P*P) = ¥ (k)ag (K)ao(k) . (2.54)

By (1.45), P*P is diagonalized by the eigenstates fo(.|k), therefore P*P
commutes with aq(k) and ag (k).
From the definition of fields b(k) we have

bk)b* (1) = Pyo(kNP*P)~ 1yig (1)P*.
Switching ¥o(k) and (B*P)~! around by (2.53) we get
blk)b* (1) = P*~ag (kaolk)po(k)ys (1)P* . (2.55)
On the other hand
b*(yb(k) = P*~1yg (INP*P)yo(k)P !
and switching P*P with ¥,(k) by (2.53) we get
b* (Db(k) = P*~ 1y (1ag (kaok)yo(k)P* . (2.56)
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From the commutation relations (2.34)~(2.37) follows

2
Yo (Dag (k)ao(k) = % ag (k)ag(k)yo (1) . (2.57)
Thus
b*(1)b(k) = &P*”f(k)a (K)§ (Dpolk)P*
&+ (k—1I)? o VRO 0
e e
2+ (k1) o ROTTOTTe
— (2mé(k — 1) ﬂ P*lad (k)ao(k)P*. (2.58)
A+ (k— 1)? oo T
The first summand in the right hand side of (2.58) is Ll)z— bk)b*(1)
' +(k—1)? ’

by (2.55). The second summand is

2 . 2 o .
- c—f S(k— NP*~1aZ (k)ag(k)P*= — c_’; S(k— PP~ 1P* 143 (k)ag(k)P* =

2 L . 2
- c_’; S(k—1)[Pag ()P~ 1][P*~ag(k)P*] = — C_f S(k—Da*(kak)  (2.59)

where we have used that P~ !P*~ ! = (P*P)~! commutes with the fields
ag (k), ag(k). From (2.58) and (2.59) we have

k — 1) 2
mmk)b*(l)— C—Z&(k — Da*(ka(k) (2.60)

which immediately implies (2.47).

Formula (2.48) follows directly from the definitions of a*(k) and b(l)
and Lemma 2.1, (2.37). Equation (2.49) is the adjoint of (2.48). To show
(2.50) we have

a(k)b(l) = P*~1ao(k)P*P)o(1)P~* = Pag(k)o(1)P

b*(1)b(k) =

since ao(k) and P*P commute. Analogously
bl)a(k) = Pyo(1)(P~'P*~ Mag(k)P* = Pyro(lag(k)P

because P~'P* ! = (P*P)"!. Now Lemma 2.1, (2.35) implies (2.50).
Taking the adjoint we obtain (2.51).
Using that P*P commutes with ay(k) and ad (I) we have

a(k)a*(l) = P*~tay(k)P*Pag (NP~ ! = Pay(k)ad ()P~ !
=Pal (Hag(k)P~1P*~1P* =Pag ()P~ 1 P* Lay(k)P* =a* ()a(k) .
The Hamiltonian H commutes with a(k) and « (k) because
H = P* 'H,P* = PA P!
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and H, commutes with aq(k), ad (k). From (2.38) and (2.43) we have
a(k)g(. [y, .. kn) = P* 7 lag) PP fo L ko, oy k)

- c+ . — 1k —k;)
S 1k~ k)

which proves (2.45). A parallel argument shows that

N
c+/— Uk — k
= Uk; — k)
By the Remark after Corollary 2.1, eigenstates f(.|ky,...,ky) and

g(.|kq, ..., kx) are proportional, thus (2.61) implies (2.46). The Theorem
is proved.

i)*—lfo(-lku .. '9kN)

at (k) f( Nk, .. kn) = )f('[kla~~-akN)- (2.61)

COROLLARY 2.3. — The action of fields b(k) on the Bethe Ansatz
eigenstates g(.| ky, .. ., ky) is given by

b(k)g( |k1’ AR N)

A+ (k—k;)? ~
—277:25(k k)ﬂ - k)z gliky, . ki oo kn) . (2.62)

Proof. — By (2.30), (2.45), (2.46) and (2.47) we have
c? + (k — ky)?

b(kg(. | ky, .. . kn) = W bk )b(k)g(. | ka, . - ., kn)
N
A +(k—k;)?
+ 2n8(k — kl)HWg(.}kz,. L ky)  (2.63)
i=2

Iterating (2.63) and using that b(k)Q = 0 we obtain (2.62).

In the next paper [7] we will express the intertwining operators P, etc...
and the fields a(k), a*(k), b(k), b (k), y(x, t), ¥ T (x, t) in terms of the stan-
dard fields which will give us an explicit solution of the NLS.
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