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ABSTRACT. — We study the torsion of an elastic bar surrounded by
an increasingly thin layer made of increasingly hard material. In the model
problem the ellipticity constant tends to zero in the outer layer; the equa-
tions considered may be fully nonlinear.

Depending on the link between thickness and hardness we obtain three
different expressions of the limit problem.

REsUME. — On étudie la torsion d’une barre élastique enveloppée
d’une couche trés mince d’un matériau trés dur. Dans le probléme modéle
la constante d’ellipticité de la couche extérieure est trés petite ; les équa-
tions considérées peuvent étre complétement non-linéaires.

En modifiant la relation entre I’épaisseur et la rigidité, on obtient trois dif-
férents problémes-limites.

Mots-clés : Reinforcement, I'-convergence, Integral functionals, Non-equicoercive
problems.

I. INTRODUCTION

Several recent papers (see [2] [3] and the references quoted there) deal
with the reinforcement problem for an elastic bar, whose mathematical
setting may be outlined as follows.

(*) Financially supported by a national research project of the Italian Ministry of
Education.
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274 E. ACERBI AND G. BUTTAZZO

Let Q be a bounded open set in R", surrounded by a layer X, whose
thickness r, goes to zero as ¢ — 0; set Q, = QU X, and denote by u,
a minimum point in W3-2(Q,) of the functional

1.1 G(u) + sj f(x, Du)dx,
I

where G is lower semicontinuous in the L? topology of W-#(Q), and f(x, z)
is non-negative and convex in z.

The reinforcement problem consists in studying the behaviour of u,
as ¢ tends to zero.

Under suitable assumptions we characterize the T'-limit of the functio-
nals (1.1) in the L? topology: it is known (see [4]) that this immediately
gives informations on the convergence of u,.

We prove in particular that

I'(L?) lim I:G(u) + EJ fix, Du)dxj| = G(u) + LJ Yo, uw)dH" ™ (o),
%, ?

=0 o

where L = lim ¢/##~ 1, v is the outward normal vector to Q and y depends
onlyon f °

In [3] it was proved an analogous result valid in the two-dimensional
case, with G(u) = | |Du|?dx and f(x, z) = | z|*; the functional (1.1) is
Q
then related to the torsion of an elastic bar with cross section Q enclosed
in an increasingly thin shell made of an increasingly hard material.
Using again some techniques of elliptic equations, the results of [3] were
generalized in [2] to the many-dimensional case, with

G(u)=J a;;(x)DuD judx and fx, 2) = bij(x)z;z; .
Q

Other similar results may be found in [/], sections 1, 3, 5, and in [5],
chapter 13.

In this paper we use the direct methods of Calculus of Variations and
I'-convergence, which allow us to give some answers even in the fully
nonlinear case.

II. NOTATIONS AND STATEMENT OF THE RESULT

In what follows we denote by Q a bounded open subset of R* with C*+!
boundary, and by vits outward normal vector. Letd: ¢Q — Rbea Lipschitz
function satisfying :

O<a<dlo)<p for every 6€0Q.
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REINFORCEMENT PROBLEMS 275

Forall e > 0 fix r, > O so that lin(} r, = 0, and set

Z.={oc+10):0€0Q,0<t <rdo)}
Q=Quz,.
Our assumptions on ¢Q ensure that the mapping (o,t) — o + v(o) is

invertible on X, if ¢ is sufficiently small, hence for every x € Z, there exist
o(x) e 6Q and t(x) € 10, r.d(o(x)) [ such that

x = o(x) + t(x)v(o(x)).
If xeX, we will briefly write d(x) in place 6f d(o(x)). Take p > 1, and let
f:R" x R" - R satisfy
(2.1) forall x e R" the function f(x, .)is convex;

(2.2) there exists a function w: [0, + o[ — [0, 4+ co[ which is continuous,
increasing, vanishing at the origin and such that

[fx,2) =[x D < olfxy —x: DA+ [2]7);
(2.3) forallxeR" zeR"
Azl <flx ) <Al +1z17)  O<iA<A);

(2.4) there exists a non-negative continuous function y(x, z) which is
convex and p-homogeneous as a function of z and satisfies

sup | | f(x,2) — v(x, 2)[:xeR"} < p(|z[ X1 + |z |7,
where p: [0, + o[ = [0, + [ is continuous, decreasing and
vanishes at infinity.
Finally consider a functional G: W»P(Q) — [0, + oo ] such that
(2.5) G is lower semicontinuous in the topology L¥(Q);

(2.6) G(u) = J | Du |Pdx for every ue WH-?(Q).
Q

When ue LP(R") is such that u|qe WP(Q), we will simply write G(u)
instead of G(u |p).
For every ue L?(R") and ¢ > O set

Fs(u) =<G(u) + ¢ JEE f(x, Du)d.x lf ue Wé,p(Qe)

+ otherwise .

We want to characterize the I'-limit of F, in the topology L?(Q), depending
on the behaviour of r,. Indeed, it is well known that the I'-convergence
of a sequence of functionals is strictly related to the convergence of their
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276 E. ACERBI AND G. BUTTAZZO

minimum points and minimum values: more precisely, let X be a metric
space, (F,).. o mappings from X into R, and x € X. We set

I *(X) lim gnf F.x) = inf { lim gnf Fu(x,):x, » xin X}

[' (X)limsup F(x)= inf { im sup Fi(x,) : x, - xin X | .
=0 e—0

If these two I'-limits agree, their common value will be denoted by
' (X) lin(} F,(x).
We have: '

THEOREM (II.1](see [4], Theorem 2.6). — Let X be a metric space and F,
(F,),>o mappings from X into R such that

i) the family (F,) is equicoercive, i. e. for every A > 0 there exists a compact
subset K ; of X such that

{xeX:F(x)<i} < K; foreverye>0;

i) T7(X) ling F,=F. _
Then F has a minimum on X and n;(inF = ling (i;{lf E,),; moreover if

lim F.(x,) = lir% (i;(lf F,)and x, - X in X, then X is a minimum point for F.
=0 i

Define for all ue W!-7(Q)
G if ueW5?(Q)

G (u =
(1) S 4+ o0 otherwise

and forevery L > 0

Guw) = G(u) + LJ d' ~?(o)y(o, w)dH" " (o).

eQ
We will prove in section III the following result:
THEOREM [I1.2]. — Assume that ling egrf"l=Le [0, + c0]; then for
every uc W1-?(Q) we have
T~ (LA(R") lim Fyw) = Gy(a) .

ReEMARK [II.3]. — The result above yields immediately that if ling gt

does not exist then the functionals F, do not I'-converge in the topology
LA(R™).
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REINFORCEMENT PROBLEMS 277

III. PROOF OF THE RESULT

We will later need the following results:

LEmMma [III.1]. — Let a:R" — R be a continuous function and
ue WHP(R™) ; then

: 1 J f
lim — a(x) | u(x) |Pdx =
&0 Fe Js.

d(o)a(o) | u(c) |PdH" " ().
a0
Proof.— We denote by the letter c any positive constant. Set forevery >0
W, =sup {lalx +y)—ax)|: xelQ | y|<fBr,].
Then ix_{% w, = 0 and

lim

=0

1

L] a1t - | dotor oy rarr=rco
Te Jz. oQ

red{g)

1
< lim —J dH""Y(g) dt
oQ

e=0 r,

alo + tv(o)) | u(e + tv(0)) | —a(o) | u(o) |?
0

red(a)
< lim1 dH"~ I(U)J e || ule+tv(a)) [P —| u(o) |? | + w, | u(o) [P ]dt
0

071, Joo

< clim [wej | u(o) [PdH" (o)
£—0 2Q

red(a)

+2 j dH"(0) |u(o+tv(0))—ulo) | (|ulo)|P '+ u(o+ IV(U))I"_I)le
oQ

re 0

1 red(c)
< clim—J‘ dH"'l(a)[J | Du(o +tv(o)) | dt
o0

e=0 re 0

red(a)
: J (lu@) P + [u(o + t%(0)) l"_l)dt]

0
1

1 red(c) p
< clim—[rf“lj dH" (o) J | Du( + tV(a))l"dt]
=0 r, 80 0 p—1

p

1 red(o)
. [rf_ 1 J dH"'l(a)J (lu()|? + | (o + tv(o)) l")dtjl
o0 0

1 p—1

< clim lif IDu(x)["dinpl:rEJ [u(a)l"dH"_l(a)+j ju(x) |"dx:' ’ =VO.
=0 Jr, eQ %, .
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278 E. ACERBI AND G. BUTTAZZO
LemMA [II1.2]. — Let g:R* — R be C!, convex, p-homogeneous and
such that for all ze R"
AlzlP<glz) < A|z[P O<i<gA).
Then for every x, ye R"
| <y, Dg(y) > IP glx) = [ <x, Dg(y) > 17 &(y) -

Proof. — By the homogeneity of g we may assume | x| = | y| = 1, hence
: g(x)
if we set Y (x)= ————— for {(x,Dg(y))> #0, we must prove that
’ [<{x, Dg(») >

min { Y (x): x| =1} =y (y).
Let X be a minimum point of Y, on {| x| =1} : then
Dg(%) [ < X, Dg(y) > 1" —pg(%) 1< X, Dg(y) > 1P~ { X, Dg(y) > Dg(y)
= ux | X, Dg(y > 1?7,

Multiplying by X and using Euler’s theorem on p-homogeneous functions
we obtain p = 0, that is

3.1 Dg(X) | < %, Dg(y) > I* = pg(%) { %, Dg(y) > Dg(y)-

Now take X = tX such that g(x) = g(y); by eventually taking — X instead
of X, we obtain from (3.1) that for a suitable # > 0

Dg(x) = nDg(y).

By the convexity of g we have

gy) 2 g(x) + {y — x, Dg(x) >,
whence ( y — X, Dg(y) > <

g(x) =z g(y) + <x — y,Dg(y) >,
so that { y — X, Dg(y) > = 0 and finally

<y, Dg(y)> = <X, Dg(y)>.
_ g(x) _ gy _
1<% Dg(y)>1* 1<y, Dgly)>I?

Proof of Theorem [11.2] in the case L < + c0.
We begin with the inequality F*™ < Gq.

For every ¢ > 0O set
dist (x, Q)
@lx) =max{0,1 — ————
r.d(x)

then 0 < ¢, < 1 on Z, and ¢, = O outside Q, ; moreover || Do, ||L o,y < /7.
Let ue W1P(Q): by the regularity of 4Q we may assume that ue WH?(R").

0; analogously we have

But then
(%) = ¥, (x)

Uy (). [ ]

B
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REINFORCEMENT PROBLEMS 279

Setting u, = up, we have u,e W§?(Q,) and u, - ulg in LP(R"); in addi-
tion for every re 10,1]

(3.2) Fdu) = Glu) + 8J flx, uDg, + ¢ .Du)dx

<G + ¢ J [tf(x, “D“”£> +(1—1) f(x, “"‘D“)]dx
£, t 1—1t

uDg, { Du|?
< Glu) + sLCf(x, . >dx + eAl — I)L[l + - t)p]dx.

Fix M > 0 and set Ay, = { xe R": | u(x)Dox)| < Mt ! : then

D £ D £
(3.3) ej f(x,u q))dxgej y(x,u qD)dx
L. t L t
cu |?
)dx
.

+ej p(0)(1+MP)dx +¢ J p(M)(l + |-
ZenAM,e £

e~ AM, o

C
tr,

uDo, d
<8J y(x, ; )dx+s meas (Ze)p(O)(2+M")+sp(M)< ) j JufPdx.
. %,

Let o(x) = dist (x, Q): we have

(3.4 SJ y(x uD%)dx=iJ y(x 5@ —(1—6)LD§—>dx
’ . Ut s, '\ dPr, (1—=8)d?r,
<t J [é(x)y(x,—“Dd> + (1—6(x))y(x,————_ “D‘S)]dx
(tro)? Us, d? (1-46)d

e Af uDd "d N £ 1 — uDé i
e a—pryp L\ Ta )

T logp o?
By (3.2) (3.3) 3.4) and by Lemma [III.1] we obtain

F ) < lirgl_'soup Fu,)

3

c\? . 1 L. 1 v
<G(u)+ Lp(M) Z hrgl_'sou\p - | u|Pdx + v lim sup - [ u Pyl x, 7 dx
£ - 5.

£JZe £

—Gu) + IEP L _do)|ufo) I"[p(M)c" + y(a. ;ﬂdH"‘ (o).
Letting M — + oo and ¢t — 1 yields
F*(u) < Gy(u).
We now prove the inequality G, < F~.
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280" E. ACERBI AND G. BUTTAZZO

To this aim, we must show that if u,e W§-P(Q,) and u, — u in LAR")
Gp(u) < lim (i)nf Fu,).
Without loss of generality we may assume that for a suitable sequence (e;)

li?l (i)nf F.(u,) = ;.11.[2 F,u,) < + .
so that (omitting for simplicity the subscript h)
(3.5 Lz | Du, [Pdx + A¢ L | Du, [Pdx < K,
hence u e W?(Q). By the semicontinuity of G, it will suffice to prove that

lim (i)nfej f(x, Du,)dx = Lf d* ~P(eYy(o, v(0)) | u(c) |PdH" " (o).
£ T aQ

Fix M > 0 and set By, = { xe R": | Duy(x)| < M }; then by (2.4) (3.5)
it follows

£ J f(x,Du,)dx

Ze

-1 EJ x, Duy)dx —e J p(OY1+MP)dx— EJ\ p(M)(1 + | Dy, {P)dx
poR ZenBM,¢

Ze—Bm,e
K
= z—:j y(x, Du,)dx — e meas (Z,)p(0}2 + M?) — - p(M).
I
Since M is arbitrary, we may only prove that
(3.6) lim %)nfsj 7(x, Du)dx = L J d*~?(a)y(o, v(0)) | u(c) |P7dH" (o).
= z 2Q

If we set for every he N
vix, z) =1inf { y(x,w) + h|z —wP:weR"},
then for a suitable sequence (¢,) vanishing as h — + oo we have

i) for every xe R” y,(x,.) is convex, p-homogeneous and of
class C!;
ii) for every x,, x,,ze R"

(X1, 2) = ulx2, 2) | < (1 + e xg — x2 1) 2175
3.7 iii) for every x, z € R” we have
(A —e)lz|P <ydx,2) SAfz|P;

iv) for every x, ze R" we have

L 0<9(x,2) —vx,2) S el 2|7
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REINFORCEMENT PROBLEMS 281

By (3.5) and (3.7) iv) we have

’}im { lim iglf > J yu(x, Du,)dx — Lf d' " (o)yx(a, (o)) | (o) [PdH" (o) }
e Te eQ

—+ @

= lim infsj
£—0

Zs

»(x, Du.)dx—L J d' ~H(o)y(o, W0)) | (o) IFdH" " (o),
aQ

therefore in (3. 6) we may assume also that y(x, .) is a C! function. For every
o € 0Q we set v(c) = D,y(o, v(6)); then by Euler’s theorem we have

(o), (o) > = py(o, o)) = pA > 0.

By the regularity of dQ, the mapping (o, t) +> o + (o) is invertible on ¥,
if ¢ is sufficiently small, so that there exists r (o) > 0 such that

Y, ={0+1t(c):6edQ0<t<rlo)}.
By using the regularity assumptions on dQ and d(c), one may easily verify
that

. r.d(o)
(3.8) lim
£=0 r}:( o‘)

= (uo), 9) »

uniformly in ¢ e Q. By simple changes of variables we obtain, writing
briefly Du,(x) in place of Diu (o + tr{s)),

[ s
. re(a)
= f dH"'l(G)J Yo +1(0), Du(x)) o), v(o) > (1 +1q(t, o))dt
a0

0

where g is a suitable bounded function. Then

lim (i)nf e 7y(x, Du,)dx
e b

&

re(0)
=lim (i)nf EJ\ dH"~ 1(a)j Yo + tv(o), Du,(x)) < (o), v(6) > dt .
e 0 0

By (3.5) and (3.7) ii) we obtain

re(o)
Ej dH"" (o) j [¥(o + (o), Du(x))— (o, Du(x))] (o), v(o) > dt
anQ

[

re(a)
< EJ dH""Y(0)|  o(t| o) ])] Dulx)|? { o), Wo) » dt
an 0
K
<sw£J‘ | Du, |Pdx < w,—
T, A
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282 E. ACERBI AND G. BUTTAZZO
with w, vanishing as ¢ — 0. Therefore
(3.9) lirsrL %)nf € J;E 7(x, Du,)dx »
= lir;rl (i)nf e JO dH"" I(U)J o, Dux)) { v(a), v(o) > dt.

0
For all 6 € (Q we have

j " Dufo + (o)), o) > dt

[

p

(3.10) Jugo)|” =

re(a)

< |rfo) I”_IJ | { Duy(x), v(o) > |¥dt .

4]
Using (3.10) and Lemma [II1.2] we finally get

" re(a)

e| dH" (o) J Yo, Du(x))  vl0), v(0) > dt
Joo 0

re(a)
ze| dH" (o) J 1o, (06)) | { Duyx), o(0) > |¥ { v(0), W(o) > ~7dt
JEQ 4]

Ze| [rdo) (u(o), v(a)> ' 77 | ulo) [P¥(o, Wo)dH" " (o),

JEQ

and (3.6) follows from (3.8) (3.9) and from the convergence of u, to u in
L7(69Q)). [ ]

Proof of Theorem [11.2] in the case L = + co.

Since F, < G, for all ¢, the inequality F* < G, is trivial. As for the
inequality F~ > G, we remark that, since ¢/r?”"! — + oo, given any
L > Owehave e > Lr? ! for ¢ small enough; therefore forevery u € W§?(Q,)

Fw) = G(u) + Lr27! j f(x, Du)dx .
A
By the first part of the proof (case L < + ) we obtain

F (w) = G(u) + LJ | u(o) |Pd" " "(0)y(0, (o))dH" " (o),
whence “

F ()= G, ()

by taking the supremum with respect to L. | ]
We now apply the result to the study of the asymptotic behaviour (as
& — 0) of the minimum values and minimum points of the functionals

F.(u) + j Sudx
R

1 1
with fe LYR™, = + = = 1.
P q
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REINFORCEMENT PROBLEMS 283

Since u — j fudx is continuous in the strong topology of LP(R"),
[RH

we have (see [4], Theorem 2.3)

T~ (L#R") lim (Fe(u) n J fudx) — Gy(u) + f fudx .
£ e fietg]

Therefore, in order to apply Theorem [II.1], we must prove the equi-
coerciveness of (Fg(u) +J fudx) in the topology LP(R"). By the

R >0
inequalities (2.3) (2.6), we only have to show that if u,e W§-#(Q,) and

(3.11) J | Du, |Pdx + SAJ | Du, |Pdx + J fudx < ¢
Q T Q.
then (u,) is relatively compact in L?(R").

THEOREM [II1.3]. — Assume 0 < L < + oo ; if (3.11) holds, then (u,)
is relatively compact in LP(R").

Proof. — By (3.11) it immediately follows that for any é > O there
exists a constant ¢, such that

(3.12) f IDuEI"dx-i-sJ | Du, [Pdx < ¢; + 5f | u, |Pdx .
Q Te Q.

For all 6€0Q and te [0, r.d(o)]

p

(3.13) Jufo + tv(o) |? =

red(a)
J { Dujo + sv(o)), v(c) > ds

red(a)
< (rd(o) — )P ! J | Du(c + sv(o))|?ds ;

0

if ¢ is small enough, for suitable constants ¢ we have

red{(c)
J | u [Pdx = f dH"“(G)f lufo + t¥(a)) |71 + tq(a, 1))dt
Lo 20 0

red{s) red(c)
< cJ d H"“‘(o)[ j (r.d(o)— t)"_ldtj | Du{o+ sv(a))|P(1+ sq(o, s))ds:|
eQ

0 0
<cr§’f | Du, |Pdx .
e
Since P~ !/e is bounded,

(3.14) f | u, 1Pdx < crsz | Du, |Pdx .
Te p
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284 E. ACERBI AND G. BUTTAZZO

It follows from (3.13), with ¢t = 0, that

J Ius(a)l”dH"_l(O’)<08J- | Du, |%dx,
eQ

17 X

J ug|Pdx < C[J | Du, |Pdx + J | ulo) l"dH"_l(a)]
Q Q 29

(3.15)
< c[f | Du, |Pdx + SJ | Du, l”dx:l.
Q I,

If & is properly chosen, by (3.12) (3.14) and (3.15) we obtain

so that

J | Du, |Pdx + EJ | Du, j7dx < c,
Q Ze

whence j |u|Pdx — 0 and [|u,|lwi.rg) < c. [ ]
X
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