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ABSTRACT. — In this paper we consider the following nonlinear elliptic problem Pxu =
uP, u > 0in Q, u =0 on 92 whereQ is a bounded and smooth domain ¥, n > 4,
p+ 1=2n/(n—2) is the critical Sobolev exponent. We prove a version of Morse lemmas at
infinity for this problem. As application of these lemmas we will give a characterization of the
critical points at infinity of the functional corresponding to (P).
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RESUME. — Dans cet article nous considérons le probléme elliptique non linéaire (P) :
—Au=uP,u>0dans?, u =0 surdf, ou 2 est un domaine borné et régulierdé, n > 4 et
p+ 1=2n/(n — 2) est 'exposent critique de Sobolev. Nous prouvons une version des lemmes
de Morse a l'infini pour le probléme (P) et nous appliquerons ces lemmes afin de donner un
caractérisation des points critiques a l'infini de la fonctionnelle correspondante au probléme (P)
© 2003 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Mots Clés:Lemme de Morse; Problémes elliptiques avec exposant critique de Sobolev

1. Introduction and the main results

We prove in this paper a version of a Morse Lemma at infinity for Yamabe-type
problems on domains iR", n > 4. These problems are related to the study of the
equation

{—Au:u:Jrz, u>0 1in Q, (P)
=0
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whereQ2 C R", n > 4, Q is a bounded and regular set. This problem has a variational
structure. The related functional is

J ) = (/|u|f"fz)_n"_2
Q

defined on
Y= {u € H}(Q) | /qu|2 = 1}.
Q

The problem (P) is delicate from a variational viewpoint because the functidnal
does not satisfy the Palais—Smale condition (P.S. for short). This means that ther
exist sequences along whichis bounded, its gradient goes to zero and which do not
converge. The P.S. condition fails fdron

ST={ues.tu>0}.

Its failure has been analyzed throughout the works of [13,14,16]. The analysis carriec
out in [11] and [15] comes out here virtually without any change. These various studies
have led to the characterization of the sequences failing the Palais—Smale condition. |
order to describe this characterization, we need to introduce some notations.

Let, fora € Q andx > 0 given

(n—2)
2

A
14+ 22x —al?

co is chosen so tha, ;) is the family of solutions of the Yamabe problem Bf. Let P
be the projection fronf/1(Q) onto Hy () i.e.u = Pf is the solution of

Sa.n(x) = Co< (1.2)

Au=Af inQ, u=0 ono.

Let, fore > 0, p € N* andw either a solution of (P) or zero
V(p, e, w)= {u eX¥s.ti(ay,...,a,) €V, (A1, ..., Ap) € (le ™1, +o0])?,

Ao, a1, -, @) € (10, +oo)P T st nd(a;, 3Q) > 77,

ﬂ—1|<5,5U<8} 1.2)
&)

p
u— oW — ZaiP(S(ai,,\i)
i=1

<&,

1
Hy

where, fori # j,

A A =z
-1 i J 2
gij :(—Aj +—)Li +)\.,’)»j|a,'—aj| )

The failure of Palais—Smale condition can be described as follows.
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PROPOSITION 1.1. —Let (u;) € X be a sequence such thétJ (u;)) tends to zero
and (J (uy)) is bounded. Then, after possibly having extracted a subsequence, there
exists p € N*, a sequences;), s, tends to zero, andv (either a solution of(P) or
zerg such thatu, € V(p, &, w).

Thinking of these sequences which do not satisfy the (P.S.) condition as “critical
points”, a natural idea is to try to find suitable parameters in order to complete a Morse
Lemma at infinity. For manifolds without boundary, this program has been completed
in [4] and [9]. We would here extend the proof of the existence of a Morse Lemma
at infinity to the case of Dirichlet boundary conditions. We introduce the following
parameterization of the sét(p, ¢, w) (wherew is a solution of (P)). We denote by
W, (w) the unstable manifold o for a decreasing pseudogradientjofif a functionu
belongs taV (p, e, w) then, fore > 0 small enough, the minimization problem

o

has an unique solution, up to permutation (see [4-6]).
Therefore, fore > 0 sufficiently small, any: in V (p, &, w) can be uniquely written as

p
u—ao(w+h) =Y o PS(ai, i)
i=1

,a; >0, a,€Q, A; >0,

1
Hy

he Tw(Wu(w))} (1.3)

p
u=ao(w +h) +Z%P5(Cli,)»i) +v
i=1

wherev satisfies the following conditions

— d —
(VO) { (Uv P(S(ai, )\'1))[-[01(9) - (Uv mps(aiv )"l))HOl(Q) — Ov

, 1.4
(v, 55 P8(ai, 1)) = (v, w) @) = (V. 1) g3y =0, (14)

and thex;’s satisfy
Y oell—e 146 Vi, V).
o
We denote byG the Green’s function of the Laplacian with Dirichlet boundary condition
on 2 and byH its regular parti.e.

G(x,y) = |x —y*" = H(x,y) for(x,y) eQ?
AH =0 inQ? G =0 0na(Q>?.

For g e N*, andx = (x1,...,x,) € Q%, such thatx; # x; Vi # j, we denote by
M (x) = (m;j)1<i. j<q the matrix defined by

m;; :H(xl-,x,-), mi; :—G(.X,',Xj) fori#j, (15)

by p(x) its least eigenvalue and fx) the eigenvector corresponding pgx) whose
norm is 1 and whose components are strictly positive (see [8] and [9]).
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In this paper we assume that zero is a regular valuge &r eachg < p (such
assumption is true if, for exampl€ is a thin or a large annuli (see [1,2])). Our main
results are the following Morse lemmas at infinity.

THEOREM 1.2. — For ¢ > 0 sufficiently small given, there exists a change of
variables, such that for any = 3", o; P8, ;) + v belongs toV (p, ), (a;, A, v) —
(a;, A, V) whereV belongs to a neighborhood of zero in a fixed Hilbert space so that

p p
J(ZaiP&ai,,\i) +v> = J(ZaiP(S(a;,,\;)) + |V|2
i=1 i=1

Furthermore, if eacha; belongs to a neighborhood of such thatp(X) > 0 and
p'(X) =0, where X = (x1,...,x,), then we can find another change of variables
(a;, A;) = (a!, A}) such that, fom a fixed small constant

P
J (Za,-Pa(a,.,m> = U(a,a,))

i=1
S Sler (L (4 a1
T P 2n/(n—2)\ (—2 + -1 'O(a)z rn—2
(Qiz o )(1=2/n PSn i A
where o = (ag,...,@,), a’ = (a’l,...,a;), A= ()J,...,)Jp) and ¢ is a positive
constant and whers, = [, §2/2).

THEOREM 1.3. — For ¢ > 0O sulfficiently small given, there exists a change of vari-
ables, such that for any = >"7_; ; P, 5,y + ao(w + h) + v belongs toV (p, &, w),
(@i, Ai, h,v) — (aj, )}, H, V) where each off and V belongs to a neighborhood of
zero in a fixed Hilbert space so that

) )
J (Z%‘P&ai,;\,-) +ao(w +h) + v) =J (Z%P5(a;,;\;) +Olow> + V- |HP.
i=1 i=1

The proof of these theorems is of course quite difficult and extremely technical. In
principle, it relies on the construction of a suitable pseudogradieat infinity, as in
[4,5,9], which in turn relies on very delicate expansion/aindd J near infinity.

This construction is even more difficult when there is a boundary, because the distanc
to the boundary appears (in the denominator) in the expansion (see Section 2). We ne:
to complete much more delicate and careful expansion.

However, these Theorems are useful. They should be useful for the study of the
existence of multiple solutions to (P). At this point, we will illustrate their usefulness
through the following three results.

PROPOSITION 1.4. — Assume that zero is a regular valuemfThere are no critical
points at infinity and no critical points in a neighborhood Wt p, ¢, w) for w # 0 i.e.
we can define a pseudogradient which satisfies(fh®.)condition on decreasing flow
lines and has no asymptotes in this neighborhood.

PROPOSITION 1.5. — Assume that zero is a regular value@fThen we have
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(i) For ¢ small enough,/ does not have any critical point ivi(p, ¢).
(i) The only critical points at infinity of correspond td-"_; §,,.«) Wherep € N*
and thex;’s satisfy

p(x1,...,x,) >0 and p'(x1,...,x,)=0.
(i) There ispy € N* such that, aboveépgsS,)?", J does not have any critical point
at infinity.

We also give a new proof, based on these theorems, of the formula for the differenct
of topology between the set8, andW,_, where

—{ueTt st < ((p+DS)”")

due toV (p, ¢). This formula was stated in [6] and a proof was provided in [8]. Namely,
we prove

PROPOSITION 1.6. — We assume thak has no critical point inX*
H*(Wp, Wp_]_) = H*(Qp Xgp Ap_]_, QP x aAp_l Uo-p Ip X Ap—l)

Wherel,, ={xeQfstp(x) <0}, A,_1={(1,...,2p) St.o; >0, > o; =1} ando,
is the permutation group.

The remainder of the present paper is organized as follow. Section 2 will be devotec
to the expansion ot/ and its gradient. In Section 3 we will study thepart of
u. In Section 4 we will construct a suitable pseudogradient and then we will prove
Theorem 1.2, Proposition 1.5 and Proposition 1.6. The proof of Theorem 1.3 and
Proposition 1.4 are given in Section 5. Lastly, the proofs require some technical estimate
which may be found in appendices.

2. Theexpansion of the functional and its gradient

n this section, we will give the expansion &f>""_; «; P§; + v), (3J C_7_ a; PS)),

) (O (g0 P;). A o).

PROPOSITION 2.1. — For p € N*, ¢ > 0, small andu =", o; P§; +v e V(p, ¢),
we have the following expansion

F a?)s?n [ c/l ZH(a,,al (20(,-2"/("_2) B o? )
(Zp 2n/(n 2))(11 2)/n An 2 Zafn/(n—b Za}z
ch H(a;,aj) 20(,-("+2)/("_2)aj oo 1
1 < ij ) ( Zafn/("_z) - Z%?) + S a?s, O(v,v)

J(u)=

”ll

— Sn - - ()\‘l)\‘j)(n—z)/2
log(Ardy) e ) inf(;2%.3)
(fs v)+O<Z Odey” +§ log(s;;") ) + O(Jv[™=29)
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wherec] is a positive constant,

, n+2 Yof =
0. v =iy~ T = (Yeips) v
k

and

2 n+2
(f=2(Ye]?s,) /(Za,P(S) .
Proof. —
| > ;i P8 + v|? N
([(S Py ) 2) 2 Doz
N=|>aPs+ v‘z =3 a?PSi 2+ WP+ (P8, PS;).
i#]
From Lemmas A.1 and A.3 (in Appendix A), we obtain
N= ZO‘ < H;C:“ - ) ;O‘ ijCY (811 (Aflk(j;(’nﬁé?/z)
+ v+ Ry, (2.1)
whereR, satisfies

J(u) =

_ log(Ardy)
R2_O<Z ol +; Iog ) (2.2)

We are left forD. Observe that, fog = 2n/(n — 2), we have
q—1

D:/(ZaiPS,-)q—l—q/(Za,-P(S,-) v

-1 -2 .
Jrcl(q2 )/<Zai1)8i)q v? 4 O(|u[ MG

We have also

P
/(Za,PS,-) Za /P(Sq +q af” 1a,/Paq 'ps;
i=1

i#]

+O<Z/sup(a,Ps,,a,P3 )77 inf(a; P8;, o P3;) )
i#]

Using Lemmas A.2, A.3 and A.4, and the fact thatrd— 2) < 2, we get
, Ha;,a;) H(a;, a))
D:Zaf(&l—clq - 5 ) qcl;a (Sij_m)
L7
-2

+61/(Z%‘P&')q_lvﬁ-q(qiz_l)/(zo{if'&)q v

+ Ry + O(Jv|"G2). (2.3)
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Combining (2.1) and (2.3), the proof of Proposition 2.1 follows]

PROPOSITION 2.2.— Let n > 4. For u = 37,0, P8; € V(p,¢), we have the
following expansion

OPS; , —2 H(a;,a)
<8J(u) M ):21(u)cl[_”2 o ;;_2“ (1+ o(1))
88, n—2 H(a,a;)

whereR; is defined in(2.2).
Proof. -We have

+2

3J (u) =27 (u) [u+ J(w)™2 A" (ur2)]. (2.4)

Thus
dPS;
(BJ(u) A >y ) 21(u)[2a,( ; )
. % dPS;
_J(u>m/(za,p3) a—} (2.5)

Observe that, since > 4

(Zajpa)

|+
NN

=3 («; P8 + n+2 Z(a,P(S)n 20 P§;
n —
l#}

+o{2(aiP8i>ﬁ(a,-P8,->ﬂ
i#]
+o{ 3 (ajpaj)ﬁ(akpak)} (2.6)
Kt ki
Combining (2.6), (2.5), Lemmas A.5-A.9 and the following fadis:d P§;/0A;| <
c8;, P& < & and J ()" 2a}"? =1+ 0(1), ¥j = 1,..., p, Proposition 2.5
follows. O

PROPOSITION 2.3. — Letn > 4. Foru = Y_"_; a; P§; belonging toV (p, ¢), we have
the following expansion

3 8 ’ o a (alval)

dH(a;,a;)

1 9¢;; ,
2 | — 2 _ da; )
+ Zaj ()\. aa,- )\‘i()\‘l_)\‘j)(n—Z)/Z

X (1—J(u)»32( w2 +ai2))] + R,

whereR; satisfies
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l
R3:O<Z 10g(Axd) Z ,?j I log( sk] ZA la; — a]|8 ) (2.7
Gdi)" = o

As in the proof of Proposition 2.2, we get (2.5) but witkd P§; /0A; changed by
A Y9 P8 /da;. Thus, using Lemmas A.10-A.14, the proposition follows.

PROPOSITION 2.4. — Letn > 4, foru_Z” 10 P8; +ao(w+h)in V(p, e, w), we

have
(=97 ), h) = clhl?+O( - 22™).
Letu => «; PS; + ag(w + h), using (2.4) and the fact that

Z+2 = w2/ oy n+2 a4 42
(D wiPsi +aow+m)"" =ag (w AR anzh> + O(|h|#2) (2.8)

- »
+O( IR G2 1 3™ (w2 + ||7*2) P5; + P52

Proof. —

we need to estimate
= = —i5 2 !
8[/1— |h| |l’l|Loo /8 = )\‘i 2 |h|Loo) = 0(|h|Loo) +O<F>, (29)

2-n 1
Q B i

whereQ2 C B = B(q;, R).
The functioni belongs tar,, (W, (w)) which has a dimension equal to the indexuof
Thus
|l = O(1h 12): /wﬁ—fih=(w,h)=o. (2.11)

Therefore
n+2
(0 (u), h) :2J(M)[Olo|h|i1& — J(u) 20" Z/w%hz
1
2
+O(|h|H(}) +O<Z A?—z)]'
Sinceu = > «; PS; + ag(w + h) € V(p, &, w), we have

. A 2
Jw)izad? =14 0(1), |h|2—ZJ_r2/wﬁh2<—ﬁo|h|2.

Thus the result follows. O
PROPOSITION 2.5. — Letn >4, foru =37 o; P8; + ag(w + h) € V(p, &, w) we

have

<8J(u) w2 ‘S)

oA;
n—2 H(a,a)

-2 i
— 27 (u)¢! { . “O;Z(Z)az(l* o) — ey~ (1+0(D)
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8811 n—2 H(a,-,aj)
Z“’ ( Lo 2 (Mir ~><"—2)/2) (1+ o)
lo (Aidy)
+0(|h| +> — n/z +Zs" 2) + Ry + O<7in/2 )}
whereR; is defined in(2.2).
Proof. —We have

2 9P,

/(Zajpa +oz0(w+h))_2 -~
/w%kiapai
on

n+2 n+2 n+2
-2
L
- ) E Ole8j +Olow>
L

_Xp: P8n 2)\‘8 8 +an
- k
o OA;
Jj#

0
2 4 dPS;
42T /(PS" 5%
I
L 4
+O<Z/8 28|h|+/8|h| +/wn h|5:
j=1
4 n
+> / w28 + / 872 wé; + / 572

o
n—2"
jiiéjgw w3 B(a;.d;)

n+2
+ / 817 + / 62+Z€1?r2 log (e, ))-
B¢ (a;.d;) B<(a;,d;)
Observe that
_n_ lo Aid;
8-”72 = O( g( ))a

2
i
B(ai,di) !

[ < s =lig) + (o)
LA Gud? T\ (idi)" )’

B¢(aj,d;)
1 1 d; 1
82=(fn>=5)(o[ — o —— fn=4)0
p=an )< (W)+ ((A,-d,o")) =9 ( (Ad)?)
B¢(aj,di) !
We also have, fon > 5, using Holder’s inequality

= =% log(h;)  log(h)\
/8 8 < Ioge l) ) ( )Ln/zj + 72 )
J i

n=1

_o< i+ +x"’/2) (2.12)
(since(n —4)/(n—1)+4/n>1). Forn =4,

41 1
~ (logr)¥2=(logx;)? (—' — —>~
/88 (09 i) ](og j) =0 Ai+(kidi)2+)\§
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Observe also, using Holder’s inequality, we obtain
% n’Tl n—=1 1 n=1\ = l Iog()\‘ ) n—1
/ 572 ws; gc/sj %5, < (e} (loge;!) ™ ) ( )

=2 -5
L2 =0(g/" +4;7?)
wgéj J

(since(n —2)/(n — 1) + 2/n > 1 forn > 4). Using the Lemmas A.5-A.9, A.15, A.16,
and the fact tha¥ (u)"/*a; = 1+ o(1) for eachi

=0,..., p, the result follows. O
PROPOSITION 2.6. — For n >

4 andu = > 0, PS; + ag(w + h) belonging to
V(p, e, w), we have
10P6; , o; 0H(a;,a;) oo
(aJ(” a 0a; ) N J(“)ClK/\?‘l oa; A?/sz(ai))(lJro(l))

1 9¢ 0H (a;,a;)
. e
+O(Z n/Z) ZZO‘J (_ L — . )

i )"i aa,- )"i ()\‘i)\‘j)(n—2)/2

4
x (1— J)m2 (a2 +af 2)) + R3+ o(|h|2)} ,
whereR;3 is defined in Propositio2.3.

Proof. —

19Ps;
(31( )y —

u 1 9Ps; 1 0PS;
e )zZJ(u)LZ: (PSJ,——>+ao(w+h = )

A 861,‘ ’)xi 861,‘

n

I+

" "1 0PS;
_J(u)n</<2a1P8 +aow> )»_l 9 )
1
+ (if n > 5)0(2 A”_2> +0(]n]?)
k

1 1
+ (if n_4)0<—12 Godi? +;g§j/2>].

We consider now the term

Nl

1 0P,
n—2’ /P(S”ZA da; (ZajP(Sj—l—aow)

J#i
_4_
+ / wS}‘Z(S,-)
8

—I—O(Ze,ﬁr’_lz log(e,t) + / w2,
ws;

10P§;
)\ da;
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L 10PS;
+ (fn=4) (3 ola; ( 82| =
]z::l 0 ’/ T Z/

JF#

10Ps;
T\ X da;

. - 10P¢;
+(|fn>5)o( / 572 2| 2000 / =TI
)\,‘ 861,‘
w<; di<w
+/ 57 18P8>
A Ba,- '

1\w

Observe that, we have the following estimates

L 10P6 106 100
[t [ o] [ 2
A da A da A da

<w <w

l
<c/|x—a|8_2

Forn >6,we have 2/(n + 2) > n/(n — 2), thus

log(x : 1
/ 872 = (if n > 6)0( (j\gsz)) + (if n =4, S)O(X)‘

n42

196

NI

X da
s<w

S<w
Therefore
/ ﬁé‘laPé —o( 1 n 1 )
A da | \W2 0 (ad)ri)’
s<w
/3,?—1 218P<S </8$‘1w2}86 /(Sn -1, 2189
A Oa A da A da
w<d w<d

g —_ 8/12 _—
/wlx al +‘A8a

/8,,”
LOO

s c log(»)
< [l —ast 4

—O( 1 n 1 )
- An/2 (Ad)n—l :

18P8 n+l 180
S — /Ix—aI(S
A da

_0< 1 . 1 )
- A2 (Ad)”_l :

w<d

By the same way,

/ an 2

s<w

n— 2 Iog()\’)
Lo® )\.n/z

Forn =4,

)

n 2n
J— / 8 n+2 .
1
HO

553
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19PS 198 196
/ 2P8——_/ w?s = — + o(/a‘—— +/
A Oa A da A da
_O< 1 N 1 )
A2 (Ad)B
1 9P, 1 95; 1 96;
/ 2ps;— / w?Ps; +o(/3j——
)\i 8Cll )\ 8Cll )\i 8a,~
1
=0 /3» — a;|8? 7)
( j|x a1| i + )\,j()\,ldl)z

o<3/2+1+1+ 1 )
B A2 AR (Md)3)

Using Lemmas A.10-A.14, A.17, A.18, the result followsa

‘180

sl

X da

and

)

3. Thev-part of u

In this section we deal with the-part ofu, in order to show that it is negligible to the
concentration phenomenon.

LEMMA 3.1.— There is aC*-map which to eaclte, a, 1) such thaty"?_; o; PS4, 1)
belongs toV (p, ¢) associated = v(«, a, 1) satisfying

J(YePsi+7) =min{J (Y i Psi +v), v satisfies Vo) }
and we have the following estimate

log(Aid; = .

5] < Zz ()L()dgg(n-%—Z)/Z + Eﬁg, li( 2) (|Og(8 )) e if n > 6,
X

Zi ()»,-d;)”—z + Zj#i Eij (Iog(e; ))T if n <b.

Proof. —Sinceq; /a; = 14 0(1) then the quadratic forn® defined in Proposition 2.1
is close to

n+2 A4
|v|§,§ — n—_ZZ/P(Si"’sz

and therefore it is a quadratic positive form orfsee [3]). Sincev minimize J in the
v-space, it is easy to check the following claim (see [3])

Ja > 0s.t, alﬁlz& <[ D)] < NAI:R

Thus, it is sufficient to estimatef | where f is defined in Proposition 2.1. We have

_2<Zajs Zoﬂ 1/1384 1v+O<Z / ng—2P5j|v|>.

J#ips,<Ps;

Observe that
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/P(Sf_lv - /5;7‘11) + o( / 5?‘29,-|v|>,
B,'UB’.C

whereB; = {x, |x — a;| < d;}. Then, using the Holder’s inequality, we need to estimate

/5"2 "2 /5" ((M)> 3.1)

and
ag 152
16111 Ua_}
B;
1 ) log(h;d;) . 1
= O<7()\idi)(n+2)/2 + (if n=16) 7()»1'611')4 + (if n<5) 7()»1'611')"_2) (3.2)
See also
n+2
4 4 PRk
/ P8I PS;|v| < |v|[ / (P(s,."zpaj)"ﬂ} . (3.3)
P8;<Ps; P8;<PS;
If n>6, we havenzj_’—2 > - and thus
_4 2n _n_
/ (PS/2Ps;)" / (P5;P8;)72 = O(e]: 2 log(e7Y)). (3.4)
P8;<PS;
If n <5, we have k -4, thus
20-2)
n— 2 % ] "tz % -1 2(’:22>
/ (P72 Ps,) " / @72 <el (log(eh) T (3.5)

Thus the estimate dff| follows. O

LEMMA 3.2.— There is aC'-map which to each(a,a, x,h) such thatu =
S i P8y s, + ao(w + h) belongs toV (p, e, w) associatess = v(a, a, A, h) sat-
isfying

J(u~+v) =min{J(u +v), v satisfies(Vp) }.
We have the following estimate

log(x;d;) log(%;)
Zi(guapwror + swan)

- +2 n+2 .
Bl<ey  +3e 5" 2’(Iogg L2 4 )iz if n >
<

6
1, =2 .
ZI(W-i_W) +Zl¢j 8,-j(|Oggl.j1) 7 +|h|2 Ifi’l 5

The proof is similar to the proof of Lemma 3.1. So we will omit it.
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4. Construction of a pseudogradient

In this section we construct a pseudogradi&ntear infinity as in the Proposition A.2
of [4]. The new fact here comes from the boundary. We need a new technical poin
showing:

(1) how the expansion behave due to the boundary. We will show that terms of the
type Q((1;d;)?>™") are added.

(2) we can construcZ so that, on decreasing flow-lines, the minimal distance to the
boundary only increases if it is small enough.

This new property requires a careful study of the behavior of the Green’s function anc
its regular part near the boundary.

We begin by giving the following main result.

THEOREM 4.1. — There exists a pseudogradientso that the following holds.
There is a constant > 0 independent of = >"/_, o; P§; in V(p, ¢) so that

() (—aJ<u>,Z)>c(ZW)n e,

k#r

) ) N
0 (‘a”"“)’“a( ara i Z )> (Z(Ad)" L )

k#r
(iii) |Z] is bounded.
(iv) Z satisfies the Palais—Smale condition away from the critical points at infinity.
(v) The minimal distance to the boundary only increases if it is small enough.
(vi) The A;'s are bounded away from the case whereX) > 0 and p’(X) = o(1)
whereX = (ay, ..., ap).

We will prove Theorem 4.1 at the end of the section. We now prove Theorem 1.2 anc
Proposition 1.5.

Proof of Theoreni.2. —Using Theorem 4.1, the proof is similar to some argument in
Appendix 2 [4] (see also [9]). O

Proof of Propositionl.5. —On the one hand, from the normal forme.bfand claims
(i) and (vi) of Theorem 4.1, we immediately derive (i) and (ii) of Proposition 1.5. On
the other hand, since is bounded, we easily deduce claim (iii) of Proposition 1.5

Next we will prove some technical results needed for the proof of Theorem 4.1.
For u = Y7 ,a;P8; € V(p,e), we introduce the following condition: for €

{1,....,p}

P H(al,a]
p+1Z ki \Z ()\‘ Y )(n 2/2° (41)

i#k
We divide the setl, ..., p}into T, U T where
Th = {i s.t.i satisfies(4.1) },
= {i s.t.i does not satisfy4.1) }.
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In T3, we order thek;’s: A;; < A;, <--- < Ay,

LEMMA 4.2. — There exists a vector-fieltl; defined on the variables;’s, for j € T,
as follows

> aPs;,
= — E ZkO(ik)\l‘k a)\‘.ll\ .
k=1 Lk

This vector-field satisfies
1
(00 X0) e Y (S + g ) + Re
ieTy  j#i
whereR; is defined in(2.2).

Proof. —Using Proposition 2.2, we derive

(—8J(u),X1):2J(u)c’lZ{ > 2ajoyh ,ka; I (14 0(1))

k=1 J#ik

P H(aj, a;)
- o, m (1 + 0(1)) + R2:| . (42)
Observe that
de;; n—2 2
=L =g (1— 2 i’ ). 4.3
oA 2 8]( ) “3)
Thus, ifA; > 1
0¢g; 0¢g; 0g;; n—2
_2)\1, i A ij ; tJ > g 4.4
o o, o~ 4 U 4.4
and forj € T; andi # j,
Yei = o) (4.5)
A )

i

indeed, if %dj < d; < 2dj, we use the fact thaj satisfies (4.1) andH (a;, ar) <
(didy)~"2/2 (see Lemma B.2) and in the other case we use the inequality ;| >
Zmaxd;, d;). Thus

(—0J (u), X1) >

P H(a;,a;)
e el (Se -2 i) @O

ieTy ~ j#i
Sincei € T and H (a;, a;) > d?™" (see Lemma B.2), the Lemma followsO
We order all the\;d;: Aidy < hody < --- < Apd),. Let us define

I ={1}U {l S.AEVEk <, ciady < Ap1di—1 < )\kdk}

wherec; is a constant chosen small enough.
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COROLLARY 4.3.—If T,NI; #@ andl; # {1, —, p}, the vector-fieldY; satisfies the
condition(i) of Theorend.1.

Proof. —The lower-bound of the estimate of Lemma 4.2 is limited to the indicg%,0f
thus if T, N I # ¥, we can make the terigh,d;)~"~? appears in this lower-bound and
therefore we can also make all ttied;)~"~2 appear in this formula. For € Ty (i.e. i
satisfies (4.1)), we have

b H(al ’ aj p
7 ; " Z (G 27 S Gady 2 @

Therefore, from(11d1)~"~?, we can make the teriy.; ., &; appear in this lower
bound. Hence, the proof of the corollaryc

If I, ={1, —, p}, we change the vector-fieldl;, so that along its flow-linesl; is
defined continuously even though there could be a switch in the relative ordering of the
A;d;’'s. To this effect, let; = min{i s.t.i € T,}, we define

El = {] ¢T, S-t-)\ildil < chkjdj}.
LEMMA 44.—If hbNL#Wandl; ={1,..., p}, the following vector-field
dPs;

Xo== D, ki

i€TUF,

satisfies the conditioi) of Theoremd.1.

Proof. —Using Proposition 2.2, we obtain (4.2) but with indicesTinuU F;,. Since
IL={1,..., p}, we have for each+ k

n—2
1 z 1 1
w=(——=—) (140
ik <)vi)»k|ai—ak|2> < * (Aiz|ai—ak|2+)»1%|ai—ak|2>>

n—2

( ! ) g o< r _2> (4.8)
= — —  +e?). .
Xidgla; — ag|? (hadpr —*

Indeed if d; < 1dy ord; > de, we havela; — ai| > 3 max(d;, di) and the result follows.
In the other case ieldk < 2d;, using thati, k € I, thus A; /A, and A, /A; are

bounded. Thereforéx, |a; — akl) 2= 0(Z""?), for r =i, k. Thus, fori € F,, using
(4.8) and (4.3)

88,-j n—2 H(a,-,aj)
2 o T T2 Gany)n P
J#i i i%

n—2 G(a;,aj) ( 2)
= e 4.9
2 ; Gir)e 7 "2\ Gadyy’ +§8 “9

Furthermore, if € F;,

.. n—2
M) o L) o ZTy o L)
)\':‘1 ()\'idi)n_z ()\'ildil)n_z ()\'ildil)n_z
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Fori € T», using (4.3), (4.8) and the fact thatloes not satisfy (4.1) then

agl] —2 H(aj,a;j
2~ _Z 2 (LA 2>/2/C<ZS” (hidi)= 2)

J#i j=1

Therefore, using the fact that the Green’s function is positive, thus we derive
a > 1
(— J(“),Xz)/CZ 8ij+W + Rs.

i€y N j#i
Using the fact that, N I # @, the result follows as in the Proof of Corollary 4.30

Now, let us define, for, a fixed small constant

L= {_] eTystdieTystc ma)((di, dj) > |Cli — ajl}. (410)
Fori € L, we denotg, the index such that
comax(d;, diy) 2> |a; — a;q|. (4.11)

LEMMA 4.5. —Ifthere exist two indicesandi, belonging tarl; and satisfyind4.11)
then, we can assume thigt> 1,,, there exists a vector-fiel&d;, defined on the variable
A; as follows

dPs;
X3 = —0ihi——.
oA

This vector-field satisfies

1
(—3](14), X3) > C(Si,’o + W) + Ry + O(Z Sik)-

keT>

Proof. —Using Proposition 2.2, we derive (4.2) (fer=1). The terms withj € T
can be seen like @;;). We are interesting now with the indicg¢se 7;. Observe that, for
i,k € T, we have (4.8). Indeed, if 2& d, ord; > 2d;, we have 2u; — a;| > max(d;, d;)
and the result follows. In the other case i%ik < d; < 2d;, using that, k € Ty, we have,

asin (4.5)
n=2 n=2
() +() )
Eik = — — .
k A 2
Therefore
1 Ai 1 YR Iy 1 1
2 a2 SO Se— = 2
Aelai —agl® Ap Aidila; — ag| Ak Ak (Aid;)(A1dr) (A1dr)

and we use the same argumentofla; — ax|)~2. Thus we obtain (4.9) with the indices
j € T1. Using the fact that the Green’s function is positive and fié;, a;) < d>™" (see
Lemma B.2), thus

P, 1 G(a;, a;y) < )
aJ A >cl|— g Ol R i 4.12
( (u) a)\‘ ) C( ()\‘idi)n—z + ()"i)\'io)(n_z)/2> + 2 +I<€ZT28 k ( )
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wherei andig are the indices satisfying (4.11). Using (4.11) ang A;, thus

n—2

1 H(a;, ajy) c3 2
(Aid;)n=2 * (Aih,)n=2/2 < (A-A- la; —a |2> . (4.13)
Lt iig iNig A io

Using (4.8) and (4.12), the lemma followsO

COROLLARY 4.6.—If T N I; = ¥ and there are two indices and iy belonging to
I, such that(4.11)is satisfied withi andiy. Thus, form, is a fixed large constant, the
vector-fieldX3 + m, X, satisfies the conditio(i) of Theoren.1.

Proof. —Sincei belongs tol; and the term(;d;)>™"" appears in the lower-bound
of the estimate of Lemma 4.5, as in the proof of Corollary 4.3, we can make all the
(ud)®™ and Y., & appear in this lower-bound. Thus, using Lemma 4.2 and
Lemma 4.5, forn, a fixed large constant, the corollary followst

For dy a fixed small constant, we introduce the set
Ii ={i e I s.t.d; <dp}.

LEMMA 4.7.—If T,N I, = ¥ and, for eachi and j belonging tol;, (4.11)is not
satisfied, if we have als@] # ¢, then there exists a vector-fieldl,, defined on the
variablesa;’s, for i € I, as follows

dPS; ;
T2

iel] Jo

wherei j, = max{};, i € I} andn; is the outward normal t02,;, = {x € 2 s.t.d(x, 0Q)
=d;} at a;. This vector-field satisfies

1
(—0J (u), Xa) /CZ(Ad)" 1+o< > sij>+R3

iel],jeTUL;
whereR;3 is defined in Propositio2.3and
L;={j e Ls.tiand; satisfy(4.11)}.

Proof. —Using the Proposition 2.3, we derive

(=870, Xa) = lf( >Z{ 3 (140(1) +o( > Agu>
161/ i JjeTrUL;
deij  0H(a;,a;) 1
+2 ) aiaj< i _ j _ )
JEeTI\L; on; on; (Ajh;)n=2/2

4 _4

X (1— J(u)nfz( 2 +aj” )) +AiR3] (4.14)
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where Rz is the remainder term in Proposition 2.3. Fog I; and j € T3 \ (11 U L)),
using Lemma B.2

1 8H( )< cH(a;,aj) < c O( 1 )
55 ,a;) x NS = .

(Aid j)n=2/2 9n, TS A )20 di (idihd ) =212 di (hidi)n=2
Fori andj in I3, if d;/d;, d;/d; and|a; — a;|/d; are bounded, we use the estimate of
(0H /dn;)(a;, a;) provided in the Appendix B and proved in the appendix of [8], we
derive (0H /dn;)(a;, a;) > 0. In the other case, we have

oH H(a,-,aj) < 1 O( 1 )

—(a;,a;) < < —
on; (al ’ a]) d; d; maX(d,-, dj, la; — ajl)"—z (didj)(n—l)/Z

and therefore

~w-2 0H 1 1
Mihj)E Gy i) =0 . 4.15
(i) 3”i(a ) <di()»idi)”‘2+dj(kjdj)”_2> (4.19)

We also have foi € 1] (see Lemma B.2)

dH(a;j,a;) n— 2
Bn,- o 2n=2 din_l

(1+0(1)).

Fori andj belong tol;, n; —n; = O(la; — a,|) therefore

881" 881" n—2 L
L ]”j = Tki)‘j(ai - aj)gij 2(nj —n;) = O(Sij)-

Ba,- ! Baj

Foreach e I;andj e T1 \ (11U L;) we havec, max(d;, d;) < |a; — a;|, therefore

%% | — (n— 2201 62 < — ¢ !
= -2 rjla; —ajlel? <
8ai i J1<ij ()\i)\j)(n_2)/2 |ai _ ajln—l
1 (n—2)/2
== )= o.ara)
Cg ()\.idi)\.jdj)(n_z)/zdi Cg ()\.,'d,')n_zd,’
1
(di ()\idi)n_2) ( )
if we chooser; andc; so thate!" /% = o(cs™%). Fori € I, j € I1\ I}, we claim
8H(a,-,aj) 1 88ij
Bn,- ()\‘l_)\‘j)(n—Z)/Z Ba,-
0G(a;,a; 1 Ai
__3G@i.a) +o< ) (4.17)
on;  (Air;)n=2/2 (A1dy)"+1

Indeed, sincd, N I; = ¥, theni and j belong toT;. Using (4.8) and the fact that (4.11)
is not satisfied, thus

88ij s (n—2)(a-—a,-) 1
%54 _ (4= 2)(a; — aphihjei? = J (1 0(7)).
aq; A e = G e — U O\ G
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Therefore

88,-j N 1 0 ( 1 ) +O< )\.,’ )
da;  (Mir))n=2/29a; \|a; — a;|n—2 cat(hadp)rtt

and our claim follows. Thus

c 1 1 9G(ai,a;)
—0J(u), X4) > — Y oai—27.
(=87 (), Xa) Aj 2 |:()\idi)n_2di 2 (Aidj)0=2/2 o

10 e jen\I;
+ O(Z gij) + O( Z )\.,’8,’j> +)\.iR3 + O()\., Z 8ij):| .
jely JeT2 jeL;

Observe that, foi € I; and j € I\ I; we haved; < d; then, using Lemma B.3,
—0dG(a;,aj)/on; > 0. Fori, j € I, using the fact that (4.11) does not satisfied, thus
gij = O((Lidi) @™ + (A;d;)?™) and therefore, sincg; andd; are small, we have
gij = O((hdy)*"di ™ + (A;d;)?>"d; ). Using the fact thatjp € 7] and thath ,d;, and
A1d; are of the same order, we can make all thel;)1 ", for i e Ty, appear in the lower
bound. The result follows. O

LEMMA 4.8. — There exists a vector-fiellls satisfying

(_a-](u)’ XS) Zc Z &ij +O< Z 8ij> + R».

ielf,jeL; iel], jeTz

Proof. —Fori € I; and j € L;, using Lemma 4.5, we can find a vector-fieXd (i, ;)
depending on the indicesand j and satisfying the estimate of Lemma 4.5. The vector-
field X5 will be defined as follows

Xs= Y XaG)).

ieIi, JEL;

The result follows. 0O

COROLLARY 4.9.—If T, NI, =¥ and, for eachi and j belonging tol, (4.11)is
not satisfied, if we have alsf # ¢, then, form, andm, two fixed large constants, the
vector-fieldX4 + m1 X1 + m, X5 satisfies the conditiofi) of Theorem.1.

Proof. —Form, andm, two fixed large constant, we derive by Lemma 4.2, Lemma 4.7
and Lemma 4.8
P 1
(—af(u), X4 + m1X1 + m2X5) 2 C(Z W + Z 8ij> + R2 + Rg. (418)
i=1 (et jeTr

As in the proof of Corollary 4.3, we can make, q, ¢\ "/~ appears in the lower-

bound of (4.18). Therefore the corollary followsO

LEMmA 4.10.-If T, N I, = ¥ and, for eachi and j belonging to/y, (4.11)is not
satisfied, if we have alsg = ¢J, then there exists a vector-fielkls depending on the
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values ofp and p’. This vector-field satisfies

(—0J (u), Xe) > Z((M)n 1+o( > s,-j))—I—Rg—i—Rg.
JjeTLUL;

iely

Proof. —Since I; = ¢, thus, for each € I, we haved; > dy. We denote byM =
M(a;,i € I) the matrix defined in (1.5), by its least eigenvalue and by the
eigenvector associated po Let n > 0 be such that for any belongs to a neighborhood
C(e, n) of e, where

< n}

1 M 3
"xMx — plx|> < Z|pllx|*> and x—x = ( p +o(1)>|x|2 (4.19)
2 8Cli 8a,~

C(e,n) C {ye (R} yeardl gt ‘ly—l—e
y

we have

and for eachx € C(e, n)¢ we have

"XxMx — p|x|? > c|x|?.

LetA =", "2 2" ({1, ... js) = ). If A belongs to the sef (e, 1),
then we move the vectak to C(e, ), as in [9], along
L—1)A +1t|Ale
A1) = |A] :
[(L—1)A +t|Ale]

Using Proposition 2.2, we derive

(—aJ ), Xe)—c{—di( AMA®)) +0( > &l +an 2)

i,jely iely
+R2+O< > g,-j>]. (4.20)
iely, jeToUT1\I1

As in [9], we have

d
E(’A(z)MA(t)) < —c|AP= —CZ e
1611
Fori e I, j € T1 \ I1, using (4.1), we obtain

n—2

.._o<<71 )2)—0( o " 1 ) o( 1 ) @.21)
=2\ ady (h,d;) — o\ Taq? e =2 '

if we assume that; = o(d3). Therefore, the lemma follows in this case. In the case
where A € C(e, n), the construction of the vector-field depends on the value ahd
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|p’|. Since zero is a regular value pfthen there exists a constamg > 0 such that either
lp| > po or (o'l > po. L
If o < —powe decrease all thi;’s, for i € I. If we assume thartT = o(,oodg‘z),
using Proposition 2.2, (4.3), (4.5) and (4.21), the result follows as in the above case.
If |p'| > po andp > —po, then we move the pointg’s along A ;,a; = —dp/da; for
eachi € I, wherei ;; = max{};, i € I1}. Using Proposition 2.3, we derive

1 0PS¢, d
(—aJ(u),Xe)=TZ( . )(_acf)

Jo ielp !

"M
G G P VET)
JO iely aal aai JjeTLUL;

oH 1 38,]
+ > o(a—ai(a,-,aj)i(ki/\j)(n_m+ ” >+R3] (4.22)

JETI\(11UL))

where R3 is defined in Proposition 2.3. Feére I; andj € Ty \ (I; U L;), (4.11) is not
satisfied and therefore we have

1 - 1 1 (c1D)*=2/%2 1
(hid =202 = gr=t (a2 = gz

oH
a—ai(aiaaj)

whereD is the diameter of2. As in (4.16)

,_ (@D 1

1—
()\')‘) | _ajl ~ n ld(3n 4)/2)\’}1 2°

‘38
da;

We can choose the constamsandcz so that

(a,,a,)(u N a‘(""f:o( 1 ) (4.23)

8ai )\’]1__2
Using thatA belongs toC(e, n), thus (4.19) is satisfied. Therefore (4.22) and (4.23)
imply

(—0J (u), Xg) > E—Ipl A7 +O< > 8ij)+R3
iely, jeTLUL;
1 L|APP
> Sep 2| | +O< > 8ij)+R3.
iely, jeTLUL;

Therefore, the lemma follows. O

COROLLARY 4.11. —If T, N I; = ¥ and, for eachi and j belonging toly, (4.11)is
not satisfied, if we have als§ = ¢, then, form, andm, two fixed large constants, the
vector-fieldXg + m1 X, + m, X5 satisfies the conditio(i) of Theoren#.1

Proof. —The proof of this corollary is similar to the proof of Corollary 4.90

Proof of Theoremd.1. —The vector fieldZ required in Theorem 4.1 will be defined
by a convex combination of all these cases defined above. Combining Corollaries 4.2
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4.6, 4.9, 4.11 and Lemma 4.4, we easily derive (i), (iii), (iv), (v) and (vi) of Theorem
4.1. Now, we are going to prove claim (ii). We follow the argument of [4] and [9]. Let
u= Zleo(,-P&- andit = u + v. Thus

ov v
— W), 2+ —(Z ), Z) — ), ——(Z
( W 2t S )> (=07@.2) (BJ(“) @) ))
We need to prove that the terms contairiedre a3 e /"2 4 S (hdi)t"). We
consider(dJ (i), 9v/9(«;, a;, A;)(Z)). Let
E =span{P$;, dP8;/dA;, 3PS;/da;},  F =span{dPs;/dr;, dPs;/da;}

and Q (respectivelyQ r) be the orthogonal projection onio (respectivelyF). Since
v extremizes/ (3 «; P§; + v) in thev-spacedJ () belongs toE. Thus

_ v _ v
(BJ(“) da;a, /\)(Z)> (aj(”)’QE<a(al-,a,-,Ai)(Z))>'

Sincev satisfieq(Vp) then(v, P$§;) = 0 and therefore

v 2 P8->— ( IPS; ())
(a(a,-,al-,m( ) Poi )= e, ai, Ai)

ThusQg(0v/9(;, a;, A;)(Z)) = Qr(0v/03(w;, a;, A;)(Z)) and therefore
0J (i 78_ aJ (it 786 Z
( @), a(az,al,)»)( )) (QF( (u))’QF(a(Oli,ai,?»i)( )>)

By Proposition A.2 of [4], we have, for eache F,

ov _
(Qp(m(2)> ¢) A

Thus

_ . ] 87 G). )
<QF(aJ(u>), m(mm)) < '”"Z'jﬁ,ﬁ’(T)'

Using Propositions 2.2 and 2.3, we get

37 (@), )
S“p( 9l ) (Z%+Z(M)n2+lvl)

peF

Using the estimate af (see Lemma 3.1) and thgZ| < ¢, we derive

_ v -l 1
(aj(”) 3@ l,al,m(z)) (Zs +Z(xidi>"—l>'

We, now, left for(aJ (i), Z). Observe that
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(0 (i), Z) = 21(5,)(@, Z) — J (i) /u%z)

n+2

=2J(u)((u, Z) — J(u)iz /un zz)
_ 1 _
+O<|v|(28kr +ZW + |v|)

= <8](u),Z) 2—J(u)25f = /uﬁﬁz+o(|ﬁ|2)

+0( [ 1ahiz1) +0( 151 Sew + X g +10l) ).

ULV

Observe that, fop; equal tox; ~29 P8, /da; or A;d PS; /9L,

4 4 4 45
/uma@:aiﬂ/m;‘%iHO( (/6 1518 /81-"28j|6|>)

J# <6, 8;<8i

n42

2n 2n
/P8n 2¢1U+C|U|<Z / 8’1 281( _2) .

ks, <s;
Observe that, fon > 6 andk # j,

2n_ n
/ (8)1 28 )n+2 g /(5k51)m = (gkj n—2 |Og(5k] ))
8 <8k

and forn <5,

Q_EL %% n=2
[/(3"2 . ] U((Ska ) it } — (e (l0g(s1)) 7).
Using the same argument than (3.2), we have

1 , log(X;d;) . 1
/FP8 ¢ﬂ)<:dv|(zi;2i;;55‘+0fn:=6)—66252—4‘0fn555)6525;:5).

SinceZ belongs toF thus

n—1 1
/un ZUZ—O(ZS 2+ZW>
Since|Z|(x) < ¢ 8; (x), thus

/ 1572 Z| < c / b= 2u+Z/|v|%(5 — P§)

u<v u<v

2 1
<C(|a|—z+z(/\‘d‘)n>. (4.24)
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The proof of (i) is therefore completed.o

Before ending this section, we give a new proof, based on Theorem 1.2 and 4.1, of th
formula for the difference of topology of the critical points at infinity of the functiahal
This formula was proved in [8].

Proof of Propositionl.6. —From Proposition 1.5, we have the only critical points at
infinity for J are}_ 6(x;, o0) whereX = (x1, ..., x,) satisfieso(X) > 0 andp’(X) =0.
Moreover, Theorem 1.2 gives the normal formjoin the neighborhood of these critical
points at infinity. Thus, the homology required is the product of the homologies defined
by each variables. Therefore, using the fact that indtkspace is an uniqgue maximum
and in thex-space, there is an unique minimum, our proposition follows.

5. Proof of Theorem 1.3

We consider now the Morse Lemma when there is a solutioof (P). The proof
of the Theorem 1.3 is similar to Theorem 1.2 and it relies also on the existence of &
pseudo-gradienZ’ which satisfies a proposition similar to the Theorem 4.1. We have
the following main result which the proof is given at the end of this section.

THEOREM 5.1. — There exists a pseudogradieft so that the following holdghere
is a(_t):onstant > Oindependent af = >>7_; a; P§; + ao(w + h) in V(p, &, w) such that
i

P n=1
(80 ), Z') 2 ¢ Y (A2 4+ (d)* ™) + ¢ e 2 +clhl,
i=1 ki

(if)
( 0J(u+10),Z + ov (Z’)>
—_— u , e —
a(aiv ai, )\'iv h)
P n=1
> C<Z(,\;"/2 + Oud)T) D el + |h|2> .
i=1 ksti

This pseudogradient satisfies tfféS.)condition and it increases the least distance to
the boundary along any flow line.

First, we immediately derive from claim (ii) of this theorem, tldat cannot be zero
in V(p, e, w) and hence the Proposition 1.6 follows.

Now, we state the following lemma, which the proof may be deduce from [4],
pp. 354-355.

LEMMA 5.2. —There is aC*-map which to eaclw, a, 1) such that~_; o; P8, 1, +
aow belongs toV (p, e, w) associates = h(«a, a, A) satisfying

J(Yipsi+agw+h) =max{J (P8 +aow+h)), heT,(Wa(w)}.
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We now prove Theorem 1.3.

Proof of Theoreni.3. —Arguing as in Appendix 2 of [4], we immediately derive from
Theorem 5.1 that for eadh= >"7_, ; P§; + ao(w + h) belongs toV (p, &, w) we can
find a change of variable®, A, h) — (a, X, h) such that

J(YaiPsi+aow+h) +5) =7 (Y aiPsi +aow+h)).
From Lemma 5.2, we deduce that there is a change of variables — H such that

J(Za,-P(S,- +a0(w+h)) — J(Za,-P(S,- T aow +E) —|H]

Arguing as in the proof of Lemma 3.1, we obtain the following estimate
n—2

h=0(>" %" 7).

Thus, by the same argument used to prove Theorem 1.2, we can find another change
variables(a, ») — (a, A) such that

J(E:mP&+%mw+ﬁ>:J(EZWP&4%mw)
The proof of the Theorem 1.3 is therefore completed under Theorem 6.1.

We, now, left on the proof of Theorem 5.1.

Proof of Theorenb.1. —The new fact here is the tern{s-w(a)/A"~?/2) and |h|?
wherew is the solution of P) andh belongs tar,, (W, (w)). By Proposition 2.4, we get

1
(—8J (u), h) = clh|® + O(Z F)

We need to add another vector-field on the varialglesa;). It will be defined as in
Theorem 4.1.
Letdp > 0 be a small constant. We divide the §&t. .., p} into T, U T, U T3 where:

T1 = {i s.t.i satisfieg4.1) andd; < dp},
T, = {i s.t.i does not satisfy4.1) andd; < dp},
Tzs={i s.t.d; > dp}.

In T, U T3, we order thex; 's: A;; <Xy, < --- < A4, On these variables, we define a
vector-field as follows

: AP,
Xy=-> ok, —r.
k=1 iy

By Proposition 2.5, we derive, as in (4.2)
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; 9¢€ji log(%;,d;
ENORAED j{ u(’n(az§/)2 3 :2ka,-ka,-/\,-k%(1+o(l)) +O<%)
k=1 ik ik it

_H(aj,ai)

(Ajh) =272 (1+0(1)) +R4}’

2

whereR, is the remainder term in Proposition 2.5, it satisfies
n=1

Ro=o( 14+ 30—, n/z +Yek) + ke

Observe that
e fori e Tz, w(a;) > c(dp) and therefore

log(%.:d;) w(a H(a;,a;) w(a;) \ .
o) w0 S o)
e fori € T», we havew(q;) > cd;. Therefore:
log(nidi) d; B w(a;)
)\‘1.1/2 =0 )\‘gn—Z)/Z =0 A(n—Z)/2 :

Observe that, foi € 7, U T3 and j € Ty, using (4.3) and (4.5), thus we get as in (4.6)

/ 1
(-8 w).X}) >e Y- { A SR Wi 2]+R“'

ieTHUT3 JF#i

We need to add some more terms in our lower-bound. Thus, we will define another vecto
field using the sef.

First, we order ther;d; 's for i € T; (for simplicity, we will assume thail; =
{1,...,g}): Md1 < dody < - - < A4d, and we define the set

ILL={1}U {l e Ty S.t.Vk <i cihdy < )\'k—ldk—l}a
wherec; is a fixed small constant. Fore I;, we introduce
L, = {_] el S.t.szaX(di,dj) > |a; —Cljl},

wherec; is a fixed small constant. We define the following two vector-fields using the
variablesa;’s anda;’s, fori e Ty

1 dPé; dPs;
X, = — A— and X,.= ;
=2 G 2= i (xm)

ieTy iely

where);, = max{i;, i € I1}. The vector-fieldX’, satisfies
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w(a;) H(a;, a;)
[ (0)\1@—2)/2_“1' 22 )(1"‘0(1))

(9 (u), X3) ZJ(M)Z

ieTy

log(A;d;
+R4+O< Og(n/z )+Z ]>]

l JFi
Using the fact thatv(a;) > cd; and, by (4.1)3" &;; = O(SUP((Axdi)>™), we derive

1
(8J(u) X2 >CZ)\ 2+O< W>+R4

ieTy 7~

Furthermore X3 satisfies, using Proposition 2.6

o? dH(a;,a;) ao; dw(a;)
( 0J (u), X3 l]( )21:{ 71(14-0(1)) W o, (1_|_ (1))
1€l ;
881 aH(ai’a.) 1
2 ; S _ J )
+ ]E%L oo J(anl on; (Aikj)(;z—z)/z

x (1= J @) (o] 2 +ozi2)}

+o< > x,-s,-j>+xiR5], (5.1)

JeTLUT3UL;

whereR;s is the remainder term in Proposition 2.6. (5.1) is similar to (4.14). Using (4.15),
(4.16) and the fact thatw(a;)/on; < 0, thus we derive

C
(—8J(u),X’3) >Z<W+O< Z 8ij)> + Rs.
ieTy (Aidi) JETLUT3UL;
Fori e I andj € L;, as in Lemma 4.5, we can find a vector-filg(i, j) satisfying
(=8J (u), X4(i, j)) = ceij + Ra+ O( > (e + 8kj))
keToUT3
and therefore, we can define
> X4l -
iely,jeL;

Thus

(—0Jw), X}) =c > e,-,-+R4+o( > sk,>.

iel,jeL; keToUT3, rely

We can choose:; > m, > mg, three fixed large constants, so that the vector-fi€ld
required in Theorem 5.1, will be defined as follows

4 :le’l +m2Xﬁl+m3X’3 + X/Z +h
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it satisfies the following required estimate

P 1 n-1
—3J(u), Z) = 2.
(=87, Z) C<Z 2 Gy it )

Therefore the proof of (i) is completed. Using the estimate ¢see Lemma 3.2), the
proof of (ii) follows as in Theorem 4.1. Thus Theorem 5.1 is completed.
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Appendix A

In this appendix, we collect the estimates of the different integral quantities which
occur in the paper. These estimates are originally introduced by Babhri [3] and Bahri anc
Coron [6]. For the proof, we refer the interested reader to [3,6,12]. In this appendix,
we suppose that;d; is large enough and;; is small enough. We have the following
estimates

LEMMA Al —

|P§I> =S,

,H(a,a) o log(rd)
T ( (Ad)" )

n+2
/ / / -
wherec] = cocy, ¢5 = ¢g

I+

Nl

Jn W andcg is defined in(1.1).

LEMMA A.2.—

P 2n  ,H(a,a) |Og(kd)>
/P(S 2=079, n—ZCl = +O< odr )

LEMMA A3.— Fori #j

, H(a;,a;) s _ log(Axdy)
iNj k=i, j kGk

LEMMA A.4.— Fori # j

ne2 o log(iid
/Pain—Z P(SJ = (P¢;, P(S]) + O(Si’}z IOg(Si;l) + Z %)
J o adi)

LEMMA A.5. —

oPé _n—2 ,H(a,a) log(Ad)
(P(S,A 8A>_ > ch = —I—O( o) )
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LEMMA A.6. —

/Pa%xap‘s 2<P8 x@> +o<log()‘d)>.
an oA (hd)"

LEMMA A7.— Fori#j

o P$; dg;; n—2 H(a;,aj)
— )Mi J J )

ax,> C( 0hi 2 (GukyR2

|09()»kdk) o )
O — et
* ( (Axdi)" og(e; )

(Paj, i

k=i, j

LEMMA AB8.— Fori#j

nt2 g P§; dPs; |Og(kkdk) L. _
P8P hi—— = (P8;, hi—— )+ 0O R e log(eit )
= (Pon) + (kZ,J Gudeyr 0 109T)

LEMMA A.9.— Fori #j

2 4 8 S; dP§; log(iid
nt /P<S <P8 73 ) <P8 A >+O<ZM>
gy EYy S Owdo)”
+O< /72 log(e;; )).
LEMMA A.10. -
<P8 1ap5> 1 ¢, 9H )+o< 1 )
= —= —(a,a .
A da 21 9g Ad)"
LEMMA A.11. -
w2 1 OPS 10P$6 log(Ad
/Paﬁ——zz(Pa,——)Jro( o )).
A da A da (Ad)"
LEMMA A.12.—Fori#j
< 5 18P8,>_ Cl 18H( ) 881']'
P )T aay) D2, g Y I

a
1 n+l
+O< + e/ hjla; — |>-
kz;j (Akdi)"
LEMMA A.13.—Fori#j

2 1 3PS, 19Ps, 1
psi?=22% _ (ps 227%) o ”2Io )
oo = (P )+ (kZ,J Gy 0 1o8e)

LEMMA A.14.— Fori # j
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2 s 1 9Ps,;
nt /P<S <P8”2 )

19Ps, 1 2
= (P(Sf"  9a; ) +O< 2 (Akdm) +O< log(e;; )>'
k=i, j

LEMMA A.15. -

dPS n—2, w(a) 1 1 1
A— | =——chb———(1+0 ol — .
(“’ ax) 2 CZW-M( * <<Ad>2>)+ (xn/2+(xd>n>

LEMMA A.16. -

n+2  a 9PS\ 9P 1 (log(rd))"’2
/(n—ZPS 2\ P )w—(w,kak)+0(kn/2>+0< o) )

LEMMA A.17. -

10PS _ ,Dw(a) 1 i 1
<w’ XE) T <1+O<(kd)2>) " O<A"/2 " (kd)”)'

LEMMA A.18. -

n+2 4 19Ps 19PS 1 (Iog(kd))”/2>
Psi2-— |w=(w,=—— ] +0 o —/———F—).

n—2 ( » 9a )w (w » 9a )+ (WZ)JF ( ()"

Appendix B

LEMMA B.1[3,12]. — For 6 =6,.») = (u.») — Pdw.») and H the regular part of the
Green’s function, we have the following estimates

1 1
0(x) = 2)/2H(a x>+o<k(n+2)/2dn>’ 01, 2, _O<(Ad)(n—2)/2>’

30 co o 1 1ol oL
9a™ = 2 2)/2 da (a DO e2e ) |7sa vtz \Qd)?)

B0 n=2 o of 1 W00 —of 1t

P A w 2)/2 (@) +O\ ez ) 2z \(ad)22)

whered = d(a, 02) andcg is the constant defined {i1.1).

LEMMA B.2 [3,12]. — For eacha € @, near the boundary of2, let n, = n the
outward normal te2 ata

H(a,a)=(2d)*™" +0(d*™"),  H(x,a) <cmaxd,,d,)*™",

oH n—2 1 8
E(a,a):m—i—o F)’ (x a) < H(x a).
LEMMA B.3.— Let x; and x, be two points of2 such thatdl < dr and cads <

|x1 — x2| Wherec; is a fixed constant. if; is small enough the@G/dnq)(x1, x2) < 0.
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Proof. —We argue by contradiction. We assume that there exists a sequghag’) €
Q2 such that" tends to zerod? < dy, cody' < |x§ — x&'|, (G /dn)(x¥, x4") > 0. In
the case where lim* # lim x5', the strong maximum principle yields a contradiction.
Suppose, now, that lim" = lim x3'. Three cases may occur
(1) a3 /|1x* — x| tends to zero.
(2) |xI" —x5'|/d3 is bounded andy"/|x]" — x4'| tends to zero.
(3) |x" —x5'|/dy" is bounded.
Let us consider the first case. We introduce the transformdtidefined on2 by
T:Q—>Q=T(Q)
- X
X—>X=—.
|x1' — x3'|
Let G andG be the Green’s functionals associatedtand2. We have
G(x,y) =G@&. 3)/lxy — x5 "%

Thus

BG( v 1 9G
98 ym ymy = =
any 1-%2

Let i be such tha” € 3Q andd” = |5 — %!"|. For a fixed constank (0 < R < 1/2),
we choosey; € 2 such thatB1(y1, R) is included inQ2 and contains:y’. We introduce
the functional

v(x) =gkl _grek’

wherea is chosen such thatv > 0 on B; \ B2(y1,7) (0 <r < R/2). The functional
satisfies

v(x)=0 ondB; and v(x) >0 inBy.
Let A, a set independent of, be such that

Bx(y1.r) CACQ, i cA and i cdA.

Observe that, for € 3 B, we havex, — x| > 1/4 and for each € [xo, X2], [t —x| > 1/4.
Thus

. _ G - 392G .
Ga(x, %2) = Ga(x, B2) + —(x, T2)do + O( sup ——- (x, z)d%).
anZ t€[X2,X2] na
Sincex; € A thenG 4 (x, X2) = 0. Using Hopf Lemma,

Ga(x,%2) = c(A)da 4 O(d3) > cda,

wherec is independent of:. SinceA C Q then

G >G4
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and therefore for eache dB;, v(x) < M. Thus, for eachx € 3(B;1 \ Br)

~ - cd
G(x, i2) — ﬁzv(x) >0.
Observe that

~ . Cd~2 .
—A(G(.,xz) — ﬁv(.)) >0 inB;\ B,

Thus, using the maximum principle, we derive

~ - Cdz .
G(.,Xx2) — ﬁv() >0 inB; \ B>.

The value of this functional at; is zero. Thus

i(? )~ < (‘>)<0
31’11 X1, X2 val N2

Therefore
86(_ ~)<c528v(_)< J
— (X1, X2) X — —(x1) < —cd».
any DS M oongt 2
We need to prove this estimate f&f;/anl(il, X2). Observe that
G . . 3G _ _ 332G . -~
— (X1, X2) = — (%1, X2) + O sup — (1, x2)d1 ).
87’11 87’11 re[x1,%1] 87’11
Fort € [x1, X1], we need to estimate
2G . %G _ 33G -
W%(t,xz) = a—nf(I’XZ) +O< sup ——(, Z)d2>-

z€[x2,%2] 197z
Sinced?G /dn3(t, %) = 0, a contradiction if we prove that

3etPG .

W:O(l) if |x_y|>c

We interest now to this proof. First, we introduce the sets
B3(%1,1/4 N and Ba(iz, 1/4) N K.

For eachx € BsN Q2 andy € B,N 2, G(x, y) is a harmonic functional i N Q. Thus

- 9G _
G(x,y) =— / 3—1)3(” x)G(t,y)dt.

3B3ﬂ§
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Therefore
%G - 99tLG,
X, = —
axe Y Ivox
333!’15

(depending only orB3). We have also

(t,x)G(t,y)dt = O(1)

_ 9G _
G(x,y) =— / 3—1)4(” WG(t, x)dt.

3B4ﬂ§
Therefore
3" EG PG, 3G
,y)=— t, t,x)dt =01
Txgyr %Y Foays 1) g ) (D)
334!’15

(depending orBs and By). The result follows.
We left now for the second case. We introduce the following transformation

T:Q—>Q=T(Q)
x—>i=x/d

thend, = 1, dy = d1/d» = 0(1) and |¥1 — Xo| = |x1 — x2|/d> > c». As in the first case,
we introduce the set such that

ACQ, i1€dA, F1eA and FeA
(A is a compact set independentraf. Observe that

G—G,>0 inA and G(xy, %2) — G4 (X1, %2) =0.

Thus
o~ _ .
%(G(Xl, ¥2) — G (X1, %2)) <0.
Therefore
3G
— (X1, X2) < —c
87’11

(c is independent afz).
G g
3711

... G _ %G . - .
(X1, X2) = —(¥1,%2) + O sup ——=(#,X2)d1 ) < —c+ O(d1) < —¢/2
dny reffrir) 011
a contradiction with the assumptions.
The third case is proved in the appendix of [8]. It relies on the following estimates

o =—(n-2—>2=—(n-2

|x1 — x2|" |x1 — x2|"

a ( 1 ) (x1 —x2)n1 dr — d1 +0(d1)

ong \ |x1 — xp|" 2
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and
OH —(n—2)
—(x1, x0) = X1 — X2+ 2n1.(x1 — x2)n1 — 2diny).n1 + o(d
anl( 1, X2) |X1—x2+2d1n1|”( 1— X2 1-(x1 — x2)ny 1n1).n1 + 0(d1)

(n —2)(d1 + dp) ( 1 )
(|x1 — x2|? + 4d1d2)"/? it
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