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ABSTRACT. – In this paper we are interested in the study of a model of nonhomogeneous
diphasic incompressible flow. More precisely we consider a coupling of a Cahn–Hilliard and an
incompressible Navier–Stokes equations where the densities of the phases are different.

For this general model we can only show the local existence of a unique very regular solution
and the existence of weaker solutions is still an open problem. But, if we look at the behavior of
the system when the densities tends to be equal (slightly nonhomogeneous case), we show the
existence of a global weak solution and of a unique local strong solution (which is in fact global
in 2D). Finally, an asymptotic stability result for the metastable states is shown in this slightly
nonhomogeneous case.
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RÉSUMÉ. – Dans cet article, nous nous intéressons à l’étude d’un modèle d’écoulement
diphasique nonhomogène incompressible. Plus précisément, nous considérons un couplage entre
une équation de Cahn–Hilliard et une équation de Navier–Stokes incompressible dans lesquelles
les densités des deux phases sont différentes.

Pour ce modèle général, nous pouvons seulement prouver l’existence locale et l’unicité d’une
solution très régulière, l’existence de solutions plus faibles restant un problème ouvert. En
revanche, si nous considérons le comportement du système quand les densités des deux phases
sont proches (cas faiblement nonhomogène), nous montrons l’existence de solutions faibles
globales et l’existence et l’unicité de solutions fortes locales (en fait globales en dimension 2).
Enfin, un résultat de stabilité asymptotique des états métastables est établi, toujours dans le cas
faiblement nonhomogène.

1. Introduction

We are interested in the study of incompressible diphasic nonhomogeneous mixtures
flows. We have proposed in [6] the derivation of a mathematical model for this kind
of problem based on the coupling of a Cahn–Hilliard equation and a nonhomogeneous
Navier–Stokes equation. The origine of this derivation lies on the works of numerous
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authors [9,11,14,23]. We obtain the following equations for the order parameterϕ, the
potentialµ and the velocityv. If ρ0

1, ρ
0
2 denote the densities of the two phases, the system

reads

∂ϕ

∂t
+ v.∇ϕ − div

(
1

ρε(ϕ)
∇
(

µ

ρε(ϕ)

))
= 0, (1.1)

µ = −α
ϕ + F ′(ϕ), (1.2)

ρε(ϕ)

(
∂v

∂t
+ v.∇v

)
− 2div

(
η(ϕ)D(v)

)+ ∇p

= µ∇ϕ + ε
1− ϕ2

4
∇
(

µ

ρε(ϕ)

)
+ ρε(ϕ)g, (1.3)

div(v) = 0, (1.4)

the normalized density being theoretically given by

ρε(ϕ) = 1+ ε
ϕ − 1

2
, (1.5)

with

ε = |ρ0
1 − ρ0

2|
max(ρ0

1, ρ
0
2)

,

representing the relative difference of the densities. Let us remark that we always have
ε � 1. We recall the usual notation for the deformation tensorD(u) = (∇u + ∇ut )/2.

For this model, we are not able to prove in general (even ifε = 0) that the values of the
order parameter remain in the physical-meaningful interval[−1,1]. This implies that if
we defineρε with (1.5) we are not sure that the density remains always positive. That’s
the reason why, we introduce a slightly different definition forρε, namely it must be a
function satisfying:

ρε(1) = 1,
∣∣ρ ′

ε

∣∣∞ � ε

and

0< ρ1 � ρε(ϕ) � ρ2,

independtly ofε. One may keep in mind thatρε is essentially given by (1.5) into the
interval [−1,1].

In some particular cases, for example (see [5]) ifε = 0 and if we introduce a
degenerate mobility (diffusion coefficient) in the model, then we can show that the values
of the order parameter stay in the physical-meaningful interval[−1,1]. Hence, we know
a posteriorithat the density is really given by (1.5). Such a qualitative result on the values
of ϕ is also expected even in the caseε > 0, if one consider a logarithmic Cahn–Hilliard
potentialF of the form

F(ϕ) = θ
(
1− ϕ2) + (1+ ϕ) log(1+ ϕ) + (1− ϕ) log(1− ϕ),

which is a physical-relevant choice forF (see [14]).
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From now on, we suppose that the dimension of the space isd = 2 or d = 3.
Our following study takes place again [5] in the case of the channel under shear
which corresponds to the physical experimental conditions, but our results are still
true if we consider a bounded regular domain with homogeneous boundary conditions.
Consequently, the previous system is provided with periodicity condition in the
x, y-directions and on the other boundaries, with the conditions

∂ϕ

∂ν
= ∂µ

∂ν
= 0, (1.6)

v = Uex on {z = 1}, v = −Uex on {z = −1}. (1.7)

We shown in [6] that the numerical simulations for this model give physical-relevant
results. Moreover, the homogeneous case (ε = 0, ρε(ϕ) ≡ 1) has been studied in [5],
where it is shown the existence of weak solutions, the existence and uniqueness of strong
solutions and an asymptotic stability result of the metastable states of the potential.

Our first objective is to study the existence of solutions to system (1.1)–(1.4), (1.6),
(1.7). For any range of admissible values ofε, we can only show (Theorem 3.1) the
existence and uniqueness of local very strong solutions. In this case, the existence of
weak solutions is still an open question.

Nevertheless, in the slightly nonhomogeneous regime, that is to say if we suppose
the smallness of the parameterε, we can drasticaly improve the results in this direction.
More precisely, we show (Theorem 3.2) that ifε is small enough, then there exists a
global weak solution uniformly bounded in time in the appropriate spaces. Furthermore,
this solution converges, up to an extraction of a subsequence, towards a weak solution
of the homogeneous problem.

Moreover we show (Theorem 3.3), always under the condition thatε is small enough,
the existence and uniqueness of strong solutions (global in 2D and local in 3D) for
regular initial data.

Finally, we establish (Theorem 3.4) the same kind of asymptotic stability result than
the one shown in [5], always in the slightly nonhomogeneous case. We point out that the
asymptotic stability of the metastable stationnary states is shown even in 3D.
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2. Notations and fundamental results

Functional spaces

Throughout this paper we denote by|.|p the usual norm on the spaceLp, and by‖.‖s

the usual norm onHs . We letLp = (Lp)d andH
s = (H s)d the norms on these spaces

being always denoted by|.|p and‖.‖s .
We have to introduce the natural homogeneous boundary conditions associated to the

problem (1.1)–(1.4), (1.6), (1.7). Namely, we introduce, if it makes sense, the conditions

ϕ is periodic in thex, y-directions and satisfies
∂ϕ

∂ν
= ∂
ϕ

∂ν
= 0 on{z = ±1}. (2.1)

u is periodic in thex, y-directions and satisfiesu = 0 on{z = ±1}. (2.2)

Then we define classicaly (see [5]) the spaces

"s = {
ϕ ∈ Hs, satisfying(2.1)

}
,

Vs = {
u ∈ H

s ,div(u) = 0, satisfying(2.2)
}
.

As usual, the spaceV0 will be denoted byH , and the spaceV1 by V . In the definition of
H one must replace the boundary conditionu = 0 byu.ν = 0. Moreover, we will denote
by P the orthogonal projector inL2($) onto the spaceH .

Stokes operator

We recall (see [26]) that for anyu ∈ V2, there exists a unique(Au,π) ∈ H × (H 1/R)

such that

Au = −
u + ∇π,

the operatoru �→ Au is a nonbounded operator inH of domainV2 named the Stokes
operator. Moreover, there existsC1,C2,C3 > 0 such that for anyu ∈ V2 we have




C1‖u‖2 � |Au|2 � C2‖u‖2,

‖π‖H1/R � C3‖u‖2,

|π |L2/R � C3‖u‖1.

(2.3)

Fundamental inequalities

We do not recall the classical Sobolev embeddings that we will use in this paper. We
also refer to [3,18] for the different interpolation results we need in our estimates.

Let us recall the Poincaré’s and Korn’s inequalities: there existsC4,C5 > 0 such that
for anyu ∈ V , we have

C4‖u‖1 � |∇u|2 � C5|D(u)|2. (2.4)
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Furthermore, for anyf ∈ L1 we denote bym(f ) = 1
|$|

∫
$ f its average. Then [25]

there existsC6 > 0 such that

{‖ϕ − m(ϕ)‖1 � C6|∇ϕ|2, ∀ϕ ∈ "1,

‖ϕ − m(ϕ)‖s+2 � C6‖
ϕ‖s , ∀s � 0, ∀ϕ ∈ "s+2.
(2.5)

As a consequence we will systematically use inequalities like

‖∇ϕ‖1 = ∥∥∇(
ϕ − m(ϕ)

)∥∥
1 � ‖ϕ − m(ϕ)‖2 � C6|
ϕ|2.

Finally we will use the two following Agmon’s inequalities in dimensiond = 3

{ |f |∞ � C‖f ‖1/2
1 ‖f ‖1/2

2 , for anyf ∈ H 2,

|f |∞ � C|f |1/2
2 ‖f ‖1/2

3 , for anyf ∈ H 3.
(2.6)

Stationary solutions

One can remark that, if we suppose thatg is derived from a potentialG, that is to say
g = ∇G, then we can construct a family of stationary solutions of (1.1)–(1.4)

ϕ∞ = ω, vU
∞ = Uzex, (2.7)

whereω is a given constant. We will study the asymptotic stability of this solution in the
Section 3.3, but introducing these solutions is necessary in order to state precisely the
results we present here.

Mean conservation for the Cahn–Hilliard equation

We state here a fundamental property of the Cahn–Hilliard equation and more
generally of Eq. (1.1) with the boundary conditions (1.6).

LEMMA 2.1. –Any solutionϕ of (1.1)satisfying(1.6), with a velocity fieldv(t) ∈ H ,
satisfies

∂

∂t
m(ϕ) = 0,

which implies that

m
(
ϕ(t)

) = m(ϕ0), as long asϕ exists.

The proof is straightforward by choosing the constant function 1 as a test function
for (1.1). We will use this property systematically in the following.

General assumptions

To conclude with, we make precise here the assumptions we make in the whole paper.
First, we assume that the external forces termg lies inL

2 and is independent of the time.
In some sections, we will suppose in addition thatg is a gradient of a potential ofH 1.
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Furthermore, we assume that the viscosityη is a regular function (typically ofC1-class)
which satisfies

0< η1 � η(x) � η2, for anyx ∈ R.

As far as the Cahn–Hilliard potential is concerned, we make the following assump-
tions (see [5])

F is of C2 class, andF � 0, (2.8)

∃ F1,F2 > 0 such that|F ′(x)| � F1|x|p + F2, |F ′′(x)| � F1|x|p−1 + F2, ∀x ∈ R,
(2.9)

where 1� p � 3 if d = 3 and 1� p < +∞ if d = 2,

∀γ ∈ R, ∃ F3(γ ) > 0, F4(γ ) � 0 such that,
(2.10)

(x − γ )F ′(x) � F3(γ )F (x) − F4(γ ), ∀x ∈ R,

∃ F5 � 0 such thatF ′′(x) � −F5, ∀x ∈ R. (2.11)

As a remark, we point out that the conditionF � 0 is not restrictive because a
physical-meaningful potential is always bounded from below and adding a constant to
the potentialF does not change the equations.

Those assumptions allows the choice of a classical Cahn–Hilliard potential: polyno-
mial of second order with positive dominant coefficient (see [12,25]).

3. Slightly nonhomogeneous mixtures

In the case of general nonhomogeneous mixtures we can only show a result of local
existence of strong solutions. In fact, the solutions we obtain are stronger than the one
obtained in the sequel (Theorem 3.3). This is not surprising because, when we do not
suppose thatε is small, our system of Eqs. (1.1)–(1.4) is very strongly non-linear in
particular in the Cahn–Hilliard equation (1.1). We give without proof the following result

THEOREM 3.1. –For anyU > 0, v0 ∈ vU∞ +V andϕ0 ∈ "4, there exists a timeT > 0
depending onU , ‖v0‖1 and‖ϕ0‖4 such that for anyε � 1 there exists a unique strong
solution(ϕε, vε) of the problem(1.1)–(1.4)on [0, T [, satisfying

‖ϕε‖L∞(0,T ;"4) + ‖ϕε‖L2(0,T ;"6)
+ ∥∥vε − vU

∞
∥∥
L∞(0,T ;V )

+ ∥∥vε − vU
∞
∥∥
L2(0,T ;V2)

� C,

∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(0,T ;"1)

+
∥∥∥∥∂vε

∂t

∥∥∥∥
L2(0,T ;H)

� C,

whereC > 0 is independent ofε.

Remark3.1. – The proof consists essentially in using slightly differently the same
estimates than in the proofs of Theorems 3.2 and 3.3.
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In order to prove more significant results, we are interested, until the end of the paper,
in the study of the system (1.1)–(1.4) when the parameterε is small. That is to say that
we suppose that the densities of the two phases are close enough. Under those conditions
we can show the existence of global weak solutions and the existence and uniqueness of
strong solutions (global in 2D and local in 3D).

3.1. Weak solutions

In this subsection we are concerned with the proof of the following result.

THEOREM 3.2. –LetU > 0, vε
0 ∈ vU∞ + H , ϕε

0 ∈ "3, such thatm(ϕε
0) is independent

of ε. We suppose that there existsC0 independent ofε satisfying

∥∥ϕε
0‖1 + ∣∣vε

0

∣∣
2 + ε1/2∥∥ϕε

0

∥∥
2 + ε3/4∥∥ϕε

0

∥∥
3 � C0.

There existsε0 depending only onC0, U andF such that for anyε < ε0 there exists a
weak solution(ϕε, vε) of (1.1)–(1.4)on R

+ for the initial data(ϕε
0, v

ε
0), satisfying

‖ϕε‖L∞(R+;"1) + ε1/2‖ϕε‖L∞(R+;"2) + ε3/4‖ϕε‖L∞(R+;"3) + ∥∥vε − vU
∞
∥∥
L∞(R+;H)

� C,

(3.1)

‖ϕε‖L2(t0,t0+τ ;"3)
+ ε1/2

∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;L2)

+ ε3/4
∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;H1)

+‖µε‖L2(t0,t0+τ ;"1)
+ ∥∥vε − vU

∞
∥∥
L2(t0,t0+τ ;V )

� C(τ), for any t0 � 0, τ > 0, (3.2)

∥∥∥∥P ∂ρεvε

∂t

∥∥∥∥
L2(0,T ;V ′

d/2)

� M(T ), (3.3)

whereC, C(τ), M(T ) are independent ofε and t0.
Moreover, if

ϕε
0 → ϕ0 and vε

0 → v0, whenε → 0,

then, up to an extraction of a subsequence,(vε, ϕε) converges towards a solution of the
homogeneous limit system(ε = 0).

Remark3.2. – The following proof is given in the cased = 3. The estimates in the
2D case are made in the same way but are in fact much easier to derive. As an exception,
we point out the difference between the 2D and 3D case for inequalities (3.28) and (3.29).

Proof. –In the following, it is convenient to drop the superscriptε for ϕε
0, v

ε
0 and the

subscriptε for ϕε, vε and ρε, but one may keep in mind that any quantity which is
estimated may depend onε.

We will only give the formal derivation of the energy estimates (3.1)–(3.3). The
complete proof can be performed through an approximation process (a Galerkin method,
for example, [5]) and we will make precise at the end of the proof, the way we obtain
the compactness necessary to take the limit in the approximated solutions.

From now on, we are mainly concerned with the proof of estimates (3.1), (3.2).
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Step1. Following [20], forλ > 0 we introduce a vector fieldvλ as in [5] depending
only in z and satisfying:

div(vλ)= 0,

vλ.∇vλ = 0,

|vλ|∞ = 1,

|vλ|4 � Cλ,

|∇vλ|22 � C
1

λ4

(
1+ λ8), (3.4)

and

vλ = ex on {z = 1}, vλ = −ex on {z = −1}.
Now we letv = u + Uvλ so thatu satisfies homogeneous boundary conditions (2.2)

and the equations

∂ϕ

∂t
+ u.∇ϕ − div

(
1

ρ
∇
(

µ

ρ

))
= −Uvλ.∇ϕ, (3.5)

µ = −α
ϕ + F ′(ϕ), (3.6)

ρ

(
∂u

∂t
+ u.∇u

)
− 2div

(
η(ϕ)D(u)

)+ ∇p

= −Uρvλ.∇u − Uρu.∇vλ + 2Udiv
(
η(ϕ)D(vλ)

)
+µ∇ϕ + ε

1− ϕ2

4
∇
(

µ

ρ

)
+ ρg, (3.7)

div(u) = 0. (3.8)

Just as in the remaining of this paper, we have denoted byρ the densityρ(ϕ).
Step2. We first try to get classical energy estimates for these equations. We take the

inner product of (3.5) inL2 with µ and of (3.7) inL
2 with u, and we get

d

dt

(
α

2
|∇ϕ|22 + 1

2
|√ρu|22 +

∫
$

F(ϕ)

)
+ 2

∫
$

η(ϕ)|D(u)|2 +
∫
$

1

ρ2
|∇µ|2

=
∫
$

µ
ρ ′(ϕ)

ρ3(ϕ)
∇ϕ.∇µ + ε

4

∫
$

(
1− ϕ2)∇(

µ

ρ

)
.u +

∫
$

ρg.u

+ 1

2

∫
$

|u|2
(

∂ρ

∂t
+ u.∇ρ

)
− U

∫
$

(vλ.∇ϕ)µ

−U

∫
$

ρ(u.∇vλ)u − U

∫
$

(vλ.∇u)u + 2U
∫
$

η(ϕ)D(vλ) : D(u). (3.9)

Remark3.3. – One can easily see that this last estimate is useless if we do not have
an estimate for∂ϕ/∂t . In fact, this point is the main difference in comparison with
the classical nonhomogeneous fluids model [19,24]: as our model takes into account
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exchange phenomena at the interface, the density does not satisfy the local conservation
equation

∂ρ

∂t
+ v.∇ρ = 0,

so that we have

∫
$

(
ρ

(
∂u

∂t
+ u.∇u

))
.u = 1

2

∂

∂t

(∫
$

ρ|u|2
)

− 1

2

∫
$

|u|2
(

∂ρ

∂t
+ u.∇ρ

)
,

where the last term does not vanish.
Nevertheless, we have global conservation of the order parameter (and of the density

if it is defined by (1.5)) in the sense that (Lemma 2.1)

∂

∂t

(∫
$

ϕ

)
= 0.

That’s the reason why we have to multiply (3.5) by∂ϕ/∂t to get after integration

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+

∫
$

(u.∇ϕ)
∂ϕ

∂t
+ U

∫
$

(vλ.∇ϕ)
∂ϕ

∂t

= −
∫
$

1

ρ
∇
(

µ

ρ

)
.∇ ∂ϕ

∂t

= −α

∫
$

1

ρ2

ϕ


∂ϕ

∂t
− α

∫
$

ρ ′(ϕ)

ρ3(ϕ)

ϕ∇ϕ.∇ ∂ϕ

∂t
−

∫
$

1

ρ
∇
(

F ′(ϕ)

ρ(ϕ)

)
.∇ ∂ϕ

∂t

= − d

dt

(
α

2

∫
$

1

ρ2
|
ϕ|2

)
+ α

∫
$

|
ϕ|2 ρ ′(ϕ)

ρ3(ϕ)

∂ϕ

∂t

−α

∫
$

ρ ′(ϕ)

ρ3(ϕ)

ϕ∇ϕ.∇ ∂ϕ

∂t
−

∫
$

1

ρ
∇
(

F ′(ϕ)

ρ(ϕ)

)
.∇ ∂ϕ

∂t
. (3.10)

We see another time that this last estimate requires to have some information concerning
∇ ∂ϕ

∂t
. In this direction, we multiply (3.5) by∂

∂t
(µ

ρ
) and integrate on$ to have

1

2

d

dt

(∫
$

1

ρ

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2)

+
∫
$

u.∇ϕ
∂

∂t

(
µ

ρ

)
+ U

∫
$

(vλ.∇ϕ)
∂

∂t

(
µ

ρ

)

= −
∫
$

∂ϕ

∂t

∂

∂t

(
µ

ρ

)
−

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
∂ϕ

∂t

= α

∫
$

∂ϕ

∂t

∂

∂t

(

ϕ

ρ

)
−

∫
$

∂ϕ

∂t

∂

∂t

(
F ′(ϕ)

ρ(ϕ)

)
−

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
∂ϕ

∂t
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= α

∫
$

1

ρ

∂ϕ

∂t

∂
ϕ

∂t
− α

∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2
ρ ′(ϕ)

ρ2(ϕ)

ϕ

−
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2(

F ′′(ϕ)

ρ(ϕ)
− F ′(ϕ)ρ ′(ϕ)

ρ2(ϕ)

)
−

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
∂ϕ

∂t

= −α

∫
$

1

ρ

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

− α

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t
∇ ∂ϕ

∂t
.∇ϕ − α

∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2
ρ ′(ϕ)

ρ2(ϕ)

ϕ

−
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2(

F ′′(ϕ)

ρ(ϕ)
− F ′(ϕ)ρ ′(ϕ)

ρ2(ϕ)

)
−

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
∂ϕ

∂t
. (3.11)

We use assumptions (2.8)–(2.11) on the functionF , to deduce (see [5])

C F4
(
m(ϕ0)

)+ 1

ρ2
2
|∇µ|22 � 1

2ρ2
2
|∇µ|22 + C|∇ϕ|22 + C|
ϕ|22 + CF3

(
m(ϕ0)

)(∫
$

F(ϕ)

)
,

(3.12)
and

|m(µ)| =
∣∣∣∣−α

∫
$


ϕ +
∫
$

F ′(ϕ)

∣∣∣∣ � C
(
1+ |ϕ|pp

)
� C

(
1+ |∇ϕ|p2

)
, (3.13)

because in any casesH 1 ⊂ Lp. Finally we have

1

4

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
� 1

4ρ2
2
|∇µ|22 + Cε2|µ∇ϕ|22

� 1

4ρ2
2
|∇µ|22 + Cε2|∇µ|22|
ϕ|22 + Cε2m(µ)2|∇ϕ|22

� 1

4ρ2
2
|∇µ|22 + Cε2|∇µ|22|
ϕ|22 + Cε2(1+ |∇ϕ|2p2

)|∇ϕ|22. (3.14)

Summing (3.9),ε× (3.10), ε3/2× (3.11), (3.12) and (3.14) we finally get the energy
estimate we need

d

dt

(
α

2
|∇ϕ|22 + 1

2
|√ρu|22 +

∫
$

F(ϕ) + ε
α

2

∣∣∣∣1

ρ

ϕ

∣∣∣∣
2

2
+ ε3/2

∣∣∣∣ 1√
ρ

∇
(

µ

ρ

)∣∣∣∣
2

2

)

+2
∫
$

η(ϕ)|D(u)|2 + 1

4ρ2
2
|∇µ|2 + 1

4

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ C|∇ϕ|22

+C|
ϕ|22 + C

(∫
$

F(ϕ)

)
+ ε

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ ε3/2α

∫
$

1

ρ

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

� C F4
(
m(ϕ0)

) + Cε2|∇µ|22|
ϕ|22 + Cε2m(µ)2|∇ϕ|22
+ ε

4

∫
$

(
1− ϕ2)∇(

µ

ρ

)
.u +

∫
$

ρ ′(ϕ)

ρ3(ϕ)
µ∇ϕ.∇µ +

∫
$

ρg.u
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− εα

∫
$

ρ ′(ϕ)

ρ3(ϕ)

ϕ∇ϕ.∇ ∂ϕ

∂t
+ 1

2

∫
$

ρ ′(ϕ)|u|2u.∇ϕ + 1

2

∫
$

ρ ′(ϕ)|u|2∂ϕ
∂t

− ε

∫
$

u.∇ϕ
∂ϕ

∂t
+ εα

∫
$

ρ ′(ϕ)

ρ3(ϕ)
|
ϕ|2∂ϕ

∂t
− ε

∫
$

1

ρ
∇
(

F ′(ϕ)

ρ(ϕ)

)
.∇ ∂ϕ

∂t

− ε3/2
∫
$

u.∇ϕ
∂

∂t

(
µ

ρ

)
− ε3/2α

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t
∇ ∂ϕ

∂t
.∇ϕ − ε3/2α

∫
$

ρ ′(ϕ)

ρ2(ϕ)

∣∣∣∣∂ϕ∂t
∣∣∣∣
2


ϕ

− ε3/2
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2(

F ′′(ϕ)

ρ(ϕ)
− F ′(ϕ)ρ ′(ϕ)

ρ2(ϕ)

)
− ε3/2

∫
$

ρ ′(ϕ)

ρ3(ϕ)

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
∂ϕ

∂t

−U

∫
$

(vλ.∇ϕ)µ − U

∫
$

ρ(u.∇vλ)u − U

∫
$

(vλ.∇u)u + 2U
∫
$

η(ϕ)D(vλ) :D(u)

− εU

∫
$

(vλ.∇ϕ)
∂ϕ

∂t
− ε3/2U

∫
$

(vλ.∇ϕ)
∂

∂t

(
µ

ρ

)
. (3.15)

Step3. We introduce the following functionals

yε(t) = α

2
|∇ϕ|22 + 1

2
|√ρu|22 +

∫
$

F(ϕ) + ε
α

2

∣∣∣∣1

ρ

ϕ

∣∣∣∣
2

2
+ ε3/2

∣∣∣∣ 1√
ρ

∇
(

µ

ρ

)∣∣∣∣
2

2
,

zε(t) = η1|∇u|22 + 1

4ρ2
2
|∇µ|2 + 1

4

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ C|∇ϕ|22 + C|
ϕ|22 + C

(∫
$

F(ϕ)

)

+ ε

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ ε3/2 α

ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
.

Then we can prove the following result.

LEMMA 3.1. –There existsβ,C > 0 such that for any0< ε � 1, we have

ε3/2|∇
ϕ|22 �C
(
yε + yβ

ε

)
, (3.16)

ε3/4|
ϕ|22 �C
(
yε + yβ

ε

)
, (3.17)

and

yε � Czε. (3.18)

Proof. –We have from Eq. (3.6)


ϕ = 1

α

(−µ + F ′(ϕ)
)
,

and so

∇
ϕ = − 1

α
ρ∇

(
µ

ρ

)
− 1

α

µ

ρ
∇ρ + F ′′(ϕ)

α
∇ϕ,

from which we deduce
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|∇
ϕ|22 � C

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ Cε2

∣∣∣∣µρ ∇ϕ

∣∣∣∣
2

2
+ C|∇ϕ|22 + C

∫
$

|ϕ|2p−2|∇ϕ|2

� C

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ Cε2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
|
ϕ|22 + C|∇ϕ|22 + C|ϕ|2p−2

3p−3|∇ϕ|26

� C

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ Cε2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
|
ϕ|22 + C|∇ϕ|22 + C|∇ϕ|2p−2

2 |
ϕ|22.
Finally we have

ε3/2|∇
ϕ|22 � C
(
yε + εy2

ε + ε1/2yp
ε

)
,

so that we get (3.16) withβ = max(2,p) > 1. In order to show (3.17) we integrate by
parts and we use (3.16),

ε3/4|
ϕ|22 � ε3/4
∫
$

|∇ϕ| |∇
ϕ| � ε3/4|∇ϕ|2 |∇
ϕ|2 � 1

2
|∇ϕ|22 + 1

2
ε3/2|∇
ϕ|22

�C
(
yε + y(β+1)/2

ε

)
� C

(
yε + yβ

ε

)
.

The third point is clear from the definitions ofyε andzε. ✷
Remark3.4. –
– The first point of the lemma give us a control on theH 3-norm ofϕ in terms ofyε

which is not a priori obvious.
– The second point will be very useful in the sequel. Indeed, if we look at the

definition ofyε we have

ε3/2|
ϕ|22 � Cyε,

whereas (3.17) let us estimate|
ϕ|22 with a smaller power ofε (namelyε3/4) under
the condition that we allow the presence of powers ofyε greater than 1.

– The third point of the lemma is the key-point of the end of the proof, when an
ordinary differential equation argument is used to conclude. Estimates (3.12)–
(3.14) are just derived in order for this control ofyε by zε to be true.

Let us go back to the proof of Theorem 3.2. We obtain from (3.15) the differential
inequality

d

dt
yε + zε � C F4

(
m(ϕ0)

) + Cεyεzε + Cε2(1+ yp
ε

)
zε + I1 + · · · + I20, (3.19)

whereI1, . . . , I20 denote the twenty integrals of the right-hand side of (3.15). From now
on, we wish to estimate each of these terms in function ofε, yε andzε.

Using (3.8) and the boundary conditions onu, the first term reads after integration by
parts

|I1| � ε

2

∣∣∣∣
∫
$

ϕ

ρ(ϕ)
µ∇ϕ.u

∣∣∣∣ = ε

2

∣∣∣∣
∫
$

ϕ

ρ(ϕ)

(
µ − m(µ)

)∇ϕ.u

∣∣∣∣
�Cε

(|ϕ|6 + |m(ϕ0)|)|∇ϕ|2|µ − m(µ)|6|u|6
�Cε

(|∇µ|22 + |∇u|22
)(|∇ϕ|22 + |∇ϕ|2) � Cε

(
yε + y1/2

ε

)
zε. (3.20)
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We notice that|ρ ′(ϕ)| � ε to obtain, with the Sobolev embeddingH 1/2 ⊂ L3 (in
dimensiond � 3),

|I2| � ε

ρ2
1

(|µ − m(µ)|6 + |m(µ)|)|∇ϕ|3|∇µ|2 � Cε|∇µ|2(1+ |∇µ|2 + |∇ϕ|p2
)|∇ϕ|3

�Cε3/4|∇µ|2(1+ |∇µ|2 + |∇ϕ|p2
)(|∇ϕ|1/2

2

)(
ε1/4|
ϕ|1/2

2

)
�Cε3/4y1/2

ε zε + Cεzε. (3.21)

The third term is obviously estimated as follows using (3.18) and Young’s inequality

|I3| � ρ2|g|2|u|2 � Cy1/2
ε � C + 1

8
zε. (3.22)

Using the previous lemma and particularly (3.16) we obtain

|I4| �Cε2
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|∇ϕ|4|
ϕ|4 � Cε2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|
ϕ|2|∇
ϕ|2

�Cε1/2
(
ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|
ϕ|2

)(
ε3/4|∇
ϕ|2) � Cε1/2z1/2

ε

(
yε + yβ

ε

)
zε. (3.23)

Using another time that|ρ ′(ϕ)| � ε we get

|I5| � ε

2

∫
$

|u|3|∇ϕ| � Cε|u|318/5|∇ϕ|6

� Cε‖u‖3
2/3‖∇ϕ‖1 � Cε|u|2|∇u|22|
ϕ|2

� C
√

ε|∇u|22
(|u|22 + ε|
ϕ|22

)
� C

√
εyεzε. (3.24)

The sixth and seventh terms are estimated as follows

|I6| �Cε

∫
$

|u|2
∣∣∣∣∂ϕ∂t

∣∣∣∣ � Cε|u|23
∣∣∣∣∂ϕ∂t

∣∣∣∣
3

�Cε|u|2|∇u|2
∣∣∣∣∂ϕ∂t

∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2
� Cε3/8|u|2

(
|∇u|2ε1/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)

� ε3/8|u|2
(

|∇u|22 + ε

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ ε3/2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2

)
� Cε3/8y1/2

ε zε, (3.25)

|I7| � ε|u|4|∇ϕ|2
∣∣∣∣∂ϕ∂t

∣∣∣∣
4
� Cε|∇u|2|∇ϕ|2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�Cε1/4|∇ϕ|2
(

|∇u|22 + ε3/2
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2

)
� Cε1/4y1/2

ε zε. (3.26)

Using (3.16), we get

|I8| � αε2

2ρ2
1
|
ϕ|23

∣∣∣∣∂ϕ∂t
∣∣∣∣
3
� Cε2|
ϕ|2|∇
ϕ|2

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

�Cε5/8(ε3/4|∇
ϕ|2)
(
ε1/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

)(
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)
|
ϕ|2

�Cε5/8(y1/2
ε + yβ/2

ε

)
zε. (3.27)
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In order to estimate the next term, we must derive estimates for|∇F(ϕ)|2 and
|∇F ′(ϕ)|2. More precisely, thanks to the assumption (2.9) onF we have

• If d = 2, ord = 3 andp � 2, thanks to the embeddingH 1 ⊂ L3p

∣∣∇F(ϕ)
∣∣2
2 =

∫
$

∣∣F ′(ϕ)
∣∣2|∇ϕ|2 � C|∇ϕ|22 + C

∫
$

∣∣ϕ − m(ϕ0)
∣∣2p|∇ϕ|2

�C|∇ϕ|22 + C|∇ϕ|2p2 |
ϕ|22. (3.28)

• If d = 3 and 2< p � 3, thanks to the embeddingH 3/2−1/p ⊂ L3p

∣∣∇F(ϕ)
∣∣2
2 � |∇ϕ|22 + C|∇ϕ|p+2

2 |
ϕ|p2 . (3.29)

In the same way, in both dimensionsd = 2 and d= 3, we have thanks to the embedding
H 1 ⊂ L3p−3

∣∣∇F ′(ϕ)
∣∣2
2 =

∫
$

∣∣F ′′(ϕ)
∣∣2|∇ϕ|2 � C|∇ϕ|22 + C

∫
$

∣∣ϕ − m(ϕ0)
∣∣2p−2|∇ϕ|2

�C|∇ϕ|22 + C|∇ϕ|2p−2
2 |
ϕ|22. (3.30)

We deduce from these estimates that

|I9| � ε

∣∣∣∣∇
(

F ′(ϕ)

ρ(ϕ)

)∣∣∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
� Cε

∣∣∇F ′(ϕ)
∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
+ Cε2∣∣∇F(ϕ)

∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�Cε
(|∇ϕ|2 + |∇ϕ|p−1

2 |
ϕ|2)
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
+ Cε2(|∇ϕ|2 + |∇ϕ|p2 |
ϕ|2)

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�Cε1/4(1+ y(p−1)/2
ε

)
zε + Cε5/4(1+ yp/2

ε

)
zε � Cε1/4(1+ yp/2

ε

)
zε. (3.31)

We can now write

|I10| � ε3/2
∣∣∣∣
∫
$

u.∇ϕ

(
F ′′(ϕ)

ρ(ϕ)
− F ′(ϕ)ρ ′(ϕ)

ρ2(ϕ)

)
∂ϕ

∂t

∣∣∣∣ + αε3/2
∣∣∣∣
∫
$

u.∇ϕ
∂

∂t

(

ϕ

ρ(ϕ)

)∣∣∣∣.
We estimate separately the two termsA and B of this last inequality, using (3.17)
and (3.28)–(3.30). The following computations are made in the cased = 3 and 2<
p � 3, but one clearly have the same kind of estimates in the other case

|A| � ε3/2|u|3
∣∣∇F ′(ϕ)

∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
6
+ ε5/2|u|3

∣∣∇F(ϕ)
∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
6

�C|u|1/2
2 |∇u|1/2

2

(
ε3/2∣∣∇F ′(ϕ)

∣∣
2 + ε5/2∣∣∇F(ϕ)

∣∣
2

)∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�C|u|1/2
2

(
ε3/4(|∇ϕ|1/2

2 + |∇ϕ|p−1
2 |
ϕ|1/2

2

)
+ ε7/4(|∇ϕ|1/2

2 + |∇ϕ|p/2+1
2 |
ϕ|(p−1)/2

2

))(
ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|∇u|1/2

2 |
ϕ|1/2
2

)

�Cε3/8y1/4
ε

(
y1/4
ε + y(p+1+β)/2

ε

)
zε,
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|B| � ε3/2α

∣∣∣∣
∫
$

1

ρ
u.∇ϕ

∂
ϕ

∂t

∣∣∣∣+ ε3/2α

∣∣∣∣
∫
$

u.∇ϕ
ϕ
ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t

∣∣∣∣
� ε3/2α

∣∣∣∣
∫
$

∇
(

1

ρ
u.∇ϕ

)
∇ ∂ϕ

∂t

∣∣∣∣ + ε3/2α

∣∣∣∣
∫
$

u.∇ϕ
ϕ
ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t

∣∣∣∣
� ε3/2α

∣∣∣∣
∫
$

(u.∇ϕ)
ρ ′(ϕ)

ρ2(ϕ)
∇ϕ.∇ ∂ϕ

∂t

∣∣∣∣+ ε3/2α

∣∣∣∣
∫
$

1

ρ
∇(u.∇ϕ).∇ ∂ϕ

∂t

∣∣∣∣
+ ε3/2α

∣∣∣∣
∫
$

u.∇ϕ
ϕ
ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t

∣∣∣∣
�Cε5/2|∇ϕ|26|u|6

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
+ Cε3/2∣∣∇(u.∇ϕ)

∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

+ Cε5/2|u|6|∇ϕ|6|
ϕ|2
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�Cε3/4(ε|
ϕ|22
)(|∇u|2ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)
+ Cε3/2∣∣∇(u.∇ϕ)

∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
.

Moreover, with Agmon’s inequalities (2.6) and the Sobolev embeddingH 3/4 ⊂ L4 in
both dimensions 2 and 3, we have∣∣∇(u.∇ϕ)

∣∣
2 � |∇u|2|∇ϕ|∞ + ∣∣u.D2ϕ

∣∣
2 � |∇u|2|
ϕ|1/2

2 |∇
ϕ|1/2
2 + |u|4

∣∣D2ϕ
∣∣
4

� |∇u|2|
ϕ|1/2
2 |∇
ϕ|1/2

2 + |u|1/4
2 |∇u|3/4

2 |
ϕ|1/4
2 |∇
ϕ|3/4

2 ,

so that finally, we get

|B| � Cε3/4yεzε + Cε3/16(ε3/16|
ϕ|1/2
2 ε3/8|∇
ϕ|1/2

2

)(|∇u|2ε3/4
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)

+ Cε3/16(|u|1/4
2 ε9/16|∇
ϕ|3/4

2

)(|∇u|3/4
2 |
ϕ|1/4

2 ε3/4
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)

� Cε3/4yεzε + ε3/16(yε + yβ/2
ε

)
zε.

As a consequence, we get the following estimate for the tenth term

|I10| � Cε3/16(y1/2
ε + y(p+1+β)/2

ε

)
zε. (3.32)

The estimates for the two next terms are straightforward

|I11| � Cε5/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
6

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|∇ϕ|3 � Cε3/4(|∇ϕ|1/2

2 ε1/4|
ϕ|1/2
2

)(
ε3/2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2

)

� Cε3/4y1/2
ε zε, (3.33)

and

|I12| �Cε5/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

3
|
ϕ|3 � Cε1/8(ε3/8|
ϕ|2ε3/4|∇
ϕ|2)

(
ε1/2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2
ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)

�Cε1/8(yε + yβ
ε

)
zε. (3.34)
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Using assumption (2.9) onF and the Sobolev embeddings, we derive the following
estimate

|I13| �Cε3/2
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2∣∣F ′′(ϕ)

∣∣+ Cε5/2
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2∣∣F ′(ϕ)

∣∣

�Cε3/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
+ Cε3/2

∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

|ϕ|p−1 + Cε5/2
∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

|ϕ|p

�Cε3/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
+ Cε3/2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

3
|ϕ|p−1

3p−3 + Cε5/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

4
|ϕ|p2p

�Cε3/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
+ Cε3/2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|∇ϕ|p−1

2 + Cε5/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
3/2

2
|∇ϕ|p2

�Cε1/2zε + Cε1/4zεy
(p−1)/2
ε + Cε9/8zεy

p/2
ε . (3.35)

From the Cahn–Hilliard equation (3.5) we deduce




(
µ

ρ

)
= ρ

(
∂ϕ

∂t
+ u.∇ϕ + Uvλ.∇ϕ + ρ ′(ϕ)

ρ2(ϕ)
∇ϕ.∇

(
µ

ρ

))
,

so that,

∣∣∣∣

(

µ

ρ

)∣∣∣∣
2

2
� C

(∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ |u|22|∇ϕ|2∞ + U2|∇ϕ|22 + ε2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

3
|∇ϕ|26

)
,

and then with the embeddingH 1/2 ⊂ L3 we get

∣∣∣∣

(

µ

ρ

)∣∣∣∣
2
� C

(∣∣∣∣∂ϕ∂t
∣∣∣∣
2
+ |u|2.|∇
ϕ|2 + U |∇ϕ|2 + ε2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2
|
ϕ|22

)
. (3.36)

Finally, we obtain that the next term is estimated as follows

|I14| �Cε5/2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

3

∣∣∣∣∂ϕ∂t
∣∣∣∣
3
� Cε5/2

∣∣∣∣
(

∇µ

ρ

)∣∣∣∣
2

∣∣∣∣

(

µ

ρ

)∣∣∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

�Cε5/2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

(∣∣∣∣∂ϕ∂t
∣∣∣∣
2
+ |u|2|∇
ϕ|2 + U |∇ϕ|2

+ ε2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2
|
ϕ|22

)∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

�Cε5/8
(
ε3/4

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

)(
ε3/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
3/2

2

)(
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)

+ Cε5/8|u|2(ε3/4|∇
ϕ|2)
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

(
ε1/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

)(
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)

+ Cε15/8|∇ϕ|2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

(
ε1/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

)(
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)
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+ Cε19/8
(
ε3/4

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

)(
ε3/4|
ϕ|22

)∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

(
ε1/4

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

)

×
(
ε3/8

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

)

�Cε5/8y1/2
ε zε + Cε5/8(yε + y(β+1)/2

ε

)
zε + Cε15/8y1/2

ε zε

+ Cε19/8(y3/2
ε + yβ+1/2

ε

)
zε. (3.37)

The next five integrals can be easily estimated as follows

|I15| =
∣∣∣∣
∫
$

Uvλ.∇ϕ
(
µ − m(µ)

)∣∣∣∣
� U |vλ|4|∇ϕ|2

∣∣µ − m(µ)
∣∣
4 � Uλ|∇ϕ|2|∇µ|2 � Uλzε, (3.38)

|I16| �
∣∣∣∣U

∫
$

ρ ′(ϕ)(u.∇ϕ)(u.vλ)

∣∣∣∣+
∣∣∣∣U

∫
$

ρ(u.∇)uvλ

∣∣∣∣
� εU |∇ϕ|2|∇u|22|vλ|∞ + U |vλ|4|∇u|22 � εy1/2

ε zε + λUzε, (3.39)

|I17| � U |vλ|4|∇u|22 � λUzε, (3.40)

|I18| � CU |D(u)|2|D(vλ)|2 � 1

8
zε + CU2|D(vλ)|22, (3.41)

|I19| � ε1/4U |vλ|4|∇ϕ|2
(
ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)
� ε1/4Uλzε. (3.42)

Finally, using (3.28)–(3.30) and Agmon’s inequalities (2.6), we can conclude our
estimates with the last term in the following way if we suppose thatd = 2 or d = 3
andp � 2

|I20| � ε3/2U

∣∣∣∣
∫
$

vλ.∇ϕ

(
F ′

ρ

)′
(ϕ)

∂ϕ

∂t

∣∣∣∣+ ε3/2U

∣∣∣∣
∫
$

1

ρ
∇(vλ.∇ϕ).∇ ∂ϕ

∂t

∣∣∣∣
+ ε3/2U

∣∣∣∣
∫
$

vλ.∇ϕ
ρ ′(ϕ)

ρ2(ϕ)

∂ϕ

∂t

ϕ

∣∣∣∣
�Cε3/2|vλ|∞

∣∣∇F ′(ϕ)
∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2
+ Cε5/2|vλ|∞

∣∣∇F(ϕ)
∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

+ Cε3/2|∇vλ|2|∇ϕ|∞
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

+ Cε3/2|vλ|∞|
ϕ|2
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
+ Cε5/2|vλ|∞|
ϕ|22

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

�Cε
(
1+ |∇ϕ|p−1

2

)(|
ϕ|2ε1/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

)
+ Cε2(1+ |∇ϕ|p2

)(|
ϕ|2ε1/2
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

)

+ Cε3/2
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|
ϕ|1/2

2 |∇
ϕ|1/2
2 + Cε3/4

(
|
ϕ|2ε3/4

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)
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+ Cε5/4(ε1/2|
ϕ|2)
(

|
ϕ|2ε3/4
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

)

�Cε
(
1+ y(p−1)/2

ε

)
zε + Cε2(1+ yp/2

ε

)
zε + Cε3/8(1+ y(β−1)/2

ε

)
zε

+ Cε3/4zε + Cε5/4y1/2
ε zε. (3.43)

In the cased = 3 and 2< p � 3, we use (3.29) instead of (3.28) and we easily get the
same kind of estimate.

Step4. With (3.20)–(3.43), our energy estimate (3.19) reads

∂

∂t
yε + 1

4
zε � C + Cε1/2zε + CλUzε + Cε1/8(1+ yq

ε

)
zε, (3.44)

whereq > 0 depends only onp andβ.
From now on, we imposeε < ε1 = 1/(16C)2 and we chooseλ such thatCλU < 1/16,

so that we have
∂

∂t
yε + 1

8
zε � C + Cε1/8(1+ yq

ε

)
zε. (3.45)

Let Mε > 0 be the solution of

Cε1/8(1+ Mq
ε

) = 1

16
.

One can easily see that

Mε → +∞, whenε → 0.

Moreover, thanks to the assumption on the initial data we have for a constantK > 0,

yε(0) � K(C0 + U)

so that there existsε0 < ε1 such that ifε < ε0 we have

yε(0) � 1

2
Mε.

Hence, if we choose nowε < ε0, there exists a maximal timeT ∗ ∈ ]0,+∞] such that
yε(t) < Mε for anyt ∈ [0, T ∗[. Thanks to this property and the definition ofMε we infer
from (3.45) that for anyt ∈ [0, T ∗[ we have

d

dt
yε + 1

16
zε � C,

and so using (3.18) we deduce that on[0, T ∗[ we have

d

dt
yε + C ′yε � C.

We easily get from this inequality the estimate

yε(t) � yε(0)e
−C ′t + C

C ′ � K(C0 + U) + C

C ′ ,
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and finally if ε is small enough so that12Mε > K(C0 + U) + C
C ′ we have for any

t ∈ [0, T ∗[ the inequality

yε(t) � 1

2
Mε.

If T ∗ is finite, this is in contradiction with the maximality ofT ∗. This implies that
necesarily we have

T ∗ = +∞,

that is to say that we have global and uniform in time estimates

sup
t∈R+

yε(t) � K(C0 + U) + C

C ′ ,

sup
t∈R+

t+τ∫
t

zε(s) ds � 16
(
K(C0 + U) + C

C ′ + Cτ

)
,

which implies estimates (3.1) and (3.2).
Step5. As it is classical (see [5]), we only give now the sketch of the proof of (3.3)

from (3.1)–(3.2) in the caseU = 0 (for simplicity).
Denoting by$T the set]0, T [×$, we take a test functionw ∈ L2(0, T ;Vd/2) for the

nonhomogeneous Navier–Stokes equation to get∫
$T

P
(

∂ρv

∂t

)
.w =

∫
$T

∂ρv

∂t
.w =

∫
$T

∂ρ

∂t
v.w −

∫
$T

ρv.∇v.w −
∫
$T

2η(ϕ)D(v) :D(w)

+
∫
$T

µ∇ϕ.w − ε

∫
$T

ϕ2

4
∇
(

µ

ρ

)
.w +

∫
$T

ρg.w. (3.46)

Using the fact thatρ and 1/ρare uniformly bounded independtly ofε, and the estimate∣∣∣∣
∫
$T

∂ρ

∂t
v.w

∣∣∣∣� ε

∫
$T

∣∣∣∣∂ϕ∂t
∣∣∣∣|v||w| � ε

∥∥∥∥∂ϕ

∂t

∥∥∥∥
L2(0,T ;L6($))

‖v‖L∞(0,T ;H)‖w‖L2(0,T ;L3($))

� M(T )‖w‖L2(0,T ;Vd/2)
,

we see that finally ∣∣∣∣
∫
$T

P
(

∂ρv

∂t

)
.w

∣∣∣∣ � M(T )‖w‖L2(0,T ;Vd/2)
.

Indeed, the other terms in (3.46) are estimated classicaly (see [5]), the choice of
the spaceVd/2 being issued from the nonlinear term. Then, by a duality argument,
estimate (3.3) is established.

Step6. Passing to the limit in the equations satisfied by the approximated solutions
(ϕn, ρn, vn) is classical (see [5]) at the condition that we have some compactness on the
velocity field(vn). This is obtained here just like in [19].
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More precisely, the compactness onϕn and ρn is a straightforward consequence
of (3.1) and (3.2), whereas we get from (3.2) and (3.3) that

P(ρnvn) is bounded inL2(0, T ;V ),

∂

∂t

(
P(ρnvn)

)
is bounded inL2(0, T ;V ′

d/2

)
,

so that a classical compactness lemma [24] implies that

P(ρnvn) is compact inL2(0, T ;H).

Furthermore, we have from (3.2) the weak convergence of(
√

ρnvn) in L2($T ) and∫
$T

|√ρnvn|2 =
∫
$T

ρn|vn|2 =
∫
$T

P(ρnvn).vn

→
∫
$T

P(ρv).v =
∫
$T

ρ|v|2 =
∫
$T

|√ρv|2,

so that finally, we have proved the strong convergence of
√

ρnvn towards
√

ρv in
L2($T ). This strong convergence allows us to pass to the limit in the nonlinear terms of
the Navier–Stokes equation.

Hence, the proof of the existence of the solutions is complete.
Step7. As far as the limitε → 0 is concerned, the key-point is that, we have enough

compactness on the velocityvε thanks to estimate (3.1), (3.2) and (3.3) which are
uniform in ε.

Moreover, thanks to (3.1) and (3.2), and the fact that|ρ ′
ε|∞ � ε we see that

ρε → 1 in L∞(R+;H 1) strong,
∂ρε

∂t
→ 0, in L2($T ) strong for anyT > 0,

which allow us to perform the limit in the term

ρε

∂vε

∂t

in the Navier–Stokes equation.✷
3.2. Strong solutions

In this section, we have to suppose that|ρ ′′
ε |∞ � ε. This assumption is clearly

reasonable because we recall thatρε is essentially linear (see (1.5)) in the physical-
meaningful interval[−1,1].

THEOREM 3.3. –Let U > 0, v0 ∈ vU∞ + V , ϕ0 ∈ "3 satisfying the boundary
conditions. There existsε0 > 0 depending onU,‖v0‖1,‖ϕ0‖3 andF , such that ifε < ε0

there exists a unique strong solution(ϕε, vε) of the problem for the initial data(ϕ0, v0).
– If d = 2, this solution is global and satisfies
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‖ϕε‖L∞(R+;"3) + ∥∥vε − vU
∞
∥∥
L∞(R+;V )

� C,

‖ϕε‖L2(t0,t0+τ ;"4)
+ ∥∥vε − vU

∞
∥∥
L2(t0,t0+τ ;V2)

+
∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;"1)

+
∥∥∥∥∂vε

∂t

∥∥∥∥
L2(t0,t0+τ ;H)

� C(τ), for any t0, τ > 0,

whereC andC(τ) are independent ofε.
– If d = 3, the solution is local and satisfies locally the same regularity results than

for the 2D case.

Proof. –In the following we concentrate our efforts on the existence part of the
theorem. Indeed, the proof of the uniqueness is straightforward (see [5]) using the energy
estimates that we obtain for these strong solutions.

Step1. From Theorem 3.2, we obtain the following estimates for the weak solutions
with initial data(ϕ0, v0) independent ofε:

‖ϕε‖L∞(R+;"1) + ε1/2‖ϕε‖L∞(R+;"2) + ε3/4‖ϕε‖L∞(R+;"3)

+∥∥vε − vU
∞
∥∥
L∞(R+;H)

� C, (3.47)

‖ϕε‖L2(t0,t0+τ ;"3)
+ ε1/2

∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;L2)

+ ε3/4
∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;H1)

+‖µε‖L2(t0,t0+τ ;"1)
+ ∥∥vε − vU

∞
∥∥
L2(t0,t0+τ ;V )

� C(τ), for anyt0, τ > 0. (3.48)

Step2. Using the fact that‖ϕ0‖3 and ‖v0‖1 are independent ofε, we can derive
additional energy estimates. We recall that we have setv = u + Uvλ, and that in fact
we study (3.5)–(3.8) and not (1.1)–(1.4).

We first multiply (3.5) with
2ϕ to obtain after integration by parts

1

2

∂

∂t
|
ϕ|22 =

∫
$

div
(

1

ρ
∇
(

µ

ρ

))

2ϕ −

∫
$

u.∇ϕ
2ϕ − U

∫
$

vλ.∇ϕ
2ϕ, (3.49)

and one have

div
(

1

ρ
∇
(

µ

ρ

))
= − ρ ′(ϕ)

ρ2(ϕ)
∇ϕ.∇

(
µ

ρ

)
+ 1

ρ



(
µ

ρ

)

= − ρ ′(ϕ)

ρ2(ϕ)
∇ϕ.∇

(
µ

ρ

)
+ 1

ρ2

µ + 2

(ρ ′(ϕ))2

ρ4(ϕ)
|∇ϕ|2µ − ρ ′′(ϕ)

ρ3(ϕ)
|∇ϕ|2µ

− 2
ρ ′(ϕ)

ρ3(ϕ)
∇ϕ.∇µ − ρ ′(ϕ)

ρ3(ϕ)
µ
ϕ,

with


µ = −α
2ϕ + 
F ′(ϕ).

Finally, using the fact that|ρ ′|∞ � ε and|ρ ′′|∞ � ε, we obtain from the previous estimate

1

2

∂

∂t
|
ϕ|22 + α

ρ2
2

∣∣
2ϕ
∣∣2
2 � ε

ρ2
1

∫
$

|∇ϕ|
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣∣∣
2ϕ
∣∣+ 1

ρ2
1

∫
$

∣∣
F ′(ϕ)
∣∣∣∣
2ϕ

∣∣
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+
(

2ε2

ρ4
1

+ ε

ρ3
1

)∫
$

|∇ϕ|2|µ|∣∣
2ϕ
∣∣

+ 2
ε

ρ3
1

∫
$

|∇ϕ||∇µ|∣∣
2ϕ
∣∣+ ε

ρ3
1

∫
$

|
ϕ||µ|∣∣
2ϕ
∣∣

+
∣∣∣∣
∫
$

u.∇ϕ
2ϕ

∣∣∣∣+ U

∣∣∣∣
∫
$

vλ.∇ϕ
2ϕ

∣∣∣∣. (3.50)

Then, if we denote byJ1, . . . , J7 the seven terms of the right-hand side of this inequality,
we have

J1 �Cε|∇ϕ|∞
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

∣∣
2ϕ
∣∣
2 � Cε|∇
ϕ|2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

∣∣
2ϕ
∣∣
2

� α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + Cε2|∇
ϕ|22

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
. (3.51)

The second term is estimated as in [5], to obtain forq > 0

J2 � α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + C|∇ϕ|4/3

2

(
1+ |∇ϕ|q2

)
. (3.52)

For the third term we get with (3.13)

J3 �Cε|∇ϕ|26
∣∣µ − m(µ)

∣∣
6

∣∣
2ϕ
∣∣
2 + Cε|m(µ)||∇ϕ|24

∣∣
2ϕ
∣∣
2

� α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + Cε2|
ϕ|42

(
1+ |∇µ|22 + |∇ϕ|2p2

)
. (3.53)

The next two terms are controlled as follows

J4 � Cε|∇ϕ|∞|∇µ|2
∣∣
2ϕ

∣∣
2 � α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + Cε2|∇
ϕ|22|∇µ|22, (3.54)

and

J5 �Cε|
ϕ|3
∣∣µ − m(µ)

∣∣
6

∣∣
2ϕ
∣∣
2 + Cε|m(µ)||
ϕ|2

∣∣
2ϕ
∣∣
2

� α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + Cε2|∇µ|22|∇
ϕ|22 + Cε2(1+ |∇ϕ|2p2

)|
ϕ|22. (3.55)

If we use the Agmon-like inequality

|∇ϕ|∞ � C|∇ϕ|1/2
2

∣∣
2ϕ
∣∣3/2
2 ,

we have

J6 � |u|2|∇ϕ|∞|
ϕ|2 � C|u|2|∇ϕ|1/2
2

∣∣
2ϕ
∣∣3/2
2

� α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + C|∇ϕ|22|u|42, (3.56)

and

J7 � α

10ρ2
1

∣∣
2ϕ
∣∣2
2 + C|∇ϕ|22. (3.57)
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Finally, the energy estimate reads

1

2

∂

∂t
|
ϕ|22 + α

10ρ2
2

∣∣
2ϕ
∣∣2
2 �Cε2|∇
ϕ|22

(
|∇µ|22 +

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2

)
+ C|∇ϕ|4/3

2

(
1+ |∇ϕ|q2

)
+ Cε2(1+ |∇ϕ|2p2

)|
ϕ|22 + C|∇ϕ|22|u|42,
which can be also written using (3.47), (3.48)

1

2

∂

∂t
|
ϕ|22 + α

10ρ2
2

∣∣
2ϕ
∣∣2
2 � fε(t), (3.58)

wherefε(t) is bounded inL1(t0, t0 + τ) uniformly in ε andt0 � 0, for anyτ > 0. But we
also know by (3.48) that
ϕ is bounded inL2(t0, t0 + τ,L2) independently int0 andε.
We can conclude by the uniform Gronwall lemma that

‖ϕ‖L∞(R+;"2) � C, ‖ϕ‖L2(t0,t0+τ ;"4)
� C(τ), (3.59)

whereC,C(τ) are independent ofε.
Step3. We have now to obtain more regularity on the velocity. We multiply Navier–

Stokes equation (3.7) by∂u/∂t so that after integration we obtain

ρ1

∣∣∣∣∂u∂t
∣∣∣∣
2

2
+ ∂

∂t

(∫
$

η(ϕ)|D(u)|2
)

�
∣∣∣∣
∫
$

ρ(u.∇)u
∂u

∂t

∣∣∣∣+
∣∣∣∣
∫
$

η′(ϕ)
∂ϕ

∂t
|D(u)|2

∣∣∣∣
+U

∣∣∣∣
∫
$

ρ(vλ.∇)u
∂u

∂t

∣∣∣∣+ U

∣∣∣∣
∫
$

ρ(u.∇)vλ

∂u

∂t

∣∣∣∣+ 2U
∣∣∣∣
∫
$

div
(
η(ϕ)D(vλ)

)∂u
∂t

∣∣∣∣
+

∣∣∣∣
∫
$

µ∇ϕ.
∂u

∂t

∣∣∣∣+ ε

∣∣∣∣
∫
$

1− ϕ2

4
∇
(

µ

ρ

)
.
∂u

∂t

∣∣∣∣+
∣∣∣∣
∫
$

ρg.
∂u

∂t

∣∣∣∣.
A parameterγ given being given (which will be fixed in the sequel), each term of this
inequality can be easily estimated to give

∂

∂t

(∫
$

η(ϕ)|D(u)|2
)

+ ρ1

10

∣∣∣∣∂u∂t
∣∣∣∣
2

2

� γ
η1

20
|Au|22 + α

20ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ 1

γ
I + C|∇u|22 + C|
vλ|22|∇u|22

+C|∇
ϕ|22|D(vλ)|22 + CU2|
vλ|22 + C
(
1+ ‖ϕ‖2

2

)2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

2
+ C|g|22, (3.60)

where the termI is defined by

I =
{

C|u|22|∇u|42, if d = 2,

C|∇u|62, if d = 3.
(3.61)
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Estimate (3.60) must be supplied with a control on theH
2-norm ofu, that’s the reason

why we have to multiply the Navier–Stokes equation by the value of the Stokes operator
Au = −
u + ∇π to get

−
∫
$

η(ϕ)
u.Au = 2
∫
$

η′(ϕ)(D(u).∇ϕ)Au+ 2U
∫
$

η′(ϕ)(D(vλ).∇ϕ).Au

+ U

∫
$

η(ϕ)
vλ.Au −
∫
$

ρ
∂u

∂t
.Au

−
∫
$

ρ(u.∇)u.Au − U

∫
$

ρ(vλ.∇)u.Au − U

∫
$

ρ(u.∇)vλ.Au

+
∫
$

µ∇ϕ.Au + ε

∫
$

1− ϕ2

4
∇
(

µ

ρ

)
.Au +

∫
$

ρg.Au,

and so

η1|Au|22 �
∣∣∣∣
∫
$

η(ϕ)∇πAu

∣∣∣∣+ C

∫
$

|D(u)||∇ϕ||Au|

+ CU

∫
$

|D(vλ)||∇ϕ||Au| + CU

∫
$

|
vλ||Au| + C

∫
$

∣∣∣∣∂u∂t
∣∣∣∣|Au|

+ C

∫
$

|u||∇u||Au| + CU

∫
$

|vλ||∇u||Au| + CU

∫
$

|u||∇vλ||Au|

+
∫
$

∣∣µ − m(µ)
∣∣|∇ϕ||Au| + ε

∫
$

∣∣∣∣1− ϕ2

4

∣∣∣∣
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣|Au| + C

∫
$

|g||Au|.

The first term of the right-hand side member of this inequality reads after integration par
parts (remember that div(Au)= 0 and Au.ν= 0 on the boundary) and using (2.3)∣∣∣∣

∫
$

η(ϕ)∇π.Au

∣∣∣∣=
∣∣∣∣
∫
$

η′(ϕ)π∇ϕ.Au

∣∣∣∣
� C|π |2|∇ϕ|∞|Au|2 � η1

10
|Au|22 + C|∇
ϕ|22|∇u|22,

the other terms being easily estimated, one gets

η1

10
|Au|22 �C|∇
ϕ|22|∇u|22 + CU2|D(vλ)|22|∇
ϕ|22 + C

∣∣∣∣∂u∂t
∣∣∣∣
2

2
+ I

+ C|∇u|22 + C|
vλ|22|∇u|22 + C|∇µ|22|
ϕ|22
+ Cε2(1+ ‖ϕ‖2

2

)∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
+ C|g|22, (3.62)

the termI being always defined by (3.61).
If now we choose the value of the parameterγ (independently ofε) so thatγC � ρ1

20,
we get by summing (3.60) andγ ∗ (3.62) and using (3.59)
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∂

∂t

(∫
$

η(ϕ)|D(u)|2
)

+ ρ1

20

∣∣∣∣∂u∂t
∣∣∣∣
2

2
+ γ

η1

20
|Au|22

� α

20ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+

(
1

γ
+ γ

)
I + C|∇u|22 + C|
vλ|22|∇u|22

+C|∇
ϕ|22|D(vλ)|22 + CU2|
vλ|22 + C
(
1+ ‖ϕ‖2

2

)2
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

2

+Cγ |∇
ϕ|22|∇u|22 + CγU2|D(vλ)|22|∇
ϕ|22 + C|g|22,

� α

20ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+

(
1

γ
+ γ

)
I + C + C|∇u|22 + C

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
. (3.63)

Unfortunately, this estimate is not sufficient to conclude. Indeed, because of the first
term in the right-hand side member of this inequality, we must now derive estimates on
∂ϕ/∂t in H 1 independently ofε.

Step4. The Cahn–Hilliard equation (3.5) gives us

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
� |u|22|∇ϕ|2∞ + U2|∇ϕ|22 +

∣∣∣∣div
(

1

ρ
∇
(

µ

ρ

))∣∣∣∣
2

2
,

and with the same computations than for the estimates (3.51)–(3.57), we deduce that

∥∥∥∥∂ϕ

∂t

∥∥∥∥
L2(t0,t0+τ ;L2)

� C(τ), (3.64)

independtly oft0 andε. This result is clearly stronger than (3.48).
Step5. We come back to the inequality (3.11) which gives us

1

2

∂

∂t

(∫
$

1

ρ

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2)

+ α

ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2

� Cε

∫
$

∣∣∣∣∂ϕ∂t
∣∣∣∣
∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣|∇ϕ| + Cε

∫
$

|
ϕ|
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

+ C

∫
$

|F ′′(ϕ)|
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

+Cε

∫
$

|F ′(ϕ)|
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

+ Cε

∫
$

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2∣∣∣∣∂ϕ∂t

∣∣∣∣
+

∣∣∣∣
∫
$

(u.∇ϕ)
∂

∂t

(
µ

ρ

)∣∣∣∣+
∣∣∣∣U

∫
$

(vλ.∇ϕ)
∂

∂t

(
µ

ρ

)∣∣∣∣. (3.65)

We estimate the seven termsK1, . . . ,K7 of this inequality in the following way

K1 �Cε

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
|∇ϕ|∞ � α

10ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ Cε2|∇
ϕ|22

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
, (3.66)

K2 �Cε|
ϕ|3
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

3
� Cε|∇
ϕ|2

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2
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� α

10ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ Cε2|∇
ϕ|22

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
, (3.67)

K3 �C|F ′′(ϕ)|∞
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
� C

(
1+ |ϕ|p−1

∞
)∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
� C

(
1+ ‖ϕ‖p−1

2

)∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
, (3.68)

K4 �Cε|F ′(ϕ)|∞
∣∣∣∣∂ϕ∂t

∣∣∣∣
2

2
� Cε

(
1+ ‖ϕ‖p

2

)∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
, (3.69)

K5 �Cε

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

3

∣∣∣∣∂ϕ∂t
∣∣∣∣
3
� Cε

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

∣∣∣∣

(

µ

ρ

)∣∣∣∣
2

∣∣∣∣∂ϕ∂t
∣∣∣∣
1/2

2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
1/2

2

� α

10ρ1

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ C

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ Cε2

∣∣∣∣

(

µ

ρ

)∣∣∣∣
2

2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
. (3.70)

The sixth term is estimated just like the termI10 (see (3.32)), in the proof of Theorem 3.2

K6 � α

10ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ C|u|2(|∇ϕ|2 + |∇ϕ|q1

2 |
ϕ|q2
2

)|∇u|2
+ C|
ϕ|42|∇u|22 + (|∇
ϕ|2|
ϕ|2 + |
ϕ|1/2

2 |∇
ϕ|1/2
2

)|∇u|22, (3.71)

and in the same way

K7 �CU |∇ϕ|2(|F ′′(ϕ)|∞ + ε|F ′(ϕ)|∞)∣∣∣∣∂ϕ∂t
∣∣∣∣
2
+ CU2ε|
ϕ|42|∇vλ|22

+ CU2|
ϕ|22 + CU2|∇vλ|22|∇
ϕ|22. (3.72)

Thanks to (3.47) and (3.59), inequality (3.65) leads to

1

2

∂

∂t

(∫
$

1

ρ

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2)

+ α

10ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2

� C + C

∣∣∣∣∂ϕ∂t
∣∣∣∣
2

2
+ C|∇
ϕ|22 + C|∇u|22 + C|∇
ϕ|22|∇u|22

+Cε2
∣∣∣∣


(
µ

ρ

)∣∣∣∣
2

2

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
. (3.73)

Step6. We have now collected all the inequalities we need to conclude. Indeed, if we
sum (3.63) and (3.73) we get

1

2

∂

∂t

(∫
$

1

ρ

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

+
∫
$

η(ϕ)|D(u)|2
)

+ α

20ρ2

∣∣∣∣∇ ∂ϕ

∂t

∣∣∣∣
2

2
+ ρ1

20

∣∣∣∣∂u∂t
∣∣∣∣
2

2
+ γ

η1

20
|Au|22

� g1(t) + g2(t)
(|∇u|22 + |∇µ|22

) +
(

1

γ
+ γ

)
I, (3.74)

whereg1(t) andg2(t) are two functions bounded inL1(t0, t0 + τ) independently ofε
andt0 for anyτ > 0. More precisely, this last fact comes from (3.36) and (3.64).

The conclusion is now straightforward with (3.48).
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• If the dimension isd = 2, the termI (see (3.61)) is of the formg3(t)|∇u|22 with
g3(t) bounded inL1(t0, t0 + τ) independtly oft0 and ε. We obtain the desired
regularity and globality from the uniform Gronwall lemma.

• If the dimension isd = 3, as for the simple Navier–Stokes equation, the term
I = C|∇u|62 limits the estimates to be local using the Gronwall lemma.

In each case, the estimates obtained are independent ofε and in particular, in the
3D case, the existence time of the solution is independent ofε. ✷
3.3. Asymptotic behavior

We are interested here in proving a result of asymptotic stability for the metastable
states, as in [5], but in the case of nonhomogeneous fluids. In this subsection we have
to suppose that the external force termg is derived from a potentiel. That is to say we
suppose that there existsG ∈ L2 such that

g = ∇G. (3.75)

One can think ofg as a gravity forces term.

THEOREM 3.4. –Let ω ∈ R, and suppose thatF ′′(ω) > 0 (we say thatω is a
metastable state of the potentialF). Then there existsε0 > 0, satisfying

ε0 <
F ′′(ω)

|F ′(ω)|ρ1,

and aδ0 > 0 such that for anyδ < δ0 and any dataU > 0, v0 ∈ vU∞ + V , ϕ0 ∈ "3, with
m(ϕ0) = ω, satisfying

U + ‖v0‖1 + ‖ϕ0 − ω‖3 � δ,

there exists for anyε < ε0, a unique global strong solution(ϕε, vε) of problem(1.1)–
(1.4) (even in 3D) with the initial data(ϕ0, v0). Moreover, ifδ > 0 is small enough, this
solution satisifies

ϕε(t) → ω, vε(t) → vU
∞, whent → +∞.

Proof. – Step1. First of all, we have to change the Cahn–Hilliard potential we work
with. More precisely, we introduce a functionRε(x) such thatRε(ω) = 0 andR′

ε = ρε.
Then we construct, near the pointx = ω a functionFω given,ξ > 0 small enough being
fixed, by

Fω(x) = F(x) − F ′(ω)

ρε(ω)
Rε(x) − F(ω), ∀x ∈ [ω − ξ,ω + ξ ].

One can easily show that we have

Fω(ω) = 0, F ′
ω(ω) = 0, F ′′

ω(ω) > 0,
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this last condition being ensured becauseF ′′(ω) > 0 andε is chosen so that

ε <
F ′′(ω)

|F ′(ω)|ρ1.

This functionFω is strictly convex nearω, so that it is easy to extendFω to be defined
and convex onR, and to satisfy assumptions (2.8)–(2.11).

A very important point, is that in the assumption (2.10), we can takeF4(ω) = 0
(becauseFω is convex, andFω(ω) = 0).

Step2. We perform the same estimates than in the proof of Theorem 3.2 with this new
potentialFω, excepted for the termI3 which can be written thanks to (3.75)

|I3| =
∣∣∣∣
∫
$

ρ∇G.u

∣∣∣∣ =
∣∣∣∣
∫
$

Gρ ′(ϕ)∇(
ϕ − m(ϕ)

)
.u

∣∣∣∣
� ε|G|2|
ϕ|2|∇u|2 � Cεzε. (3.76)

Using this new estimate, inequality (3.44) becomes

∂

∂t
yε + 1

4
zε � CU2|D(vλ)|22 + Cε1/2zε + CλUzε + Cε1/8(1+ yq

ε

)
zε. (3.77)

Indeed, we haveF4(ω) = 0 in (3.12) and (3.15), and the constant which appears in (3.22)
is no more present in the new estimate ofI3 (3.76).

We recall that we can take

λ = min
(

1

16CU
,

4
√

U

)
,

so that with (3.4) we have

f1(U) ≡ CU2|D(vλ)|22 → 0, whenU → 0.

From now on,fi will always denote a real positive continous function satisfyingfi(0) =
0. We follow the proof as the one of Theorem 3.2 to get, if we supposeε < 1/(16C)2,

d

dt
yε + 1

8
zε � f1(U) + Cε1/8(1+ yq

ε

)
zε,

and finally introducing the sameMε we have that, ifε is small enough so thatKδ � 1
2Mε

then we have for any timet the estimate

d

dt
yε + 1

16
zε � f1(U),

and so with (3.18)

d

dt
yε + C ′yε � f1(U).
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Finally, using the assumption on the data, we deduce from the Gronwall lemma

yε(t) � Kδ + f1(U)

C ′ ≡ f2(δ),

where we used the fact thatU � δ. We deduce easily that

‖ϕε − ω‖L∞(R+;"1) + ε1/2‖ϕε − ω‖L∞(R+;"2) + ε3/4‖ϕε − ω‖L∞(R+;"3)

+∥∥vε − vU
∞
∥∥
L∞(R+;H)

� f2(δ), (3.78)

‖ϕε − ω‖L2(t0,t0+τ ;"3)
+ ε1/2

∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;L2)

+ ε3/4
∥∥∥∥∂ϕε

∂t

∥∥∥∥
L2(t0,t0+τ ;H1)

+‖µε‖L2(t0,t0+τ ;"1)
+ ∥∥vε − vU

∞
∥∥
L2(t0,t0+τ ;V )

� (1+ τ)f2(δ), for any t0, τ > 0. (3.79)

Step3. We perform the same estimate than (3.50) to obtain

1

2

d

dt
|
ϕ|22 + α

10ρ2
2

∣∣
2ϕ
∣∣2
2 � f δ

ε (t),

wheref δ
ε is estimated independently ofε in the following way using (3.78), (3.79):∥∥f δ

ε

∥∥
L1(t0,t0+τ )

� (1+ τ)f3(δ).

We can deduce of this estimate, using the uniform Gronwall lemma that

‖ϕ − ω‖L∞(R+;"2) � f4(δ), ‖ϕ − ω‖L2(t0,t0+τ ;"4)
� (1+ τ)f4(δ). (3.80)

As H 2 is embedded inL∞ (in both dimensionsd = 2, d = 3), we deduce from (3.80)
that

‖ϕ − ω‖L∞(R+×$) � f4(δ),

so that if we chooseδ0 small enough andδ < δ0 we have

f4(δ) < ξ,

and so for almost every(t, x), ϕ(t, x) lies in the interval[ω − ξ,ω + ξ ] where the
potential is defined by

Fω(x) = F(x) − F ′(ω)

ρε(ω)
Rε(x) − F(ω).

That is to say thatϕ is solution of

∂ϕ

∂t
+ v.∇ϕ − div

(
1

ρε(ϕ)
∇
(−α
ϕ + F ′

ω(ϕ)

ρε(ϕ)

))
= 0,

∂ϕ

∂t
+ v.∇ϕ − div

(
1

ρε(ϕ)
∇
(

1

ρε(ϕ)

(
− α
ϕ + F ′(ϕ) − F ′(ω)

ρε(ω)
ρε(ϕ)

)))
= 0,

∂ϕ

∂t
+ v.∇ϕ − div

(
1

ρε(ϕ)
∇
(−α
ϕ + F ′(ϕ)

ρε(ϕ)

))
= 0.
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One recognize here the initial equations (1.1), (1.2) with the potentialF , and so finally,
the solution we construct here is a solution of our problem (1.1)–(1.4).

Step4. As the existence of a global strong solution in 2D is given by the Theorem 3.3,
we only have to show that the solution obtained is a strong solution in velocity, defined
globally in the 3D case. We are going to use the fact that the initial data is chosen near a
stationnary state.

If we let

h(t) =
∫
$

1

ρ

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

+
∫
$

η(ϕ)|D(u)|2,

estimate (3.74) reads in the 3D case

1

2

d

dt
h � g1(t) + g2(t)h(t) + Ch(t)3, (3.81)

whereg1 andg2 are bounded independtly oft0 andε in the following way

t0+1∫
t0

gi(t) dt � f5(δ), for i = 1,2,

and thanks to (3.79) we also have

t0+1∫
t0

h(t) dt � f5(δ).

Moreover, thanks to the assumption on the data, there existsC ′ such that

h(0) < C ′δ2.

Now let us introduce

f6(δ) = (
max

(
C ′δ2, f5(δ)

)+ f5(δ)
)
e1+f5(δ).

It is straightforward to show that

f6(δ) → 0, whenδ → 0.

Let us now choose,δ0 small enough so thatCf6(δ)
2 < 1 for any δ < δ0. In those

conditions, one have

Ch(0)2 < 1.

If we denote byT the maximal time such that

Ch(t)2 < 1, ∀t ∈ [0, T [,
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we get from (3.81), for anyt ∈ [0, T [,
d

dt
h � g1(t) + (

1+ g2(t)
)
h(t),

so that, using the uniform Gronwall lemma, we have for anyt ∈ [0, T [

h(t) � f6(δ).

But, by the choice ofδ0, we haveCf6(δ)
2 < 1, which implies that the existence time

T of the solution is+∞. Moreover, we deduce the following estimates on the solution
(ϕ, v)

‖ϕ − m(ϕ)‖L∞(R+;"3) + ∥∥v − vU
∞
∥∥
L∞(R+;V )

� f7(δ),
(3.82)∥∥∥∥∂ϕ

∂t

∥∥∥∥
L2(t0,t0+τ ;"1)

+
∥∥∥∥∂v

∂t

∥∥∥∥
L2(t0,t0+τ ;H)

+ ‖v‖L2(t0,t0+τ ;V2)
� f7(δ)(1+ τ).

We have shown the global and uniform in time existence of strong solutions for the
problem (1.1)–(1.4).

Step5. In the previous step, we have obtained the stability of the stationary solution
we are studying. In order to show the asymptotic stability of this solution, we have to
study the convergence of the solution whent tends to+∞.

First we study the convergence of the order parameterϕ. If one takes the scalar product
of (1.1) withϕ − ω in L2, one obtains using (1.4) and the boundary conditions onv,

d

dt
|ϕ − ω|22 +

∫
$

1

ρ
∇
(

µ

ρ

)
.∇ϕ = 0,

which can be written, using the fact thatµ = −α
ϕ + F ′
ω(ϕ) (or F ′(ϕ), it is strictly

equivalent),

d

dt
|ϕ − ω|22 − α

∫
$

1

ρ
∇
(


ϕ

ρ

)
.∇ϕ = −

∫
$

1

ρ
∇
(

F ′
ω(ϕ)

ρ

)
.∇ϕ.

We get

d

dt
|ϕ − ω|22 +

∫
$

1

ρ2
|
ϕ|2

= α

∫
$

ρ ′(ϕ)

ρ3(ϕ)

ϕ|∇ϕ|2 −

∫
$

1

ρ2
F ′′

ω(ϕ)|∇ϕ|2 +
∫
$

F ′
ω(ϕ)ρ ′(ϕ)

ρ3(ϕ)
|∇ϕ|2,

and so, using the fact thatFω is convex (by construction), andϕ is bounded inL∞, we
deduce

d

dt
|ϕ − ω|22 + 1

ρ2
2
|
ϕ|22 � Cε|
ϕ|32 + Cε|∇ϕ|22 � CεCf4(δ)|
ϕ|22 + Cf4(δ)|∇ϕ|22,
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because we have

∣∣F ′
ω(ϕ)

∣∣ = ∣∣F ′
ω(ϕ) − F ′

ω(ω)
∣∣ � (

sup
[ω−ξ,ω+ξ ]

∣∣F ′′
ω

∣∣)|ϕ − ω|,

that is to say with (3.80) ∣∣F ′
ω(ϕ)

∣∣∞ � Cf4(δ).

If δ is small enough such that 2Cf4(δ) � 1/(2ρ2
2), we deduce that we have

d

dt
|ϕ − ω|22 + C|
ϕ|22 � 0,

which implies by (2.5) that

d

dt
|ϕ − ω|22 + C|ϕ − ω|22 � 0,

and finally

|ϕ − ω|22 � |ϕ0 − ω|22e−Ct ,

which gives the desired convergence in"0. The convergence in"s for anys < 2 comes
directly from the previous convergence and the fact that(ϕ − ω) is bounded uniformly
in time in"2.

Step6. It remains to show the convergence of the velovity field. Let us write down
the equation satisfied byv − vU∞ in the following way (remember that
vU∞ = 0 and that
g = ∇G)

ρ(ω)

(
∂(v − vU∞)

∂t
+ (

v − vU
∞).∇(

v − vU
∞
))− 2div

(
η(ϕ)D

(
v − vU

∞
)) + ∇p

= 2div
((

η(ϕ) − η(ω)
)
D
(
vU

∞
))− ρ(ω)

(
vU

∞.∇(
v − vU

∞
) + (

v − vU
∞
)
.∇vU

∞
)

− (
ρ(ϕ) − ρ(ω)

)(∂v

∂t
+ v.∇v

)
+ (

µ − m(µ)
)∇ϕ

+ ε

(
1− ϕ2

4
− 1− ω2

4

)
∇
(

µ

ρ

)
+ (

ρ(ϕ) − ρ(ω)
)
g,

from which we deduce in a straightforward way

ρ(ω)

2

d

dt

(∣∣v − vU
∞
∣∣2
2

) + η1
∣∣∇(

v − vU
∞
)∣∣2

2

� 2
∫
$

∣∣η(ϕ) − η(ω)
∣∣∣∣D(

vU
∞
)∣∣∣∣D(

v − vU
∞
)∣∣

+ρ(ω)

∫
$

∣∣vU
∞
∣∣∣∣v − vU

∞
∣∣∣∣∇(

v − vU
∞
)∣∣+ ρ(ω)

∫
$

∣∣v − vU
∞
∣∣2∣∣∇vU

∞
∣∣
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+
∫
$

∣∣ρ(ϕ) − ρ(ω)
∣∣∣∣∣∣∂v∂t + v.∇v

∣∣∣∣∣∣v − vU
∞
∣∣

+
∫
$

∣∣µ − m(µ)
∣∣|∇ϕ|∣∣v − vU

∞
∣∣+ ε

∫
$

∣∣∣∣ϕ2 − ω2

4

∣∣∣∣
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣∣∣v − vU
∞
∣∣

+
∣∣∣∣
∫
$

(
ρ(ϕ) − ρ(ω)

)
g
(
v − vU

∞
)∣∣∣∣.

This last inequality leads to

ρ(ω)

2

∂

∂t

(∣∣v − vU
∞
∣∣2
2

) + η1
∣∣∇(

v − vU
∞
)∣∣2

2

� 2‖η′‖∞|ϕ − ω|∞
∣∣D(

vU
∞
)∣∣

2

∣∣∇(
v − vU

∞
)∣∣

2 + C
∣∣vU

∞
∣∣∞∣∣∇(

v − vU
∞
)∣∣2

2

+C
∣∣∇vU

∞
∣∣∞|v − v∞|22 + Cε|ϕ − ω|∞

(∣∣∣∣∂v∂t
∣∣∣∣
2
+ |∇v|2|Av|2

)∣∣v − vU
∞
∣∣
2

+C|∇µ||∇ϕ|4
∣∣v − vU

∞
∣∣
2 + Cε

∣∣ϕ2 − ω2∣∣∞
∣∣∣∣∇

(
µ

ρ

)∣∣∣∣
2

∣∣v − vU
∞
∣∣
2

+Cε|ϕ − ω|∞|g|2
∣∣v − vU

∞
∣∣
2. (3.83)

Using (2.3), (3.80), (3.82) and the fact that∣∣vU
∞
∣∣∞ = ∣∣∇vU

∞
∣∣∞ = U � δ,

we obtain, forδ small enough, the estimate

∂

∂t

∣∣v − vU
∞
∣∣2
2 + ∣∣v − vU

∞
∣∣2
2 � g1(t) + C ′e−C1t g2(t),

whereg1(t) → 0 whent goes to infinity, andg2 is given by

g2(t) =
∣∣∣∣∂v∂t

∣∣∣∣
2

2
+ |Av|22 + |∇µ|22 +

∣∣∣∣∇
(

µ

ρ

)∣∣∣∣
2

2
,

so that we have thanks to (3.79) and (3.82)

t∫
0

g2(s) ds � C(1+ t).

We can suppose thatC1 < 1, then we show that any functiony(t) satisfying

y′(t) + y(t) � g1(t) + Ce−C1t g2(t),

necesarily tends to zero whent goes to infinity. Indeed, we have

y(t) � e−t y(0) + e−t

t∫
0

esg1(s) ds + Ce−t

t∫
0

e(1−C1)sg2(s) ds.
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In this inequality it is clear that the first term converges towards zero, but also the second
term using the Cesaro theorem and the fact thatg2(t) → 0. As far as the third term is
concerned, we have

e−t

t∫
0

e(1−C1)sg2(s) ds = e−te(1−C1)t

t∫
0

g2(s) ds � Ce−C1t (1+ t).

The conclusion is straightforward: the velocity field converges towards the stationnary
velocity field inH and so inVs for any s < 1 because we have shown that(v − vU∞) is
bounded uniformly in time in the spaceV . ✷
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