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204 D. G. ARONSON AND J. L. VAZQUEZ

RESUME. — On sait que les solutions de ’équation des milieux poreux
u, = (™)., convergent quand m | 1 vers des solutions de I’équation de la
chaleur u, = u,, si 'on fixe la donnée initiale u(x, 0). Comme modéle
de I'écoulement d’un gaz dans un milieu poreux u représente la densité
et v =mu™ '/(m — 1) est la pression. Nous démontrons que v converge
quand m | 1 vers une solution de I’équation de Hamilton-Jacobi v, = (v,)?
si v(x, 0) reste fixée. Si en plus v(x, 0) est & support compact alors linter-
face de la solution de I'¢équation des milieux poreux tend vers celle corres-
pondant & v, = (v,)2. On discute aussi le cas de diffusion rapide m 11
ou il n’y a pas d’interfaces.

INTRODUCTION AND RESULTS

The density u = u(x, t) of an ideal gas flowing isentropically through
a one-dimensional (x € R) porous medium obeys the equation

=" iIn Q=RxR* 0.1)

where m > 1 is a constant. It is known, [BC1], that the solutions u to (0.1)
depend continuously in the C(R* : L{R))-norm on both the initial datum
u(.,0) = ug e LY(R)) and on m. In particular if u, is kept fixed and m | 1,
then u = u(x, t; m) converges to a solution of the heat conduction equation

Uy = Uy 0.2)

with initial datum u,. Thus, for m near 1, the porous medium equation
can be regarded as a perturbation of the heat equation.

Despite the convergence of solutions of the nonlinear equation (0.1)
to solutions of the linear equation (0.2), there is a marked difference in
the behaviour of solutions of these equations stemming from the fact
that (0.1) is of degenerate parabolic type. Perhaps the most striking conse-
quence of that degeneracy is the finite speed of propagation of disturbances
from rest for the porous medium equation as opposed to the infinite speed
associated with the heat equation. Specifically, suppose that u, is a conti-
nuous, nonnegative and bounded real function such that ug =0 on R*
and u, = 0. Then there exists a unique continuous, nonnegative and
bounded function u(x, t) in Q which solves (0.1) in a generalized sense
and is such that u(.,0) = ug, cf. [OKC], [AB]. Moreover the support
of u(., t)is bounded away from x = oo for every t > 0and the finite function

{t)=sup{xeR:uxt)>0} 0.3

is continuous and nondecreasing in R*. The curve x = {{t) is called the
(right-hand) interface of u. If the support of u, is not an interval of the
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 205

form (— oo, a) other interfaces will exist, but their properties are essentially
the same as those of the right-hand interface. The interfaces have been
the object of intense study in recent years and their behaviour is now rea-
sonably well understood. Detailed results and references can be found
in [V3]. In particular the interface exists and has the properties described
above as long as the initial datum is a nonnegative function in L, _(R) which
grows at most like O(|x[?™~ 1) as | x| — oo, cf. [AC], [BCP], [DK].

The finite speed of propagation associated with the porous medium
equation is, of course, reminiscent of hyperbolic equations. Our purpose
in this paper is to investigate the precise nature of the relationship between
(0.1) and the Hamilton-Jacobi equation

v, = (0:)7, (0.4)

sometimes called the nonstationary eikonal equation. To obtain (0.4)
as the limit of (0.1) we proceed as follows. In view of the application in
mind it is natural to restrict attention to nonnegative solutions of (0.1).
We can then replace the variable u by the corresponding scaled pressure

v= wl 0.5)

Formally v satisfies the equation
o= (m — Dy + ()2 (0.6)

The local velocity of the flow at any point (x, t) € Q is given by the func-
tion — v, (Darcy’s law) and the interface is characterized by the relationship

{t) = — vellle) 1), (0.7

where v,({(t), t) means lim v,(x, t) as x T {(¢) with ¢ > 0, cf. [A2], [Kn] (}).

Equations (0.4) and (0.6) share the property of finite propagation speed.
Thus we can view (0.6) as a finite-speed viscous approximation to (0.4).
In fact (0.4) and (0.6) formally agree on the interfaces. This agreement
has been rigorously established in [CF ] where it is shown that v,— (v,)*> - 0
as (x,t) = (Uto), to) With to > 0 and v(x, t) > 0 ().

On the other hand, equations (0.4) and (0. 6) formally agree everywhere
when m — 1 and it is this limit which is our main concern here. Set

ce=m-—1.

(1) If the time ¢t* at which the interface starts to move (waiting time) is positive then (
may not be differentiable. In that case formula (0.7) holds at t = t* with {’(t) replaced by
the right-hand derivative D*{(t*), cf. [CF], [ACK],[ACV].

(®) At to = t* we also need t = to.
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206 D. G. ARONSON AND J. L. VAZQUEZ

For every ¢ > 0 let v,, be a continuous, nonnegative and bounded real
function and consider the initial-value problem

Uy = &U0xx + (Ux)z in Q s
(0. 0) = 1r,0(¥) inR.

Forz > 0let Q, = {(x,t)eQ:¢ > t}. The following is our main conver-
gence result:

(P,)

THEOREM 1. — A) Suppose that for every small & > 0, vy, is a continuous
real function such that

0<uv,<N (0.8)

for some constant N > 0 and { v, } converges to a function v, uniformly
on compact subsets of Rase — 0. Let v, = v,(x, t) denote the solution to (P,).
Thenase — 0,the family { v, } converges uniformly on compact subsets of Q
to a function ve C(Q) such that

i) velip(Q,) for every t > 0 and v, = (v,)? a.e. in Q,
i) v(x,0) = vy(x) for all xeR.
iil) ve = — 1/2t in 2(Q).

Moreover v, — v, in LY (Q) for every 1 < p < c0.

B) The limit function v = v(x, t) is uniquely characterized as a solution
in C(Q) of the initial-value problem

{ Ut = (vx)z in Q s
v(.,0) = vg in R

by the semiconvexity property iii).

(Po)

I

The proof of Theorem 1 is given in section 2 after the required estimates
for v, and its derivatives are derived in Section 1. Here we shall discuss
some relevant aspects of our result. First, note that the convergence of v,
to v is compatible with the statement that u, converges to a solution of
the heat equation. This is possible since (0. 5) implies that u, — 0 uniformly
inQase — 0ify,is bounded.

The semiconvexity property iii), which selects the « correct » solution of
problem (P), is an immediate consequence of the estimate

1
Uxx 2 T 0.9
valid for all nonnegative solutions of (0.1) ([AB]). A similar estimate,
Au = — kjt, also holds in several space dimensions, the equation being
then u, = A(u™) in Q = R x R* with d > 1, and has played a key role
in the general theory of the porous medium equation, cf. [AC], [BCP].
Theorem 1(B) sheds a new light on its significance, but it would be interesting
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 207

to better understand its physical meaning (in this connection see (0.13)
below).

Crandall and P. L. Lions, [CL](see also [CEL]) have recently introduced
the notion of viscosity solution to characterize the « good » solutions of
Hamilton-Jacobi equations. To be specific, if the equation is

u, + HDuy =0 in Q=R x (0, T) (0.10)

with H: R - R continuous and Du = (uy,, ..., uy,), then a function
ue C(Q) is a viscosity solution of (0.10) if for every ¢ e C'(Q) we have

¢, + HD¢p) <0 0.11aw
at all local maxima of u — ¢ and
¢, + H(D¢) = 0 (0.11 h)

at all local minima of u — ¢. Our limit function v(x, t) of Theorem 1 is a
viscosity solution of v, = (v,)* because v, is locally bounded and v,, is
locally bounded below in Q. It then follows from Theorem 10.2 of [Li}.

It should also be noted that since our estimates break down at t =0
the current uniqueness proofs for viscosity solutions do not apply. In fact
our uniqueness result, Theorem 1(B), is an improvement of Lemma 2.1
of [B] to cover the case in which the bounds for the derivatives are not
uniform in x, t. As explicit examples show, the estimates which we derive
ie v, =01, vy, = 0(1/t), are actually attained for general initial data.

The idea that solutions of v, = (v,)*> must approximate to leading order
solutions of v, = evv,, + (v,)* for very small ¢ > 0 is used by Kath and
Cohen in [KC] where they study shock formation at the waiting-time on
the interfaces of solutions of (0.6) for ¢ small using singular perturbation
methods.

Since the equation v,=(v,)? is invariant under translations, in particular
in v, the restriction to positive bounded solutions is equivalent to working
with just bounded solutions. However, setting the lower bound at u=v=0
plays an important role in the convergence discussed above because of
the degeneracy of the diffusion term evv,, when v vanishes.

We also prove convergence of the interfaces which appear when v,
and v, vanish in some interval. To make things simple suppose that v,y = vg
and v, vanishes in R*, but v, ¥ 0. Let {,(t) denote the (right-hand) interface
for the solution v, of (P,) and let {(¢) denote the interface for the solution v
to (Py). Then {,(¢) and {(t) are Lipschitz continuous, nondecreasing func-
tions of t for 0 < t < » and we have the following convergence result.

THEOREM 2. — As ¢ 0 we have ((t) — {(t) uniformly on [0,T] for
every T > 0 and ({(t) — ((t) a.e. and in LE (R™) for every pe [1, ).

Vol. 4, n® 3-1987.



208 D. G. ARONSON AND J. L. VAZQUEZ

Further properties of the convergence of the interfaces, as well as proof
of these results are given in Section 3.

The convergence results of Theorems 1 and 2 cannot be substantially
improved because of the lack of regularity of the solution v to (0.4). In
fact v, is in general discontinuous and so is {’(t), cf. [D] or [La]. Stronger
convergence results are obtained in Section 4 under the further assumption
that the initial data v,, are concave on their support, cf. Theorem 3. The
result depends on the fact that, for concave data, v is a C! function on the
set where it does not vanish and { € C' [0, c0). We also prove that if vy, 1 v,
as ¢ | 0 then v, also converges monotonically to v (Theorem 4).

As we noted above the local velocity of propagation of solutions of (0. 1)
is given by w = — v,. As a consequence of Theorem 1 it follows that the
family w, = v, £ > 0, converges in L? (Q) to a solution w of the conser-
vation law

w,+ Wd, =0 in A(Q) 0.12)

and w satisfies the entropy condition
1
Wy < TS 0.13)
If in addition v,, exists in a suitable sense then w is the unique dis-
tributional solution of (0.12) satisfying (0.13) and taking the ini-
tial value w(x, 0) = — vf(x), cf. [0], [LP].

It is also of some interest to consider what happens if we take the limit
m — 1form < 1in (0.6). For me (0, 1) the initial value problem for (0.1)
has a unique solution provided that u(x,0) is nonnegative and locally
integrable ([AB], [HP]). Moreover uc C®(Q) and is positive everywhere
in Q so that, in particular, there are no interfaces. The analog of Theorem 1
with m 11 is proved in Section 5. Note that in this case v, which is still
defined by (0. 5), is negative.

Before we turn to the proofs of our results we pause to describe an impor-
tant conection between equations (0.1) or (0.6) and (0.4). Let m > 1.
Recall that if u is a nonnegative solution of (0.1) then v satisfies

v, = (m — Dovg, + (v,)?

and .
vxx ? - . (0 15)
(m+ It
It follows that
ML P 0.16)
v = (v, .
U (m+ e
Now define -
V(x, 1) = v(x, )™ 1L, 0.17 a)
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 209

where t and 7 are related by
T=—_ ("1 (0.17b)

With this change of variables (0.16) and (0.15) become

1

V., = (V,)? and Ve = — —.
2t

(0.18)
Thus if u is a solution of porous medium equation (0.1) then the change of
variables (0.5), (0.17) transforms it into a viscosity supersolution of the
equation (0.4) (3).

The equalities in (0.18) hold for the Barenblatt solutions
1

1 m—1 x2 m—1
ux, )=t "t C - , 0.19
i 1) ( 2m(m + 1) t2/<'"+1>>+ ©.19)

where (.); means max (.,0). For each C > 0 this function is a solution
of (0.1) with initial data which is a multiple of the Dirac measure concen-
trated at x = 0. If 7 is defined through (0.5) from u then

1
Exx = -
(m+ 1)t
whenever % > 0. The change of variables (0.17) gives
_ x? ) Cm
Vix,7) =K - — with K=——. (0.20)
47/, m-—1

The functions (0.20) are the well-known bounded self-similar solutions to
V. = (V)% Note that the initial value if

0 if x#0,

0.21
K if x=0. ( )

V(x, 0) = {

This rather striking correspondence has some deep consequences. It is
known that as t — oo every solution of (0.1) with u(x, 0)e LY(R), uy > 0
and u, ¥ 0, converges with the appropriate scaling to the Barenblatt

solution % with the same mass, |u(x, t)dx = | u(x, t)dx = M. Specifically

DUt~ @, 1)l > 0 as f o oo,

(cf. [K] and also [V1], [V2] for further details). The self-similar solutions

(}) We say that v is a viscosity supersolution of (0. 10) if the condition (0. 11 b) is satisfied.
For the proof that v satisfying (0. 18) is a viscosity supersolution see [Li], Theorem 10.2.

Vol. 4, n® 3-1987.



210 D. G. ARONSON AND J. L. VAZQUEZ

(0.20) play the same role for bounded solutions for (0.4). Thus we see that
the asymptotic behaviour of these classes of solutions for equations (0.1)
and (0.4) coincide under the transformation (0.5), (0.17). This asympto-
tic similarity was first observed in [V2] where, in particular, it was shown
that if m > 1 then the velocity w = — v, associated with the solutions
of (0.1) behavesatt — oo like the finite N-waves that are the typical profiles
of solutions of first-order conservation laws if m > 1. Corresponding results
hold for m < 1 as we show in Section 5.

The convergence results Theorem 1 and its analog for m < 1, Theorem 6,
also hold for x € R? for any d > 1. While our discussion of the case m < 1
in Section 5 is valid in several space dimensions, the case m > 1 requires
new estimates and will be studied in [LSV].

1. ESTIMATES

In this section we collect various results for the solutions of problem (P,)
that are needed in the sequel. In particular we obtain several estimates,
none of which is entirely new, but we shall give new proofs in some cases
in order to get the precise dependence on .

We consider a family of measurable, nonnegative and bounded initial
functions { vo.: &€ > 0} defined on the real line. We further assume that
they are bounded uniformly in ¢, i. e., there exists a constant N > 0 such that

U< rolv) €N (1.1
for a.e. x e R and every ¢ > 0. We define the corresponding initial densities

by
Py 1/e
Ugo(X) = <;—1‘ Uao(x)) .

For every & > 0 there exists a unique bounded continuous function u,
defined in Q which satisfies

U= ('"%) in 2Q)),

u(.,t) > uo in LL(R) as t]0.
This follows from the known existence and uniqueness theory for the porous
medium equation, cf. [OKC] [AC] [BCP] [DK ]. If we recover the pressure
v, by inverting the change of variables, i. e.

e+ 1
velx, 1) = ux, t),
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 211
then v, is a solution of (P,):

v = &g + (0,)* in Q, (1.2a)
vx, 0)=v,0(x) in R. (1.24)

in the sensc that r is continuous, nonnegative and bounded in Q, and
satisfies

J\f {evvxlpx + (8 - 1)(Ux)2lp - Ulpt} = J‘ an(x)lp(xa O)d-x
Q R .

for every test function y e C*(Q), cf. [A2]. Moreover u, and v, are C®
functions on the open subset of Q where they are positive.

The solutions satisfy the maximum principle: if v and v/® are two
solutions of (P,) with initial data v, and v,,'® and v,,'? > v,,® a.e.
then vV > v(» everywhere in Q, cf. [OKC] [BCP] [DK]. From this
we obtain our first estimate.

LEMMA 1.1. — For everv (x, t)e Q we have
0< v )< le L @ < N. (1.3)

The following remark also follows from the maximum principle. If
xo € R is such that ess lim inf vy,(x) is positive as x — x, then for every
t > 0 v(xp, t) > 0. (To prove this compare with a small Barenblatt solu-
tion centered at x = x,). Using this remark we conclude that if v,5(x) is C*
and positive everywhere then u, is C* in Q, cf. [OKC]. Since the solu-
tions u, depend continuously on the initial data u,q, ([BC1] [BCP] [DK]),
every solution can be suitably approximated by C* solutions.

Our next estimates are taken from [AB]:

LEMMA 1.2, — 1) Foreveryt > 0, v.,,(., t) is a locally bounded measure
on R and
1

Vx5 1) =2 — in Z'(R). .

(0> = i TW) (1.4
i)

(o - 20 PR 1.5

V(.5 1) 2 — . .
: o3 ® (1.5

We remark that both estimates are sharp as can be seen by checking
them on the Barenblatt solutions.

It was proved in [A1] that the velocity — v,, is bounded in Q,={(x,t)e Q:
t > 1} for every t > 0. We give a new and simple proof of this bound using
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212 D. G. ARONSON AND J. L. VAZQUEZ

Lemmas 1.1 and 1.2, which exhibits the explicit dependence of the bound
onN, t and &:

LemMA 1.3. — For every t > O the function v,(.,t) is Lipschitz conti-
nuous and satisfies

l UEX(XD t) l2 S

2 o ) <
G e Sy -9

a.e.in Q.

REMARK. — Again the bound is attained by the Barenblatt solution.

Proof. — The argument proceeds at fixed time ¢t > 0 by applying the
estimates 0 < v, < Nandv,,, > — (e + 2)t)" ' tothefunctionx — v(x, t).

For t > 0 and y e R we define ,

¢(x)=v(x+y,t)+m.

Then ¢ is continuous, nonnegative and convex (¢” = 0in 2’(R)). Therefore
for every h > 0 we have

dx £ h) = ¢(x £ h) — ¢(x) > £ ¢'(xh

Assume that ¢’(x) # 0. In the above inequality take the sign which gives
| ¢'(x)| h in the right-hand member to get

1
[d'(x)] < 7 I lL=e—nx+n -

Letting x = 0 and taking into account the definition of ¢ this means that
for every yeR

_ h2> _
2e + 2t

The result now follows by choosing h so as to minimize the right-hand
member of the inequality, i. e.

1
loa(y, ) < (H ve(> Ol +

h2 = 2(8 + 2)t ” Ua(., t) ”Lw(R). #

In view of Lemma 1.3 the family { v, } is uniformly Lipschitz continuous
with respect to x in Q, for t > 0 with Lipschitz constant L, = (2N/(s +2)1)*?
uniform in & Using the results of [G] the solutions are then Holder-
continuous in Q, with respect to the variable ¢t with exponent 1/2. We give
a simple direct proof of this fact that shows the dependence on e.

LeMMA 1.4, — The family {v,} is uniformly Hélder-continuous with
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 213
respect to t in Q,, t > 0, with exponent 1{2. More precisely, for every xeR
and ty =ty 21> 0 we have

| 0e(x, t1) — vo(x0, to) | < AePNYV2L(t; — t0)'/ + BLA(t, — to) (1.7)
for some constants A, B > 0 independent of ¢, N, L,.

Proof.— We may assume that v, € C*(Q). For convenience we temporarily
drop the subscript ¢. If x, t,, to, and 1 are as above, it follows from | v, | < L,
in Q, that for every y € R such that | y — x| < 4 we have

[o(y, t) —o(x, t) | S L]y — x| < L4, (1.8)

where L=L,. We want to estimate h=uv(x, t,)—v(x, to) interms of § =1, ~ 4"
Suppose, for example, that & > 0. Then take A < h/(2L) and set I=[x—4,
x+A4] and S=I x [to, t,]. Integrating the equation v,=g(wv,),+(1 —g)v2
in S we obtain

L(v(y, ty)—u(y, to))dy=£dy JI vy, t)dt=

=3J\tx { v )x+4, t)— (oo )x—4, t) } dt+(1 —¢) JI (v)*(y, t)dydt .
to S

In view of (1.8) we have
o(y, ty) — o(y, to) = v(x, t;) — v(x, to) — 2LA = h — 2AL.
Therefore, using Lemmas 1 and 2, we find

2(h — 2AL)A < 2eNSL + 2(1 — g)L246.
Now if we set 1 = h t
=L we ge

h* < 8eNL25 + 2(1 — g)L2hs6,
from which it follows that
h < 2(1 — )25 + (8¢g)Y/2N1/2Ls12, (1.9)

and the assertion is proved. #

In Lemma 1.3 we derived a bound for v,, which does not depend on
smoothness of the initial data but which is only useful for ¢ bounded away
from zero. We shall also need a bound which is valid down to t = 0. For
this we employ the Bernstein method as in reference [Al].

LeMMA 1.5. — Suppose that v}y is bounded in some interval (a, b) € R.

b—
For any TeR" and 56(0,—2—(1) let R=(a, b)x (0, T] and R*=(a+34,
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214 D. G. ARONSON AND J. L. VAZQUEZ

b—38)x (0, T} There exists a constant C > 0 independent of a, b, ¢, 6, T
and v,q such that

|00, )1 < 21 0o sy + €O 1 o e (1.10)
for all (x, t)e R*.
Proof. — We may assume that v, is positive and smooth in R. Set
Ptr)y = Mr(4 — r)/3

where M = || v, |lL.=®,) and define w by v, = ¢(w). Note that we [0,1].
Let p = w.and z = {?p? where { = {(x)isa C([a, b]) function with values
in [0, 1] which vanishes in a neighborhood of x = @ and x = b. Then, as
in [A1], at points of R where z has a relative maximum we have

— {m@” + (m — 1)@(¢"/¢"Y } p*C?
< - {(m + 1)o" + 2(m — 1)¢>(Z) }1)3CC’ (1.11)

+ {2m = DL PP — (m — D)PLL” | p*.

Now let { = (x) be a C*(R) function with {(0) = 1and { = Oforall|x| > 1
such that e [0,1], || < 2, and |{”| < 4 in R. For an arbitrary fixed

€la+d,b—¥5]setl(x)=¢ (—— Then substituting in (1.11) and taking

M oM ¢
v [

. 2M
into account the estimates — <¢’'< 3
d)— < 0 we obtain
d)l

(p* < C67 2% + G UL pPP,

1 and

where the constants C,; and C;, are independent of a, b, ¢, 6, M and T. Since
2C,671¢p < {?p* + C367* we conclude that

max z < (2C, + C3)6 2 = C36 2. (1.12)
Suppose now that ‘
Il Cox L= > 21l V6o llLeap -

Let (X, ;) e R* be a point where the maximum value of | v, | is achieved.
Clearly t > 0. Moreover, since v,, = ¢'(w)w, we have

2
I ws llLome = 1 WilX, t)l > ———— |} 30 llLeo(an)

I’ (w)l

= —— || vio HLwow@py = | Wx(., 0) llLeog,p) -

M
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THE POROUS MEDIUM EQUATION AS A FINITE-SPEED APPROXIMATION 215

Therefore if (X, t) e R* is a point at which | w, | attains its maximum value
then ¢ > 0. Set

2x, 1) = Wi, z)Z("; f)

where [ is the function described in the last paragraph. Since
Holliewy 2 2(x, 1) = | lez(;‘, t)
= | Wy f ey > [ Wa(., 0) Peoary = [l 2(., 0) |lLo(a.b)

it follows that for any point (x, t} e R where = achieves its maximum we
must have ¢t > 0. Thus we can apply (1.12) to conclude that

WA 1) = (v 1) < |2 e < C3072.
Therefore

4
e, 1) = [ ' ww, | < 3 MC;67!

4
and (1.10) holds with C = 3 Cs.

ReMARK. — In case (a, b) = R, the maximum principle holds for v,

and we have ,
[ v(x, ) | < |l V5o llLeg) - (1.13)

This can be proved by a slight alteration of the above argument. A proof
for more general equations of the form u, = ¢(u),,, with ¢ a continuous
increasing real function, can be found in [V2] along with a discussion of
the appropriate concept of velocity and its behaviour.

By essentially the same argument used to prove Lemma 1.4 we can derive
the following consequences of Lemma 1.5.

COROLLARY 1.1. — Under the hypothesis of Lemma 5, v, is Holder
continuous with respect to t in R* with exponent 1/2 and Hdlder constant
independent of e.

2. PROOF OF THEOREM 1

2.1. Passage to the limit ¢ | O.

In view of Lemma 1 the family { v, } of solutions in Theorem 1 is uni-
formly bounded in Q. Moreover, by Lemmas 1.3 and 1.4, { v, } is equi-
continuous in Q, for any t > 0. Therefore there exists a sequence ¢, | 0
such that v, = v,, - ve C(Q) uniformly on Q, for every t > 0. It is clear
from Lemmas 1 and 2 that

O<e<iluil, in Q, (2.1)

>—-— in 2(Q 2.2)

vxx

2
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and
v, 20 mm 2'Q).

By Lemma 3, v is uniformly Lipschitz continuous with respect to x in Q,
for any 7 > 0. Letting ¢ — 0 in estimate (1.7) it follows that v is also uni-
formly Lipschitz continuous with respect to ¢t in Q, for any © > 0. Moreover,
the sequence { v,, } is relatively compact in L2 (Q). This is a consequence

of the following compactness result, which is a variation of Lemma 10.1
of [Li]

LemMmA 2.1. — Let {V,} > 1 be a sequence in C(Q) such that on every
compact subset Q' = = Q we have

iy {V,} converges uniformly,
i} { V. } is bounded in L=(Q’),
iii) There exists a constant C = C(Q’) > O such that for every n> 1

Viex 2 — C(Q) in 2'(Q)). (2.3)

Then {V,, } is relatively compact in L2, (Q) for every pe [1, ).

The main idea of the proof is that an estimate of the type (2.3) implies

a bound for V,,, in .#,(Q’), the space of bounded measures on Q’, cf. also
[Li], Lemma 3.1.

In view of the relative compactness of { v,, } we have, after passing to
subsequence if necessary,
Upx = U, In L (Q) and a.e. (2.4
Since the v, satisfy

J‘ (8nvnvnxl/’x + (8,, - 1)(Unx)2l/’ - Unl/’t) =0 (25)
Q
for all functions ¥ € C(Q), letting n — co we obtain

J(Ux)zl// +up, =0.

Thus v satisfies (0.4) v, = (v,)* in 2’(Q) and almost everywhere. Since it
also satisfies (2.2), it is a viscosity solution of (0.4), ¢f. [Li], Theorem 10.2.

We now consider the convergence at ¢t = 0. Assume to begin with that
o, = vo € C!(R) and ||v4]|, = L. By Lemmas 1.4 and 1.5 and the subse-
quent Remark, for any 6 > 0 we can find a r = t (N, L) such that ifee (0, 1)
we have

| 0:0x, £) — vo(x) | < 6/2 (2.6)
for 0 <t <7 and xeR. Letting ¢ - 0 we get
[o(x, ) — vo(x) | < 6/2, 2.7
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hence | v,(x, t) — v(x, t)| < & and the convergence is uniform in x near
t = 0. Thus in this case ve W>2(Q).

For general v,, we use a barrier argument, taking advantage of the above
result. Given I = (a, b), take 6 > 0 and construct functions 7y, vo € C'(R)
with bounded derivative such that for a certain ¢,

0 < vo(x) < v50(x) < Vo(x), (2.7
Vo(x) — vo(x) < 6/2, on T, (2.8)
if xel and 0 < & < g. Denote by v,(x, t), v(x, t) the solutions to (P,)
with initial data vy, vo resp. and by u(x, t), v(x, t) their limits as ¢ — 0.
Using (2.6), (2.7) on v, and vy, there exists a time ¢ > 0 such that if xe I
and 0 < t < 7 then
v, 1) T, 1) < Vo(x) + /2 < vofx) + 9
U(x’ t) > ’( ) = EO(X) - 5/2 > l’o(x) - 9.

and

Therefore v,(x, t)— v(x, t)<20. In a similar way we obtain v,(x, t)—v(x, t)>24.
It follows t_hat v, — v uniformly on compact subsets of Q. We conclude
that v e C(Q) and v(x, 0) = vy(x).

2.2. Uniqueness.

We have just shown the existence of a sequence { v,, } from the family { v, }
which converges to a function v e C(Q) with the properties i), ii), iii) of
Theorem 1(A). We shall now show that the whole family { v, } converges
to v as ¢ | 0 by showing the uniqueness of the solution of problem (P;)
in that class of functions. In fact, part (B) of Theorem 1 follows from the
following result which extends a result of Benton {B].

PROPOSITION 2.1. — For i = 1,2 let v;e C(Q) be solutions of v, = (v,)*
in 2'(Q) which satisfy in the sense of distributions in Q

1) Vixx 2 — A/t
and

ii) | vie | < BJtY/?

for some constants A, B > 0. For arbitrary a, be R with a < b, let
D={(x,t)eR*a+4Bt!? <x<b—4Bt"2,0< < T},

where T = {(b — a)/8B }? and let D, = { xe R: (x, t)e D }. Then for every
u > 0 the function

D,(t) = t_ZAJ { (v, — vy)" JHdx (2.8)
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is nonincreasing on [0, T]. Moreover for every te {0, T

max {oax, 1) —oy(x, £) }* < rgal(b {ralx, 0) — 04(x, 01" . {2.9)

Remarks. — 1) As we have shown in the proof of Lemma 3, condition ii)
is a consequence of i) and bound for the v;. Indeed if 0 < v; < N then
B < /2NA. Thus the essential assumption is the semiconvexity assump-
tion i).

2) The conditions i) and ii) need only hold in D [a,b] x [0, T].

Proof. — We begin by showing that if @, is nonincreasing for every pe R*
then (2.9) holds. For any r and t with0 < 7 < t < T, D,(t) < D,(7) implies

1/u t 2A/u 1/u
I:J {(v —vy)" }“dx} < <~> [J {(v; —v)" }“dx] .
D, T D.

Thus, letting T - we obtain

max (v —vy)" < max (v, —vy)"
and (2.9) follows by letting 7 | 0.
For arbitrary field pe R* set W = { (v, — v,)* }* Then

W, =W, in 2/(Q) (2.10)
where & = v, + v,, satisfies
| | < 2Be 12,
Assume temporarily that the v; e C%(Q) and write (2.10) in the form
W, = (W), — o4 W. (2.1

For ¢,7€(0, T) with ¢ < 7 integrate over D} = {(x,1)eD: o < t < T}
to obtain

j Wdx = J Wdx — Jf o Wdxdt + J W — g’)] dt
D, D, Dr, 4 x=b—g

—J W(.9/+g’):| de,
a x=qag+g

where g = g(t) = 4Bt'/%. The third and fourth integrals on the right hand
side are nonpositive since |« | < 2Bt™Y2 = ¢’. On the other hand, by
the semiconvexity condition i), — .o, < 2A/t. Therefore if we set

f(t)=J Widx,

then

f@ < flo) + 2A f% Sf(t)de. (2.12)
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We conclude that

2A
1@ < (;) /()

so that ®,(¢) = ¢t~ 24 f(¢) is nonincreasing on (0, T). By continuity, the same
holds on [0, T].

If the v; ¢ C%(Q) we approximate .« = vy, + v, by a sequence of C(Q)-
functions /" such that | &/"| < 2Bt~ Y2, o/" > — 2At™ ! and " — o
in L] (Q). Write (2.10) in the form

W, = (&"W), — AW + (& — "W,
Since

l J (o — A" Wodxdt | < 2Bo™")C || o — " |1y
D

arguing as above we find

1
J(1) < flo) + 2AJ 7 f(t)dt + 2Bo™"A)C || — " ||Lypy) -

from which we derive (2.12) by letting n — co.

3. CONVERGENCE OF THE INTERFACE

In this section we consider problem (P,) with a fixed initial datum v,
which we assume to be bounded, nonnegative and continuous. In addition,
we assume that v, vanishes on R*. Without loss of generality, we may
assume that 0 = sup { x:ve(x) > 0}. The right-hand interface of v, is
then x = {,(t), where

Ly =supixeRirdv ) >0 0<t< ©. (3.1a)

It is known that {, is a continuous, nondecreasing function in [0, co).
We shall prove that as ¢ | 0, {,(t) converges to the right-hand interface {(¢)
of the solution v of (0.4) obtained as a limit of v,, i.e., to

qu)=sup{xeR:v(x,t)>0!, 0<t< ~. (3.1bh)

Before stating our main result we summarize the relevant properties of
{e(t) and {(t). For every ¢ > 0 and 7 > 0, {,e C[0, o0} n Lip [r, o0) and
there exists a waiting time t¥ € [0, 00) such that {,(t) = 0 for 0 < t < t¥,
and {, e C'(t}, co) with {(t) > 0 if t > t*. It is shown in [V3] that

T./B.) < &7 < 1, T, /(B,), (3.2
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where

_e+2 0
Be=Be(uo)=Sup{IXI ¢ J uo(f)df},

x<0 x

1 e e+1
Te N (——> ’
e+ D\e+2

and g, is a constant such that y, > 1, u, - 1 as ¢ | 0. Note that B, < «©
is. the necessary and sufficient condition to have positive t*. The equa-
tion (0.7), [i(t) = — v, ((.(t), t), is satisfied on the interface if ¢ # ¥,
[CF]. Moreover we have ([V1])

e+ 1

@ (e + 2t

(i=z0 in 2'(RY). (3.3)

et 1

(3.3) means that the function {’(¢)¢**? is nondecreasing in [0, co). It follows
from (0.7) and (1.6) that

1/2
e - (2 i ;)( i 2) N1/2-372 (3.4)
&

As for {(¢) it is well-known that { € C[0, o0) n Lip [, o) for every 7 > 0,
that (0.7) holds, and that {’ is continuous except for an at most countable
number of times ¢; at which the one-sided derivatives D*{(t;) and D~{(t;)

exist and satisfy D*{(t;) > D {(t;), ([D]). These properties of { also follow
from our results below.

The following is an expanded version of Theorem 2.

THEOREM 2. — A) As ¢ [0 the family {{,(t)} converges uniformly on
compact subsets of [0, o) to the interface {(t) of the function v = lim v,.
B) Moreover (i, — (' in L2 (R*) for every 1 < p < o0 and { satisfies

C”(t)—i—%{’(t)ZO in P'R"). (3.3

C) The waiting time t* of {, converges to the waiting time t* of { given by

t* = 1/4B,
where

B= sup {1x] ?vo(x) }.
Proof. — A) Let N = || vg [|Lo@) We claim that
0 < (1) < 2¢/Nt. (3.5)
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To prove this we compare v, with the function

N in R~ x R*,
oxt)={ N=x¥4 in [0,2./Nt) x R*,
0 in [2./Nt,0) x R*,
Observe that 3, = (v,)? in Q with initial values

N for xeR™,
0 for xeR*.

v(x, 0) = {

Moreover, in the support Q of v we have
7,,<0 in 2(Q). (3.64a)

and in {(x,1)eQ:0 < x < 2,/Nt } we have precisely

. .
_xx = - . 3.6b
B v % (3.6 b)
Therefore in Q, v satisfies
Dy — 00, — (0,)* = — &v,, = 0
while for every ¢ > 0
Vegp = 8Uglsxx — 8(Ux)2 =0 (3.7b)

in Q. Since B(x, 0) > vy(x) in R it follows from the maximum principle
that ¥ > v, in Q and this implies (3. 5).

Since the solutions are not smooth at the interfaces the maximum prin-
ciple cannot be applied directly and an auxiliary argument is necessary.
Fix ¢ > 0 and let w(x, t) = o(x — 6, t) with § > 0. We shall prove that for
every t {(t)<{(t)+6 and v<w in Q. Let ;= inf {t>0: L()=L)+6 ).
Clearly 0 < #; < 0. We consider now the region S={ (x, 1)eQ,: 0<t <, X
Since Q > S it follows from the standard maximum principle that v, <w
in S. Therefore if t; < oo we have ., t;) < w(., t;) in (— o0, {(t1)) and
hence in R. On the other hand at the point (x;, t;) with x, = )=+
we have

l) va(xla tl) = w(xl, tl)s _
) valxy—, 81) = — (1) < — L(ty) = welx;—, 1)
and 1
lll) Uaxx(x, tl) = — m > Wxx(x, tl) = — 2_t1 lfO <X < X1.

From i), ii), iii) it follows that v,(., t,) > w(., t;) for 0 < x < x,, in contra-
diction to the above result. Therefore t; = oo and v, < w in Q. Finally,
let 6 | 0 to obtain v, < 7.

In view of (3.5), (0.7) and Lemma 1.3 the family {¢.} is uniformly
bounded and equicontinuous on any compact subset on R*. Thus there
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exists a function Ze C(R*) and a sequence { ¢,} such that ¢, | 0 and
{a =l — Zlocally uniformly in R*. It is easily seen that Z satisfies (3.3’
and is locally Lipschitz continuous and nondecreasing. Moreover, (3.5)
implies that Z(0) = 0 and Z is Hélder continuous with exponent 1/2 at
t = 0. Therefore the convergence of {, to Z is uniform on [0, T] for every
T > 0. We shall now show that Z is the right hand interface for v so that,
in particular, the whole family {, converges to (.

Suppose that (x, t) € Q is such that Z(t) < x. Then {,(t) < X for all suffi-
ciently large n. It follows that v,(%, t) = 0forall sufficiently large n. Therefore
u(%, t) = lim v,(%, t) = 0 so that

Z({t) z sup {xeR:o(x, 1) > 0} = {(1).
Since ¢, > 0, it follows that Z > 0. If for some ¢ > 0 we have Z(t) = 0

then Z =0 on [0, t] and Z is the interface for v on [0, t]. Suppose now
Z(t) > 0 and consider an X such that

%Z(f) <X <Z({). (3.8
For sufficiently large n, :
X < L(t) = f(f.(t )t < (en + 2)23(2)
0

et 1
because of the nondecreasing nature of {/(¢)t** 2. Therefore, in view of (0.7),

X
(e, + 2t

By Taylor’s theorem and Lemma 1.2 we have, with {, = {,(t),

Unx((n@)? E) < -

_ - 1
U,,(X, t) = Un((m t) + (x - (n)vnx({m t) + 5(5‘? - (n)zvnxx(w t)

— 1

>(C" al )—c——((,,—x)}>0.
(en + 2t 2

Thus, if X satisfies (3.8) we let n — oo to obtain,

_ - >Z—7c _
X, t) = 57 X —

(Z—Y)}>0.

o =

We conclude that Z(f) < {(f).

B) In view of (0.7) and Lemma 3, the family { {; } is uniformly bounded
in [z, o0) for any t > 0. Moreover, according to (3.4),

1/2
” N

> _—
& 13/2
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in [z, o) if & < 1. It follows from Lemma 3.1 of [Li] that { {2} is relatively
compact in LE (R*) for every pe [1, o). Thus, in particular, {, — {

in L{ (R™) for every pe [1, 00) and for almost every time ¢ > 0.

C) By definition

£ et+2 ¢+2 0 3
B e+ 1)('3 * 2) { sup x| J uodé}
Te & R~ x
e+ 1 0 1 H
gw_sup{lx[_2<_l_f vgdc) }.
&* R- I x| Jx

If
vo(x) }
B=s —
& { X2
then
1 0 l £ B 2.8
(o ey e
[ x| Jx 2+ e
Therefore
) By
lim sup < 4B.

el0 e

On the other hand, for each B, € (0, B) there exist x; = x,(B;) < 0 and
51 = 51(B1) E(O, -‘Xl) such that

vo(x) = By [ x|*> for |x—x,]<6,.

For 6 € (0,6,] set I;=[x;—8, x;+38] = [x;—3, 0). If x = x, — & then

1L N\ 1L\ 20§ 2
Ix[_2<—J védC) > le_2<—J véd{) 2( >B1 X149 .
[ x| Jx x| Ji, | x1—4| X1 —6
Hence
(B,)* S 2e + 2)‘“( 20 )‘Bl X1+ 6 2,
T, £ [x; — 8] Xy — 96
which implies ,
B 3
lim inf o > 4B, |71 9
el0 £ x1 bt 5
Now let 6 | 0 and B, 1 B to obtain
B t:3
limlgnf( o) > 4B. #

&

Asa consequence of Theorem 2 we know that £’(£)t1/2 is nondecreasing and
G- 3.9
almost everywhere in R*. We shall conclude this section by giving a more
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precise statement of (3.9). Note that it follows from the monotonicity of
{’(t)t*/?, that {(z) has at most jumping discontinuities with positive jumps.

THEOREM 3. — For all t > 0 and every sequence ¢,, | 0 such that @)
converges we have

lim {7 (t)e [C'(e=), {'(¢ +)]. (3.10)
In particular [ — {’ at every point where {’ exists.
Proof. — Fix to e R™ and let P = {'(to+). We claim first that
limlgup lit) < P. (3.11)
Suppose for contradiction that

limlgup {ite) =P + 24

for some A > 0. It follows from (3.3) that
e+1

to et 2
L) = Cé(to)(7) :

Let { &, } bea sequence such that {_(t,) — P + 24 Then for all sufficiently
large m and t > t,

to\1/2
(en0) = (P + /1)<7> :
On the other hand, by the definition of P, there is a § > 0 such that
A
@) < (P + Z) for all ¢ such that 0 <t — t4 < 8. Therefore we have
Len(t) 2 Lo, (t0) + 2P + Arg(t12 — 1§/%) — {(to) + 2P+ A)eH/2(1!? —1h/?)

A : A
> {(to) + (P + E)U = Lo) 2 L) + (¢ — o)

A
for all £ > t, such that 2(P + A)t3/2 > <P+ Z)(t” % + t4/%). Since this contra-

dicts the uniform convergence of {,, — { we conclude that (3.11) holds.
A similar argument with ¢ < t, shows that

lirnl gnf Cito) = U(to-) -

4. CONCAVE SOLUTIONS

If the initial data v, are concave in their support then the limit function v,
also has this property. Moreover, by the results of [GJ] and [BV] the cor-
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responding solutions v, of (P,) an v of (Py) are concave in their supports
as functions of x for each fixed t > 0. In particular we have

1
2 Vel ) = — ——, 4.1a
02 el 1) 2+ ot ( )
and 1
0= v, t) = —— 4.1b
Vxx(+» 1) T (4.1b)

for t > 0. The presence of upper estimates allows us to obtain the following
convergence result:

THEOREM 4. — A) Let v, vg, v,, 0 be as in Theorem 1 and assume in
addition that v, is concave on its support for each & > 0. Then v,, v,,, v,,
converge uniformly to v, v, v, resp. on compact subsets of the closure of

Q={(x,t)eQ:v(x,t) > 0}.

B) The interfaces {,(t) and {(t) corresponding to v, and v respectively are C!
concave functions of t for 0 <t < oo and {[(t) — {'(t) uniformly in (t, T)
for every 1, T > O witht < T.

Proof. — A) To fix the ideas let us assume that each v, vanishes outside
a finite interval I, = (a,, b,). Then the subset Q, of Q where v, is positive
has the form
Q ={0t):{7(t) <x< ()},

where x = {;(t) is the left-hand interface for v,.

By Theorem 2 we know that {,(t) — {(¢) uniformlyin [0, T ]for any T > 0.
In the same way (. (t) converges to the left-interface {~(¢t) of the limit
function v. It is clear that v is positive in the set

Q={(1)eQ: () <x<l()}.

In view of Lemma 1.3, {v,, } is bounded uniformly in Q, for ¢ > 0.
It follows from (4.1 a) that the family { v,, } is Lipschitz continuous with
respect to the x-variable locally in Q and uniformly in . Since w, = v,,
satisfies the equation

W, = 0, Wiy + (€ + v, Wy 4.2)
in Q,, it follows from [G] that the family { w, } is Holder continuous in ¢

with exponent 1/2 and the Hélder constant is locally bounded in Q inde-
pendent of ¢. Therefore we conclude that

Ugx = Uy

uniformly on compact sets of Q. Finally the convergence of v,, follows
from v,, — (Vex)? = 0,0, Since
eN

T 4.3)

0> EVDexx Z
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B) The uniform convergence of {; to {’ follows from the estimate ([BV])
1
(e + 2)

A second result that can be obtained with concave initial data concerns
monotone convergence.

0= =

Y. # (4.4)

THEOREM 5. — Let v, and vy be as in Theorem 4 and assume, in addition,
that v,o(x) T vo(x) for every xeR as ¢|0. Then v, 1T 0.

Proof. — We want to prove that, given ¢ > ¢ > 0, we have v, < v,
everywhere in Q. The idea of the argument is the following. Consider the
equation

Le(w) =W, — EWWy, — (Wx)z .

v, is @ smooth solution of L.w = 0 in Q,, whereas v, is a subsolution in Q,.
because L,(v,) = (&' — elvv,x < 0. Since v,y = v, We can use the maxi-
mum principle to conclude that v,y = v,.

Since the domains Q, and Q. of »,, v, are not necessarily the same
there is a difficulty in applying the classical maximum principle which can
be overcome as follows. Assume that the support of v,, is bounded
and that we replace v, by the solution v, of Liw = 0 with initial data
w(x, 0) = v, + 6 for some & > 0. Now since v, is positive and C* every-
where in Q and v,{x, t) = O for large | x|, we easily conclude that v, <,
in Q. The stated result follows by approximation since solutions of the
porous medium equation depend continuously on the initial data. #

As an example consider the Barenblatt solution

_ (0 = ),
2e + 2t + 1)

where r,(t) = K(1 + t)/**? and K a positive constant. As ¢ — 0 we have

V.(x, 1) 4.5

X2
Voo, )T Vix,t)=1/4{ K2 — ——} ,
(x, 1) T V(x, 1) /( t+1>+
while for the interfaces we get

1(t) T r(t) = K1 + 1)Y/2

5. THE CASE m <1

We can also consider a limit process for the solutions of porous medium
equation as m — 1 with m < 1. As noted in the Introduction, if we look
at the density (i. e, if the initial data u,, converge as m 1 1) the solutions
of u, = (u™),, converge to a solution of the heat equation.
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If we look at the variable v defined as before by

pm gt M maem (5.1)
m— 1 1—m

we see first that u > 0 implies v < 0 and also thatu — Oimpliesv —» — c©
while u — oo implies v — 0. Moreover if we put

e=1—m
then v formally satisfies the equation
v = elvlvg + (v). (5.2)

Now if the initial datum v(x, 0) is kept fixed as ¢ —» 0 we want to prove
that the solutions of (5.2) converge again to a solution of equation (0.4).
Following the outline of the proof of Theorem 1 we obtain a solution v,
of (P,), obtain estimates for v, and v,, and finally pass to the limit ¢ — 0.

To begin with, it is proved in [AB] that for every 0 < m < 1 and non-
negative u,e L'(R) there exists a unique function ue C[0, oo ; LY(R)) » C*(Q)
such that

ty, Au™ € Li(Q),
u,=Au" in Q, (5.3)
u(.,0) = ug.

Moreover u is positive everywhere in Q (so that there is no interface) and
the following estimates hold ([AB], [BC))

1 —mp v
—— << — -, (5.4
(m+ ) t
and
2 ! 5.5
Uxx = (m—-}-l—)_t’ (5.5)

where v is given by (5.1). Of course v satisfies equation (5.2) in Q. Using
(5.4) and (5.5) we obtain directly from (5.2) the following interesting
pointwise bound for | v, |:

2|v]

Joe [ < .
(m+ 1)t

(5.6)

It is worth noting that, as compared with (1.2 4a) and (1.6), the estimate
for v, is bilateral and the bound for v.(x, t) depends only on the value of v
at (x, t).

Solutions with general initial data u, € L} (R) are constructed by [HP].
Moreover they prove that uniqueness in the appropriate class holds and
that when uy > 0 the estimates noted above are valid for all the solutions.
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Using these estimates and arguing as in Section 2 we can prove the following
result. Consider a family of initial functions v, € C(R) that satisfy

0> vpx)=2 — N (5.7
forsomeN > Oandevery x € R, and let v, denote the solution of the problem
Uy = — EUUxy + (Ux)2 in Q s (P )
v(x, 0) = vo(x) In R. ’

We have
THEOREM 6. — Assume that as ¢ — 0, {v,o} converges uniformly on

compact subsets of R to a functionvy. Then v, converges uniformly on compact
subsets of Q to the solution v of the problem

Ut=(Ux)2 in Q,
o5, 0) = vo(x) in R, (Py)

satisfying the condition v, 2 — 1/(2t) in 2'(Q). Moreover v, — v, in
L? (Q) for every pe [1, o).

Note also that (5.4) implies in the limit the following estimate for nega-
tive solutions of (B)

0<y, < —. (5.8)

Together with (5.7) this implies that solutions of v, = (v.)* approach the
maximum value (here v = 0) as ¢t — oo and x is fixed with a rate at most
0(1/t). This is exactly the rate for the self-similar solutions (0.20).

Let us finally remark that the estimates (5.4)-(5.6) are true with suitable
constants for the solutions of the corresponding d-dimensional problem

. =AM in Q=R x(0,0),
u(.,0) = uge LL (RY),
ifug > 0and d{1 — m) < 2. In particular the crucial estimate (5. 6) becomes

|V012<—2——— |_U_l (5.6)
T2—-dl-m ¢ '
and the proof of Theorem 6 applies essentially unchanged in several dimen-
sions.
Regarding the connection between (0.1) and (0.4), the transformation
(0.17) is still valid if 0 < m < 1 and transforms positive solutions of (0. 1)
into negative supersolutions of (0.4). In particular the Barenblatt solution

1

_ -1 1—m x2 \ 1"
ux, t)y=t (C + mm 1) tz/("‘“)) (5.7
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transforms into the solution

xZ

Vix,t) = — (K + —) (5.8
4z +

with K = Cm/(1 — m) > 0. The case K = 0 in (5.8) corresponds to the

special solution of (0.1) given by ,
x

2m + Dt

As in the case m > 1, these particular solutions represent the asymptotic
behaviour of a large class of solutions, cf. [V2].
For m = 1 the transformations (0.5), (0.17) should be replaced by

v(x, t) = log (u(x,t)), T=t and V(x, 1)=log (u(x, )t''?. (5.10)

vix, t) = — (5.9
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