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ABSTRACT. — We derive a normalization theory for the Navier-Stokes
equations with potential (gradient) body forces by means of a global asymp-
totic expansion of a solution as time goes to infinity. The normal form is
the linear Navier-Stokes system if the spectrum of the Stokes operator
has no resonances. In the general case, the normal form is an equation in
a suitable Fréchet space, whose nonlinear terms correspond to resonances.
However, it can be solved by integrating successively an infinite sequence
of linear nonhomogeneous differential equations. The normalization
mapping is globally defined, analytic, one to one. We illustrate our theory
by two simple examples. In particular we relate our normalization for
the Burgers equation to the Hopf-Cole transform.

RESUME. — On construit une forme normale pour les équations de
Navier-Stokes soumises a des forces dérivant d’un potentiel, a aide d’un
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2 C. FOIAS AND J. C. SAUT

développement asymptotique global de la solution quand t — oo. La
forme normale correspond au systéme linéaire de Navier-Stokes si le
spectre de 'opérateur de Stokes n’a pas de résonance. Dans le cas général,
la forme normale est une équation dans un espace de Fréchet convenable
dont les termes non linéaires correspondent aux résonances. Cependant,
on peut le résoudre en intégrant successivement une suite infinie d’équations
différentielles linéaires non homogénes. L’opérateur de normalisation est
défini globalement, de fagon analytique et injective. Nous illustrons notre
théorie par deux exemples, en particulier dans le cas de I'équation de
Burgers, en reliant notre théorie 4 la transformée de Hopf-Cole.

Mots-clés : Navier-Stokes equations, Nonlinear spectral manifolds, Frechet space,
Nonresonant spectrum, Parabolic nonlinear equations, Asymptotic expansion, Burgers
equations. Normal forms.

INTRODUCTION

Let us consider the Navier-Stokes equations

ou

E)?+ u.Viu —vAu + Vp =0
0.1
©.1) Vu=0

u(x, 0) = ug(x)

in Q x [0, o[, where Q is a smooth bounded open set in R”, n = 2, 3,
or the cube 10, L|"
We supplement (0.1) with the boundary condition

0.2) Ujn =0,

or with the spatial periodic condition
0.3) u(x + Le;) = u(x) ¥Yxe R, 1<j<n

where (e;), 1 < j < n is the canonical basis in R™

In our previous works [7] [8] we investigated the asymptotic behavior
of regular (we shall give a precise meaning of this concept later on) solu-
tions u of (0.1), (0.2) (resp. (0.1), (0.3)) as t — + oo. Essentially, u(t) decays
exactly as e A where A(ug)e { Ay, Ay, ... }, the set of eigenvalues of
the Stokes operator. Moreover, it was shown that there exists in the space £
of initial data u, a flag of smooth analytic manifolds M,, k= 1,2, ...
such that A(ug) = A, the k™ distinct eigenvalue of Stokes operator, if
and only if uye M,_,\M,, where M, = &#; the spectral manifolds M,
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LINEARIZATION AND NORMAL FORM 3

have finite codimension m; + m, + ... + m; (where m; = multiplicity
of A;), and in the periodic case (0.3) are « genuinely » nonlinear.

In the paper [7] we also gave the first steps of an asymptotic expansion
of u(t) ast —» + oo (See [7], Theorem 2).

The aim of the present paper, which develops our Note [9], is to achieve
this asymptotic expansion and to derive some consequences of its global
properties. In particular, if the spectrum of the Stokes operator is nonreso-
nant, we shall construct a nonlinear functional transformation which linea-
rizes the Navier-Stokes equations and the nonlinear spectral manifolds M.

The precise sense of linearization will be given later on in this paper.
Roughly speaking, the value of the solution u at time ¢ is obtained by applying
the linear semi-group associated to the Stokes operator (suitably extended)
to the nonlinear transform U(u,) of the initial data uy. The (analytic and
one to one) mapping U associates to u, the generating part of the asymp-
totic expansion of u. Of course U is not given in a closed form and there is
no serious hope that one could define it so, as for example the Cole-Hopf
transform [/4] [24] which reduces the viscous one dimensional Burgers
equation to the linear heat equation. However our linearization has its
own theoretical interest; moreover it is obtained in a totally different fashion
than previous theories of « linearization » of nonlinear differential ope-
rators: inverse scattering theory developed e. g. for one dimensional non-
linear equations such as KdV, Schrodinger [/7] [19]; the classical theory
of normal forms for ordinary nonlinear differential equations (cf. for instance
the description of the work of Poincaré and Dulacin [/]);the very interesting
papers of Nikolenko [/6] [17] [26] [27 ] and Zehnder [25] on the extension
of Siegel’s Theorem to a class of nonlinear-Schrodinger equation satisfying
a diophantine condition; the work of M. S. Berger et al. on « diagonaliza-
tion » of nonlinear ordinary differential operators [2].

If the spectrum of the Stokes operator is resonant, we also give the
asymptotic expansion of the solution as t — <0; the coefficients are now
polynomials in ¢. The equivalent of the linearization map U is a normaliza-
tion mapping W which reduces the Navier-Stokes equations to a normal
form where the nonlinear terms correspond to resonances. In the non-
resonant case the normal form is of course the linear Navier-Stokes equa-
tions; although in general the normal equation is nonlinear, it can always
be solved by integrating successively an infinite sequence of linear non-
homogeneous differential equations. The normalization map is also built
from the generating part of the asymptotic expansion. As U, it has nice
properties: it is analytic, one to one, its derivative at O is the identity.
Moreover, our normalization mapping can be explicitely expressed from
any analytic mapping which admits the identity as derivative at 0 and
which linearizes the Navier-Stokes equations. In the nonresonant case,
any such mapping reduces to our normalization. To our know-
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4 C. FOIAS AND J. C. SAUT

ledge this kind of normalization of a nonlinear parabolic equation is new.
N. V. Nikolenko gives in [/8] a derivation (along the lines of the Poin-
caré-Dulac theory) of the truncated normal form for a class of perturbed
KdV-Burgers equations.

Our methods and results extend to general (eventually abstract) para-
bolic nonlinear equations of the Navier-Stokes type (e. g. to the class of
abstract parabolic equations studied by J. M. Ghidaglia in [/2]). Also
it is likely that they can be extended to equations having general polynomial
nonlinearities, provided there exists a relationship between the linear
and the nonlinear part which insures that some non empty open set of
initial data leads to regular solutions decaying exponentially to zero when
I — 0.

As an illustration, we consider two simple examples. We prove that
the analogue of our normalization mapping for the Burgers equation can
be expressed in term of the Cole-Hopf transform, and is therefore defined
in a closed form. A similar result is stated for the Minea system.

The case of non zero, time independant, forces remain open. However
it is likely that part of our results are still valid in the situation where
the forces are small (then there exists a unique, stable, steady solution).

To conclude this introduction, we can say that we derived in this work
a normalization theory for the Navier-Stokes equations with potential
body forces by means of a global asymptotic expansion. In this situation,
the dynamics is trivial and hence the normal form is not necessary to under-
stand it! However, we think that our theory gives some new insights
in the structure of the Navier-Stokes equations. Applications and the
connection to the Poincaré-Dulac approach are presently investigated
and will be the object of a subsequent paper.

The content will be as follows:

1. Functional setting. Some previous results . . . . . . . . . . . 4
2. Asymptotic expansion (nonresonant case) . . . Lo 7
3. Linearization of the Navier-Stokes equation (nonresonant case) L 21
4. Asymptotic expansion: the general case. . . o 23
5. The extension of the linearization map to the resonant case. . . . . . 34
6. The normalization map and the normal form . . . Lo 37
7. Some examples: the Burgers equation and the Minea system e 44

1. FUNCTIONAL SETTING.
SOME PREVIOUS RESULTS

In this section we recall classical and useful facts on Navier-Stokes
equations and state some previous results we shall need in the sequel.
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LINEARIZATION AND NORMAL FORM 5

Let Q be either a bounded regular open set in R", or the cube ]0, L[?,
where n = 2, 3. In the first case, we set
1.1 ¥ ={ueCPQ)";divu =0}
and in the second case, we set

(1.2) ¥ = {u = trigonometric polynomials with values in R", divu = 0,
J udx = 0, u satisfy (0.3) }
Q

In both cases, we introduce the classical spaces (cf. [27] [22])

H = closure of ¥ in L*(Q)"
V = closure of ¥" in HY{(Q)",

where H(Q) (I =1,2,...) denotes the Sobolev spaces of u’s in L2(Q)
such that D*ue L3(Q), o] < I

Also we set E"(Q) = H n H'(Q), E“(@) = E"(Q), m > 0. We shall
use the notations: m>0

lul? =J lu(x) Pdx,  |lv|? =J | Vulx) [2dx

(ue H, ve V) for norms in H (resp. V). The corresponding scalar products
will be denoted by (., .), (resp. (., .))). The norm in H™(Q) is indicated as

Il Alm-
Let P be the orthogonal projection on H in L3*Q)", and let

Au = — PAy, B(v, w) = P((v.V)w),

defined for u, v, we E2(Q)n V = D(A) and H-valued. We also set
b(u, v, w) = (B(u, v), w), and recall that b(u, v, w) = — b(u, w, v).

The operators A and B can be extended by continuity to linear (resp.
bilinear) operators from V (resp. V x V) into the dual V' > H > V of V.
We shall use the classical estimates (cf. [2/] [22])

(1.3) [Bu, v)| < C{Jull |Av], uev, ve D(A)

(1.4) IBlu,v)| < C,[Aul v, ue D(A), veV

(1.5) IBw, 0)| < Gy llull [ v]'?|Av[*2,  ueV, veD(A)
(1.6) B, )| < Colul"|AuP*|lv], ueDA), veV
(1.7) B wlly < Cslul*[|ulP?,  ueV

(1.8) 1B 0)llm—1 < Coltllmll 0flm> for w,oeH™QY, m>2;

in part_icular (1.8) implies that B(E*(Q), E*(Q)) = E*(Q). (Here and in
the sequel, C,, C,, ... will design positive constants with respect to the
explicit variables of the formulas.)
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6 C. FOIAS AND J. C. SAUT
The equations (0.1) completed with (0.2) or (0.3) are equivalent to
du
(1.9) o + vAu + B{u, u) = 0, w0) = uge V.

Let us recall also that, by definition, a solution u of (1.8) is regular on
some interval I < [0, o0) if uj e C(I; V).

If a solution u is regular on I = [t,, ¢, ], then u |; is uniquely determined
by u(te).

Let £ be the set of initial data u, in V leading to regular solutionson R, .
Itis well known ([2/]) that #=V if n=2, and is an open set of V containing 0
if n = 3. For the nonlinear equations (0. 1), we shall only consider non zero
initial data in £ (then by the backward uniqueness property, u(t) # 0
for all positive t).

In this case, one has in fact the smoothness property (cf. [27]).
ue C®({tg, + 0); EX(Q)nV), Vip > 0.
Finally, let us recall that A is in fact the Stokes operator: the equations
{ —vAu=f—Vp, fel)Qr
Vu=0 in Q,
completed with the boundary conditions (0.2) or (0. 3), are equivalent to
vAu=Pf in H.

We shall denote by 0 < 4; < 4,,..., the increasing sequence of the
eigenvalues of A, and by 0 < A; < A, < ... the sequence of distinct
eigenvalues of A, A, having multiplicity my.

Let also (w,)2~, be the orthonormal (in H or V) basis of the associated

eigenvectors:
Aw,, = AWp, m=12 ...

The orthogonal projection in H on the linear span of wy, ..., w, will
be denoted by P,,; R; will stand for the orthogonal projection on the eigen-

space of A;:
Rw = Z (W, wiwy

AL=A;
Then, we have of course !

We shall also consider the Fréchet space containing H:
yA:R1H®R2H®...,

equipped with the topology of convergence of components. The Stokes
operator A and the semi-group e * generated by A extend in the obvious
way to S,
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LINEARIZATION AND NORMAL FORM 7

We now summarize the results of [7] [8] we shall need in the following
(See also Guillopé [/3], Ghidaglia [/2] for related results.)

THEOREM 1. — ([7] [8]). Let uoe #\{0}, and u the corresponding
regular solution of (1.9).

o Nu) )
1) The limit Iim 3
o Jut) ]
of the Stokes operator.
2) tlim e" o)y (¢) exists in V and H (in particular) and is not zero.

= A(u,) exists and is one of the eigenvalues

3) There exist smooth connected analytic manifolds My, k = 1,2, ...
in & (the nonlinear spectral manifolds) such that

i)y Z=My>oM; oM,, ...

ii) Codimy M; = Codimy M =m; + ... + my.

iii) M, is invariant by the nonlinear semi-group (S(t)),» o on £ generated
by the Navier-Stokes equations, i.e. S(t)M, = M, Vvt > 0.

iv) upe Mi\My 1, < Alug) = Ars1, k=0,1,2,. ..

v) In the periodic case (0.3), the M,’s are « genuinely » nonlinear (that
is to say they are not linear manifolds) but they contain an unbounded,
infinite dimensional linear manifold.

2. ASYMPTOTIC EXPANSION
(NONRESONANT CASE)

Before stating our results, we need to introduce a technical notion on
the spectrum of A.

DEerINITION 1. — We call resonance in the spectrum of A, a relation of
the type

(21) a1A1+azA2+..‘+ak/\k:Ak+1, Where a,‘EN, 1 Slsk

If no resonance occurs in the spectrum of A, A will be called nonresonant.

For abstract operators of the type of A, the nonresonant case is generic
for a natural topology (See [/0]). On the other hand, the periodic boundary
condition (0.3) always leads to resonance, since in this case, one has for
instance A, = 2A, (cf. [22)).

For the Dirichlet boundary condition (0.2) we think that the nonreso-
nant case is generic with respect to the domain Q. Indeed this is true for
self-adjoint scalar second order elliptic operators with Dirichlet boundary
conditions (See [/0]).

Finally, we shall denote

O<puy =Ai<pu, < ...

Vol. 4, n° 1-1987.



8 . C. FOIAS AND J. C. SAUT

the elements of the additive semi-group & generated by A s =12,
In the present paragraph we shall deal only with the nonresonant case
and we shall suppose that no resonance occurs in the spectrum of A.

Then we get the following asymptotic expansion for a regular solution
of (1.8):

THeOREM 2. — Foreach N e N, the solution u of (1.9) admits the expan-
sion in H:
(2.2) u(t)=W,e '+ W, e ™ 4+ W, e N (1), vt > 0,
where W, = W, (u) eE*(Q) AV, j=1,...,Nand
o€ C([0, 00); V) N L2(0, oo; D(A)) N C2([to, ©); E*(Q)n V), Vto > 0.
This expansion satisfies the following properties:

i) |lon(t) |l = O(e ™"+ for some ey > 0, m =0, 1, 2, . ..

ll) RjWAj = WAj fOI' Aj < HUN

i) Forpy = oAy + ... + o;_3Ajoy,withay + ... + -y =22, W, is
a function of W,,, ..., W, , which is homogeneous of degree < «, in
W,,, of degree < o, in Wy, .. ., of degree < -y in Wy, .

More precisely, one has in this case:

(2.3) (=l + AW, + Z BW,,W,)=0. [ |
mitu=uj
REMARK 1. — The first W, + 0 in (2.2) corresponds to i = Aug).

Proof of Theorem 2. — We shall proceed by induction on N. Let us start
with the first term in (2.2). Applying the projection R, to (1.9) we get:

(2.4 %Rlu(t) + vARu(t) + R B(u(t), u(t)) = 0,
and .

(2.9) e Ru(t) = J e "R B(u(t), u(r))dr + W,
where x

2.6) W,, = lim MR ().

The integral in (2. 5) converges since (cf. (1.7)):
| R Bu(t), u(0)) | < Ce || Bu(t), (1)) llv: < Cq [u(z) |12 [fu(1) [|P/? < Cge™ 2.

On the other hand, we have:

(2.7) %a—mm+ma—mw+a—&mmm=o

Annales de I’Institut Henri Poincaré - Analyse non linéaire



LINEARIZATION AND NORMAL FORM 9
and, taking the scalar product with u,

d
(2.8) %d—tl(I —Rul? + v[I(L = Ru|* < [(B(w,u), ([ = Ryu)|
< Coll (T = Rpull lullP?{ul? (by(1.7)

Cio

<ell(I =Rpuj®* + e~ Mt for g> 0.

Using the obvious inequality
At — Rpu > < [T = Ryul?,
(2.8) yields:

d Cio _
2.9 Ztl(l —Ru(t) |2 + 2vA,(1 —¢)|(I — Ry)u 2 < - e it

Hence,
(I — Ryu(t) > < e 22079 (1 — Ry |*

t
+ Cio e—2vAz(1—-£)tj e2vina(l =8~ 2A4T g,

€ 0

le.:

(2.10) [ - Ru(t)|* < Cyq (o™ 2o 4 e~ 4wty
Finally we obtain:

(2.11) [(I — Ryu(t)| = O(e @1 ewr)

with some convenient &; > 0 (!):

Let us now estimate
[e o}

(2.12) |Ryu(t) — e ™'W, | < e‘“’“‘j "7 | Ry B(u(1), u(1)) | dr

t

< Clze—ZvAlt’

by using (1.7) and the fact that all norms in R,H are equivalent.
We have just proven that

2.13) @) = Ruut) + (1~ Rou(t) = Wee ™" + 0:0),
where u, = A; and |vy(t)| = O(e™**1* =), Moreover, R;W,, =W

1230
The decay estimate of v, is in fact valid in stronger norms, as shows the

LEMMA 1. — One has

(2.14) llo(t) llm = Oe™>¢ ) Vm > 1.

(*) The numbers &;, i = 1, 2,... will denote various positive quantities, independent of
¢ which appear in the exponential terms. The index i will refer to the step of the expansion.

Vol. 4, n° 1-1987.



10 C. FOIAS AND J. C. SAUT

Proof. — By (2.13) it suffices to show the corresponding assertion for
(I = Ryu(t).

One easily obtains from (1.8)

d
%E“(I —Rpull? + vIAd — Ryul® < |B(u,u)| AT — Ryu|
< CoallullP?[Aul'? AT — Ryu|
< Crae ™ PMIAI = Ryu(t) |

for t large enough. Hence, one gets (see the derivation of (2.9)):
d 2 2 Cis —4A
ZH(I_RI)MH + A1 = =Ryl < —e ™7, e>0
£

and finally:

I = RJu(t) I < Cygle™ 22079 4 gm0 e,
I = Ryu(t) || = O(eH7ery.

The assertion concerning the higher norms is slightly more involved.

&
For this purpose, we set u; = ﬁ Then u; is governed by the equation:
j
du; j
(215) -d?+ vAuj+ k B(uk, uj—k) =0.

It is easily seen that for every j, and every m
(2.16) [l uj(t) [l = O(e ™).

More precisely, (2.16) for j =0 and m = 0, 1, 2 is a classical fact ([7]).
The case m = 0, 1, j arbitrary, is derived for instance in [/3] The general
case follows by induction, using the standard regularity results for the
Stokes operator [¢] [20] [24].

We then deduce from (2.15):

%%I(I — Ry > + vl - Ryu;|* < ‘(Z( )B(uka Uj—x), (I—'Rl)u,)
< Cr 1A = u;”[Z( )“ uk|l3/2luj—kll/2i|

C
<ell( — Rou; > + Lj R PN
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LINEARIZATION AND NORMAL FORM 11

Finally it comes (cf. derivation of (2.11)) that
(2.17) [I — Ryuft)] = O(e™>@r¥e0ny i =1,2,...

From (2.17) it is now easy to obtain (2. 14) recursively, using (2. 15), (2. 16),
the estimates (1.3), (1.8) and the regularity results for the Stokes operator.

This closes the first step in the expansion. 0

Before proceeding to the general induction argument, it is instructive
to look for the next term of the expansion.

Let us first write the equation for v;.

dv, — 2vAqt
(2.18) e + vAv; + B(vy,v¢) + € YB(W;, W)

+ e "™ [B(Wy, v;) + B(v,, Wy)] =0
where we set W, = W, =W, .
We shall distinguish two cases
i) We suppose first of all that u, = 2A4, i.e. 2A; < A,. From (2.18)

and Lemma 1, above, we deduce

dv
(2.19) d—: + vAp; + e” 2MB(W,, W) = h(t),
where h(t) is smooth on [d, + ») V3 > 0 and satisfies
(2.19) [ A1) |l = O(e ¥ 21t forall m>0.
Consequently,

fe0)

MRy (t) = J e "R, B(W,, W,)dt + j O(e M *enydr
t

t

1
=K e MR B(W, W) + O(e ™A1 ¥ar),
V.
Hence, !

1
(2.20)  Ryvy(t) = e~ MR B(Wy, W)) + O(e™ 2t +ea)

1
On the other hand, applying the projection Ry to (2.19) for k > 2 yields:
d
(2.21) E Rkvl(t) + VAkRkUI(t) = — e_ZVAlkRkB(Wl, Wl) + Rkh(t)
and p
El: eszltRkUI(t) + V(Ak — 2A1)€2A1kaUI(t)
= — RkB(Wl, Wl) + eszltRkh(t)
(2.22) e Rywy(t) = e "Wx"280R 1,(0)
1
+ J‘ e*v(Ak*2A1)(tAt)eZVA1tRkh(_[)d_[
4]
1
+ ———[e "W 2A0r _ 1R, B(W
v(Ak—ZAl)[e IR B(Wy, Wy)

Vol. 4, n° 1-1987.



12 C. FOIAS AND J. C. SAUT

This shows that, as t —» + oo,
_ RB(W,, W)
K — 2A4)

V(A
(2.23) ( Z Ribil(t) | =

In fact, one has

1
1
2.23") byt)=e M, (0)+ | e Ih(D)dT+ ———— e MB(W,, W
(2.23") bdt)=e"™,(0) Le (et s e MBWL W)

The treatment of the contribution of the first and third terms in (2.23")
is straightforward, while for the second term we have to use the fact that
the R,’s are mutually orthogonal. Now, we set 2A; = u, and

1 RkB Wl’Wl
(2.24) Si(Wr, Wi) = =~ Z _(/\(——27))

(2.23) R (t) = e M 4 Ryby(1),

—v(2A; + 52)1)
b4

A=A

This series converges in H and in D(A). We then define W,, € D(A) as

1
(2'25) Wuz = W\_ R1B(W1a W1) + Suz(Wh W1) s
1
and set
(2.26) ut) = W,e ™" + W, e "3 4 uy(t).

Let us now check point iii) in Theorem 2. W,, is clearly quadratic in W,,,.
Moreover,

W= 2A,1 + AW, + B(W,, W)

1 RB(W;, W)
= —2A A—1R1B(W1,W1) - —/\::E/T + R B(W,, W)

Ax=As
. Z AkRkB(W19 Wl)

+ B(W,, W
A, = 2A, (W, 1)

A=Az

- ERkB(WbWO + B(W,;, W) =0
k=1

This proves in particular that W,, € E*(Q).
For the remainder term v, in (2.26) one has the decay estimate

| va(t) [l = Ofe™>27220)

We omit the proof since it is a particular case of Lemma 3 below
ii) We now assume that u, = A,, i.e. 2A; > A,.
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LINEARIZATION AND NORMAL FORM 13

From (2.19), one obtains, taking first the projection R, and multiplying
by e
d
(2.27) (€™ Ry (1)) = e EMTAIR,B(W,, W)
dt + O(e—v((ZAx*AzH‘Sz)l)

which proves that lim e"*R,v,(t) exists. We shall call it W,,. In fact,
1= oo

using (2.18) it is easily seen that

(2.28) W“2 = Rzuo — J‘ eVAztRz { B(Ul, Ul) + e_ZVAltB(Wl,WI)
0

+ e_VAlt(B(Wl, Ul) + B(Ul, Wl)) } dt .
Thus from (2.27) we finally infer:

R,0,(t) = e "W, + O(e™ 2™
and

(2.29) u(t) = W, e "1+ W, e ™" + vy(t).

It can be shown that || vy(t) ||, = O(e *®2"9%m, but we omit the
proof since it is a particular case of Lemma 2 below.

After having given the first two steps of the expansion, we now proceed
to the general induction argument.

Let us assume that we have the expansion

(2.30) ut) = e MW, + ... 4 e ENW, + on(2), N>2

where W, , j =1, ..., N and vy satisfy the properties i), ii), iii) of Theo-
rem 1 (The case N = 1 has been proved above).

Inserting the expansion (2.30) into (1.9), we obtain the following equa-
tion for vy

N
(2.31) % +vAvn+B(o, on)+ Z e~ " [B(W,,, vn) + Blon, Wy,))]
=1 N
+ v Z (Awuj_/‘jwuj)e_vujt+ Z e MHTHIB(W,,, W, )=0.
uisuN i,k=1

uj¢SpA

Let Ay, +: be the first eigenvalue of A which is strictly greater than uy.
We shall distinguish two cases:

Case I. — For j, k = 1,...,N, one has either

(2.32) Wi+ px S pun or Uit e > Ay
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14 C. FOIAS AND J. C. SAUT

Then, obviously, un+; = Ayy+1- By property iii), (2.3) of Theorem 2,
(2.31) can be simplified as follows:

N

d
(2.33) _d”tﬁ + vAvy+ B(uon, vn)+ Z e " [B(W,, vn)+Blon, W,,,)]

=1
" Z e HTRIB(W,, W) =0.

urSpi,u;SuN
mitp;> AN+t

We apply the projection Ry, on (2.33) to get

d
(234) ERkN_FlDN + VAkN+1RkN+1UN + RkN+1 { PN } = 0,

where { ...} denotes the remaining terms in (2.33). Finally, one obtains

d )
(2.35) a(evAkNHleN+1UN(t)) = O(e™ "N+t

which proves that
(2.36) Wior = ‘lgg e IR on(t) exists L
Let us notice at this stage (this will be useful in the proof of the ana-

lyticity of our linearizing transformation that from (2.33) it follows at
once an explicit expression for Wy, ,:

(2’ 37) W/\kN+ 1 =RkN+ 14o— Z RkN+ 1Wm - J EVAkN+ 1tl{kn*‘ lB(vNa DN)dt
0

i=1

N
_ J\ { Z ev(AkN+I‘#j)t [RkN+1 [B(Wﬂj’ UN) + B(UN) WMJ)]]
0

@
) e Ry BW, W)

U1 i, e S PN
st pe > Arg

We have finally proved:

Riy s 10n(t) = e M tWy, o Ofe s i ronaly
and

(2.38)  w(t) = We ™™ 4 o+ Wy, el g (1),

where Wy, ., € Ry +1H and vyyq is as smooth as u. In particular,
Un+1 € C?([tg, 00); E¥(Q) N V), Vip > 0.

Annales de I’Institut Henri Poincaré - Analyse non linéaire



LINEARIZATION AND NORMAL FORM 15

The asymptotic behavior of vy, is precised by the

LemMa 2. — For every m > 0, one has
(239) ][vN+1(t)llm = O(e‘V(AkN+1+EN+l)I)'

Proof. — We first establish that
(2.40) IRy + ... + Ry 1)ons1(t) | = Ofe ™ Prnrateneor),

We recall that there UN+1 = AkN+1‘

Since vy = Un+1 = Wy, € "N+, one gets

RkN+1vN+1(t) = RkN+lvN(t) - WMN+1e_qu+lta

o0
J e VN dy
t
which proves that

| RkN+1vN+1(t) ] — O(e_V(AkN+1+5N+1)t)'

and by (2.35), we have

| Wiy, = € Ry 0(0)] = = Ofe ™),

N+ 1

On the other hand, for any Aj, 1 < j < ky, it follows from (2.33):

d
7, Roolt) + VAR un(t) = Ofe™vimrrTeneal
and

d
E (evAthjUN(t) — O(e—v(uN+1—Aj+£N+ 1)1) i

This equality yields, since |vn(t)| = O(e ™ PenTenty:

@
evAthjUN(t) — J O(e—v(uN +1—Ajten+ 1)1)d1
t

. e

RJUN(t) = RjUN+ 1([’) = O(e_v(“N*1+5N+1)t),

and (2.40) is proved. :
Let nOWQ =] - (R1 + ...+ Rkn'*'l)’ so that QUN+1 = QUN. By (233)
one has

d
a Qux + vAQuy = by,

where || by(t) [|m = O(e*@en+1ten+ty for every m > 0. Therefore for any
& > 0 small enough we have:

% ;; | Qua(t) [2 + (1 — &)1 Quwle) II?

— O(e—Zv(AkN+1+£N+ 1)t)
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16 C. FOIAS AND J. C. SAUT

and

d
71 Q) 2+ 20k (1 = )| Qua(t) 7
= O(e_z"(AkN+1+£N+ 1)t)

Finally one gets:
(2.41) | Qun+1(t) 1> = | Quy(t) |7 = e 2Mn20 7901 Qp(0) |2

t .
+ J e—ZW\kN+2(!‘T)O(e—2V(uN+ 1ten+ l)t)dr
0

— O(e—ZV(AkN+ 1 teN+ x)f)
2

if we chose a priori ¢ > 0 small enough in order that Ay (1 — &) > Ay +1-
It remains to deal with the higher Sobolev norms. To do that we set

S dy
(n _ TN
N

. This function obeys the equation:

(J)

J
dv ; j .
(2.42) -+ vAW + Z (i )B(ugz o)

k=0
N o

i=1 k=0

+ Z [_ v(lui + #k)]je_v(ui+uk)tB(Wui’ Wuk) =0.

wit o> Ak + 1
Hi, Bk S UN

By induction on j we obtain from (2.37) (2.42) (1.8) and the decay esti-
mate on vy(t) that

(2.43) || ) ||, = Ofe™¥rntenty ¥ > 0.

We now apply the projection Q to equation (2.42) and we get (using
(2.43) and (1.7))

1d, .
Qa4 2R + vl Qi |
g Clge“v(AkN+1+sn+1)t % ” QU(NJ)H
e ” Qvg) HZ + %e*ZV(AkN+1+gN+‘)t, e> 0
&

and we deduce from (2.44) that
(2.45) | Qui(t) | = O(e*Wanratenvnny j— 1.2, .

From (2.45) and (2.42) one obtains inductively, using (2.31) (2.43),

Annales de I Institut Henri Poincaré - Analyse non linéaire



LINEARIZATION AND NORMAL FORM 17

the estimates (1.3) (1.8), and the regularity results on the Stokes operator,
that
| Quult) llm = Ofe™ Y Arnvertenaidy  (¥Ym 2 1).

This together with (2.40) yields (2.39). d
Case II. — There exists p; < py, 4; £ pn such that
(2.46) Un < i+ 15 < Aggere
We then set
pn+1 = Inf { i + py; i, p; satisfying (2.46) } .
From (2.31) and Property iii) of Theorem 2, we obtain

N

d
(2.47) % + vAvN+ B(on, t)+ Z e~ [B(W, , ox)+ B, W,,)]

j=1
_+_ Z e-— VUN + ltB(WMi9 Wuj)

His S UN
it ;=N +1

His HjS N
it > UN+ 1

One gets by the induction hypothesis:

d
(2.48) §+VA0N+ Z e N TB(W,, W, ) = hy(t),

it pj=pN+1
where hy is smooth and satisfies
(2.49) | in(t) [l = O(e™*#mretenesdy  Ym > 0

(Note that necessarily uny + p; + éx > fin+1,J =1, ..., N).
Proceeding as in the second step of the expansion (case (i), we deduce
from (2.49) that:

1
(2.50) Rjon(t) = ———————— e VEN+1IR. Z BW,,, W,
N v(un+1 — Aj) ’ ( m MM)

4 O(e‘v(MN+x+eN+1)t) B+ fim = pN o+ 1

forj=1,2, ..., Ay (£ un)
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18 C. FOIAS AND J. C. SAUT

On the other hand, applying the R, projection on (2.48) for k > Ay 4y
leads to

d
i (ev”N“leUN(f)) + WAx — pine1)e"* N TR on(t)

nf Y ]

Bitpj=pN+g
g t
+ eNHIR B (t),
whence to

(2.51) ™™ Ruon(t) = e VMmN IR 51(0)

1
+ J e‘V(Ak_uNaf 1)(t‘r)eVuN+ 1rRkhN(T)dT
0]

1
y - [e—v(Ak-uN+1)t —11R { z B(W i,W . }
VAx = U 1) e s g

pitpi=pN+
This shows that, as t — + oo,

(2.5 Rka(t)=—;)Rk{ 2 B(W,‘,.,W,‘j)}e'”“““”

VAr—ping —
+ Rkbk(t), it pi=pNa+1
where
(2.52)' ' Z Rkbk(t) = O(e_V(I‘N+l+£N+I)t)'

k>kn+1

The justification of (2.52)" is similar to that of (2.23Y..
We set now

1 1
(2.53) S,..,=—~ Z {E Z RBW,,, Wuj)}
4 A~ Ny

AkzAxy s, sitpj=pN+ g

(Obviously this series converges in H and D(A)). Finally, we define W

HN+1

by
kn

1 1
Wine: =— - R; Z B(W,, m)}%—SNH
" VE{#N+1_Aj ! * g g

j=1 Bt pm= uN 4o
1.¢.

1\ 1
(2.54) WNH:*Z{M Z RBW,. W, }
* V<L HN+1 _Aj B g ”)

1= Mt = uN g
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LINEARIZATION AND NORMAL FORM 19

It is now trivial to check (2.3) in Theorem 2. In fact, by (2.54) one gets

o8]

(2.55) W—pma J+AW, = Y L Z RBW,, W, )
Un+1—A;
j=1 it um=uUN+1
N+ —A;
j=1 Hit um=uN+1

= - Z BW,,W,).

Mt = AN+ L

It follows at once from (2.55) (and the induction hypothesis) that W,
belongs to E®(Q) NV and satisfies iii) in Theorem 2.
We now set

(2.56)  ut) = eTHIW,, + ...+ eTPNIW, 4o (0)

Obviously vy+; is as smooth as u. The following Lemma precises the
decay of vy ast - + oo.

LemMMA 3. — For every m =2 0 one has
(2.57) | one1(E) [l = Ofe™>bnerroneidy,

Proof. — We start with a finite dimensional part of ry.,. Since
un=e "NTUW, o +ony g, one has (recall that A, < iy < itne < Ags 1)
Ry + ... + Riona () = Ry + - + Ry Jon(t)

R Z B S
v Un+1— A

j=1 Mz*um HN+1

and by (2.50) we obtain
(2.58) [(Ry + ... 4+ Ry Jone ()] = O(e™En+1tensory

Let now Q= I_(R1+ +++ RkN)‘ ObViOUSly, QUN+1 = QUN:; e~ VUN + 1tS
and we get with (2.51)

HN+1

t

(2.59) Qunsq(t) = E [e_“A"'Rka(O)+ f e AI=IR h ()dz
0
kxkn+1

1
¢ VMR BW,., W,
+V(Ak—#N+1)e k{ Z W )}]

Hitpi=uN+1
Since, in particular, | n(t) | = O(e ~*#~+1+en+ (3 59) yields
(2.60) | Qo) | = Ofe vm=1ens ity
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20 C. FOIAS AND J. C. SAUT

Let us now write the equation for vy, q:

N+1

dv
(2.61) 7=+ vAu 1 + Blowrs, tned) + z 7" [B(W,., Un+1)

=1

+ B(UN+ 15 Wﬂj)] —+ Z e*v(#i+#j)tB(Wm’ Wuj) =0.

it > uN+

Bi, S UN+ 1
R . .. W deN+ 1. .
We introduce the time derivatives vy, ; = — j=1,2,3,... which

dr’
satisfy the equation (similar to (2.42))

dois %) j Npo G-
(2.62) i + VAUNY + I B(unk 15 0N+ 1)

k=0

+ z [— V(g + p) Ve " THB(W,,, W)

Bt pr> pN g
M IS EN+1

N+1

z Z( > — v e M B(W,,, W§i?) + BOWIY W, )] = 0.

i=1 k=0

From this point on we proceed as in the proof of Lemma 1 and Lemma 2.
Thus by induction on j, one obtains (2.61), (2.62) and the decay estimates
(consequence of the induction hypothesis) that

(2.63) || o4 1(€) || = Ofe ™ tkn*emit)

first for m = 0, then by a repetitive use of the Cattabriga-Yudovitch-Solon-
nikov theorem and (1.8) for m = 1,2, ... We get after taking the scalar
product of (2.62) with Quv{,

N+1»

(2.64) | QU ((t) | = O(e™vem-tenevy  j =12,

Using (2.61), (2.62), (2.64), the estimates (1.3), (1.8) and again the
regularity results for the Stokes operator, one deduces

(2.65) | Qus 1(2) llm = Oe™*mraTensdty — ¥m > 0,
and Lemma 3 is proved. dJ
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LINEARIZATION AND NORMAL FORM 21

3. LINEARIZATION
OF THE NAVIER-STOKES EQUATIONS
(NONRESONANT CASE)

In this paragraph we construct a nonlinear functional mapping which
linearizes the Navier-Stokes equation, and we give some of its properties.

We recall that ¥, denotesthe Fréchetspace R, H @ R,H @ ... equipped
with the topology of convergence of components.

THEOREM 3. — The mapping U : #Z — &, defined by
Uluo) = Wy, (1o) ® Wa,(uo) @ . ..
is analytic and one to one.
Proof. — Let us prove first the second part of the Theorem.
Let ug, vo € # such that U(uy) = U(vg). Then, Theorem 2 shows that
u(t) = S(t)up and v(t) = S(t)vy have the same asymptotic expansion (2.2).
Let w(t) = u(t) — v(t). It follows at once that:

d
3.1) d—:v+vAw+B(u,w)+B(w,v)=0.

We notice that, for some constant C, u and v satisfy the estimates
Nu@)ll, o)l <Ce ™ V¥t =0
[Au(t)], [Av@)] < Ce ™, Vt=t,>0.

Thus, equation (3. 1) is exactly of the type discussed in [8]§ 2, and from [8]
we deduce that, unless wy = uy — vy = 0, w(t) decays exactly as e~ "2t
where A(w,) is some element in the spectrum of A. But, since u and v have
the same expansions, w(t) must decay faster than e ™, Yk > 0, so w, = 0.
This proves that U is one to one.

To prove the analyticity of the mapping U, we shall use the following
smoothness property due to Foias [6].

LemMMa 4. — The mapping:
(t, uo) — ult)
is analytic from (0, c0) x £ into D(A). [ ]
It suffices to prove that each component W, of U is analytic in u,.

We proceed by induction on k.
By (2.5), one has

Wi, = Ryuo — f "™ R Blu(t), u(t))dt ,

o]

and Lemma 4 implies that u, — W, (1) is analytic.
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22 C. FOIAS AND J. C. SAUT

Assume now that Wy is analytic for j < ky.
We recall (cf. (2.37)) that W, ., has the form:

N N
(3.2) Wa,,., = Ruysitio — 2RkN+1Wm —J {zeww-m
0

i=1 ) j=1

X Ry +1 [B(W,,, o)+ Blon, Wy )1 + Z e VTN DRy

p1Spi, pjSUN
© pitpi>Aent1

B(Wﬂi7 Wﬂj) } dt — J EVAkN+ 1t:RkN.;. IB(UN) UN)dt .
0

On the other hand, A;,, < uy and

(3.3 on(t) = u(t) — Z W, e "t

By (2.3) and the induction hypothesis, W, is analyticinug for1 < j < N.
Therefore by (3.3) and Lemma 4, the mapping (t, ug) — vn(t) is analytic
from (0, 00) x Z to D(A), and the analyticity of W, results from (3.2).

|
COROLLARY 1. — The mapping U linearizes the Navier-Stokes equa-
tions in the following sense:
3.9 Uu(t)) = e *MU(uy) Yug € A&, Vi >0.
Proof. — Taking u(t) as initial value, one has by Theorem 2
(3.5) ut+s)=e *SW, +e " BIW 4L e WL+ on(s)
where

1 A(S) [l = Ofe ™0 2%)
for all N, m = 1. Of course,
(3.6) Uu(t)) = Wy, @ WL ® ...
On the other hand,
(3.7 ut + ) = e HOTIW, 4 eTRETIW, L+

+ eTHNETIW 4 o+ 5)
where

[[on(t + ) lln = Ofe ™800+
for all N, m = 1. Also,
(3.3) Uluo) = Wy, (uo) @ Wy,(ug) @ .. ..
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But the obvious uniqueness of the asymptotic expansion (2.2) implies
W/t\j = e_‘vAjtwAja

which proves Corollary 1. [ ] )
The mapping U linearizes the nonlinear spectral manifolds M, in the

following sense:

COROLLARY 2. — ue M, if and only if the k first components of U(u,)
vanish.

Proof. — This is obvious from (2.2) and the following characterization
of Aluy) (see [7])
lim ¢ [u(t)] = 0 for A; < Auo)

t— oo
and
lim e*® ¥ | y(t)| exists and is not zero.

t—w

Let us point out again that the first non zero term in (2.2) is Wy.

4. ASYMPTOTIC EXPANSION:
THE GENERAL CASE

Throughout this chapter we shall assume that resonances can occur
in the spectrum of the Stokes operator A. In particular this will cover the
space periodic boundary condition (0.3) or the case of the flow on a sphere
of R? (cf. [12]). Let us just recall that an eigenvalue A, of A is said to be
resonant if

Ak=a1A1+ “ e +ak_1Ak_1, fOrSOme (Xl,...,flkvleN.

The following elementary lemma will be useful in the sequel. Let us also
recall that & denotes the additive semi-group generated by Ay, A,, As, ...

LemMA 5. — For ;e &, we define inductively d; = d;(u;)e N by d; =0

if y; is a nonresonant eigenvalue of A d; =1+ Max (d; + dy) if w; is
uitue=ni

a resonant eigenvalue and d; = Max (d; + d;) if ;€ #\o(A). Then d;
satisfies: M b

4.0) 0<di<i—1, i=123....

Proof.— Let us first notice that for every u;, u;in & we have p;+ p; > piy
(observe that at least i+ elements in & are < p;+ u;). We prove (4.0)
by induction on i, the inequality being trivial for i=1. If g, is a nonreso-
nant eigenvalue, there is nothing to prove. If p;=u;+ 1 j, k> 1, is such
that d; = d; + dy or d; = 1 + d; + d,, one has by the preceding observa-
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24 C. FOIAS AND J. C. SAUT

tionj + k <i,andontheotherhand,d; + d, <j—1+k —1=j+k-2;
this proves that, in each case, d; < j+ k — 2 + 1 < i — 1. The equality
is achieved in the « purely resonant case » where A, = kA, k=1,2,3, .. ..

| |

The main result of this paragraph is the following result which is a counter-
part of Theorem 2 in §2.

THEOREM 4. — Foreach N e N, the solution u of (1. 8) admits the expan-
sion in H:
(4.1) ut)=W, e " +W, (t)e "+ ..+ W, (t)e " 4oyt) V>0,
where W, (t) (1 <j<N) is a E*(Q) V-valued polynomial in ¢ and
vn € C([0, 20); V) n C*([to, 00); EZ(Q) N V), 1o > 0.

This expansion satisfies the following properties:

i) 1 on(t) || = O(e™>®N* e84 for some ey > 0, and all m =0, 1,2, . ..

ii) df = degW, <j—-1,j=1...,N.

iii) If A; < py is a nonresonant eigenvalue, W, is a constant in ¢ and

RjWAj = WAj'
iv) Hf p; < pyis not a nonresonant eigenvalue, W, (t) satisfies the equa-
tion

AW,
(4.2) 0 2+ vA— )W, + Z B(W,(t), W, (t)) = 0.
prtpe=pj

If A;is a resonant eigenvalue, one has

4.3) deg Wy, = Max (df +4d7) + 1.
prtu=A;

Moreover, RyW, (t), for k # j and the coefficients of order = 1 in R;W, ()
are obtained from R;W,,(0), ..., R;_{W,,_,(0), after the successive inte-
grations of some explicit elementary functions (?).

If ;¢ a(A), W, (t) can be obtained from R; Wy, (0), R, Wy, (0),. . ., Ry, Wy, 0)
after the successive integrations of some explicit elementary functions ).

where
Ay, = Max { Aea(A); A < p;}.

One has also deg W, = dJ < Sup (df + &)

prtpe=p;

RemARK 2. — The first coefficient W, (t) which is not identically zero
in (4.1) corresponds to y; = A(uo). In this case, it is constant in ¢ and belongs
to RA(“O)H.

(%) See the proof below as well as Lemma 7 in § 6.
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Proof of Theorem 4. — We shall proceed by induction on N. The construc-
tion of the first coefficient in (4. 1) was given in the proof of Theorem 2 in § 2.

Before going to the general induction argument, we shall construct the
second coefficient in the case where, for instance, u, = 2A; = A,.

We start with

(4.3) u(t) = e ™MWy, + vy(t),
where

01() e = O(e 17200 ¥m > 0.
In fact, cf. (2.19), v, satisfies the equation

dv, —2vAyt
4.4 s + vAv; + e UB(Wa,, Wa,) = h(t)

where || A(t) [, = O(e ™A1+ ym > 0,
From (4.4) we proceed as in the nonresonant case (cf. derivation of
(2.20)), to get

1
(4.5) Rlvl(t) = T e_ZVA”RlB(WAI, WAl) + O(e_v(2A1+£2)t)
Vi

We multiply the equation (4.4) by ¢*** and apply the projection R,
to obtain

d
7 (€™ R0y (t) + tRyB(Wy,, Wy ) = Ofe ™)

which proves that
eVAlezvl(t) + tRZB(WAl; WAl) s WZ,O as t - OO;

4.6)

MR,y (1) + tRB(Wy,, Wy ) — Wy = Joo Ofe ") dr = O(e ™ **%).
Finally, t
(4.7) Ryuy(t) = e (W, 0 — tR,B(W,y,, Wy,)) + Ofe~¥Aateaky
Continuing, we apply the projection R, (for k = 3) to (4.4) obtaining

d
a Ruvi(t) + vARw1(2) = — e_Z”A"RkB(WAl, Wi, + Rue),

and
d 2vA st 2vA 1t
i e MR () + (AL — 2A)e*™ R4 (1)
= — RyB(Wy,, Wy)) + 2™ 'R,h(t).
At this point the proof is similar to the derivation of (2.23) in § 2. We find
_ RB(Wa,, W)

(4.8) Ry, (t) = T(K——Z[\T

e—2vA1t + O(e—v(2A1 +52)t) ,
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the O term in (4.8) being similar to that in the formulas (2.23), (2.52).
We then define W,,(t)e H by

“.9 W)=

R{B(Wy,, Wp,) + W, 5 — tR,B(W,, Wi)

vA,
B Z RB(W,,, Wy)
WAk = 2A¢)

k>3

Let us notice that the « new part » in W, (t) is given by R,W,,(0) = W, 4.
It is simple to check (4.2) in Theorem 4. In fact,

d
d_th2+v(A_2A1)W#2+B(WAx’ WA;) = — RZB(WA17 WAI)—RIB(WAU WA‘)

- Z RkB(WAp WA;) + B(WAU WA1)=0 .
k=3

This shows in particular that W, (¢) is smooth for t > 0. We have finally

shown that
ut) = Wy e "M 4+ W, (t)e *H2' 4 uy(t),

where |v,(t)| = O(e *®2*#2) for some suitable &, > 0. It can be shown
(cf. Lemma 6 below) that || v,(t) ][, = O(e™*®2*), ym = 0.

The general induction argument

Let us suppose that we have obtained the expansion
(4.10) ut) =e¢ MW, 4 o4 W) 4 ealt),
where the coefficient W, and the remainder vy satisfy the properties of
Theorem 4.

Let us set A1 = Min { Aeo(A); A > pun }.
We shall distinguish 2 cases

Case I. — Forj, k = 1, ..., N, one has either
i+ e = g or B+t = Apgry

L€ pn+1 = Age+ - This eigenvalue may or may not be resonant.
From (4.10) and the induction hypothesis on the coefficients W, (t)
we deduce the equation satisfied by vy:
N

dv
(4.11) d—[N +vAvy + B(on, vn) + Ze‘w [B(vn, W,,) + B(W,,, 03]
i=1 .
i Z e_V(ui+uj)tB(Wufa Wuj) =0.
HitpizAnp+1
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Let us assume first of all that A, ; is nonresonant. Then (4. 11) reduces to

dvn
4.12) = + vAvn = hn(t),
where
(4.13) (| An(t) [|m = O(e™"MrnerFen=00 Yy > 0.

At this stage the proof is similar to the proof of the corresponding step
in the purely nonresonant case (cf. § 2). In particular, we define

(4.14) W,

— — i VAK t
BN+1 WAkN+1 def }HE e RkN+luN(t)'

This coefficient belongs obviously to E*(2) and satisfies iii) in Theo-
rem 4. We set

(4.15) ut) = Z W)™ + onea(t)

and postpone until Lemma 6 below the proof that vy, (t) satisfies the
property i) in Theorem 4.
Let us now assume that A, ¢, is resonant. In this case, (4.11) reduces to

d
9N L VA + y ™M B(W, (1), W, (1)) = (),  (4.16)
dt d

wituj=Aen+1

where hy satisfies (4.13). We obtain from (4.16):

d _ _
ae“A"tRka = — Z e YN+t Ak)tRkB(WW Wuj)

Hitp;=Axn+1
—viArn+1ten+1— Al
+ Ofe™ " )

which yields, for Ay < Apg+1,
4.17) ©
Rion(t)=e™>hn+ 1‘J Z e W 1= A OR, B(W,, (1), W, (2))dT
' it = Ak + 1 +O(€_V(AkN“+EN“)I).
By the induction hypothesis, W, (t) is a polynomial in ¢, of degree dj < j— 1.

Therefore, R,B(W,,(t), W, (¢)) is a polynomial in ¢ of degree < df + d5.
By integration, we obtain from (4.17):

(4.18) Rjun(t)=e ™M+ RyWE g o(t) + Ofe™ " Men=1¥on=00) (ke < ky)

where W¥_ .1 o(t) is a polynomial in ¢ of degree < df + d9.
By the induction hypothesis, the coefficients of Wi ;1 o(t) can be expli-
citely expressed from R;W, (0), 1 < j < kn.
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On the other hand, one gets from (4. 16)

d
(4.19) - (€M Ry 10n) + Z R+ 1B(W,,(£), W, (1))
sitpu;=Aen+1

= Qe N+t
But W, (t), W,, (t) are polynomials in t of the form

a
W,.(t) = Za“tl
(4.20) Y
Wﬂj(t) = 2 aj,mt"' .
L m=0

where a;,, a;,., are elements in E®(Q) n V, which by the induction hypo-
thesis are determined by R;W, (0), j < kn. Consequently,

Z RkN+ IB(Wui(t )> Wul(t))
Hit i =ALN +1 ® G

= Z Ryy+1 Z Z thB(ai,z, aj,m) 5

uitpu;j=Arn+1 =0 m=0

and (4.19) can be rewritten as follows

0 49

& - I+m+1
(4.21) i evAkN+1tRk 18 Z RkN+1 Z Z t—-_/
dt " I+m+1

nituj=Axn+1 I=0 m=0

x B(a;, ajm)] = Ole™"™"1).
This equation shows that

(422) WkN+1 w hm [eVAkN+ltRk +1UN

l+m+1
R al na‘m
" Z ""“ZZHmH e )}

. it ;= Arn+1 I=0 m=0
exists.

Moreover,

ﬂ+m+l
(423) evAkN+l[Rk.N+1l)N + Z RkN+1 Z Z l+m+1 a, 1s a,-,,,,)

Hituj=Arn+1

— WkN+1,1 - J\ O(e¥vEN+1r)d‘L'=O(e_V€N+1!) .
t
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Thus, we have shown that
(4.24) Rpy+10N1)= [Wig+ 1,1+ Wi+ 1,2(1)]‘3_‘”\"1\'+ it Qe Y Mmr s Ton )ty

where

l+m+1
(4.25) Wi+1.200) & Z Ryy+1 Z Z ITm+1 B(ai, ajm)

nituj=Arn+1 1=0 m=0

is a polynomial of degree 1+ Max (df + dj) and such that
Wiy+1,200) = 0.

In order to achieve the construction of the (N + 1) coefficient in our
first case, it remains to deal with the behavior of the projection of vy on
I—-(R;+ ... +R+1)JH

Let Ay = Ay +2- We obtain from (4. 16):

d
a Mo R () 4 WAk — Apy+1)e"™M N IRoN(E)
T E RiB(W,,, W) + e Rehn(t);
HitTuj=Arn+1
integrating this differential system yields

(4.26) M Rypy(t) = ek M DR, p(0)

4
+ J e~ VAL~ A + 1D r)eka + ltRkhN(T)dT

0
t
_ J e Vi Aun+ D(t—1) Z RkB(Wm(r), W‘,j(r))dr
0
Hitui=Arn+1

Let us now express more precisely the product Py(t) of e YMn+it by the
last integral in (4.26), i. e. the expression:

t
— Z e VAt J e "M~ M R, B(W (1), W, (1))dT
Hitui=Arn+1 ¢

One has (cf. (4.20)):

J; eV Ak~ Aun+ x)RkB(Wm(r), Wuj(r))dr

4o 49
t
N —
= RiB(ai s, ajm) | Mews regt Mg
0
I=0 m=0
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Hence, by elementary computations, we get
dv dj‘.)

(4.27) Pyt) = —

Hitpi=Arn+1 1=0 m=0

1
{RkB(ai’l, aj’m){e_VA"N+lt[¥~ tl+m . (I +£1) tl+m_1
VA=A, ) V(A= Ary. )
_ I+ m! (I + m)!

+...+—11+m1 t+ _11+m

( ) vl+m(Ak—AkN+1)l+m ( ) vl+m+1(Ak_AkN+1)1+m+1

- (I + m!

+ e~ VK —~)itmt1 .

( ) Vl+m+1(Ak_AkN+1)[+m+1

This expression shows that Pi(f) can be written as
e "M R WE L a(E) — e "™ RWi 11 5(0),

where Wi ., () is an E®(Q) N V-valued polynomial in t, of degree

< Max (d? + d9), whose coefficients are uniquely determined by
Hitui=Arn+1

R]WAJ(O),] == 1, ey kN.
It follows that

(4.28)  Ryon(t) = e™ "M RyWE 4 5(t) + Ofe ™" ens 1 on ity

where the O term behaves as in (4. 8), 1. e. it is similar to that in (2.23), (2. 52).

Now we define W, (t)e H by
kn
(4.29)  W,..,(0)= ZRkthﬁ-l,O(t) + Winrt,1 + Wigr12(0)
k=1
+ Z R, Wi +1,5(0).
kxknt2

Let us notice that, due to the expression of Py(t), the series in (4.29) do
converge in H and D(A). We insist on the fact that in (4.29), only the term
Wiw+1,1 (ERyy+1H) is « new », since the coefficients of the other poly-
nomials involved are determined from R, W, (0), ..., Ry W, (0).

It remains tocheck the properties i)-iv) in Theorem 4. Property ii)
follows imeed¥ately from Lemma 5; property iii) follows from the fact

that if A, is nonresonant, then W, = W, .. Let us verify iv):
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first it is easily seen from (4.29), (4.17), (4.38), (4.23), (4.24), (4.25), (4.28),
(4.19), (4.26) that

(4.30) %W#Nﬂ(t) = — Z B(W,,(¢), W, (2))

pitpi=Arn+1
k

Hit i =Arn+t k=1

y f o™i+ 1 = AR B(W, (1), W, (1))de
t

+ WAk = Agys )e" e A
k>kn+2

1
« j e V(AN +1 _Ak)rRkB(Wui(T), W#j(r))dr } :

0

On the other hand,
(4.30) WA — Aps OWiiy

kN

= Z { ZV(Ak_AkN-H) J‘ o~ YW1 —Ak)(T*I)RkB(Wui(T)’ Wuj(t))dt
e, =AL k-1 t
- 2 M A f e MO RUB(W, (1), W, () }

kzkn+2

Thus equation (4.2) follows immediately from (4.30), (4.30). It proves
in particular that W,, . (t) has smooth coefficients. The other assertions
in iv) have already been proved. We postpone until Lemma 6 the fact
that vy (t) satisfies also property i).

Case II. — There exist j, k < N such that
(4.31) N < Byt e < Aggey-
In this case, we set

pn+1 = Min { g; + p (J, k < N) such that (4.31) holds } .

The construction of W, (t) is the same as that of W,,  (t) in the reso-
nant case. The remainder vy(t) satisfies (4.16) with A, ., replaced by
Un+ 1, and hy(t) satisfies (4.13) with A, .+, replaced by un, (. For k < ky
where Ay, = Max { Aeo(A); A < un+, ). we obtain as in Case I, for-

mulas for Rion(t) which are exactly (4.17), (4.18), with A+, replaced
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by un+i. The coefficients of the polynomial Wy, ot) are again deter-
mined by R;W, (0), j < kn.

For k = ky + 1, we obtain formulas similar to (4.26), (4.27), always
with A+, replaced by uy.,. Finally one set

kn
(4.32) W (1) = ZRkWIIfIH,o(t) + z RWri 1 5(t).
k=1 k>knt1

The coefficients of Wk, o(t), W4 .3(t) are determined from R; W, (0),
1 <j < k. By Lemma 5, one has d,; = degree of

W,.. ()= Max (@ +dY) <N
it ui=pN+1
(there is no shift of the degree by one since py + 1 1 not a resonant eigenvalue).
The verification of (4.2) is as in Case L.

It remains in both cases to check property i) in Theorem 4. This will
be the aim of the following lemma.

LEMMA 6. — One has
(4.33) | ons (1) [l = Ofe™>tn=eonety - m > 0.

Proof. — We shall give the proof in the case where pn+1 = Agy+1s
since the case uy 1 ¢ o(A) is similar to the resonant eigenvalue case.

Let us first assume that Ay, . is nonresonant. As in the purely nonreso-
nant case, one proves (cf. the derivation of (2.40) in § 2 that

(4.39)  [(Ry+ ...+ Riga)owaa(t)| = Ofe ™ Mestemad),

In a similar manner one deduces from (4.11) (see the derivation of (2.41)
in § 2 that

(435) leN+1(t)| — O(e‘v(AkN+1+£N+l)r)’

- div
where Q=I1—(R;+...+Ry,+). On the other hand, setting v{’= Zz?TN’
one easily checks that this function satisfies an equation similar to (2.42).
The only difference lies in the appearance of polynomials in ¢ which do
not affect the exponential rates of decay. The analysis is now identical to
that in the purely nonresonant case; one obtains the estimates:

|oQ || = O >ntedny, j=1,2, ..., Ym =0,
and then
(4.36) [ Quid(t) | = O(T Wnwatonenty  j=1,2 ..,

and (4.33) follows from these estimates.
Let us now assume that A, +; is resonant. The proof is modelled on
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the proof of Lemma 3 in §2. From (4.17) and the definition of Wy, ., ,,
it comes immediately:

4.37) [(R; + ... 4+ Ruyuns 1(£) | Ofe ¥ ena s Fone oty
Similarly, from (4.24), one obtains
(438) 1RkN+1UN+1(t)1 zoe—v(AkN.l+£N+l)t).

Let us now consider the « infinite dimensional » part of vn+,. We set

. Q’:RkN+2+RkN+3+""
Obviously,

Qvn+1 = Qun — z RkW'iNHJ(t)e_VA"N“'

kzknt2

and we get from (4.26), (4.28):

t
Q'uns(t) = Z {e_VAktRkUN(O) + J e_VAk(ht)RkhN(T)dT },

0
kzkn+2

which proves that | Q'vn () | = Oe™*@enr 1 ten+u)ty,
Now the differential equation for vy is:

dv
@.39) —21 4 VAvnset + Bons1, One1)
N+1
+ 2 —vujt [B( 1y UN+ 1) + B(UN+1, Wﬂj)]
j=1

W,)=0.

Hi>

+ Z —v(uit u;)tB(

witpi>Akst

dlon+1

Denoting as in the proof of Lemma 3, v{, | = j=123,...and

o oy v’ .
similarly W) = yr ——W,,, one obtains the following equation for vy} :
N+1
dU{\f)ﬂ
(4.40) T vAu: | + (— vi)e ™
g i1 k=0

J—k e

Y (2 pit ity + Z Z()[—V(uk+#z)]

=0 jem et > Aen+g m=0
m
X e-V(ukﬂu)t{Z(] S )B(W‘ﬁ), W(J m— s))} =0.
s=0
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At this level, one can proceed as in Lemmas 2 and 3 above, since the

appearance of polynomials in ¢ in (4.40) does not affect the exponential
rates of decay. One obtains:

4.41) | ol 1(0) || = O(e™>Enbendy Y20,  j=1,23...
Then, taking the scalar product of (4.40) with Qun+ 2084 1, one gets
(4.42) Quyratidy 1) = Ofe b tomany i g 23

(cf. the proof of Lemmas 2 and 3 above). The proof is completed along the
same lines of those of Lemmas 2 and 3. O

5. THE EXTENSION OF THE LINEARIZATION MAP
TO THE GENERAL CASE

In this paragraph, we construct, in the general case, a nonlinear map
which is the counterpart of the linearizing map U.

To begin with, it will be convenient to denote by W, (¢; v) the i coeffi-
cient of the asymptotic expansion at time ¢ of the solution with initial data v.
The following theorem defines the nonlinear transformation and states
some of its basic properties.

THEOREM 5. — The mapping W: # — ¥, given by
(5.1) W(uo) = RiW,,(0; uo) @ RyWy, (05 u0) @ RyW,(05u0) © - ..
is analytic and one to one.

Proof. — The proof is analogous to the one of Theorem 3. Let us prove
the second part of theorem. Let uy, vo € # be such that W(ug) = W(vy).
Then the construction of the coefficients W, (z; uo), W, (t; vo) (see property
iv) in Theorem 4) shows that u(z) = S(t)u, and v(t) = S(t)v, have the same
asymptotic expansion (4. 1). The same argument used in Theorem 3 proves
that u(t) = o(t), Vvt = 0.

Let us now show the analyticity of W.

It suffices to prove that every component R, W, (0; up) of W is analytic
in uy. We proceed by induction on k. The fact that W, is analytic in u,
was already proven in [7]. Assume now that R;W, (0;uo) is analytic for
J £ kn. We have Ry + 1 Wy, (0; ug) = Wy 41,1, where Wy .y, is given
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by the limit (4.22). It is easily seen that W, ., can be expressed in a
somewhat complicated but explicit expression as:

N N
(5.2) WkNH,l:RkNH[urZwu,.«))}-f [Ze<>
0
i=1 i=1

j=

X [Ry+ 1 [B(W,,(2), on(t)) + Blon(t), W, (1)) ]+ z et T e
Wil SN
it > AL

X

X R+ 1 BOW,, (1), W, (1)) Jdt — J e"Mn 'Ry 1 B(on(t), on(t))dt .
0

We recall also that

(5.3) on(t) = u(t) — E W, (t)e .

By Theorem 4, the coefficients W, (t) (4; < un) are polynomials in ¢, the
coefficients of which are continuous multilinear functions of R;W, (0, u,),
1 £ j < N. This observation, used together with (5.2), (5.3), the induction
assumption of Lemma 5 in § 3, show that W, ,; ; is analytic in u, and the
proof is complete.

REMARK 3. — Of course, W reduces to U in the nonresonant case.
Because of the dependence of W, (¢) in ¢, the nonlinear transform W
does not (as it was the case in the nonresonant situation) linearize equa-

d
tion (1.9) into the linear Navier-Stokes equation d—b; + vAu = 0.

In order to give a weaker but similar property we start with an analog
of Corollary 1 in §3.
PrROPOSITION 1. — One has for s 20, t >0, upe #
(5.4 e W, (t + 55 up) = W (t; u(s), i=12...
Proof. — By Theorem 4 we have for all N > 0
(5.5) u(t + 5) = W, (t + 5; ugle "+9m
+ Wt + s;ugle MW 44 W, (¢ + s;up)e” YT
+ on(t + 8) = W, (tu(s)e "™ + Wt u(s))e ™ ™2 + ...
+ W, (t; ufs))e ™ N+ o(e),
where vy(t) has the « right » exponential decay. The formula (5.4) is now

a consequence of the uniqueness of the asymptotic expansion (4.2).
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Let us now define #: [0, 0) X & —» F4 by
W(s;v) = RyWy,(s;0) @ RyW(s;0) @ ...
in such a way that
#(0; v) = W(v).
Proposition 1 leads immediately to the « linearization » process
(5.6) e VAW (s; up) = W(u(s)), Vs 0, g R

to be compared with formula (3.4).

We recall once again that the polynomials Wy (s;uo) (j = 1,2, ...) are
determined by elementary integration from W(u,).

In fact the nonlinear transform #" reduces the nonlinear Navier-Stokes

equation to a linear Navier-Stokes equation with an extra-time parameter,
as shows the

COROLLARY 3. — Foreveryupse %,s = 0,t = 0, the function #7(s; u(t))
satisfies
0 0
(5.7 (— — —)W(s; u(t)) + vA# (s;u(t)) = 0.
ot Os

Proof. — From (5.4) one gets
(5.8) W(s;ut)) = e "W (t + s;up),

and by derivation:
a a —vtA — vtA
a(“ﬂf(s;u(t))zae W(t + s;uy) = — vAe Wt + s;up)

0
+ e 5 Wt + 55 up)

0
= — VA¥ (s;u(t)) + e‘“’Aa— Wt + s;up)
s

= — vVA¥ (s;u(t)) + avas(e‘“'AW(t + 55 up)

= — vAW (s;u(t)) + %W(s; ut)),

which is exactly (5.7). [ |

Concerning the linearization of the nonlinear spectral manifolds M,,
Corollary 2 extends to the general case:

COROLLARY 4. — uy€ M, if and only if the k first components of W(u,)
vanish.
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Proof. — 1Is if similar to the corresponding proof of Corollary 2
and lies on the same characterization of M,. It suffices to observe
that if RyW,,(0; uo), . . ., RyWa,(0; uo) vanish, then, by the properties
of the coefficients of our expansion, one has

W, (t5u0) = W (tsug) = ... = W,y (519 =0, Yt >0

and therefore A(ug) = Ag+ 1.

REMARK 4. — In the case of the spatial periodic boundary condition
(0.3), it has been noticed in [7], Remark 7, that each spectral manifold M,
contains an unbounded, infinite dimensional linear submanifold L,.
It is easily seen from the definition of L, that W reduces to the identity
operator on L.

6. THE NORMALIZATION MAP
AND THE NORMAL FORM

In this chapter we shall prove that the mapping W reduces the Navier-
Stokes equation to an autonomous normal form and can therefore be called
the normalization map. This can be thought as a global, non formal (%),
extension of the Poincaré-Dulac theory to the Navier-Stokes equations
with potential forces.

To begin with, we state a proposition which makes more precise the
behavior of W at the origin.

ProrosiTION 2. — The derivative of W at 0 is I, where I denotes the
canonical embedding V — %,.

Proof. — It suffices to prove that, for every N, the derivative of the map
(cf. (5.2)):

g = Wi+t

at uy = Ois the projection v — R, v. First, we notice that the derivative
at 0 of the integral term in (5.2) vanishes. On the other hand, one has,
for t; < Ay

0 if g is a nonresonant eigenvalue
Riy+ 1Wu,»(0) =

Ry 1 WiN''5(0)  otherwise .

In this last case, if u; € o(A), then by using Theorem 4 and (4.26) (4.27)
(4.28), we obtain easily that the derivative of Ry, + ;Wi '3(0) at uo =0

(®) By this we mean that our transformation is well defined on %. In the classical Poincare-
Dulac theory, the normalization is defined by a formal series.
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is zero. The same argument holds also if y; ¢ 6(A). Now the conclusion
follows readily from (5.2). O

REMARK 5. — One infers from Proposition 2 that for N = 1,2, ...,
the range of nyW contains a ball centered at 0, where my denotes the cano-
nical projection ny = % - R{IH® ... ® RyH.

Our next goal is to look for the equation satisfied by W(u(t)). This will
lead to a normal form of the Navier-Stokes equation, which of course
is the linear Navier-Stokes equation in the nonresonant case.

First we will clarify the dependence of W, (0; ug) in Wy, (1), . . -, WAkJ_(uO).

LEMMA 7. — Foreveryj= 1,2, 3, ..., there exists a E*(Q) n V-valued
multilinear function P;, defined on R{H® ... ® Ry H, depending on
a(A), B, v, such that

W, (05 uo) = Py(Wi(uo), Waluo), - . ., Wi, (o))

where Wi(uo) = RWj,(0; uo) (I component of the mapping W evaluated
at uo). If A#(X,,...,X;,) is a monomial in PyXy, ..., X;,) of degree
my, ...,my, in Xy, ..., X, respectively, then myA;+... +m Ay, = u;.
If moreover u; = A, then P{Xy, ..., X,) = X, + higher order terms.
Proof. — i) u; = A, 1s a nonresonant eigenvalue. Then
RkjWAkj(O, uo) = Wy, (uo) and PyXy, . X)) = Xy

ii) p; = Ay, 1s a resonant eigenvalue. Then, by (4.29), one has

kji—1
6.1) W, 0)= Z RWi o + W1+ Z RkW£j’3(0).
k=1 kzkj+1

Here we used the fact that W, ,(0) = 0. But
ij,l = Rk,-Wk,-,1 = RkjWAkj(OQ Uo) dce ij(uo)-

Moreover the other terms in (6.1) are multilinear functions of
Wil(uo), . . ., Wk,-—l(uo)

(use induction and formulas (4.18), (4.27), (4.28), (4.29)). An obvious
analog of this argument proves also the remaining case:

iii) ;¢ o(A).

Let us prove the last assertion in Lemma 7. By (5.4) and the beginning
of the present proof, one has for y;e &

e” MW, (t; uo) = W, (05 S(¢, uo))
- = PWi(S(t, uo)), - -» Wi (S, o)),
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where W(S(t, uo)) = R;W,,(0; S(¢, up)). Again by (5.4) we have

WAy(O, S(t’ uO)) = e_WAlWAx(t, uO)
and finally

e v”jtwﬂj = Pj(e_wAlleAl(t, uo), eey e VtA"ijjWAkj(t, uo)) .

So if 4 is any monomial of P; of degree m; in X,, 1 < I < k;, one must
have p; = mA; + ... 4+ myA,. This proves moreover that

6.1y W, (t, uo) = Pi(RyW,, (5, uo), - - -, RkjWAkj(t, Uo)) -

If 4; = Ay, is a resonant eigenvalue, formulas (6.1) and (4.29), together
with a simple induction argument, show that P(X, . . ., X,,) = X;,+higher
order terms depending only on X, ..., X, ;. O

The following theorem gives the normal form of the Navier-Stokes
equations in the resonant case. Let o(t) = S(t Jug, uoe #:

THEOREM 6. — The (¥-valued) function u(t) = W(u(t)) satisfies the

equation
; do(t)

6.2 I + vAu(t) + B(t) =0

where

6.3) Bv) = RuB0) = Z ReB(P, (01, - - ks By(01, - - s 04,
urt pi=Ax

andv=0v, v, D ... €%,

REMARK 6. — It must be noticed that equation (6.2), although non-
linear in #,, can be solved by integrating successively an infinite sequence
of linear nonhomogeneous differential equations in R,H, k=1,2, ...,
each of which having already known nonhomogeneous part. O

Proof. — It is based on the following trivial observation: if one has a

do(t)
) — = N (u(t d
dynamical system dt o )), then A '(v) = I S(¢; v) [,=o, Where
v0)=v

S(t; v) = vl2).
Thus if v(t) = W(u(t)) = W(S(t)uo) (Vup € &) is a solution of such an
autonomous differential equation in ,, then 4" must be defined by

d
N (W(uo)) = i W(S(#)uo) le=0-
For the k-coordinate A" of A", we have
d
N W(W(uo)) = ERkWAk(O; S(t)uo) l=05
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hence by (5.4) and (4.2)

d
6.4) A d(Wug)) = P e MR W, (1, o) =0

= — VAWi{uo) — z RiB(W,,,(0; uo), W,,(0; o)) .

mrtpi=Ay

Obviously, if A, is not a resonant eigenvalue, the nonlinear term in (6.4)
is zero. The theorem follows now from Lemma 7. O

CoRrOLLARY 5. — A necessary and sufficient condition that our normal
form (6.2) be linear, i.e. 4 = 0 is that

(6.5) V(A — u))P; + Z B(P, P,) = 0, for j=12,...

ptpe=py

Proof.— If (6..5) holds, for any k, choose j such that k;=k. Then, applying
R, to (6.5) for this j, we obtain 4, = 0.

On the other hand, from (4.2) (with an obvious interpretation if y;
is a nonresonant eigenvalue) and from (6.1) we obtain:

kj
(6.6) Z (DR W, . .., R, Wy, )RW,)
i=2
+ WA — PR Wy, oo R Wy, )

+ 2 B(Py(Ry Wy, - - -, Ri;Wy, ), PR Wy, oo, Ry Wy, )

prt g =

where D; denotes the i partial derivative and the dot the time derivative.
Taking in (4.2) 4; = A;, and applying the projection R; we deduce

RW,, + % =0.

So if # = 0, the first sum in (6.6) vanishes. (6.5) follows now from (6.6)
and Remark 5 with N = k;. ]

We now turn to the problem of the uniqueness of our normalizing
mapping W.

We shall start with a very simple observation.

REMARK 7. — Let ® = (@)%, ®:# — ¥, be a C' mapping such
that ©'(0) = Id and which linearizes the Navier-Stokes equation, i. e.
such that ®(u(t)) = e ""*O(u,) for every solution u of (1.9). Then, one
has @,(v) = W,(v), Vve A.
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Proof. — In fact, one has in particular for every regular solution u of (1.9)
O, (u(t)) = Ryult) + Ty(u(r))
where Ti(u(t))e RyH and satisfies | Ty(u(t))| = o(]u(z)]). Thus,
tlim e Ty (u(t)) = 0.
But
e MO (uo) = O, (u(t)) = Ryu(t)) + Ty(u(t)).
Finally, @1(UO) = rle eVAltRlu(t) = WAl(uo) = Wl(uo). D

A more complete picture is available when @ is analytic. This will be
the aim of the next theorem.

THEOREM 7. — Let ©®: #Z — &, be an analytic mapping satisfying
®’(0) = Id and linearizing the Navier-Stokes equation. Then

i) If A, is a nonresonant eigenvalue, one has @, = W,. In particular,
if A is nonresonant, @ = W.
ii) If A; is a resonant eigenvalue, one has for all uge #

1
(6.5) Olug) = Wilug) + Z (ﬁ Dm@k(o))(Paw cees Pam)(4),

m>=2
BoirollomE?
oyttt = Ak

where the P, = P, (Wi(up), ..., Wi, (uo))'s were defined in Lemma 7.
REMARK 8. — 1) If © is known explicitely, Theorem 7 provides effective
formulas to compute W. This fact will be used in § 7 below in connection
with the Cole-Hopf transform for the Burgers equation and the Minea
system.
2) Taking ® = W, formulas (6.5) yield the relation (with a slight abuse
of notation):

1
Z m (mek(o))(Ptn(uO)’ L) Pam(uO)) = 0, Vuo cR.

m>2
UoysieslbamE€S
oyt tite, =Ax

when A, is a resonant eigenvalue (see also the proof of Theorem 7 for other
related properties of W in the resonant case).

(*) D™®,(0) denotes the mth derivative of ©, at 0. We refer to [3] for the elementary
theory of analytic mapping between functional spaces.
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3) As a by product of the proof of point i) we shall obtain more infor-

mations on W; in particular it will be proven that, in the purely nonreso-
nant case:

A W, (uO))

Hom

1
RyW,, (uo) + r—n—'(D”'Wk(O))(Wual(uo), ..

B2 S 1< Akt j#0(A) =0, Vuoe AR.
Moyt ligp = uj

Proof of Theorem 7. — For every N = 1, we have for every solution u
of (1.9)

(6.6) u(t) =e W, + e W () + ...+ e INW, (1) + vn(?)

where vy satisfies the right exponential decay (see Theorem 4 i)).
On the other hand, the assumptions made on ® yield for k > 2

1
(6.7) ™™ Oxlug) = Onlult)) = Ryu(t) + Z <ﬁ D’”@)k(O))(u(t)»- oy

m times

(this holds provided that ¢ is large enough to make u(t) so small that the
series converges).

Applying the projection R, to (6.6) we get:
(68) Rku(t) = Z {e_v‘“tRkWu‘.(t) + e“JAktRkWAk(t)

i <Ay

+ O(e—v(Ak+ek)t) } .
Introducing (6. 6) and (6.8) into (6.7), we obtain:

(6.9) e ™M@ (ug) = Z {RW, (t)e ™'} + R W, (t)e ¥t

2<jgity—1

HogsslhamES
Hoy Tt ligm <Ak

+ Z —vAkth m( ”a1(t)’ . "Wﬂam(t)) + O(e_V(Ak'*'Ek)t)‘

m>2
Boytot o, =Ak

where we have set P, ,, = — (D™®,)0) and we have define the integer i(k)
m:
by u;gy = A,. Note that in the last two sums, the elements Ug, may not

: Ay
be distinct; also the corresponding m’s are such that m < — .
1
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Let us suppose first that A, is not resonant. Then (6.9) implies

(6.10) Ouug) = Wy, + 2 Rkwuj(t)e\'(/\k_ﬂj)t
2gjsi)—1

+ z Mty T hond P (W, (E), ... W, (£) + Ofe ™).

m>2
Boy Tt o, <Ak

This equality can be written as
(6.11)  Oyluo) = Wiluo)

+ Z e M= i LRW, (1) + Py (W, (1), - . W, (1) }+O(e™ ™).

Letting t — + co one sees that the polynomialsin ¢, { ... } must vanish
identically (this gives in particular the point 3 of Remarks 8), and then

(6.12) Oy (uo) = Wilug) -

If A, is a resonant eigenvalue we obtain

(6.13)  Ouuo) =R W, (1) + Z Pym(W,, (@), ..., W, (1))

m>2
Boy +.o e, = Ak

+ E "™ 1 L ReW, () + Py (W, (1), - . S W, (1)} +0(e ™).

2<j<gi(l)—1
oyt T ita, T H;

Letting ¢ — oo, one sees again that the polynomials { ... } must vanish
identically, and that the polynomial

RkWAk(t) + Z Pk,m(wuul(t )’ RS Wugm(t ))

m>2
HayF ot tap, = Ak

must be constant. One obtains finally (recalling that Wi(up) = RiW,, (0; up)):
(6.14)  Oyug) = Wiluo)

1
(D"OKO)(W,.,,(0, uo), - . ., W, (0,u5)).

N o

mz2
uql+...+uqm=Ak
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Using Lemma 7 and its notation we infer from (6. 14) that

(6.15) @ulug) = Wiluo) + Z _ (prey0)
m!

m>2
Hoyt .ot sy =Ak

'(Pa‘(wl(uo)a L] Wkol(uo))a RS (Pam(wl(uo)a ey Wkam(uo)))
and the proof of Theorem 7 is complete. |

7. SOME EXAMPLES:
THE BURGERS EQUATION
AND THE MINEA SYSTEM

As we mentionned before, our methods apply to a large class of equa-
tions, including the Navier-Stokes equations. To illustrate Theorem 7
we shall emphasize first the case of the Burgers equation.

ou N ou 0*u
(7.1) Ot 0x ox?

u(x, 0) = ug.

=0, xeR, t=0, v>0

complemented with the periodic boundary conditions (for a > 0 fixed)
(7.2) ula, t) = u(— a,t), vVt = 0.

The previous analysis is still valid for equations (7.1)(7.2) in the following
functional setting.

a

Wedefine v" = {u = trigonometric polynomials, j udx = 0, u satisfies
(7.2)}; R =V = closureof ¥ inH'(— a,a);H = clos;;eof“//ian(-—a,a).
The operator A = — E); is self-adjoint unbounded in H and has the pure
point spectrum {Al = 1;1—22, A, = %—[;,. LA = %1_2[—2,. .. } (all the eigen-
values are resonant: A, = k?A,).

Finally, by setting B(u, u) = u Z—Z, the space periodic Burgers equation

is reduced to our abstract form (see (1.9))
du
(7.3) I + vAu + B(u,u) =0, u(0) = ug.

The classical Cole-Hopf transform (cf. [24][/4]) can be obviously extended
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to the space periodic case in the following way: for ueV, let ®u) = v
be defined by )
d (eﬁﬁ j_aumd;)

(7.4) v(x) = — 2v x

a

It is easily seen that v is still periodic and that j vdx = 0. Moreover

the mapping ® =V - (V)% =R HO®RH® ... (°) is clearly

analytic. Also
00) d [2 d -2, v(;)dc] ,
= ——|2v—e =,
U7 T e Tdx oo

ie. ©(0) = Id.
Also it is straightforward that this @ linearizes the Burgers equation:
for every regular solution u(t) of (7.3), one has

O@ult)) = e " O(uy) .

One can therefore apply Theorem 7, which shows that in this case, our
mapping W can be explicitely computed in terms of the Cole-Hopf
transform.

Another instructive example is the following Minea system [5] [/5].

do
—d‘tl‘f'ilal‘f—a%‘f'a%‘f—... =0
7.5
(7.5) da, ‘
E—i—ijaj——alaj:(), ]22,3,
where u = ()2, eH=1*N),0 < A; < A, < ... - oo.

This system enters in the class of equations of type (1.9) to which our
previous considerations can be applied. In this case A is the diagonal ope-
rator with diagonal entries (1, 4,, ...) and %, is the space #(N) of all
numerical sequences. In order to determine the normalization mapping
and the normal form of (7.5), we will study the map from H = *(N) to
Fa = FL(N) defined by:

o0

(7.6) u—> B = <a1 —J e (18(t, w) I* — | S(t, w), Iz)df>,

0

@ @
os(t,u)’_dt 50 S(r,u)1dt
0 R b eet)

where S(t,.) as usual denotes the nonlinear semigroup associated to (7.5).

(®) Here we still denote R; the projection on the eigenspace of A,.
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Then O is analytic from I*(N) to #(N), its derivative at u = 0 being easily
seen to be the canonical imbedding from [*(N) into #(N). Moreover
v(t) = O(S(t; u)) satisfies in F(N) the differential equation
dp; .
(77) E—{—/{JBJ:O (_]:1,2,3,) Where U:(Bj)jczl
Let us check that ® is one-to-one. For this aim let u =(a)iz 1, v=(B))1
be such that ®(u) = O(v). Then using (7.7)

Ou(t)) = e MB(w) = e MO(v) = O(1(1))

from where we infer that

(7.8) S(t, ), = S(t, v)5, Zsa, u? = Zsa, D)2,

jz2 iz2
From (7.8) and (7.5) we obtain

(7.9 ale” M = Bie24t  (forallt = 0).
J J
iz2

jz2

If there exists a j = 2 such that a} # 7, let j, be the first one with this
property. Multiplying (7.9) with e?*9’ and letting ¢ go to + oo we obtain
the contradiction o}, = B%. Hence o} = B2, for all j = 2, and thus by (7.6),
o; = f; for all j = 2. One can now apply Theorem 7 concluding that
in the case of the Minea system our normalization mapping W can be expli-
citely computed from the ® defined by (7.6). Moreover we can also deduce
from Theorem 7 that if the spectrum (1, < 4, < ...) of A is nonresonant,
then W = ® and our normal from coincides with the linear system (7.7).
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