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ABSTRACT. — In this paper a maximum principle approach is used to
derive a priori interior gradient bounds for smooth solutions to the Wein-
garten equations

= T ey =¥(x 4 V)

i1 <izg<...<ly

Here A=(A,, ..., A,) is the vector of principal curvatures of the graph of
u at a point (x, u(x)) on the graph, with downward normal v. One requires
a one-sided height bound (u<0), natural structure conditions on the
prescribed function ¥, and the restriction that all A lie in a certain cone
of eigenvalues for which f'is elliptic. The result generalizes what is known
to be true for the prescribed mean curvature equation (k=1).
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RESUME. — Dans cet article une méthode de principe du maximum est
employée pour dériver une majoration a priori des gradients intérieurs
pour les solutions C? d’équations elliptiques de Weingarten :

f)= Z Ao A =V(x, u, V).
i1 <ip<..<iy
Annales de I'Institut Henri Poincaré - Analyse non linéaire - 0294-1449

Vol. 4/87/05/405/17/$3.70/
© 1987 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



406 N. I. KOREVAAR

ici A=(Rq, . .., A,) est le vecteur des courbatures du graphe de u au point
(x, u(x)) de ce graphe avec un normal (vers le bas) v. Il faut avoir une
majoration (u<0), des conditions naturelles sur la fonction {, et la
contrainte que tous les A se situent dans un certain cone de valeurs propres
pour lesquelles f est elliptique. Ce résultat généralise ce qui est connu dans
le cas de I’équation de la courbature moyenne (k =1).

In this paper we extend a method (described in an earlier note [11])
that was used for the prescribed mean curvature equation to derive a

priori interior gradient bounds for bounded solutions to the prescribed
Weingarten equation

f)= Mg hig e - Ay =V (x, 4, V). (1)

i1 <..<ig

In equation (1), A=(A,, ..., A,) is the vector of principal curvatures
of the graph S,={z=u(x)}<R""!, having downward normal
v=(vi, ..., vV"*1). We often write A=A (S,, P), v=v(S,, P) for PeS,. The
integer k satisfies 1 <k <n. The prescribed function (x, u, v) is assumed
to be C!, satisfying for some positive constants M, {,

V20,  |V[=V, |VV|sM (2
and if k1, the additional inequality for constant y,>0,
V2V, (3)

[In (2) one acutally only needs the one-sided bounds V¥, 20, Y»+1<0 for
those two partials.] There are also natural restrictions on the admissible
values of A, related to the ellipticity of (1). They are the requirements that

s .
—L =fljlgo9 fljlljzgo’ . "fljlljz. . .ljk__lgo (4)
oA,

Vji, ... ju_; (distinct), VA that are principal curvature vectors of S,. [This
requirement that all derivatives of f(A) be nonnegative is discussed below.]
The result of this paper is
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WEINGARTEN GRADIENT BOUNDS 407

MaiN THEOREM. — Let ueC3(B,(0)), where B, (0)={xcR", |x|<1}.
Let u solve (1)-(4) with u<0 on B, (0) and u(0)= —u,.
Then 3C=C(n, k, Vr, M, ¥, 1) so that

|Du(0)|C.

Because a dilatation of R"*! preserves the structure of statements (1)-(4),
the main theorem yields a priori interior gradient bounds for balls of
arbitrary radius. From the proof it will also be clear that one can derive
local estimates near the boundary of a domain if one has local estimates
on the boundary.

Weingarten and related nonlinear elliptic equations have generated much
interest recently because they are a natural generalization of the prescribed
mean cruvature and prescribed Gauss curvature equations. As of this
writing, the question of existence and regularity for solutions to the
Weingarten-Dirichlet problem does not seem to be completely solved, but
the solution appears near. Some of the works in this progression are listed
in the references [1], [2], [4] to [7], [10], [12], [13], [14] and [16]. In particular,
L. Caffarelli, L. Nirenberg and J. Spruck (C.N.S.) have solved the problem
for surfaces parameterized as graphs above a sphere (no Dirichlet data)
[7], and for the Dirichlet problem in R”, when the vector A of principal
curvatures in (1) is replaced by the vector of eigenvalues of the Hessian [6].

The value of an a priori interior gradient estimate, aside from its natural
geometric significance, is that in the presence of a complete theory, it
yields interior compactness results for sequences of smooth solutions. One
can then often extend existence and partial regularity theorems to domains
for which they cannot at first be shown. Many papers have been written
about the a priori interior gradient bounds for the prescribed mean curva-
ture equation ([3], [8], [11], [15], [17]).

In the main theorem, the case k =n is not included. This is because for
the Gauss curvature equation ellipticity forces one to consider only convex
functions, for which the interior gradient bounds of the form considered
are trivial.

Before proving the main theorem, we explain the requirement (4). We
show that A satisfies (4) with strict inequalities and f(A)>0, if and only if
A eT, the admissible cone of eigenvalues considered by C.N.S. in [6] :

I'={AeR"s.t. A is in the component of { /> 0}
containing all positive A(A;>0, ¥i)}.

Vol. 4, n° 5-1987.



408 N. I. KOREVAAR

C.N.S. are led to this cone naturally by the two requirements that some
function of fbe a concave function of A and that bounds |A|<M, f2 Y, >0
imply uniform ellipticity: f,, 28>0, Vi. These two requirements allow the
method of continuity to work in the existence and regularity theorems
that are proven in [6] and [7].

In Section 1 of [6], it is shown that f ¥* is concave on the convex set T
and that as a consequence f, >0, YAeT. (Results from [9] are used.) This

is the first inequality (strict) of (4). If k=2, then f,, is itself a Weingarten
curvature equation

fi= Y Mgk h
iy

i1 <..<ig—j

defined for vectors e R""*, X=(A,, ..., X, ..., A,). The component I,
of {f;,>0}<R""" containing all positive X contains I Y R""! because
fiy>0onT and TNR,_, is a convex set (hence component) of R"~!
containing positive A. Thus since now ( fxi)x,->0 on I, it follows that
A 1, >0 on I'cT; x ReR™ This is the second inequality (strict) of (4). If
k =3, the remaining inequalities follow inductively.

Conversely, let T” be the set of vectors A for which f(A)>0 and
for which (4) holds strictly. We show I'"<I'. Let AeI”. If A>0, we are
done. Otherwise, assume A, <0. Consider the path
AMO=(R +t(1=X)), Ay ..., A,) In R". We show that all fhl...xi, increase
as t goes from O to 1 (i, <i, <. .. <i, 0ZI<k—1). Indeed

d 0 if somei,=1
Ly <x<z>>={ -
de” et (1=2Ap fi, Ay ooy @) ifno i=1

Since any kth partial of f with respect to k distinct A;’s is 1, the derivative
formula implies that all (k — 1)st partials are nondecreasing, hence positive.
Inductively all fkilli, are nondecreasing (I=k, k—1,...,0). Thus
A=(ry, ..., A, is connected in I'" to (1, A,, . . ., A,). Repeating this cons-
truction several times connects A to a positive vector. Since I'” contains all
positive vectors and is connected, I''<I'. Thus I'=I"".

To prove the main theorem, we use the same test function and technique
as in [11]. For simplicity of calculation, the computations are described
via normal perturbations.

The idea is to construct an “interior barrier” surface S; from S, by
perturbing it a small amount along its downward normal and then lifting
this perturbed surface high enough. Let n(x, z) be a continuous non-
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WEINGARTEN GRADIENT BOUNDS 409

negative function, smooth (with uniform C? bound) where it is positive.
Let 1 (x, u(x)) have compact support on S,. Perturb S, by displacing the
point P=(x, u(x)) along the downward normal v=v(S,, P} an amount
en (P). The resulting point P=(x, u) is

Du (x)

/1+ Du(x)]z

1

/1+|Du(x)[*

For small ¢, the inverse function theorem implies that x is a smooth
function of ¥ when n>0. Thus for n>0 (and & small), the points (X, @)
describe the graph S; of a smooth function @. (& depends on & but we
suppress the dependence.) Subsequent calculations are only assumed to
make sense for € sufficiently small.

The two properties of S; that enable it to be used as a barrier are that
S (Sz P), v(Sz P) can be estimated from f(A(S,, P)), v(S,, P) and that
the height difference between S, and S; at x (or Xx) is
en(P) /1+[Du(x)]?+0 (¢?). The second property follows because the
difference in height (above x) between P and the tangent plane n(S,, P) is
exactly en(P) _/1+[Du(x)[*. [Here and later, O (g?) terms are allowed to
depend on C? norms of n |{“>0}.] The first property is a consequence of
Lemmas 1 and 2 below.

Let the letter w represent a function w(x) whose graph in a fixed (x, z)
coordinate system is S,. If A =(x,, w(x,))€S,, then use the capital letter
W to represent the function that (locally) parameterizes S, above its
tangent plane n(S,, A). That is, pick orthonormal coordinate vectors
fi»- .-, f, for m and let f,,, be the upward normal to n. Let A be the
origin. Then for y=(y, ..., ", |y| small, require y'f,+ W (Y'f)f,,, to
parameterize S, near A. (In this paper, repeated indices other than n are
summed from 1 to n.) We write W (y) for W (3/'f)).

x=x+en(PT, T=
(5

d=u—ens, S=

LemMMA 1. — Let ey, ..., e, e,,, be orthonormal coordinates of R"*1,
with e, ., pointing in the positive z direction and e, . . ., e, chosen so that
€y, ..., e, are perpendicular to Dw(x,), which is a nonnegative multiple
of e, Let fi, . .., f, be corresponding coordinates in n(S,, A),

fi=e, 1<ign—-1
(6
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410 N. J. KOREVAAR

f,,=Se,,+[T]e,,+1,

1
S=——— . T=SDw(x,).

/1+Dw(x,) z’

Then, letting subscripts refer to differentiation with respect to corresponding
coordinates,

We call the matrix [W,1=2°W the tangential Hessian of S, of A. It is
one way of expressing the second fundamental form of S, at A. (See Lemma
1.1 0f[7])

The proof of Lemma 1 is straightforward. Points A near A on S,, can
be expressed in both coordinate systems:

A=xiei+w(x)e"+1=yif,-+W(y)fn+1. @)
Using (6), (7) yields

xi=yi, 1Zign—1

() Crar 5 () ;

Thus
W@):-]T!x”+Sw(x)} ©)
X"=Sy"—|T|W(»)
so that
n k
Wi=alf=—|T|a—xi+Sa—Wka—xi
2.n a la k 62 k
W= —|T| X" s(wk,l.i.wﬁ.x—.).
oyt oy’ ' oy ay' oy’

Using (8), (9) one calculates

mxk_{ 0, k<n
ay' oy’ | —|T| Wy, k=n
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WEINGARTEN GRADIENT BOUNDS 411
ox' (&Y, j<n
o 1S, I=j=n

Using these formulas in (10) and the identity Sw,=|T| yields Lemma L:

Swy;, ij<n
—1lg2 P i
W= S%wy;, one of i j=n
3 S
S w,,, i=j=n.

LEMMA 2. — Let S, and S; be the solution surface and perturbed surface
described earlier. Let, P,v(S,, P), U correspond to P, v(S; P), U under
the perturbation by env. Then

v(P)=v(P)—eV, n+0(c?) (11

and given coordinates in n(S,, P), there are correpsonding coordinates in
n(S; P) so that

U;=U;;—e(n UikUkj+nij_anij)+0(82)~ (12)

[Again, O (€?) terms depend at most on C® bounds for u and C* bounds
for m lm>0}. The term Vim in (11) is the tangential gradient,
Vin=Vn—(Vn.v(S, P)v(S, P). The term n,=Vn.v(S, P).]

Proof. — Using the chain rule and (5), one can directly calculate first
and second derivatives of @ with respect to %. This is done in [11]. From
(26) there we have, in the case Du(x) =0, (so u;;=U,)) that at Pand P

#=—en;+0 (e?)

(13)
=U;—e(MUy Uy +n;+n;+n; U;)+0 (e%).

i;;

In these coordinates
v(S; P)=(—eny, ..., —en, —D+0(EH)=v(S,, P)—eVin+0 (%),

so (11) holds.

Apply Lemma 1 to the function w=i. Because |Di|=0 (¢),
S=140 (g?). If the coordinates for n(S,, P) and n(S; P) are chosen as
in the lemma, formula (12) follows from (13) (and n,= —n,). If any other
coordinate system is used in n(S,, P), it differs from the first by an
orhtogonal transformation. Pick a corresponding system in n(S; P) diffe-
ring from the one in Lemma 1 by an orthogonal transformation with the
same matrix. In computing the matrices of 2> U and 22U with respect
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412 N. J. KOREVAAR

to these new coordinates, the original tangential Hessians will be conjuga-
ted by the same orthogonal matrix. So will be the three O(g) terms in
{12). Thus (12) is true in the new coordinates also, and Lemma 2 is proven.
We wish to study f(A) where the height difference between S; and S, is
maximized, using (1)-(4), (11), (12). In calculating, we will not be able to
assume that the Hessians under consideration are diagonal. Thus it is
important to write the function f(1) in terms of the tangential Hessian:

fM= 3% X, .. %=F(@*U)

i1 X

= L DViioYsie - Uniw (19
aeSy

i1 <..<iy

This formula is true because F(22U) is a coefficient of the characteristic
equation of the matrix [U;] and is invariant with respect to conjugation.
Choosing coordinates in which [U;j] is diagonal with entries A, ..., A,
F(2?U) equals f(A).

From (14) the following important fact follows:

n>

£i20, Vi = [Fy 120 (15)

This is because under changes of coordinates Fu, is conjugated by orthogo-
nal matrices so its positiveness is invariant. If coordinates are chosen so
that 22U is diagonal, then from (14) one can see that Fu, is a diagonal
matrix with diagonal entries f,, In fact, the same reasoning shows that
the other inequalities in (4) can also be stated in terms of derivatives of
F, and we will need them.

LemMma 3. — We have the following equivalence:
>
f}.il A-iz-"%-i,:o’
Y collections (iy, ..., i) of (distinct) indices
< (16)
Uiy jy Uiy j2"'Uil i E.lil ty...i] E.ljl 1211; 0
Y vectors £={E;, ;,} with I'n components.
To prove Lemma 3, we first show that the second condition is invariant

under rotation of coordinates. Let 8 be an orthogonal matrix and

U, =V,; 64 6m.
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WEINGARTEN GRADIENT BOUNDS 413
Then

i — eki emj a
av,; aU,,,

i
so that

Fv,-ljl vizjz-nvi,j,c-’il i2...i1cbj1j2...j1

k1 i gmy Ji kgm0
Uklmlukzmzuk,mle 6 ...0948 Cluzn-lzc.luz---n

=FUk1 my Ukzmz-nUk,mlE"kl k2...k1EJm1 my...mp

for

— ki Qe ky i
Gy, g =071710272. . Qhug,

ig iz,

Therefore it suffices to check (16) in the case 22U is diagonal,
U,;=A;8". In these coordinates, ﬁ ry =F Uiy iy - - Vs . The implication <

is then immediate if for fixed (i, . . ., 1,) we pick E_, by

0 otherwise.

E.»ml...m,={ ! if (my, ...,m)=(y ..., 0

We show => as follows. Realizing that F U ..uy,;, 18 the sum of all terms
in (14) that contain the product U, divided by this product,
yields for U;;=A4; 8"

i1j1° ’l]l’

0 if i, ..., i not distinct;

0 if i, ..., i distinct,

but
does, lsw=ie k=1, ..., 1
(—1)"]’1{1.“1‘.’ if i, ..., i distinct,

Uty g+~ Uiy

and
HO'GSI, io(k)=jk’ k=1, ...,l.
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414 N. J. KOREVAAR

. Therefore

Yiy gy o Vig i &y

= Z . f;'ii'“)'il( Z (_l)m(_I)Baia(l),..ia(l)ail;(l)...iﬂa))
<...<iq

i a,BeS

= T (T D)

i aes
Thus = holds and Lemma 3 is shown.

Since the perturbation function n(x, u(x)) has compact support on S,
3y where u—ii=en /1+|Du[*+0(e?) is maximized. Then y=x for
some x. Continue to write P=(x, u(x)), P=(%, @ (%)) and call (%, u(x))=P.
We almost have a maximum principle for f above x:

LEMMA 4. — Let P, P, P be as above. Then because u—ii attains its
maximum at X,

fOBSz P) = f(M(S,, B)+0 (D) (17

Proof. — Since u—u is maximized at %, calculus implies

v(_S;,_P):v(Su,_P)} (18)
[uij (x)] 2 [uij ()]
From Lemma 1 this implies that in corresponding coordinates
[0;;(P)] 2 [U;(P)]. (19)
We also have
U;(P)-U,;(P)=0 (). (20)

This is because u;;(X)—u;;(x) and u;;(x)—1#;(x) are both O (g), so their
sum is, and by Lemma 1 so is the left-hand side of (20).
To prove the lemma we use (4), (15), (19), (20) and compute

fOSs B—f(A(S, P)

_ J 1jtF([U,.j(T’)+t(U,-,-(f’)*Uu(1=°)D dt

0

=j‘1 FU,-_,-(Uij(T)) + 0 (¢)) (I_Jij(}_)) _Uij(r))) dt

0

=Fu, (U;(P) (T,;(P) - Uy(B) +0 (€7 2 0 (c?).
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WEINGARTEN GRADIENT BOUNDS 415

Both sides of (17) can be estimated in terms of f (A (S,, P)) and derivati-
ves of n at P. For appropriate 1, we will show that (17) cannot hold if
| Du(x)| is too large. This will lead to the desired a priori bound. (In other
words, if S; is lifted a large enough multiple of € in the z-direction, this
argument will show that the lifting lies above S,, motivating the earlier
use of the words “interior barrier”.)

From calculus and (1),

S (M8, B=V(P, v(S, P)
=y(P, VV+V (P, v).(P-P, v(S,, P —v) +0(e?), (21)
where v=v(S,, P). From (12), (14),
f(M(Sz P)=F(2*T(P))
=Yy (P, v)—¢ FUU MUz Ug+n;—m, U)+0 (9. (22)

[We write FUU for FUU(.@ZU(P)).] Combining (17), (21), (22) along with
(2) yields the estimate

Fui,.(n Uy Uk,-+ni,-—m Uij) S 1+M(n +|Vn |) (23)

for ¢ sufficiently small. Because Fy,;U;=kF and because [Fy,] 2 0, (23)
implies

Fu,My < L+ Mn+(M+k,)| V| (24)

As in [11], pick n=hc ¢ where

1 +
o(x, z)= l: ™ z+(1— | x |2)] ( +means positive part)  (25)
U

and

h(p)=e**—1, K large. (26)

Because ueC*(B,), u <0, n(x, u(x)) is continuous and has compact
support on S, inside B, x(— o0, 0). From (25),

1
OS(Pél, (pz=_ha (pzz=(piz=0’
2u, (27)

(pi(pi§4s (Pijz—zsij.
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416 N. J. KOREVAAR

From (24), (25), (27)

FU,J(hN(p;(pj-f_h/(pu)é 1+Mn+(M+k¢1)[an} (28)

W' Fu, 00, < 1+ Mh+(M, + M, || Fy, ) i
We show

Lemma 5. — If P, P, P, ¢ are as above 3 M, s.t. |Du(x)| > M, implies
36> 0s.t.

Fu,;0:0; 2 8(1+| Fy,|D. (29)

Here, as elsewhere, all constants depend only on n, k, Vi, M, Y, u, We
are finished after proving the lemma, since we then pick K in (26) large
enough so that (28) is violated. Therefore lDu (x)] = M, and for XeB,,

n X, u(%) /1+{Du(i)|2§n(P) /1+ Du(x)]2+0(8)
=n(P) /1+M;+0(s),

from which the desired bound follows:

sup m

JTHDuO) §ﬁ [TIEMZ=C(n, k, Yy, M, W, 1,). (30)
>~ #g

For the case of mean curvature, k=1, Lemma 5 is contained in the
calculations of [11], so we restrict to 2 < k < n— 1. We isolate the direction
of steepest ascent in n(S,, P)-the nth direction. Pick the first n—1 direc-
tions (along which = is horizontal) so that the submatrix U 1=ij<n,
is diagonal with decreasing eigenvalues We2p, 2 ... 2p,_,. That is,
with respect to these coordinates, 92 U (P) has the form

Ky 0 Uln
[Uj=] 0 Kn—yq . N BiZH 2. .. 2p, . (31)
U,, ... K,

Since U,;=p,, we will often write F, for Fy,.
The first order contact (18) yields information about Uy, 1Zign
Calculating in the coordinates of , using (13) and calculus, yields

—en;=en|Du(x)| U,;+ 0 (£?).
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WEINGARTEN GRADIENT BOUNDS 417

This is because to within O (¢2), one must travel an amount £n|Du (x)|
along = in the nth-direction to get to the projection of P onto n. From

n=h-o,

_ b o;
U,;= _thul +0 (g). (32)

[ .
In particular, since ¢,= — > 0, it follows (see [11]) that for
Uy

|Du(x)| 2 max(12u,, 3)=M,, ¢, 2 ——.
10u,

Thus (for ¢ sufficiently small)

u,=U,, <0 if ]Du (x)| =M, (33)
We need the following inequalities to prove Lemma 5.

Z Wi Hjpe - ”’J’k—rzFu.. Wiy .- Hi, 20 (34)

J1#FEm i1 0

Z Wi - - '“jk—r=Fui1---ui,+ Z ) U'%'"Funllmllil-nlli, 20 (35)

Jr#Fir...4 m¥*n, i1, ..., i
is*n
n—1 .
F({U,D é( " )m Haooopye i p, <O (36)
The symbols < < in (34), (35) mean thati, < ... <i,andj, < ... <},

To prove (34) then (35), note (4), (16) and that

Fp,,'l -~-l‘i,= FU11 ky Uty ky--- Uk, E.lll ... E.lkl ka.. .k

for

g ‘{1 if =i
Hiz...l 0 otherwiSC-

Thus Fuil_._ w, 2 0. Using (31), compute this derivative in the case that
some i,=n(34), and then if no i;=n (35).
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418 N. J. KOREVAAR

Remark. — There is an alternate proof of (34), (35). One can show that
if A=Ay, ..., A)eTand if p=(p,, ..., p,) is defined by

o= Ay, o =0, Zaki=zd‘ki= 1
k i

then also pel. (If 2> U is the conjugate of [X;5] by 6, then p, =621,.)
The characterization (4) of I" then implies fml__. w2 0, (34), (35).

Use (34), (35) to prove (36) as follows. From (14), (31),
F([UU])=Z]‘111 . 'p'jk_ Z Ur%l Z p’jl' * ’p'fk—z

i#*n Ji#in

ézl‘n- .. ZZ]J':( Z u‘Jl p’fk—l)
< N #i
<
1
gg Z (X Wy )
P> i #i
<
1
=z Z uil(k Z uzz( Z qu 'ujk—2)>
Hi, >0 - 12$11 ij# iy, 02
<
i
< ; ; PR | X ...
T k(k—1) m,z>0 }11}12(1.[*;1’1.2”11 aed
ig distinct <

1
X F([Uij]) = kk N

is distinct

Z H;l u‘xz .. u‘ik‘ (37)

lg

Since F > 0, there must be some terms in the sum of (37), and the largest
is By My .. .1y (since p, <0). There are at most (n—1)(n—2)...(n—k)
terms possible. Thus (37) implies (36).

Returning to the lemma, note that

FUij ®; (pfz FUnn ?, P, +2 Z FUi,, ?; ¢, + Z FU,‘_,' ®; (pj' (38)

i#n i,j#n

The third term in the sum is nonnegative since [Fy,1 2 0. The condition
(32) kindly makes the second term nonnegative to within O (g), for
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WEINGARTEN GRADIENT BOUNDS 419

|Du(x)| = M,: Since

FUinz_U"i Z | TR o3 Y
Ji#Ein
<

we have

h|{D
Z FUi,,(pi(pn= | u]

’
i#n h

¢, 2, Un(F,,,)+0 ().

Thus for |Du(x)| = M,, it suffices to show (29) by finding & > 0 so
that

Fu, 0,0, 2 8(1+| Fy, |-

Since ¢, = , it suffices to find 8, > 0 with

1
/10u,

Fu,, 2 8, (1+]|Fy,)- (39)

Using (34), (35) and p, < 0 yields

FUnn= Z | S TRIERY L
f1#n
<

= Z l“"1'1'''l"’1'1¢—1—l_(l“"l_l“"n) Z | TR o M
a#*1 si# Fl,n
< <

2 (M — 1) Z Mjgo - - Hj_y
a*l,.n
<

=1 — 1) ( Z Hjpe Byt (Ra— 1) Z Biye - My_y)
Jr# 1,2 g#1,2,n
< <

2 (1 — K (M2 — Ry Z | S TRICIY A

j1#1,2,n
<

Fum2 (=) (o= (o g — 1) Z My o ey (40)

Now use the apparently crucial hypothesis that Vs is strictly positive. From
(36), (3), (40),

n—1 n—1 B
0<\|Jo§F§< k >p1...uk§( L )(Pl---uk_l)”“/”‘ 0l
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_1\-1 ke~ 1)k
Fung[("kl) wo] . @1

Because [Fy, ] is positive semidefinite, sup | Fy,| dominates || F uy |- But
1

so that

for any I # n, (35) implies

FUu s Z | TR 7 S
m # 1
<

As in the proof of (36), equations (34), (35) imply after a chain of

inequalities that
n-2
FUu 5— (k—l)ul. N

n—2\1!
FUnngFUu(k__1> : (42)

so that by (40)

Combining (42), (41), one can pick 8, to make (39) true. Thus Lemma 5
and the main theorem are proven.

Isolating the dependence of the gradient bound (30) on u, and chasing
1 .
constants, one can see that K ~ i u3 so that our gradient bound has
the form
|Du(0)| < C, €248, (43)
Since the best estimate for the prescribed mean curvature equation grows

only like C, e“2%o, it is possible that the bound (43) is not optimal.
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