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AssTRACT. — Consider the diffusion equation u,—Au=|u|?~!u (where

p>1+ % and (N—2) p<N+2) on the space RN. We prove that either

|4 ()] blows-up in finite time or || u(t)||,, goes to zero like t~*/*~ " as
t - +oo. We give also a new proof to the fact that when u(£)=0 and

l<ps1+ N then ||u(¢)||,, blows-up in finite time. Sufficient conditions
for global existence or blow-up are given, and the case where instead of
RN one has a cone like domain is also studied.

ResuMe. — Nous étudions le comportement en temps des solutions de
u,—Au=|u |~ ' u. Nous montrons que si p>1+ % et (N—2) p<N+2,

ou bien [|u(#)]|,, explose en temps fini, ou bien ||u(¢)||,, tend vers zéro
comme t~Y®"1 Jorsque t— 0. On donne également une nouvelle

. . . . 2
démonstration du fait que si 1<p=<1+ N etu ()20, alors || u(t) ||, explose

en temps fini. Des conditions suffisantes pour I’existence globale (ou
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424 0. KAVIAN

I'explosion en temps fini) sont présentées, et le cas ou RN est remplacé
par un cone est également étudié.

Mots clés : Time behaviour, blow-up, global existence, diffusion equation.

1. INTRODUCTION AND MAIN RESULTS

Here we are interested in the time behaviour of solutions to:
_ — p—1 N
(1.1) {u, Au=|ulP~ 'y, t>0, xeR
u (0, x): =uqy (x), uy #0.
. . 2 .
By a result of H. Fujita [6] it is known that for 1<p<1+ E’ if uy,z0,
then the solution blows-up in finite time. The same conclusion holds when
2 . .
p=1+ N and this has been proved by K. Hayakawa [9], K. Kobayashi,

T. Sirao and H. Tanaka [10] and alternate proofs have been presented by
D. G. Aronson and F. H. Weinberger [1] and also by F. B. Weissler [13].

2 o . . .
When p>1+ N’ positive global solutions to (1.1) exist. For instance,

it has been observed by A. Haraux and F. B. Weissler [8], there are
self-similar solutions to (1. 1) i. e. solutions such as:

u(t,x):t‘”“"”f(—x—>
NG

where f satisfies

.V 1

(1.2) IVECAZ Ny TR LIV
2 p—1

and f>0. Then it is clear that for any 1,>0, u(z+1,) is a global solution

to (1.1). Actually as it has been observed later on by F. B. Weissler [14]
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LARGE TIME BEHAVIOUR OF A DIFFUSION EQUATION 425

and M. Escobedo and O. Kavian [3], for p>1 and (N—2) p<N+2, (1.2)
has infinitely many solutions which are dominated by a Gaussian, but

. . 1 N
among these solutions there is a positive one if, and only if, =t < 3
p—

Note that g is the least eigenvalue of the self-adjoint operator L (see § 2

below) defined by:

Lf:=—Af—y'TVf=%V.(KVf)

comesn( 1)

D(L)cLZ(K):={f;f lf(y)FK(y)dy<oo}.
IRN

If we consider the evolution equation
v,+Lv=|v[P " lv+ho, s>0, yeRN
v(0,y):=v,(»)

then a change of variable transforms (1.1) into (1.3) and solutions to
(1.2) appear as stationary points of (1.3). Indeed define for s=0, yeR™:

(1.3)

1
(1.4) v(s,y):=e"""Du(e—1,e7y), 7u=p—~_1;

then if u satisfies (1.1), v satisfies (1.3) with v,=u, Conversely if one

knows a solution v of (1.3) (with A= —1—1> then defining for t 20, x e R™:
p_

(1.5) u(t,x):=(1+t)_”“’"”v(log(1+t),L),
/14t
one checks easily that u satisfies (1. 1) with uy,=0,,.

The interest in this change of variable lies in the fact that the operator
L, defined above, has a compact inverse and therefore equation (1.3) can
be studied in the same manner as the heat-equation u,—~Au=|u|?~'u in
a bounded region Q = RN. This observation has been exploited in M.
Escobedo and O. Kavian [4] where it is proved that solutions to
u—Au+|ul’"'u=0 on RN behave like a self-similar solution as t — oo
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426 0. KAVIAN

(see also M. Escobedo, O. Kavian and M. Matano [5] for a complete
description of the time behaviour of the positive solutions of this equation).

For example let us prove (rapidly) that, when 1 <p<1+ %,anypositive

solution of (1.1) or (1.3) blows-up in finite time. One can check that:
iyl2
(pgzﬂp(%) satisfies L ¢, = gcpl;

then consider {:=c(¢) ¢} ** (for an £>0 which is going to be fixed) such
N(1
that J\ll Kdy=1. Now L{ < (—;i) {, and multiplying (1. 3) by Y K, and

integrating by parts we get:

S

dij v\thy=J v”.dley+f v. (AWr—L{)Kdy.

By Jensen’s inequality and the fact that AWy—L > (7» - w> 7

iijKdy%(Jv¢K>p+<X— M)JWK.
ds 2

Here we may choose £>0 small enough in order to have

1 N
A— w >0 <this is possible because p<1+ % and A= > —).

p—1

obtain:

Then the above differential inequality proves that if Jvo\llK>0,v(s)

cannot exist globally on s> 0. (In section 3 we shall return to this discussion
in more details.)

In this paper we study the large time behaviour of solutions to (1.1)
through the evolution equation (1.3). In the sequel we use the following
notations:

LZ(K):={f;fle(y)llK(y)dymo}

(f\g)1=J fO g K () dy,
(1.6) RN

Annales de I'Institut Henri Poincaré - Analyse non linéaire



LARGE TIME BEHAVIOUR OF A DIFFUSION EQUATION 427

2
Sp—(

1A= [
H!(K):={feL?(K); VfeL*(K)}
(1.7 and

(flOu:=(f])+ VS|V
[analogously H*(K)={feH"(K); VfeH (K) }]

Lf:=—Af—L—Vf=%v.(KVf)

(1.8) 2
D(L): =H?(K)

For ve H!(K) and A fixed in R define the energy:

(1.9) Eﬂv)s%jNIVvlzK(y)dy
—’—‘j o] K () dy— —— J o[+ 1K () dy
2 JgN P+1 JgN

(which makes sense when veL"“(K):={feL"“;J~|f]"+1 Kdy< o })

The first result is the following:

(1.10) THEOREM. — Let X1<:=g) be the least eigenvalue of L on

H? (K).
Assume that A<\, voe LP*1(K) "YH*(K), and consider

Te:=Sup{T>0;
JveC! ([0, T[, L*(K)) N C([0, T[, H* (K) N L** ! (K))
Solution of the equation (1.3) }.
() IfE, (vo) 0, then Ty is finite [i. e. v(s) blows-up in finite time].
(ii) For p>1 and N—2) p<N +2 define:
a:=a(p):=inf{ﬁ Vf}zKdy—xﬁf[ZKdy;ﬁfV“K=1,feH1(K)}

Vol. 4, n° 5-1987.



428 0. KAVIAN
If

—1 aPrie-1

p
0<E, (vy) < ,
1 (0o) 201D

and:

j[VuOlZK—xﬁ vo | K <al?t AP,

then Ty =0 [i. e. the solution v (s) is global in time].
Next, concerning the blow-up we have
N .
(1.11) Tueorem. — IfA>2A, (: = 5) and v, #0, v, 20, then the maximal

solution of (1.3) blows-up in finite time.

[By the “maximal solution” we mean a solution v satisfying (1.3) and
such that veC ([0, T«[, L*(K)) N C([0, T«[, H' (K) N L?*1(K)), where
Ty is defined in theorem (1. 10)].

Going back to the diffusion equation (1.1) we obtain as a corollary of
the above theorems:

(1.12) CoroLLARY. — Let uoe H' (K) N\ LP*1(K), and consider the maxi-
mal solution

ue C' ([0, T4[, L* (R™) N C([0, T+, H' (R N LP 71 (RY))
of (1.1), and put h:= —1—(p> 1).
p—1

(1) pr>1+% and E, (up) £0 then Ty< o [i.e. u(t) blows-up in finite
time).

(i) If p>1+ % and (N—2) p<N+2, suppose that:

0<E, (1)< L=L_ g+ -1,

2(p+1)

and

J!VuolzK-xﬁuolZ K<g®etVie-1),
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LARGE TIME BEHAVIOUR OF A DIFFUSION EQUATION 429

Then Ty =0, i. e. the solution u(t) of (1.1) is global.

@) If 1<pZ1+ % and uy =0, uy,#0, then u(t) blows-up in finite time.
[Here we do not need uye H' (K) N L?* 1 (K).]

We would emphasize that the *‘critical” exponent 1+ % is closely

related to the least eigenvalue of L on H!(K). In section 4 we give
examples of positive solutions of (1.1) when RY is replaced by some cone

1 2
like domain such as (R,)N (or RN"!xR,) and 1+ﬁ<pél+ﬁ (or

2 . .
1+ —<p=Z1+ 2 . The large time behaviour of global solutions of
N+1 N,

(1.1) is given by:

(1.13) THEOREM. — Suppose that p>1+ %, (N—2)p<N+2,u,eH{(K),
and consider a global classical solution u(t) of the equation (1.1). Then
sup /%~ 4 () ||c2 @y, < 0. More precisely define
121

and

v(s,y):=e"P Dy (e—1,e%%y) [hence v satisfies (1.3) with A:= "
p_
v(0, y)=u, (y):l. Then for any >0, sup || v(s) ch @) is finite and the w-limit
set of v(s) as s — o0 is contained in th_e set of solution to the equation (1.2).
[Here |u|c2 @ =Max (| u o, || Dul|, | D u|,,).]
This means that when t— oo there is a subsequence (t,), and an
feH'(K) satisfying (1.2) such that

lim

th > @

=0,

©

e u, .)—f(;>
NG

i.e u(t, .) is close to the self-similar solution ¢, 1/~ 1 f <—)

NG
The remainder of this paper is organized as follows:
2. Preliminary results and Proofs of theorems (1.10), (1.11).
3. Proof of theorem (1.13).
4. Some observations about the case of cone-like domains.
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5. Appendix.

The author wishes to thank Thierry Cazenave for some helpful conversa-
tions about this work.

2. PRELIMINARY RESULTS
and Proofs of theorems (1.10), (1.11)

We recall here some results about the weighted Sobolev space H' (K)
and the operator L.

(2.1) Lemma. — (i) There exists C>0 such that for any ue H' (K):

[ WP xOwsC [

N’Vu]ZK(y)dy.
R

(i) The embedding H' (K) 5 L2 (K) is compact.
(ii)) ¥ ueH!(K), %Jlul2K§J[Vu|2K.

(iv) ueH'(K) = K2 ueH (RM).
(v) For any feL?(K) there is a unique ue H? (K) such that Lu=f.

12
(vi) o,:=exp <%) is an eigenfunction of L corresponding to

N N
A= By =the least eigenvalue of L (L Q;= 5(p1>.

(vii) L is a positive self-adjoint operator on H*(K) =D(L), with compact
inverse.

(vili) If N=1, ue H*(K), then K2 yeL*(R).

IfN=2, H' (K) g L*(K), for any q=2 and q<co.

IfNz3, 2*:= I\?—Nf H!(K) g L**(K).

For the proof of this lemma see section 5 below. As a consequence we
have:

(2.2) CoroLLARY. — The operator L is the generator of an analytic
semi-group S« (s) on L2(K). More precisely if

-N/2 <_|x[2)
G(t,x):=(4nt) exp a4
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LARGE TIME BEHAVIOUR OF A DIFFUSION EQUATION 431

and

u(t, x): =(G (1) * vo) (x),

d
then v(s,y)=u(e*—1, e7*y) =S4« (s) vy, so that d—v +Lv=0. Furthermore we
s

have the following properties:
D o |lz g =e” ™ voll2 wy
(ii) ” v(s) ||L°° ®Y S@n(ef— 1))_N/2 H Vo ”L1 RNy
(i) Yg>1, ||v(s)||la g = vo e -
The proof of this corollary will be given in section 5 below. In order to
prove theorems (1. 10), (1. 11) we need some preliminary results.

(2.3) LemMmA. — Let AeR be given and assume that for some Ty <00,
one has a solution ve C1 ([0, T«[, L2 (K)) N C([0, T«[, D (L)) satisfying:

2.9 v,+Lo=|v[P" v+ Ay, v(0)=v,e D(L).

Then

() Ev(v() ZE, (v(0)), Vs€[0, Tul;

(ii) if there exists s, =0 such that E,(v(s,)) =0, v(sy) #0, and AZA,,
then Ty < c0.

Proof. — The argument is almost the same as in L. E. Payne and D.
H. Sattinger; we repeat it for the reader’s convenience. Multiply (2.4) by
v, and v [in the sense of L2(K)] to get:

(2.5) ||vs||2+£El(v(s))=0
ds

| &

2.6 l|v][2+(Lvlv)=j|v|P+1K+k||v||2

NS RE
.

s
It is clear that (2.5) implies (i). Now if we had, ||v,(so) || =0, then v (s,)

would satisfy: Lo (sg)=]|v(so) [P  v(so) +Av(so) and E, (v(so))<0. But
multiplying this equation by v (s,) we get

(Lo(so)| v (50)) = f [o(s0) P K44 [0 (50) |

02E, (v (s0) = 2fp‘+11) (L5 (5o) |0 (50)) —A |0 (50) 120
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432 0. KAVIAN

[because A <A, and (Lo(so)|v(so) A, ||v(se)||?] and this would imply
v(sp)=0. Hence we may assume s,=0 and E, (v(0)) <0. Now define

fl):= %f[]v(s)“zds. By (2.5), (2. 6) we have
0
(2.7) ~r“Us(S)“2dS=Ex(U(0))*Ex(U('f))
0
(2.8) f”(t)=—(P+1)Ex(v(t))+P%[(LU[U)—XHUHZ]

First observe that as E, (v(¢)) S E, (v (0)) <0:
F7OZE-D A =Nf (O—@+1)E, (v(0)).

and if we had T«=o0, then this inequality would yield
lim f7(f)= lim f(t)=+ co. Now using (2.7) in (2.8) we get:

t— © t— @

f”(t)z(p+1)j | v, () || ds
0

and multiplying by f (t) we obtain:

sor 02 C [ 1o Pas) [ nors
] ]

But by Cauchy-Schwarz’ inequality:

(f @ —f’(O))2=<JIJ v (s, ¥)v5(s, 1) K(y)dy dS)
RN

([ 1vwras)( [0

Therefore

O 02 @(f’(t) —F7 ()

and as t - oo we have for some aa>0 and V>t

fOf7Oz0+9(f ©)
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Hence t— f(t)™® is concave on [ty, + o], f(t)"*>0 and lim f(£)"*=0.

This contradiction proves that Ty <cc. B

We recall here that due to the compactness of the embedding
H'(K) 5 L? (K) for 2<q and (N—2) g<N+2, one can easily check that
a(p) [defined in theorem (1. 10) (ii)] is achieved for p>1, (N—2)p<N+2.

When (N-2)p=N+2 and Max(a,§><k<kl, a(p) is achieved but hte

proof is somewhat more difficult. All these have been proved in [3]. If
moreover A<, it is easily seen than a(p)>0, for any p>1,
(N—2) p<N+2. The following lemma is contained in D. H. Sattinger
[12]:

(2.9) LemmA. — Under the hypotheses of theorem (1.10) (ii), the solution
v(s) is global in time.

Proof. — By lemma (2. 3) (i) and the definition of a(p):

1 A 1
E(Lvlv)—5“0“2§Ex(vo)+mj|v,"“Kdy

1 1
EZ(t)ZéEx(voHpHa“”“”zzp“(t)

(here for convvenience we put
z(®):=[Lo|o)—A[ |2

which makes sense because A <,).
1 a~ P12
Hence —z— —————  z?*1<E, (1,); therefore if
p+1

2(0)<zy:=qa@* V2@~

and

i g+

E,(vo))< — — ——— . 28",
2 p+1

then as long as v(s) exists we know that z(s)<zs«. This proves that

A
(1 — k_) (Lo(s) ] v(s))<z% and v (s) exists globally in time. M

1
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(2.10) Proof of corollary (1.12). — 1t is clear that lemmas (2.3) and
(2.9) prove theorem (1.10) which, in turn, implies corollary (1.12) (i),
(ii). Now we prove theorem (1.11) [and corollary (1. 12) (iil)]. As it was
mentioned in the introduction we consider the first eigenfunction of L,
namely:

—[of®

<p1(y):=coexp( 1 )

(with ¢, such that || ¢, ||=1)

N
Lo, =k ¢;=-—0,.
2
Then define for an £>0 (which will be fixed below):
V=b,@;"* withb, suchthat J\J}(y) K(y)dy=1

One checks that yye D(L) and:
Ly=(1+e)A ¥—e(l+e) b0 Vo, 2

hence LY =(1+¢) A, .
Multiplying in L?(K) the equation

v,+Lo=vP+ho

by { we get [note that as v, 20, we have v(s) 20 for all s]:
%(U )| W)= J(U (s MPV(MK () dy
+A @) [ W) =) | L)
;( j V(6 VIK () dy),,
+A—(1+9 1) )|V

(we use here Jensen’s inequality for the probability measure y K dy, and
also the choice of ). If £>0 is fixed in such a way that L=(1+¢) A, then
the function g (s): =(v(s) | ) satisfies:

g'zgh, g0)>0
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and this differential inequality proves that v(s) cannot exist on {0, cof. So

theorem (1. 11) is proved.

To conclude the proof of corollary (1. 12) (iii) we suppose that in (1.3)

7\.=—1-and 1<p§1+%. If uy=0, uy#0 we have [G(¢) is defined in

p—1
lemma (2. 2)].

u(t, x) 2 G (1) % ug = (4 ) —(N/2) exp< -Iz):lZ)f vo(z)exp< ~2|zt|2)dz
RN

S E )

<we use here

Now assume that the solution u(t) is gloiaal. Then there exists £€>0 I:in

fact=(8m) "2 fuo (2 exp(—_l—:—'—z)dz] such that
u(2, x)zseXp(_—lx{—z>= Z0,(x).
4 Co

Hence if we consider

w,+Lw=wl+iw, A=——

w(o,y)=cicp1(y)
0

we know that [by theorem (1. 11)] if A<, <i. e.l<p<l+ —%),

blows-up in finite time; if p=1+ I% (i.e. A=A,) we observe that

Ex(w(O))=‘—‘<i>”
p c

+1
p+1K d
il JNI%I () dy

is <0 and by lemma (2. 3) (ii), w(s) blows-up in finite time.
Next consider

X

7w)

u(t, x):=(1+t)“/“’“”w(log(l+t),

Vol. 4, n° 5-1987.
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u(t) blows-up in finite time and satisfies:
u,—Au=u?

~ €
u(0)=—o,
Co

But by the parabolic maximum principle:
u4+t,x)=u"(t, x)

and therefore u () blows-up in finite time: this contradiction concludes the
proof.

3. PROOF OF THEOREM (1.13)

When Q is a bounded domain, p>1 and (N—2) p<N+2, Th. Cazenave
and P. L. Lions [2] prove that global solutions of the equation
u,—Au=|ulP ' u+hu, ue H}(Q) [here A<\, =the least eigenvalue of —A
on H2NHL(Q)] are uniformly bounded in C2(Q), ie.
Sup || u(t) ||c2 & < 00. (See also Y. Giga [7] for an alternate proof and a
t21

more precise result. Giga’s proof uses the boundedness of the domain Q,
while the proof in [2] works also in the case Q=unbounded domain and
A<0 or in the case Q=bounded domain and AeR without the above
limitation A<}A;.)

To prove theorem (1.13) we apply the method used by Th. Cazenave
and P. L. Lions 2] (¢f. lemma 1 and proposition 6 of [2]); however as we
work on the equation (1.3)—which is not studied in [2] nor in [7]—, we
give below the detailed proof of:

(3.1) ProrosiTiON. — Let

p>1+§, (N=2)p<N+2

so that A:= Ll<7»1= g) be given. Consider a solution veC ([0, ],
p_
L2(K)) N C([0, o[, H1 (K)) of the equation (1.3) i.e.
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v,+Lo=|v["" v+

Then for any 1>0, ve C2 ([, o[ x RN) and the following hold:

() Vs20, B, (0(s)>0;
. 2(p+1)E, (v(0
@ vs20, o< TLEER (=] o
(i) J "0, ds <, (0(0));
(iv) suprl(lle<s>l|2+Hv<s> l##41)? ds < Cte;
(v) For any 1>0 there exists C>0 such that sup ||v(s) ||c2 @™ <C.
() ©(®):= N {20} o= s} ® c {feH! (K); Lf=|f]~ f+1f).

s20
Proof. — u(t) defined as in (1.5) satisfies u,— Au=|u|""*u, and by the
classical parabolic regularity ue C?([1, o[ x RY). Hence v [given also by
(1.4)] is regular i.e. veC?([1, o[ x RY) for any 1> 0.
(1) By lemma (2.3) if there is an s, 20 such that E, (v(s,)) <0 then v (s)
cannot exist globally on [s,, + oo[.

(i) With the notations used in the proof of lemma (2.3) we have by
(2.8), (2.7) and the fact that (Lv|v) =4, [|v]*:

f”(t)z(p+1)J |2 &) P ds+( =1 =2) f () (p— 1) E, (v(0))

Now if there exists t,>0 such that:
E—D*—2)f"(t) 2(p+ 1) E, (v (0)),
then /" (to) >0 and V=1,
e-D* -V ®O2@+1)E, (v(0)).

Hence
Vi1, f”(t)é(p+l)levs(S)szS’
0

Vol. 4, n° 5-1987.



438 0. KAVIAN

and by the proof of lemma (2. 3) (ii) this leads to a contradiction with the
global existence of v (s).

Therefore we have

Vit=0,
() = l 2, —P+1—_
f®= 2”” (t)“L ® < D7) E,(v(0)). ®
(iii) By (2.7) we know that:
lo, @[ = - LB, (o5,
ds

then VT >0:
JT ” v,(s) ||2 ds<E, (v(0))—E, (v(T)) ZE, (v (0)) [we use here (i)] H
0

and (ii1) follows.
(iv) By (2.8), using f " (0) || v (@) ]|- || v, (£) || we have

L iwolo—2 ol o @] le 0]+ 0+ DE 0 O)
Therefore by (i1) we have for some C>0:
(3.2 G%;(l—%)nvunmumfgcu+nmawﬂ
and

t+1
Supf IV o (s)||f2 «,ds < Cte.
1

t20
On the other hand by (i):
+1
lo@ 4w ="~ Voo P
and (iv) follows. W
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(v) Let A: ={s>0;

v, (s)[|>1}; by (iii), lim meas (A N[T, +oo])=0.

T—

First by (3.2) there exist C,, C, >0 such that (assuming N > 3)

Vs¢A, [|[Ve@©]?=<C,

3.3
G- 0@ L2 a0 =C,

Denoting by S(¢) the semi-group of the operator L—A Id [in fact
S (£)=€""S«(t) with S, defined in corollary (2.2)], we have by (2.2) (i),

(ii):
IS (D [lue g C. 7N 2D [pg | a1
for 2<g=< .
Moreover for N>3 and t<1:

1S (®) 6 [l2* 4y SC S (D) w6 ||e2*

hence by interpolation we get:

for 1 <p<2*,
N=>3, 9;=w
(3.4 4
NORY

12 gy S C. 178 vg [|L2rp gy

O0<t<1

(note that 6€]0, 1[). Now for 0<o =<1 and s>0 we have

(3.5 v(c+s)=S(c)v(s)+j0S(c—t)]v]"_lv(t+s)dt

0

and by (3.4)

llv(c+5) 2 (K)éc[” v(s) |22 (K)+JG(U_t)_e lo@+s9)[[f2 & dt]
0

So if we put

f(e):= Sup [1+““(t)”1.2‘(l()]

sSt<s+oc
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we have
f@®)=f(0)+C(®) ' *f(o)
and if there is o, such that
f(c0)=2 f(0)

then 6,2[C(8) f(o,)? V]" V1 "*=c, and this means that Vo <ox, we
have

[0(s+0) [z gy S2[1+]|u(s) L2 o)

(we use here the fact that fis continuous and non-decreasing).
Now we conclude that there is s« >0 and C, >0 such that [ef (3.3)]

Vs¢A, Viels, s+5x),

” v(s) “Lz’ ®= Cy

hence we may fix T >0 large enough to have meas (A N [T, + oof) < %s*

in such a way that:
Vs2T, |[o(s)|l2* i <Cs-

Therefore Sup||v(s) || 2+ , < Cte=C (1), for any >0, and |v(s)[? is uni-

formly bounded in L7 (K) for s=>1.

Next, to obtain a uniform estimate on ||v(s)||,,, we may use the argu-
ments of [2]; nevertheless we prefer the following bootstrap argument. Let
qo: =2%; by corollary (2.2) we have:

H S([) v HLq (K)§C~ t~ (NI2Y (1/r)~(1/q)) “ Vg
(3.6) for
O0<tZl, gzr=1.

L"(K)

Choosing r:=r,: =qo/p, and q:=4g,>q, in such a way that

g(l — l>< 1, we get by (3.5) [note that this choice of g, is possible
rood4q

because (N—2) p<N+2]:

[[9(s+0)]|rar g < C. (o-—(N/Z)((l/qo)*(l/q))‘ 119(5)] |20
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+f(o_gﬂwnwwvumxnuyunm“mm>
4]

and using the uniform estimate on || v (s) || &, for s=1>0, we obtain (by
putting o: =7 in the above inequality):

Vs221, ||o(s)||e: xS Cte=C(1).

Now, repeating the above argument I:with Fio 1 =4q;_/P, ;> q;—, Such

that 5(——1— — l>< 1], we get —after a finite number of steps—,

Ficy  4;

N . .
r;> g, and in (3.6) we may choose q: =0, r: =r;> 5; then using this

in (3. 5) as above, we obtain easily a uniform estimate on || v (s)||.

When N=1 or N=2, one oughts to modify slightly the preceding proof
(in a classical fashion) in order to obtain the corresponding uniform
estimate,

The uniform estimate in C2-norm can be derived by using again the
equation satisfied by v (s) and the relation (3.5). W

(iv) This is the classical invariance principle of La Salle (see for example
C. Dafermos [15]). H

Proof of theorem (1.13) concluded. — With the notations used in the
previous sections we have

u(t,x)=(1+t)_”“’_1’v<log(1+t), X )

/141

and by Proposition (3. 1) (v), for any t,> 0, there is C(t,) such that:

Vit
lu (@ ||c2 @ < (1 42)~0/@- 11
x|[o(log (1+0) ez @y C ko) (1 +0)7H~D
(3.6) Remark. — When N=1 one can prove that the positive solution
of :

—f”—%yf’=f"+xf, A<l
feH'(K)
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is unique (this has been proved by F. B. Weissler; personal communica-

tion). Hence if one knows that lim t/® DYy (t, x)>0 for some x € R, then
P

the o-limit set of (v(s)),5, is precisely f (=solution of the above equation).

Therefore in this case:

lim "D lu@)—w ()|, =0

t—>

x \ . .. - .
where w(t, x): =¢~ @~ 1 f(—) is the positive self-similar solution of
t

(1.1). m

(3.7) Remark. — As an application of theorem (1. 13) one may give the
following sufficient condition for the blowing-up of positive solutions to
(1.1). Consider a smooth bounded domain Q = R™ and &, >0 such that

~Aflg=15,  ueH(Q)

then the solution of u,—Au=u? with u(0)=u,(uy: =i, on Q, u,: =0 on
Q°) blows-up in finite time. Indeed if &, —Adi=#=1F, ii () e Hy (Q), we have
u(t, x)=ii(t, x). 1g(x)=u,20 [if u(r) were a global solution then
lim ¢**~ Y| u(1)||, = + oo in contradiction with theorem (1. 13)].

t =+ w®
The same holds if — Afi, <%, u,e Hy(Q) N C*(Q): the solution of (1.1)
with u(0)=1i,. 1, blows up in finite time. W

4. SOME OBSERVATIONS ABOUT THE CASE
OF CONE-LIKE DOMAINS

Consider a domain Q satisfying:
0eQ, v0>0, VxeQ, 0xeQ.
Then if one considers the evolution equation:

u,—Au=e|ulf"'u onQ

4.1
-1, u(t)pa=0

where e=+1, we can study existence or non-existence of self-similar
solutions to (4.1), in the same way as the case of the whole space R™.
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Indeed we can define

1
U(S, J’)' =es/(p—1)u(e2_1’ e“”}’), )":p__

in a such a way that

v,+Lo=¢|v]P"lv+ro onQ

(42 U(S)| =0

Then stationary solutions of (4.2), yield self-similar solutions of (4.1)..
To find such solutions we may consider the problems

Lf+|fIP =M\,
f#0, feH)K,Q) (fe=—1)

Lf=|fPP7 f+rf,
f£0,  feHLK, Q)  (fe=+1)

(4.3)
4.4
Now solutions of (4.3) can be found as critical points of

FL0): =5 | [VoPROID +p—1+—1L|vl"“K(y)dy—ngvlzK(y)dy
with ve H} (K, Q) (N L1 (K, Q) if (N—2)p>N+2)

H},(K,Q):={U;J(]v|2+le|2)K(y)dy<oo, v|m=0}
Q
Using the compactness of
H)(K,Q) 5 L*(K, Q):{U;J~ [v|2K(y)dy<oo}
Q

[which can be proved easily by lemma (2.1) (i)], one can check that
inf {F, (v); veH}(K,Q) NL?*! (K, Q)} is achieved and that, if
A<A, =X, (L, Q) = the least eigenvalue of L on H§ (K, Q), this minimum
is equal to zero and F, is strictly convex: therefore equation (4.3) does
not have any solution. For A >, (Q) (4.3) has a unique positive solution
and if A >, (Q), (4.3) has at least 2k solutions. (For more details see [3]
where the case of Q=RN is treated but the same arguments hold in the
case Q#RY)
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Solutions of (4.4) can be sought as critical points of

J(v): =J IVUIZK(y)dy—XJ |v|*K (y)dy
Q Q

on the set

s:={ueH},(K,Q);f ]vl”“K(y)dy=1}

[we assume here (N-2) p<N+2, p>1].

By classical variational methods one can prove that J has a sequence of
critical values C, — oo as k — oo and to each C, >0 corresponds a solution
of (4.4). If <X, (€) then (4.4) has a positive solution (which corresponds
to Min {J (v); veS}>0).

As an example we shall treat only two cases by computing the least
eigenvalue of L (with Dirichlet boundary condition) on the two following
domains:

Q. :=(R)N: ={xeRN, ViZ}, x,>0}
and
Q,: =RN" I xR,: ={xeRN, xy>0}.

For Q, we have

A (Q)=N, 01,0, ) =yi- . Ix CXP<-—|:‘ )

[This is because one can easily check that

Loy, o, =No, q
(‘pl, Q4 EHil) (K3 Ql)a (Pl, Q1 >0 on Ql

and by the Krein-Rutman theorem @, g, corresponds to the least eigenva-
lue of L on H} (K, Q)]

Therefore if A<, (Q;)=N, equation (4.4) has a positive solution f.
Then the equation u,—Au=u” has a positive self-similar solution w (¢, x)

1
namely w (¢, x): =¢ /-1 f(—x—)} for any p> 1+ —,
NG N
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1 .
(N-2)p<N+2 l:i. e. such that A: = — >A, (Ql)=N] and this proves

2 .
thatif1+%<p§1+ﬁ the equation u,—Au=u? on Q,=(R,)N,

u(t) aq, =0 possesses global positive solutions. Using exactly the same
arguments as in the proof of theorems (1.10), (1.11) and corollary (1.12)
we may prove that the latter equation does not have global positive

. . 1
solutions if l<p<1+ —.
N

Concerning equation

u—Au+|ulP"tu=0
U0, =0, u(0)eH;(K, Q)

. 1 . ..
the above observations prove that for p=1+ — there is no self-similar
. . 1
solution belonging to H3 (K, Q,) and for 1<p<1+ N there are such
solutions; using the equation

v,+Lv+|v[P =0
v()eHy (K, Q)

and the methods used in the previous sections and in [4] one can prove
that for this range of p’s, as t— a0, tY* " V||u(@®)—w(®)|, >0 for

some self-similar solution w (¢, x)=¢ [/ P-VIf ( E) ( f satisfying
t

|
Lf+]FPtf=nf A= ——1)
p_
For the domain Q,: =R¥"! x R, we can check that

N+1 —|yl?
A (Qy): = —;— 010, (1) =¥ exp(%)

N+1

(pl, Q>

L(pl,ﬂz= 2

?y, QZGH(I) (K, Qz), Dy, 92>0 on QZ-
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. . 2 . ..
and therefore, for instance if 1 <p<1+ Nol there is no global positive

solution of u,—Au=uP u(t), 5o, =0.
Summing-up these observations and combining the proofs of the prece-
ding sections and those of [3], [4], we are led to the following :

(4.5) THeOREM. — Let QRN be a convex cone with 0€Q and Q—0
convex.

L?(K, Q): ={u; f ]uIZK(y)dy<oo}
Q

H'(K, Q): ={ueL?(K, Q); VueL*(K, Q)}

and
H(l) (K> Q) . ={uEH1 (K7 Q); u] Bﬂzo}
For p>1, (N—2) p<N+2 consider a maximal solution of

u—Au=|ulP "ty  u(0)eHL(Q), u(t)eHi(Q).
(Dirichlet boundary condition) (resp. u(0)eH' (K, Q), Zl(t)=on 0Q,
n

Neumann boundary condition). Let ) denote the least eigenvalue of

. N
L<Lf= —Af— u_2Vf> on Hy(Q) (resp. on H! (K, Q)), then klgz and the
following holds:
@ ifp=sl+ % and u(0) 20 then u(t) blows-up in finite time;

(if) if 1

and

1J |Vu(0)[2K—LJ |u(0)[P* 1K (y)dy
2J)q r+1Jq

_ 1 2 =:Eu(0))=<0
z@_l)Ll“(O)l K(»)dy=:Eu(©0)=0,
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then u (t) blows-up in finite time;
(i) if p>1+ % there exist C,, C,>0 such that if 0<E(u(0))<C, and
1

f|vu(0)|2Kdy_LJ u () K dy<C,
Q p—1lla

then u(t) is global in time;

@) ifp>1+ Xl— and u(t) is a global solution, then
1

V1,0, suptP~ V| u(0)||cz o <C(to) < oco.

t210

Using self-similar solutions to prove non-uniqueness of solutions to
u,—Au=|u|""*u one has

(4.6) ProrosiTioN. — For (N—2)p<N+2 and

1
p>1+£|:gl+——,
N Ay

A, defined in theorem (4. 5)} there are infinitely many solutions (w,(t, X)), >1
} N 1 .
such that if 1 £g< Py then lim || w, () ||Le =0, and for t>0,
p— tl0

0

a—twk—Awk=[ We [P~ wy,
“ w (1) ”L‘1>0’ w, () eH5(K, Q)

[resp. w, () eH' (K, Q)].
Indeed consider

Y
—Af—y—zir:}flp“f+pfllf, feH(K, @)

) 1
[resp. H'(K, Q) and ~f =0} as —1<k1 then this equation has infini-
oo pP—

tely many solutions (and at least one of them is positive); now

e x o . .
w(t, x): =t~ HYe-b g ( —), satisfies the evolution equation
t
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w,—Aw=|wlP~tw,w(t)e H} (K, Q) [resp. H!(Q) andi—w
n

- o]
fi[¢]

and:

[ (@) [los @y =t 27D £lLq gy
[one can prove that if feHI(K,Q) or H'(XK, Q) satisfies
Lf=|fI”‘1f+lﬁf, then there is C>0, a>0 such that
|l exp(—alyP) |

(4.7) TuHeoreM. — With the notations of the theorem (4.5) consider a
solution of

u,—Au+|ulP " tu=0, u(0)eH (K, Q), u()eH{(Q)
(resp. u(0eHY(K, Q), gﬁ(t)=o on 69). Then for any ty>0
n

Sup Y2~V 4 (1) ||c2 @, < C(to) < 0.

tZtg

1
Moreover if 1<p<1+ r and u(0)=0, then there is a unique f satisfying
1

—Af—}%f-kf”:——l—Iﬁ and feHL(K, Q) <resp. feHY(K, Q) and
p—

?f:o on 69) 0<f(y)<C exp(—aly]z) (for some a>0, C>0) such that

on
lim 1“‘””u(t)—f(—'—) =0.
oot i)l
5. APPENDIX

For convenience we present the proof of some of properties described
Lemma (2.1) and corollary (2. 2).
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Proof of lemma (2.1). — In [3] one can find some general results about

this kind of inequalities. But we present here an alternative proof based
on an observation of P. L. Lions (personal communication). Indeed let

v
v=KY2y; then we have: Vo— Zv=K”2Vu, and therefore

JK|Vu|2=ﬁvU|2+11—6J|y12|v12~%jyv.w

= [19ape & [ lop+ 5 o

(integrating by parts the third term), and

2,
s

JK|Vu|2;T16ﬁy|2K(y)|u

it is clear that: ve H' (R™) <> ue H! (K) hence (iv).

Then (i) and the classical Rellich’s theorem imply (ii) (for more details
see [3]). (iii) and (vi) follow by observing that (ii) implies the compactness
of D(L) ¢ L?(K). The remainder of this lemma — unless (vil) and (V) is
in [3].

We prove now (v) and (vii): for fe L?(K) given, define [on H! (K)]:

F(u)=lf [Vu]dey—f Sfu.Kdy
2 JrN &N

by (iii) we see that Min F(v) is achieved for a unique ueH!(K) and
ve ! (K)
that u satisfies:

v.Vu

—Au— =f in 2’ (RN);

as feL*(K) and ueH!(K) 5 H'(RN), by classical regularity results we
conclude that ue Hf,.(R"). Now define v: =K!/>u; one checks easily that

v satisfies:

2
—Av+<§+ 7] >v=K”2f
4 16

veH'(RY) [by (iv), veHZ (RY

(5.1
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Let g, e C*(R,, [0, 1]) be a non increasing function such that

Qo (s)=1 if 0Zs=1
Po(s)=0 if s22,

and denote ¢,()): =0, ( lyl ) for n>1, yeRY. Multiplying (5.1) by
n
(—Av) @, we get:

[1aop ot [19op (5 + 2o,

— |k f(—ap— L |yv 1525
= . ®, 2 y.Voove,—|v.Vo. 4+ Vo,

16

Hence, using the fact that K'/? fe .2

[(Glavk«(5+E)wep)o.
é;jxlf12+c(j|y|2tv12+jlw)

+%j]vl.lei+Cf1yv|.|Vv|~iyV@nl

we obtain:

But

<Cte

lchpnléilyl.\cp;)<%)

lyVeo,| -0 ae.
|yv].|Vo].|yVo,|<Cte|y|.|Vo|e L (RY).

Asnt oo, ¢,11 and we obtain:

J Gk (5 B Jiwer Y5 fwispee [ipiapaivar

But

Vv=2K1/2u+K”2Vu=£v+K”2Vu
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2
Av= §K1/2u+ _|1y6l K'2y+ gK”zVu+K”2Au

By the above inequality we know that AveL? and by (5.1) |y|*veL
Therefore | y|K'?|Vu|eL? and K2 Auel?i.e. ueH*(K). W

Proof of corollary (2.2). — The first part is a classical result:
S« (s)=e *" is well defined on L?(K) and as the least eigenvalue of L is

g, we have (i).

(ii) follows from the fact that || G (£) * vy ||, < (4 ©8) N2 || vo |1
(iii) Multiplying v,+Lv=0 by |v|*"2vK we have

é%””(S)“qLQ(K)‘*'(q—l)f’VvlzI”lrdey:O

and (iii) follows.
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