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ABSTRACT. — In this paper the Dirichlet problem is considered for a
wide class of quasilinear elliptic equations with C* coefficients in divergence
form. The main result is that if Q is an arbitrary bounded open subset of
R” and { is a continuous function defined on the boundary of Q, then
there is a solution to the equation in Q which assumes the boundary data
continuously at all points at which a Wiener condition is satisfied. This
condition is satisfied at all points of the boundary except for a set of
capacity zero.
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REsuME. — Dans ce travail nous considérons le probléme de Dirichlet
pour une large classe d’équations elliptiques avec des coefficients de
classe C!. Le résultat principal est le suivant. Soit Q un ensemble ouvert
borné arbitraire dans R”, et soit  une fonction continue sur la frontiére
de Q. Alors il y a une solution de I’équation dans Q qui est continue et
égale a ¥ dans tous les points ou la condition de Wiener est satisfaite.
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454 J. H. MICHAEL AND W. P. ZIEMER

Cette condition est satisfaite dans tous les points de la frontiére, a 'excep-
- tion d’un ensemble de capacité nulle.

1. INTRODUCTION

Let Q be a bounded non-empty open set in R” (where n = 2). The
following equation, in divergence form, will be studied:

0
Z a_ai (xa u (X), Du (X)) + b (xs u (X), Du (X)) =0 (1)
i=1 0X
for xeQ), where a,, ..., a, and b are locally Lipschitz functions on

QxRxR"
We denote by

H (QxRxRY

the vector space consisting of all functions f on QxRxR" with the
property:

for each compact subset E of Q x R x R",
there exists a K = 0 and a 8e(0, 1), such that
Lfwm)—f W) S K|jw—w]

for all w, w €E.

Let E denote the set of all those points of 4Q at which a prescribed
Wiener condition is satisfied. The main aim of the paper is to prove [under
the assumptions (7) and (8) on (a) and (b)] the following two Dirichlet
results:

(i) For every continuous function ¥ on Q, there exists a bounded
continuous function u on Q\JE, such that u agrees with ¢ on E, u is
locally C!'® on Q and u satisfies (1) weakly on Q.
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(ii) Suppose that, in addition to the structure conditions (7) and (8), we
assume that a is C! on Q,

%GI(QXRXR") (2)
op;
for all i, j and
Y [% +p,~%:|ef(QxRxR"). 3
i=1 6xi aZ

Then, for every continuous function  on JQ, there exists a bounded
continuous function u on Q \J E, such that u agrees with ¢ on E, u is C? on
Q and u satisfies (1) for all x eQ. By a result of Hedberg and Wolf [HW], it
turns out that the Wiener condition is satisfied everywhere on 6Q except
possibly for a small exceptional set (a set of capacity zero). Thus, whenever
Q is a bounded non-empty open set, the above set E necessarily occupies
all of 8Q except for this exceptional set and therefore the function u in (i)
and (ii) continuously assumes the values of | everywhere on 4Q except
possibly for a set of capacity zero. When a > n [where o is determined in
the structure (7) and (8) below] and Q is an arbitrary bounded open set
of R” it is shown (2.17) that the Wiener criterion is satisfied at every
point of 8Q; hence for every continuous function | on éQ and in each of
the two cases discussed above, there exists a solution u of (1) which agrees
with | everywhere on 0Q.

Although the Wiener criterion has been used by several authors, there
have been very few general results on the existence of solutions. The
original papers [W1 and W2] by N. Wiener, of course, dealt with the
existence and boundary regularity of solutions to Laplace’s equation and
in [Z], existence of a solution is established when (1) is the Euler equation
of a variational integral. In [MA] Maz'ja dealt with the existence and
boundary regularity of weak solutions, but only for equations whose
structure is similar to

div(|VulF"2Vu)=0.

In [GZ] it was assumed that a weak solution was given to an equation
in divergence form with general structure and continuity was established
at those boundary points where the Wiener criterion is satisfied.
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In the present paper, the functions a; and b are assumed to satisfy the
following growth conditions. In these a, |, v are constants, such that

o> 1 and p=v>0. (6)
The conditions are required to hold for all xeQ, zeR", peR"” and £eR".

vl +]pPuRE ez ¥ ?(x, 7 D)L,

i,j=1 OP;

< h(1+[pPP e,

n

i= 1

i_

—(x z, p) <u(1+lp12)(1/2)(a v (8)

J

Conditions (7) and (8) are similar to those used by other authors
to investigate the Dirichlet problem for equations in divergence form,
cf. [GT], [LU]. However, their primary concern is to find solutions smooth
up to the boundary for the Dirichlet problem. Thus, if their methods and
results are particularized to the problem of finding solutions which only
need to be continuous at the boundary, their hypotheses regarding bound-
ary regularity are unnecessarily strong. Typically, Q is assumed to satisfy
an exterior sphere condition at every point of the boundary [GT],
Theorem 15.19.

We use the same o as in (7) and (8) in the definitions of capacity and
Wiener integral. Suppose o < n. When E is a bounded subset of R", we
define the capacity I'(E) of E by

I'(E) =ian | Do (x) I“dx} ©)

where the infimum is taken over all non-negative C® functions ¢ on R”,
with compact support and ¢ (x) = 1 when xeE.
For x,e0Q and 3¢(0, 1), the Wiener integral is

! - —1dp
W (Q, xo):j [T (B, (xo) ~ Q) p* "™ s (10)
5

where B, (x,) is the open ball of radius p and center x,.
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These definitions would be unsatisfactory when a > n, so for o = n, we
define the Wiener integral by

W (L2, xo)=J1[Tz,,(B,,(xo) ~ Q) p“_"]”““%p, (11

where I', , denotes the capacity relative to a ball of radius 2p and centre
Xo; 1. €.

I, ,(B,(xo) ~ Q)=inf{f | Do (x) ]“dx}, (12)

where the infimum is taken over all C* functions ¢ on R” with compact
support, sptp < B, ,(xo) and ¢ (x) = 1 when x€ B, (x) ~ Q.
We say that the Wiener criterion is satisfied at x,, when

W;5(Q, x0) = 0 (13)

as 80",

In the case where a=2, this criterion is precisely the one used by Wiener
in [W1 and W2). The criterion for general « > 1, was introduced by Maz’ja
in [MA] and was also used in [GZ].

2. SPECIAL SETS OF FUNCTIONS

We now develop the properties of certain special functions which occur
when investigating continuity at the boundary of solutions to (1). The
discussion given here is perhaps more general than is needed in the present
paper, but the full generality will be needed for subsequent articles on
obstacle problems.

Throughout the paper, we will employ the familiar notation C**(Q) to
denote the space of functions whose kth order derivatives are Holder
continuous with exponent o on Q. In particular, C% () is the space of
Lipschitz funtions on Q. Finally, C§*(Q)=C**(Q) N {u: sptu = Q}.

We shall recall the following definition from [MZ2].

2.1. DerINITION. — Let I' be a non-empty open set of R”, 1 < a < o0,
C>0and A = 0. Let € denote the symbol + or the symbol —. We denote

Vol. 4, n° 5-1987.
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by
ST, a, C, A)

the set of all non-negative functions v of W' *(I') such that

J | D (v (x)— k) [*n (x)* dx
<c j (0 (9)— K} {1 G+ D ()7 dx

+C(k*+1) n)*dx (14)
{(v (x)—k)® > 0}

for all k=0 and all non-negative Lipschitz functions  on R" with
compact support and 1 (x)=0 when x¢T.

The sets ST and S~ are appropriate for developing Harnack inequalities
and establishing Holder continuity in the interior of the domain for a
solution to a partial differential equation or an obstacle problem. However,
they appear to be inadequate for showing continuity at the boundary.
Therefore we introduce special subsets T* and T~ of S* and S~

2.2. DeFINITION. — Let I' be a non-empty open set of R”, ae(1, o0),
C > 0and A = 0. Let ¢ denote the symbol + or the symbol —. We denote
by

(T, a, C, A

the set of all non-negative functions v of W!:*(I") such that
J | Dv(x) |“ n (x)*dx
T {o—-kE > 0}
gcj (v ()= k)| Do () [~ 1 (x)*~* | D () | dx
Tnilv—kE >0}
+C f [v()*+Aln (x)*dx
T'n{lv—kE>0)

+CJ [0(x)* " +A (0 (x)—k)'n (x)*"*|Dn (x)|dx (15)
T n{w—K°*> 0}
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for all k 20 and all non-negative Lipschitz functions m on R" with
compact support and 1 (x)=0 when x¢T.

Some simple applications of Young’s inequality to (15) yield the follow-
ing:

2.3. THEOREM. — Let ae(1, o), and C > 0. There exists a constant C’,
depending only on o and C and such that

TG(F, a, C, X) o SE(F, o, C, sup {X, xa/u—l})’

whenever T is a non-empty open subset of R", €=+ or — and A = 0.

2.4 DeFINITION. — Let I be a non-empty bounded open set of R”
ae(l, o0), p > 0and v = 0. Let £ denote the symbol + or the symbol —.
We denote by

UST, o, 1, v)

the set of all functions of W!-*(I'), for which there exist Borel measurable
functions A: T' xR xR"—R"and B: I' xR xR”— R! with the properties:

)

|A(x, z, p)| Splp [ +nu]z]* T +v (16)
p-A(x, 2, p) 2 |pl*—n|z—v (17)

and
|B(x, z, p)| S u|p[ +u|z[rt+v (18)

for xeTl', zeR and peR”
(i)

Y | A(x, u(x), Du (x))~V(p(x)+jB (x, u(x), Du(x)) p(x)dx <0 (19)
i=1 Jr

for all oe W5 *(I') with ep = 0.
The functions of U* are simply weak subsolutions of certain equations
and the functions of U™ are supersolutions.

2.5. THEOREM. — Let ae(l, o), 0 >0, v= 0 and M, = 0. Then there
exist constants C >0, A 2 0, depending only on n, a, p, v and M, such
that

u—M*eT* (T, o, C, A),
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whenever T is an open subset of R", M is a real number with [M] = |M0|
and

ue U™ (T, a, y, V).

Proof. — Let T, M and u be as described. Put

v=u—M)*.
Let k =2 0 and put
w=[b—k)".
Then
w=u—-M-k)".

Let neCJ *(R", be a non-negative function such that N(x)=0 when
x¢T. Define

P (x)=w(x)n (x)"

By employing ¢ in (19) and using the structural conditions (16), (17) and
(18), it follows that

J (| Duf— [ —v) e d
{u>M+k}
gaf (W[ Dul~ ' +pulul~t+v)wn* ! | Dn|dx
{u>ptk}
+J‘ (|Dul t+pluP l+o)wn® ldx. (20)
{u > M+k}
By applying Young’s inequality to the integral
. pJ[Dul“‘l wn*dx

and rearranging (20), we obtain the desired result.

2.6. THeoreM. — If veT* (I, o, C, X)) and v(x) <M for almost all
xel, then

M—veT™ (I, o, C, A+sup {M*" !, M*}).
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Proof. — Put

Let k = 0. Then
w—k)y"=(M—v—k) " =(v—(M—-k))*.

If k <M, then by

J | Dyl n=dx
{v > M—k}

< CJ (v—(M—k))*|Dv["“1n"‘1]Dn|dx
{v>M-k}
+CJ *+A)n*dx
{v > M-k}
+Cf @ '+ @—-(M—-k)* n*"'|Dn|dx, (21)
{v > M-k}

where 7 is a non-negative Lipschitz function with compact support and
N (x)=0 when x¢I'. When k > M, (21) follows from the case k =M since
v is non-negative. The desired result now follows easily from (21).

2.7. THEOREM. — Let v be a bounded function of T* (T, a, C, 1), let G
be a non-empty bounded open set of R" and suppose that for every
8eC% 1 (R" with 8(x)=0 when x ¢G, the function

©.8)|GNT
belongs to Wi *(G NT).
Define
w(x)={ v(x) whenxeGNT
0 whenxeG-T
Then

weT* (G, a, C, A).

Vol. 4, n° 5-1987.
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Proof. — Define

w;(x) = j—u(x) when xeGNT,
X

=0 when xeG ~T.

Then w and each w; belong to L*(Q). It is easily seen that the w;’s form
generalized derivatives for w and that we W' *(Q).

Let neC® !(G) be a non-negative function which vanishes outside G.
For t > 0 and xeG, define

w,(x)= %inf {t, w(x)}

and

& (x)=w,(x) N ().

Since
£ (x)= %inf (06w NG}

it follows that
E|GNTeWy*(GNI). (22)

Since v and &, are bounded, it follows from (14) and Fatou’s lemma that,
when k = 0,

j IDUI“&?dx
GnTniv>k
< CJ (v (x)—k)* | Do|*~* &2~ | DE, |dx
GnTni{v>k} .
+CJ (0" + ] £ dx
GnT niv>k}

+CJ [*+A(v—k)* F,:'_llDF,,]dx. (23)
GnT n{v>k}

When 0 < t < k and v(x) > k, we have

&(x)=n(x)
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so that by (23)

f Ile“n"dx
Gni{w >k}

§Cf (w—k)* |Dw[*~tn*"*|Dn|dx
Gn{w >k}
+C‘[ W +A)ndx
Gn{w>k}

+cj W1+ (w—k)* 07 | Dn|dx. (24)
Gn{w >k}

By letting k — 0", we see that (24) still holds when k =0. Thus
weT* (G, a, C, A).
2.8. THEOREM. — Let ae(1, o) and C > 0. There exists a constant C’,
depending only on n, o and C and such that
f v(x)"P" | Do(x)[*n (x)*dx
Tn{v>k}
=C(1+B™) v ()* P {n(x)*+|Dn(x)["}dx (29
Tnfv>k}

whenever T is a non-empty open subset of R", veT (I, o, C,0), >0
and neCY * (R™) is such that 1 (x)=0 when x ¢T.

Proof. — Let T, v, p and p be as described. Multiply both sides of (15)
by k“B‘Z_ and integrate with respect to k over (0, c0). Using Youngs’s
inequality and the fact that (v(x)—k)~ =< k, yields the desired result.

2.9. Lemma. — Let pe(0, 1), x,eR” and ve T*(B, (x,), &, C, A). Define
w(&)=p ' v(pE+xo)
for E€B, (0). Then
weT*(B,(0), o, C, A).

This is proved by a straightforward change of variables in the integrals
involved.

Vol. 4, n° 5-1987.
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2.10. Lemma. — Let veTS(T, o, C, \) and set E=sup {Al/2"1 jl/a1,
Then v+EeT(T, a, 2C, 0).

Proof. — Set
w=v+E.

Suppose k = 0. Then

J ]Dw|°‘n°‘dx=‘[ |Dv*n*dx
{w—k) > 0} {-G-B)*y¥ > 0)
gcj (v—(k~E)*)*|Dv[*"*n*~!|Dn|dx
o-G-E)*") > o)
+CJ ©*+A)n"dx
{o-k-B) ¥ > 0)

+CJ (v“_1+k)(v—(k—E)+)‘n“'1IDT]|dx.
{to—(k—B)T)E> 0}

The result easily follows since (v —(k — E)*)* < (w—k)®.
In the following let

X= when o < n,

n—a
=2 when a = n.

2.11. LemmA. — Let ae(1, o), C> 0 and 0¢(0, x(x—1)). Then there
exists a positive constant E, depending only on n, o, C and © and such that
for xoeR" pe(0, 1], L = 0 and

veT™ (Bp(x0)7 a, Cs x))

we have the inequality

1/8
058 0 (ZE| {0705 x| —Epsup a1y (29

Bp/Z (x0)

Proof. — It follows from (2.9) that the theorem need only be proved
for the case where x,=0 and p=1.
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(i) Suppose first of all that A=0. Let
veT™ (B,(0), a, C, 0).

By (2.3) of this paper and (2.14) of [MZ2], there exists a positive constant
E and a constant ye(0, 1), depending only on n, o and C and such that

1/y
ess infv(x) = E’ I:J v(x)? dx:| . 27
B34 (0)

Bi/2 (0}

Let0<t<u g% and let n be a Lipschitz function on R" such that

0=n=1n(x)=1when|x| <t n(x)=0 when |x| > u and
1
DY (x)|= —
u—t

when t < |x| <u. By 2.8,

f v P Do [*ndx
{v > 0}n By (0)

=C(1+B™) v P (*+[Dn ) dx, (28)

B3 (0)
for0< B <a—1 Let
w(x)=0 (x)®1"PRn (x).

Then by (28) and Sobolev’s inequality,

1/
[ pr@—B-1) nlude
By (0)

1/a
=G (1 +B‘“)"“[f v* P71 (m*+|Dn Y dXJ
By (0

Now by setting 6=0—B—1 and performing a standard iteration one can

show that
1/8 1/8
[J ° dx:I <C, [f vsdx] ,
By2 (0) B34 (0)
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where 6 <8 =v. A simple application of Hélder's inequality and (27)
now yields

1/0
ess inf v (x) = E[j(nl/z (O)D(x)edx] .

B1/2 ()
(ii) Suppose A > 0. Put
A={sup At pte@-y

By (i) and Lemma 2.10

essinf {v (x)+A} = E’ [ «J( By 0 (VF A)° dx:|1/°‘ 30)

B1/2(®)

Since 6 > 0, (26) follows from (30).

2.12. LeMMA. — Let ae(1, ) and C > 0. Then there exists a constant
C’, depending only on n, a and C such that for x,eR", pe(0, 1], A = 0 and

UET_ (Bp (x0)> a, C, k),

we have

p“_"_lj |Do(x)[* tdx
B4 (x0)

S Clessinfo(x)P 1 +C p* tsup (A®" Ve A} (31)

B2 (x0)

Proof. — Tt follows from (2.9) that we can assume x,=0 and p=1.
(i) Suppose first of all that A=0. Let

veT (B, (0), o, C, 0).
Let 6 be a positive number, such that

1<(1-0)a<y. (32)

m= ess inf v (x).
Ix] < 1/2
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Now

f |Dy|*~*dx
B1/4(0)

f (v—(1—9)|Dv |)u—1(v(1—9)(u—1))dx
{v > 0} n By/4 (0)

(a—1)/a
< [J v 179Dy |°‘dx:|
{v > 0} n By/4 (0)

1/a
x [ j pd =9 (“‘”“dx] (33)
B1/4(0)

It follows from (25) that the first factor is bounded by

(2~ 1)/a
Co [J v°‘°:| .
By;2(0)

A

Then, by (2.11) we have

J‘ IDU |a—1 dx é C m(a—l)/a(a—(l—e)a) m(l/a) (1—0)(a—1)a=c/ma—1.
B1/4 (0)

(ii) Suppose A > 0. Set
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with v(x) £ M for almost all xe B, (x,), the following inequalities hold:

p“"‘j |Dv(x)*dx < C’ M(l p)[m <1 p>+ p:r_l +C'p* (34)
By/g (x0) 4 2
1 1 a—1
p_"J v(x)*dx < C’M(—p)[m(—p)+p] (35
By/2 (x0) 2 2

m (8)=ess inf {v(x): |x—x,| < 8}

where

and
M (8) =ess sup {v(x): | x—x,|<3}.

Proof: Let x4, v and p be as described. Let neC% ' (R"), n=0, be

1
such that 1 (x)=0 when |x——x0{_2_%p, n(x)=1 when Ix——xo‘ggp and
8 1 1 . . . .
]Dn(x)|=-when§p<|x—x0|<zp. Using this m in (15) with
p

k=M<%p>, we obtain

j le|"dx
By/8 (x0)
l -1 a—1 n 1 n—1
<C,M{=plp |Doj*~tdx+C, p"+C; M i LA
4 Bp/4 (x0)

so that by (2.12),

1 1 o — 1
p“””J lel’dxéC’M(—p) |:m<—p>+p:| +C p=
B1/8 (x0) 4 2

Now

1
p_"J v’dx_S_M(—p)p‘"J v*dx
B1/2 (x0) 2 Bj;2 (x0)
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sex()()]”

2.14. THEOREM. — Let ae(l, o), C>0, A=0 and M =0. Then there
exists a constant C’, depending only on n, o, C, A and M such that for
xo€R”, pe(0, 1] and

and by (2.11),

veT*(B,(x,), o, C, &)

with v (x) <M for almost all xeB,(x,), the inequalities

p“—nj |DU(X)l“dX§C’[M(p)+p][M(p)——M<_;_p>+p]a—1 (36)
By/s (x0)
p—"'[ M(p)+p—v(x)]dx

B2 (x0)

1 a—1
.s_C'[M(p)+p][M(p)—M(Ep)w] . G
hold, where m (8) and M (3) are as defined in (2.13).
Proof. — Let x,, p and v be as described. Put

w=M(p)+pv

By (2.6)

WET_ (Bp(xO), o, C, x'-i_(M-i_l)u)

and the inequalities now follow from (2. 13).

We conclude this section with a discussion of the relation between the
Wiener integral and the functions of T™.

We observe that in (9) and (12), the infimum can be taken over Lipschitz
functions ¢ instead of C* functions.

2.15 THEOREM. — Let C20,120, M20, 6€(0, 1) and 1 <a< 0. Then
there exist positive constants C, and C,, such that

ess supv (x) =C, exp (—C, W5 (Q, xo)),

B; (x0)

Vol. 4, n° 5-1987.
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whenever Q is a non empty open subset of R”, 86(0, %c), Xxo,€0Q and

UET+ (Ba (xO) m Qa a, C’ )")
Sfor which
v(x)EM

when x€B (x,) NQ and for which there exists a sequence {6,} of
non-negative  Lipschitz  functions on R" such that, whenever
neCy (B, (xy)),8, M vanishes outside B s (X0) N Q for all r and {6,-n}
converges to v-m in W' *(B, (x,) N Q).

Proof. — Let Q, x4, 8 and v be as described. Define

w(x):{v(x) when xe B, (x,) N Q
0 when xeB,(x,)—Q

By 2.7,

we Xo), &, C, A).
T (B,(xo), &, C, 1)

Let0<t§ll60' and let neC® '(R", n=0, be such that n(x)=I

when |x—x,|<t, n(x)=0 whenlx—xolg%t and |Dn(x)|<2/t when

t<|x—x0|<3t/2.
Let

M (p) =ess sup { w(x):|x—xq|<p}
for 0<p=<o and put
e=(M(160)+16t+16t—w)-n

By 2. 14,
ﬁ Do (x)[*dx

SC M6+ 160 [M(160)—M@81)+161* 1 (38)
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Put
¢, =(M(161)+16t—8,)-n.
Then @, converges to ¢ in W' *(Q) and
0, (x)=M(161)+16¢
when x e B, (x,)~€. Then the function
IM(161)+161] ' o,

is Lipschitz on R”, has the value 1 on B,(x,)~(, has compact support
and has its support contained in B,, (x,). Hence, for all r,

Y(B:(xo)~9§[M(16t)+16t]_°'Jl Do, [*dx,

where y=I when a<n and y=T',,, when a>n. By letting » - oo, applying
(38) and putting C,=2C}/®~ 1) we see that

[y (B, (xp) ~Q) 27"/~ 1
SC,M(161)+161 ' [M(161)—-M(81)+81] (39)

and this holds for all te(O, 1—160:|.

For te(O, Lc , put
16

FO=M(161)+161 (40)
and
A O =C; [y (B, (xg) ~ ) 7]t @
By (39)
f( %t>§(1—A(t)) 10 @)
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1
for all te(O, EG} It now follows from (42) that

m—1

f@2 ez [I [1-AQ2 0N f(s),

where ¢’ =Il—o'. Hence

Inf(2-"c")<In f (o) + i In[1—-A (2" o")].

i=0

But In(1—1) < —1, when t€[0, 1), so that

m—1

Inf(2""c)<In f(c")— Z A(27 o)
i=0
and therefore
m—1
f@2™mae)sf (o) exp [— Y AQ7ie :| (43)
i=0
form=1, 2,... But when £<t<2E, it follows from (41), that
A L20n =D C Iy (B, (x) ~Q)(28)* Ve~ D
§2(ln—a])/(m—1)A(2§),
so that

2t dt
j A(t)—§2(|"_°'[)/(°'_1)A(2§).
t
g

Hence

&' m—1
j A(t)ﬂ éz(]n—al)/(a—l) Z A(Z_ic’).
’ t

27 Mg i=0

and therefore, by (43)

fR™™o)=f (o)) exp [2”"—al)/(a—1)r' A(t)%} 44)

2" "¢
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for m=0, 1, 2, ... Since f is increasing the required result now follows
from (44).
We will be interested in those points x, where

(W5(€Q, xo)) > 0

as 8 > 0. The following theorem gives information of this nature.

2.16. THEOREM. — Let a>n and Q be an arbitrary open set of R". Then,
Jor all x,e€0Q,

W5 (Q, xo) > 00
as d—-0",
Proof. — Let x,€0Q. It will be sufficient to show that,

Lo({xo}) o "zm (45)

for all >0, where m is a positive constant.
Let 0>0 and let e C(R") be non-negative with @(x,)=1, and with
spt ¢ = B, (x,). By letting 8 - 0* in 3.1 we see that

0 (x0) < jf 0 (¢)dy

ly—xol<o

1
+—jf Do ()] |y —x,|dy
[y—x0l<eo

n
+onf Do 3)|.|y—xo['""dy (46
ly—x0l<eo

where E, depends only on n. Let 1, I, and I, denote the three terms on
the right-hand side of (46).

By the Sobolev inequality

I,<E, c“"/“’[ f Do) I“dy]”“ @)
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where E, dependes only on n and a. By Hélder’s inequality

(a—1)/a 1/a
IzéEzc_"[ f |y—=xo \“"“‘”dy] U |Do () I“dy} (48)
Iy—x0l<a R”

where E, depends only on n, so that

1/a
[,<E;o! 0% U |Do ()" dy] ; (49)
R"

where E; depends only on n and o. It again follows Hdlder’s inequality
that

(@—1)/a 1/a
13§E3 IiJ‘ Iy_xoi(l-n) a/(a—l)dy] [J\ ID(P (y) |adyjl dy’
ly=x0| <a R

where E; depends only on n, so that

1/a
I3§Egcl—(n/a)lij lD(P Iu] (50)
R"

where E depends only on n and a. It now follows from (46), (47), (49),
and (50) that

léEl c).1—(n/az)[J‘ ID(p (}’) ludy]lla’ (51)

where E’ depends only on o and n. The inequality (45) now follows from

(51).

3. THE MAIN RESULTS

In this section we discuss the existence theorem for the Dirichlet
problem. We begin by introducing the type of operator to be considered.

3.1. DermNiTioN. — Let Q be a non-empty bounded open set of R”, let
l<a<oo and let p=v0. We denote by

HM(Q, o, p'v)
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the set of all (n+ 1)-triples

(a, ..., a

ns

b)

of locally Lipschitz functions on Q x R x R", which satisfy (7) for almost
all (x,z, peQxRxR" and all £cR” and (8) for almost all
(x, ¥, 2)eQ xR xR"

When (a, b)e A (Q, o, p'v), ae C*(Q), and ue C*(Q), we denote by

La, nu

the function defined on Q by

L, pu(x)= i[i —;— a;(x, u(x), Du(x))+b(x, u(x), Du(x)). (52)
The following is a simple consequence of 3. 1.
3.2. LemMMA. — If (a, b)e A (Q, o, p, V) and ueC?(Q) with
L, »u(x)=0
Jor xeQ, then there exists
(a*, b¥)e M (Q, o, 1, V)
such that
L, o0y (—u) (x)=0

Jor xeQ.

The following theorem can easily be established by using mollifiers on
a and b.

3.3. TuroREM. — Let (a, b)e A (Q, o, i, V), 0<e<v, M>0 and Q* be
a non-empty open set with Q* = Q. Then there exists

(a*, b*)e # (Q*, o, u+¢, v—g)
such that a*, b*e C* (Q*) and
|a*(x, z, p)—a(x, z, P|+|b*(x, z, p)—b(x, z, p)|<e
when xeQ* ze[—M, M], peR" and |p|<M.
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3.4. DeFiNiTION. — Let (a, b)e #(Q, a, y, v) and f be a function on
Q. In the usual way, we say ue C'(Q) weakly satisfies the inequalities
Luzf Lusf

or the equation

on Q, according as

=2 Jﬁ a;(x, u(x), Du (x))a—(P(x) dx
i=1JQ 0x;
+J b(x, u(x), Du(x)) o (x)dx
Q

EJ SX) (%) dx, éjf(X)w(X)dx or =0,
Q Q

for every C! function on R" with compact support, with spt ¢ =Q and
with ¢ =0, in the case of the two inequalities.

We need a relation between weak solutions of the inequalities
Luz=0, Lu=z0

and the functions of U (€, o, p, v) that were introduced in 2.4. The
following results gives this.

3.5. THEOREM. — Let a>1 and p=v>0, then there exist constants
W >0 and v =0, such that

p-a(x, z, P2 |p[~v (53)
where Q is a bounded, non-empty open subset of R".
(a, b)e M (Q, o, W, V),

and (x, z, p)e QxR xR".

Proof. — Let Q and (a, b) be as described. Let xeQ, zeR and peR"
Because of 3.3, we can assume ae C®.
For te€[0, 1], put

n

o)=Y [a;(x, z, tp)—a;(x, z, 0)]p;.

i=1
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Then

<P(1)=f1¢'(t)dt=fl Oa
4] [¢]

—(x, z, tp)piP]
i j=1 apj !

v

1
VIP I2f [1 + 72 IPIZJ(I/Z)(G—Z)dt
4]
When %22, we have

<p(1)2VIplzfl[tz[p[ﬂ““”’"”dr:L
o

qler

and whep a<2 we have

<P(1)§lelzf1[1 +[p[2]‘1/2)‘“‘2’dt=v[p[2[1 -{.IPIZ](I/Z)(«-Z),
]

$O that, if [P]21, we have

(P(Dgz(lm (a~2)lpla
and, if [p| <1, thep

*Dz(pl-1.

Thus
4%, 2 p) p—a(x, z0)-p> Vi(plr-1), (54)
But
lagx, 2, )p|sulp|
$o that by Young’s Inequality
la(x, 2, O)-p[§§v’[p[°’+C (55)
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3.6. THEOREM. — Let p2v>0, a>1 and Q be a bounded non-empty
open set of R". Let ¢ e C°(Q) N C*(Q) be such that

n 62
2 1,22 (9 < —ul1 4| Do I, (56
i,j=1 i j

J

Whenever xeQ and (y;)) is a real symmetric matrix with

vIEPS T 1,88 snlE)? (57)

i, j=1

for all EeR™ Let (a,bye#(Q o p'v), acCY(Q) and let
ueC%(Q) N C2(Q) be such that

L pu(x)20 (58)
for xeQ. Then
u(x)—e(x)< gsua% [u@)—o @) (59)
Sor all xeQ.
Proof. — Put
w(x)=u(x)—0(x) (60)
for xeQ and
A=supw(x). (61)
xeQ

It will be sufficient to show that

w(x)<A (62)
for xeQ. Suppose there is an x’ €Q with

w(x)=A. (63)

To simplify the notation, we put

da;
Ay, z, p)= a—“ (. 2, p) (64)

J
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and
B(x 2 )= Y [?ﬂ(x, oo+, p)p,.]+b(x, 2 p). (65
i=1 ° i 0z
Then
Y A;;(x, u(x), Du(x)) O*u (x)+B(x, u(x), Du(x))=0 (66)
ij=1 0x; 0x;

for xe Q. Since Du(x")=Deo (x"), it follows from (66), that

Y. Ay, u(x), Du(x’) Tw

Li=1 0x; 0x

()

> _B(x, u(x), Do(x))— ¥ Ay, u(x), Do(x)) aa—“’(x')
i, j=1 X 6xj

2](1/2) (a—1)+u[1+|D(p(xl) 2](1/2)((1—1).

> —p[l+|Do(x)

This contradicts (63).
This result will now be used to obtain uniform bounds to solutions of
equations of the form

L, 5 (x)=0.

3.7. THEOREM. — Let u=v>0 and o> 1. Let E>0. Then, there exists
a positive constant M, such that

sup [u(x)| <M+ sup |u(x)| (67)
xe)

x e
whenever Q is a bounded open set with diameter <E,
(a, e H(Q, o, p, V).
aeC'(Q), and ue C°(Q) N C2(Q) with

L, nu(x)=0

for xeQ.
Proof. — Let Q, (a, b) and u be as described. Put
A= sup u(x)
x e
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and let x’eR" be such that d(x’, Q)=1. Define
@(x)=A+M-—M exp(—K|x—x'|?)
for xeR", where K and M are positive constants to be determined. Then

%

and
o
0x;0x;

= {—4K>M(x;—x)) (x;— X))+ 2KM 3,

Suppose (v;;) is a real symmetric matrix with
V(’§|2|§ Z 'Yijéié'éulélz
i,j=1
for all £EeR" Then

Z Y,, o 2 ()+r+|Do)|)

i,j=1 iJ

<{-4vK?

for xeQ. Choose K so that
—4vKZ42npK+2pK(1+E)=—
and then choose M so that
~Mexp(—K(1+E))+p<0.

Then

Z e % (x)+u(1+]D<p(x)12)”2<o
for all xeQ. Hence by 3.6,

ux)se(x)SA+M (68)
for all xeQ.
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It follows from 3.2 that the above arguments also apply to —u, so that

—u(x)SM+ sup {—u(x)} (69)

x € Q2

for all xeQ. The required result now follows from (68) and (69).
The following theorem can be proved by using standard estimates from
quasi-linear and linear theory.

3.8. THEOREM. — Let Q be a non-empty bounded open set of R* and
{Q,} an increasing sequence of non-empty open sets with limit Q. Let
u=v>0, let a>1 and {(a®, b™)} be a sequence with

(@, b e # (Q,, o, p, V)

for all r and with the properties:

(i) for each r, a® and b™ are C' on Q,;

(ii) for each i, {a{} converges C' on the interior of compact subsets of
QxR xR" to a C* function a, and { b} converges uniformly on compact
subsets of QxR x R" to a locally Lipschitz function b;

(iii) for each compact subset E of QxR x R", there exists a 5 (0. 1) and
a K =0, such that

8

oal” () — oal”

W)
0p; 0p;

§K[w—w’

for all i, j, r and all w, w' eE,

oa; oa;
Z {—(X, Z, p)+pi_(x’ Z, P)
0x; 0z

i=1

60 ’ ’ ’ /6ai ’ ’ ,
- (x’Z’p)_piﬁ(va’p)
0x; oz

éK l (xa z, p)_(xla Z/’pl) IS
Sor all v and all (x, z, p), (x’, 2/, p)eE and
|b? (W)= b W) |SK |w—w|

Jor all r and all w, w’ €E. )
Suppose {u,} is a sequence of C? functions with domains Q,, which is
uniformly bounded and has

Lo, pyu, (x)=0
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Sfor all xeQ, and all r. Then
(a, be # (Q, o, i, V)

and there is a subsequence {u,s} which converges C? on the interior of
compact subsets of Q to a C? function u, with

Ly, 5u(x)=0
for xeQ.

3.9 THEOREM. — Let Q be a non-empty bounded open set in R" and let
Q' ccQ be an open set such that 0Q eC? ", where 0<y<1. Let a>1,
p=v>0 and yeC%(0Q). Finally, let (a, bye M (Q, o, p, v). Then, there
exists a function ue C°(Q’) N C* () such that u=\s on 0Q and

Lg, »u(x)=0

for all xeQ.

Proof. — The proof is based on an approximation procedure. First, by
using mollifers one can construct a sequence

{(a('), b"’)}
such that each of
ap, af, ..., ad, b

is C* on QxR xR",
1
(a”, b NYe # (Q’, o, 2 ui v)

for all r, a” converges C! to a on the interior of compact subsets of Q
and b converges to b uniformly on compact subsets of Q.

Next, approximate { uniformly on 4Q’ by functions Y, e C? "(Q'). (Of
course, Y, can be assumed to be C®, but this is not required.) Now apply
[GT], Theorem 15.11, with [GT], Theorem 10.9, replaced by
Theorem 3.7, to find u,eC* () such that u,=Vy, on 0Q and
L, yyu, (x)=0 for all xeQ'. Now apply Theorem 3.8 to conclude that
there is a subsequence {u, } which converges C* on the interior of compact
subsets of Q' to a function ue C*(Q') with L, , u(x)=0. Moreover, u=V
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on 9. The solution u actually is an ellement of C? Y(€)), but this will
not be needed and cannot be applied in the sequel.

3.10. THEOREM. — Let Q be a non-empty bounded open set of R" and
a continuous function on 6. Let a.>1, u=v>0 and

(a, bye A (Q, o, p, V).
Let E be the subset of 0Q consisting of all points x, for which
W;(€, x,) = o0

as 8 -07,
(i) Then there exists a bounded continuous function u on Q\UE, such
that ue C*(Q), u(x)=\y (x) when x €E.

L(n, b)u=0

weakly on Q and for each compact subset Q of Q, there is an 1>0 and

[ . .
such that each oy is Holder continuous with exponent m on Q.
X

i

(i) If aeC(Q), ?e% (QxR xR" for all i, j and

Pj

Y [% +p,-%:le3f (QxR xR",
i=1l Ox 0z

i

then there exists ue C°(Q{J E) N C%(Q) such that u(x)=\ (x) when xcE
and

Ly, nu(x)=0

for all xeQ.

Proof. — Extend ¥ to a continuous function on Q. By standard methods,
it is possible to construct an increasing sequance {Q,} of C* smooth
domains such that Q, c<Q with limit Q.

Suppose that the conditions of (ii) are satisfied. It follows from
Theorem 3.9 that for each r, there exists u,e C°(8,) N C?(Q,) such that
u, =V on 0Q, and

L, o1, (x)=0
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for xeQ,. By Theorem 3.7, there exists a constant M, such that
|u, (x)| M

for all xeQ, and all r. By Theorem 3.8, there exists a subsequence {u, }

which converges C? on the interior of compact subsets of Q to a C?
function u with

Ly, nu(x)=0
for xeQ. Then
lu(x)|<M

for xeQ.

We now discuss the case where the conditions of (ii) are not assumed
to hold. By using 3.3, we can obtain a C* sequence {(a®, b} such that

(a®, b"’)e/i(Q,, o, (1 + —1—>u(1 — —1—>v>
2r 2r

for all r and each a{” and b converge uniformly to g; and b on compact
subsets of QxR xR" Again by Theorem 3.9, there exists
u, e C°(Q,) N C%(Q,) which agress with ¥ on 0Q,, and

Lo,y 1, (x)=0

for all xeQ,. Referring to Theorem 3.7 again, there exists a constant M
such that

|4, (x)| <M

for all xeQ, and all r. By using standard estimates, one can now obtain a
subsequence {u, } which converges C' on the interior of compact subsets
of Q to a C?! function u such that

L, nu=0

weakly on Q and for each compact subset Q of Q, there is an n>0 and

ou . __. . .
such that each — is Hélder continuous with exponent n on Q. Then
X:

1

lu(x)|=M
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for xeQ. It remains to prove that in each case u can be extended to a
continuous function on Q\J E.
Let x,€E and let A>V{(x,). Choose p>0 and such that

Y(x)<A
when |x—x,|<r. Let r, be such that
Q, N B, (x0)#0
when r=r,. Suppose r=r,. By Theorems 3.5 and 2.5,
(4,—A) " eT*(B,(x) N, o, C, A) (70)

where C, A are independent of r. Whenever neC% ! (R”) vanishes outside
B, (x,), it is clear that

(,—A)"-n
can be extended to a Lipschitz function on R”, with compact support and
spt{(u,—A)"-n} =B, (x0) N Q..
Define
w,(x)=(u,(x)—A)" when xeQ,,

=0 when xe{B,(x,) N Q}~Q,.
By Theorem 2.7

w,eT*(B,(xe) NQ, o, C, A)
and by Theorem 2.16

sup (4, (x)—A)" <C, exp(—C, W;5(Q, x,))

lx—x0 |58

for 5¢(0, p/16), where C,, C, are independent of r. Thus
sup  (u(x)—A)"=C, exp(—C, W;(Q, x,))

jx—x0|<8
for d€(0, p/16). Hence

lim sup {—u(x)} < —V (x,),

X = xQ
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where the lim sup is taken relative to Q.
The same arguments apply to —u, so that

lim supu(x) <V (x,),

X = X0

Since x, was arbitrary, u can be extended to a continuous function on
QUE.
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