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ABSTRACT. — Suppose Q is a bounded open subset of R” with C? boun-
dary 0Q having nonnegative mean curvature. We examine the regularity
at the boundary of solutions u to the minimal surface equation having
boundary values ¢. If ¢ has modulus of continuity f we give a modulus
of continuity for u which depends on f and the behaviour of the mean
curvature of dQ. If ¢ is Lipschitz continuous then we show that u is Holder
continuous with some exponent a (explicitly obtained) that depends on
the Lipschitz constant for ¢. Finally we give examples showing the above
results are best possible.

REsUME. — Supposons que Q soit un ouvert borné de R” dont le bord 6Q
est de classe C? et a une courbure moyenne positive au mille. Nous exami-
nons la régularité sur le bord de toute solution u a ’équation des surfaces
minimales avec ¢ donné au bord. Si ¢ a un module de continuité S, nous
dérivons un module de continuité pour u qui dépend de 8 et du comporte-
ment de la courbure moyenne de Q. Si ¢ est lipschitzienne, nous démon-
trons que u est hdldérienne d’exposant « (obtenu explicitement), dépendant
de la constante de Lipschitz pour ¢. Finalement, nous donnons des exemples
démontrant que les résultats obtenus sont rigoureux.

Annales de T Instizu: Henri Poincaré - Analyse non linéaire - 0294-1449
Vol. 3:86;06:411 19 S 3.90 16

© 1986 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



412 G. H. WILLIAMS

0. INTRODUCTION

We consider the Dirichlet problem for the minimal surface equation.
Thus given Q, a bounded open subset of R" and ¢, a function defined
on 8Q, we seek a function ue C*Q) such that u = ¢ on 6Q and

n

ZDi((l + |Dut) " *Dju) =0 inQ.

i=1

Jenkins and Serrin ([JS]) showed that if we wish to solve this problem
for every continuous function ¢ then we must demand that ¢Q has non-
negative mean curvature everywhere. Furthermore with this condition
on 0Q they showed that the problem is solvable for every continuous ¢.
Consequently throughout this paper we shall assume that dQ has non-
negative mean curvature. For existence considerations when 6Q has negative
mean curvature the reader is referred to [JS] and [W2].

If we know that ¢ is more than just continuous then we should expect
that the solution u will also have greater regularity. This is indeed true.
Thus if 8Q and ¢ are C** k = 2,0 < « < 1 then the solution u is in C*%(Q)
(For example see [GT]) The case k = 1 has also recently been studied
by Lieberman {L1] and Giaquinta and Giusti [GG] who have shown
that the corresponding result is true. That is if ¢Q is C? (and has nonnegative
mean curvature) and ¢ is C'* then we have u in C*%Q). In this paper we
study the case k = 0. We shall assume that 8Q is C2 and that ¢ € C%%3Q)
for some a, 0 < o = 1. Results for this problem have been proved by
Giusti [G2] who showed that if 8Q has strictly positive mean curvature
then u e C%%%(Q). (Lieberman [L2] has also proved similar types of results
for more general classes of equations.) Furthermore he gave an example
due to Weinberger (see also the example in [G3 ]) in which ¢ € C*1(6Q) and

1
ug¢ Co*Q)for any o > 5 Thus the exponent «/2 is, in general, best possible.

In the second section of the paper we generalize these results and show
that the same result holds in a local form. Thus Giusti demanded that ¢Q
have strictly positive mean curvature everywhere and ¢ € C°*2Q) while
we show that if these things hold in a neighbourhood of x, € 6Q then the
solution u satisfies a Holder condition at x, with the required exponent.
More generally we show that if ¢ has modulus of continuity f(r) at x,
and the mean curvature of ¢Q grows like | x — x4 |7, y = 0, then, u has
1

modulus of continuity CA(Ct2¥7) at x, for some constant C. The reader

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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should also see [S1] where modulus of continuity estimates are proved
without any restrictions on the smoothness or the curvature of ¢Q. In
section 5, given a set , we show how to construct examples of boundar_y

values ¢ so that the corresponding solution has exactly growth CB(C\/ 1)
at some point. This shows that the previous results are best possible.

It should be noted that, at this stage, a small change in the regularity
of ¢ from C!-* (g > 0) to C®* produces a large change in the known regula-
rity of u from C*+ to at best C°%. In section 3 we show that this gap can
be filled by taking into account the value of the Lipschitz constant of the
boundary data. We give a function K(«) defined on (0, 1) such that if the
Lipschitz constant of ¢ is less than K(«) then ue C%*(). Furthermore
in section 4 we show that this is best possible in that, for any K > K(a)
there is boundary data ¢ with Lipschitz constant K but such that u ¢ C°%Q).
The function K(x) is obtained by looking at the zeros of certain ordinary
differential equations and various properties are obtained. It is shown

1 1
that as « — 1, K(a) —» 0, as « — 0, K(z) - oo and K<~) =
2 ~h—1
<It is worth noting that the critical value \/j occurred in the existence
n-—1

work [W2] where 8Q has possibly negative mean curvature.) For the case
n =2 a particularly simple expression is obtained for K(a), namely,

o
K(x) = cotangent 5 )

All our results are local ones so that we only require the conditions
to hold in a neighbourhood of a point x, and so they apply to generalized
solutions (see [G1] or [G3]). Additionally they may also be applied to
the equation of constant mean curvature

\ Diu
Di gy —— H
2>

i=

except that conditions about the mean curvature of ¢Q must be replaced
n
| H .
n—1

All of our proofs involve the construction of appropriate barriers and
in some cases we make use of an idea of Simon [S2] which involves writing
the barrier as a function over the tangent plane to the boundary cylinder
0Q x R instead of over Q. This means that barriers, which become vertical
over Q at 0Q, in the new setting have gradients tending to zero, greatly
simplifying the calculations involved. This same idea was also used in
[W1]and [W2].

by conditions about the mean curvature minus
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414 G. H. WILLIAMS

I. NOTATION

In this section we introduce some notation to be used in later sections.
Similar ideas and notation were used in [W1] and [W2] and the original
idea of using a different coordinate system (the y-coordinate system below)
to help in the construction of barriers was given by Simon in [S2].

We shall always suppose that Q is a bounded open subset of R” with
locally Lipschitz boundary 0Q and ¢ is a given function in L(3Q).

DeriniTION 1.1, — ([G1], [G3]); A function ue BV(Q) is said to be
a generalized solution of the Dirichlet problem for the minimal surface
equation in Q with boundary data ¢ if

f\/ I+ |Du|2+f |u—¢1dHn_}§J\/1+ lDrlerj vl dH,
0 eQ aQ

Q

for every v e BV(Q).

We note that with the given conditions on Q and ¢ a generalized solution
will always exist.

In most of the theorems in this paper we will be given a point x, € 0Q
and a neighbourhood 4" of x, such that 8Q is C? in A4". It will then be
convenient to introduce special coordinate systems to simplify calculations.

DEFINITION 1.2. — Suppose x,, .4 and Q are as above. An x-coordinate
system for ¢Q at x, is a Cartesian coordinate system having xo as origin
and such that the positive x,-axis has the same direction as the inner normal
to éQ at x,. We denote x” = (xy, ..., X,_,)and x = (x’, x,,). Since 6Q is C?
near x, there is 6, > 0 and a function w:R""! — R such that

CON{x: x| <o |xal <o} = {(x,Wx)):]x| <o}
Furthermore w is C2, w(0) = 0 and Dw(0) = 0.

DEerINITION 1.3, — Given the x-coordinate system of Definition 1.2
for R" we define the y-coordinate system for R"*! by setting y; = x,
i=1...n—1,y,=x,+;and y,+; = x,. Wedenote y' = (y1, - - - Yn—1)
and y = ()’, y,) so that x” = y'. In the same manner that we used the graph
of w to describe ¢Q near x, we can also describe ¢Q x R. Thus

(CQ x Ry N {(x, x5 1) 11X < Opu | X < g )
= {(.“s .‘~n+ 1) : —rn*‘rl = \\'(_\J)’ l _\" ! < 60 }

where w 1s the same function as in Definition 1.2,
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MINIMAL SURFACE EQUATION 415

Finally we note that the minimal surface equation can be written as
Mu = 0 or equivalently as M,u = 0 where

o= 2 2 )
u= | ——
Li \/1+|Dul?

i=

and
n

1
Mou = 1 -+ [Du [ZMu = Au — H]—DTIZ Z DiuDjuDiju‘

i,j=1

2. CONTINUOUS BOUNDARY DATA

In this section we show how to find a modulus of continuity, #(r), for
the solution u on Q, in terms of the modulus of continuity, B(t), for the
boundary data ¢ and the growth of the mean curvature of 6Q.

THEOREM 1. — Suppose Q is a bounded open subset of R” with locally
Lipschitz boundary éQ. Suppose ¢ € L}(dQ) and u is a generalized solution
of the Dirichlet problem. Suppose x, € 0Q and there is a neighbourhood A~
of xg, a function f(¢) : [0, oc) — [0, 20) and constants y > 0,a > 0,and A
such that

i) ¢Q is C? in 4" and, if H(x) is the mean curvature of éQ at x, then
Hx) = alx — xo|" for xedQ n A,

ii) P(x) < A, xedQ,

iii) f is an increasing subadditive function with }inol B(t) =0,

iv) ¢(x) = P(xo) + Pl x — x01), xe N M OQ
Then there is a constant C depending on ¢ and Q such that

1

u(x) — ¢(xo) = CAClx — xo ['7%), xe Q.

Proof. — Introduce x- and y-coordinate systems at xo and let w be the
function describing 0Q as in section 1. We may suppose ¢(xo) = 0. We
may also assume that for |x"| < 0, <1 we have

(2.1) IDw(x)| <1 and |w(xX)|[ =X},

For f as in iii) we can take the concave envelope and obtain an equivalent
modulus of continuity which is concave (see [LOJ]). Then setting

Vol. 3, n° 6-1986.



416 G. H. WILLIAMS

1
B(r) = ZJ B(st)ds gives an equivalent C!' concave modulus. Repeating
4]

this process we may assume f e C?0, o) n C°[0,20) and B concave in
addition to the properties of iii).

Suppose K = 1.6 £ 6o. 0 £ 2 < 1 and that # is the inverse of the func-
tion . Now define

JO) = MKy )y 2 =21y )y

o(¥) = w(y') + af(y)
on the set
D= {ryeR":26 2 nK ly)z2|y'1}.

Note that v(y) 2 w(y’) in D and furthermore v(y) = w(y*} if and only
if n(K~'y,)=21y"], that is, when y,=Kp(2]|y |). Also note that
D,(y) = D, f(y) = K7y + 2)p* "1y’ > 0. These two facts imply that
the graph of v can be written as the graph of a function 7 defined in the
x-coordinates. Moreover there will be a neighbourhood .# of x, (depending
on the choice of 2. K and §) such that 7 is defined on .# n Q and

(2.2 M Q= (X, w(x)) x| <8},

2.3) 50 = KBRIX ) 2 Bx]) Z plx), xeM 0o,
2.4 v(x) = KB(28), xe.# n Q.
We shall choose «. K and é so that in addition to (2.1)-(2.4) we have
(2.5) Kp(26) 2 Az sup ¢,
aQ
(2.6) M2 €0, xe Q.

(Note that (2.6) holds if My = 0 in D.) The comparison principle will
then imply that

u(x) £ T(x) S KBIC|x"*?) inANQ

for some constant C and the result is proved. To check (2. 6) we use Lemma 1
of [S2] and (2.1) to obtain that. provided

(2.7) »1DfIL£1 onD
we have
My = Mow + 2Af + 2E

where
[EIZC(IDS]ID?w] 4+ D2 f oD f |+ | Dw})

SCUY P+ K206+ D+ + K77 )1y | +aK ™ 17 " 1),
Also

Af =6 = DK SpmPe + D+ K227 " — 1y Fin + 3 = 1)]
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and so
a 5 ’
Mov 2 |y’ l"[i —ay +2Qn+y—1) —aC(|y' |+ aK 1y 1y )J

+ aK 72y + Dn)? + nn”)(y + 2) — CUY' | + aK ™1 1p"))
—aCn’ KNy | + oK™ g7 i)

Now since n(0) = 0 and n” > 0 we have 7(?) < tn’(¢) and so
n(K™1y,) £ Ky (K™ ty,) < KROK ™1y (K™ 1y,).

Hence provided

(2.8) Kpo) < C

we may absorb the last term into the previous one. Now choosing ¢ suffi-
ciently small, then K so that (2.5) and (2.8) hold and finally « sufficiently
small we may conclude that (2.7), (2.5) and (2.6) all hold. O

An important choice for the function f§ is S(t) = Kt* where K = 0 and
0 < o = 1. The condition on ¢ is then Holder continuity. The case y = 0,
that is strictly positive mean curvature, was treated by Giusti [G2].

CoROLLARY 1. — Suppose Q is a bounded open subset of R" with C?
boundary ¢Q and let H(x) be the mean curvature of dQ at x. Suppose that
¢ eC%*2Q), 0 < « < 1, and that there exist constants y = 0 and a > 0
such that for each x, € 8Q we have H(x) = a|x — x¢ |7 in a neighbourhood
of xo. Then there is a function ue C*Q) n C%Q) such that Mu = 0 in Q
and u = ¢ on ¢Q. Furthermore u is Holder continuous with exponent

on Q.

v+ 2
There are of course many other possibilities for 8. One example would

be f = — for

in which case u has modulus of continuity — -
log at oga't

some constants ¢’ and K’.

Remarks. — i) It should be noted that the subadditivity condition on f
could be relaxed. However if § is the modulus of continuity for a continuous
function on an open set it is necessarily subadditive and so there is little
to be gained by relaxing this assumption.

ii) The condition H(x) = a|x — x, |" is a fairly strong one, in particular
in the case y = 1 it would imply that H is not differentiable at x,. This
condition has been relaxed even to the extent of allowing H to be negative
at some places near xo (See [S2] and [W1]) The Hdlder exponent for
the solution u depends in the same manner on the growth of H.

iif) The reader should note that Simon [S1 ] has shown that if the boundary
values of u have a modulus of continuity 8 then the solution u has some

Vol. 3, n° 6-1986.



418 G. H. WILLIAMS

modulus of continuity i on Q. The modulus y is in general much worse
than the ones we have obtained above, however Simon’s results hold
without any restrictions on the smoothness of éQ or the behaviour of
its mean curvature.

3. LIPSCHITZ CONTINUOUS BOUNDARY

If we consider the particular case of Corollary 1 when we have Lipschitz
continuous data and strictly positive mean curvature we see that the solu-
tion u e C%*Q). Furthermore examples in [G2] and [G3] show that, in
general, this is best possible (The results of sections 4 and 5 show how
to construct numerous examples where the solutions grow like |x|*)
If the assumption that ¢Q has strictly positive mean curvature is relaxed
then the regularity for u given by Theorem 1 is correspondingly less. Again
examples (see section 4) show this is best possible. If we only assume non-
negative mean curvature then Giusti [G1] has shown that the solution is
Holder continuous with some exponent which will in general be much

1
less than 5 Techniques like those used in Theorem 1 can also be used

to prove alocal version of this result. In this section we show that it is possible
to improve all these regularity results by taking into account bounds
for the Lipschitz constant of the boundary data. More particularly we
show that given «, 0 < o < 1, then there 1s a number K(a) such that if
the Lipschitz constant of the boundary data is less than K(&) then the
solution is in C%*Q). The constant K(a) is obtained explicitly (at least
in terms of the zeros of certain solution of well known ordinary differential
equations) and it should be noted that it depends only on » and « and not
on cQat all (although we must assume 02 has nonnegative mean curvature).
In the next section we show that, in general, the number K(«) is best possible
(See, however, the more general result in Theorem 3.)

In order to define the numbers K{(x) and construct the appropriate
barriers it is necessary to consider solutions for Laplace’s equation on
conical domains in R™ In particular we shall look for positive solutions
of the form u = r*f(6), |6} < B, and r > O where r is the distance from
the origin and @ is the angle with the x,-axis. Since

A f(0) = r* " 2[f"(0) + (n — 2)Cot 0f"(0) + (A + n — 2)f]
we are led to looking at the following problem:

(B.1) f7"4+(n—2Cothf +in+i—2f=0. f0)=0, f(0)=1.

We shall be concerned only with thecases n =2, 2> 1land 0 £ 6 <

oA
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For the most part the results are classical and so proofs are omitted. Similar
considerations but for more general operators than the Laplacian are
made by Miller in [M].

DEFINITION 3.1. — Suppose A > 1, n =2, 0 £ 8 < —-. Then

i) f.i(0) is the solution of (3.1),

7
2
i) Y(4) 1s the first value of 6 in [0, g} such that f, ;(8) = 0.

Note that f, ,6) and ¥,(4) exist. For example, using the method of
Frobenius we may easily find a representation for f, , as a power series
in S =1 — cos f or see the more general results in [M].

Properties.
s
Nif 2=1and n=2, f,1(0)=Cos 0, y,(1)= >

Sin2 0, Yu(2)=arctan(/n—1),

i) if 2=z1 and n=2, f, 48)=Cos 0, wz(/)— —
i) if 0 < 6 < y,(4), £746) <O, 2%
v) W,(4) is strictly decreasing in A.

i) if 2=2 and n22, 2(0)=Cos* 60—~

DEFINITION 3.2. — For n = 2 and ae(0, 1) we define

K () = cotangent (1&,,(2)).

Properties.
i) K, is strictly decreasing in «,
.. K 1 1
”) n 5 - /r)
Y
iii) lir% K, (o) = 20, 1i_1.r11 Ky o) =0,
Fided
iv) K,(x) = cotangent <T>

With the aid of these definitions we can now state the main result of
this section.

THEOREM 2. — Suppose Q is a bounded open subset of R* with locally
Lipschitz boundary 2Q. Suppose ¢peLY(¢Q) and u is the generalized
solution of the Dirichlet problem. Suppose there is a neighbourhood . "
of xqecQ and numbers A, K and 2, 0 < a < 1, such that

i) ¢Q is C? and has nonnegative mean curvature in . 1",

Vol. 3, n° 6-1986.



420 G. H. WILLIAMS

if) K < K,(2),
iif) O(x) — Pp(xo) = K| x — xo], xe V" neQ,
iv) ox) = A, xe0Q,

then there is a constant C such that
ux) — P(xo) = Clx — xo|*.

Proof. — Since increasing ¢ will increase the corresponding solution u
it is sufficient to prove the result in the case where ¢(x) = K| x — x4},
xe N N ¢Q. Introduce x- and y-coordinate systems at x, and let w be
a function whose graph gives éQ near x,. We may assume that the neigh-
bourhood A" has the form, for some dg > 0, /" = {x:|x'| < 8¢, 1 X,] < },

1
that 8Q N A" { (x", w(x)) : | x| < 8o } and that K | x| < -~ (3K + K (o)) | x’]
for xe 4/ N Q. 4

Now set ] =

1
(K + K, (a)), A = —and 6, = arcotangent (J) > ,(1). We
consider «

N[ =

f(3) = (£o.16) + b),
o(y) = w(y) + Bf(y),

where r = | y|, 0 = arcos(r"'y,), b= — f,;0;)>0and 1 > B> 0is to
be chosen. Suppose 0 < é < d, and let

D={yeR":J62y, 27Ty}

Thenon D, [Df|<Cri~ 1, |D2f | SCr* 3, Af =A(i+n—2)r""2b, f(y)=0,
f(y)=0if and only if y,=J|y’| and D,f=r*"' [ACosf, ,6)—Sin6 £, ,(6)]>0.
Consequently as in the proof of Theorem 1 there is a function v(x) and a
neighbourhood % of x, (depending on the choice of § and B) such that
graph v = graphv, QNG ={(x’, w(x):|x"[<d}, o(x)=T|x"|=2K|x] if
x€% noQ and T(x) = Jd if xe % n Q. We need to show that for some
choice of f and § we have Mv = 0in D (and hence M7 < 0 in 4 n Q) and
u < Jé on 8%. In this case we will have u < v on &% ~ Q) and the compa-
rison principle will then give that 4 < ¥ in ¥ N Q.
As in Theorem 1 we use Lemma 1 of [S2] to obtain that, provided

3.2 BIDf| =1, inD,
we have

Mov = Mow + BAS + BE

where
S C(DSf|ID*w|+ |D*f [XBIDS|+ |Dwl)

g C(r}t—l + r/‘.—Z)(r/'.—l + r)
= O i 4 )

|E
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Now since 6Q has nonnegative mean curvature in A4~ we have Mow = 0
and so Moo = Br* 2[i(4 + n — 2)b — C(ya~* + y,)]. Since 2 > 1 we can
choose 8, 0 < § < §,, such that Myv = 0 on D. Furthermore with this
choice of 8, B|Df | < pC6* ! and so by a suitable choice of § we can
ensure that (3.2) holds.

To check that u < J§ on é4 N Q we first note that, provided B f =
on D, :

G N Q= {x:1x,=wx)+ Bf(x,Id),|x" | <d}
so that if xed% n Q, x, — w(x") < CB&*. Now since ¢(x) = K|x — x|
for xedQ n A we may apply the result of Giusti [G2] mentioned at
the start of this section to conclude that u is Hélder continuous with some
exponent, 7, up to Q n %. Thus there is a constant a such that in ¥ N Q

u(X)é%(JwLK)IX’!+aIxn—W(X')I”-

Hence on 0% n Q we have

u(x) < %(J + K)5 + a(Cps?y

and so, by possibly decreasing B, we can ensure that u(x) < Jo = v(x)
on 0% n Q.

We now have that u £ v in % and so if we can show that o(x) < C|x [*
the proof is complete. In the construction of v we have 5(x) = y,, X5 = Vu+ 15
xi=yp,i=1,...,n—1and y,o; =w(y) + B(1 V' 1> + ya)*(fa:0) + b).
If y,>2J|y| then f,,(0) + b= C>0 and 50 yusy — w(y') = CBY,

1 . .
or, recalling that A = —, v(x) < C(x, — w(x’))*. On the other hand, if
o
V. < 2J |y’ | then we have v(x) < 2J|x’|. Consequently

p(x) 2T [ x|+ Clx, — wx)|* in%nQ. dJ

COROLLARY 2. — Suppose Q is a bounded open subset of R" with C?
boundary ¢Q having nonnegative mean curvature everywhere. Suppose
deC%(0Q) and | d(x) — ¢(y)| < K| x — y| for all x, y € Q. Then there
is a function u € C*Q) n C%Q) such that Mu = 0 in Q, u = ¢ on éQ and
e CO4Q) for every a such that K (o) > K.

It should be noted that in some cases a better exponent than that given
in Theorem 2 may be obtained from Theorem 1. For example in the case
of strictly positive mean curvature we obtain

COROLLARY 3. — Suppose Q, ¢ and u are as in Corollary 2 and that

2Q has strictly positive mean curvature. If K > then u e C*¥(Q),

n—1
otherwise ue C%%Q) for every a such that K,(a) > K.

Vol. 3, n® 6-1986.



422 G. H. WILLIAMS

We now show that the Lipschitz constant of the boundary data is not
really the crucial quantity determining the regularity of the solution u.
For example if the boundary data is differentiable at each point then
ue C®%(Q) for every o, 0 < a < 1, even though the derivatives of ¢ and
hence its Lipschitz constant may be arbitrarily large. Rather it is the size
of the angle of any corners that there may be in the graph of the boundary
data that determine the Holder exponent for the solution u. Thus we replace
the condition ¢(x) < ¢(xo) + K|{x — x| by a condition that the graph
of ¢ near the point (x,, ¢(x,)) lies below a cone having slope K and vertex
at (xy, ¢(x)). This cone need no longer have vertical axis which would
be equivalent to the case already considered). However since ¢ is assumed
Lipschitz continuous at x, we may assume that the cone contains the posi-
tive x, . ;-axis.

DeriNITION 3.1. — Suppose K > 0 and ve R"™*! satisfy |v] =1

KZ
Vpsq1 > \/ﬁ Then we define

KZ
%K’VZ{ZER"-FIZZ’Vg K—Z.,}_—llzl}

Remark. — €y , is a cone of slope K over the hyperplane through the
.. . . K?

origin which has normal v. The condition v,,; > o1 ensures
+

that € , contains { ze R"*! : z,,; = 0}. It also ensures that the boundary

of €x . can be written as the graph of some function defined over R".

DEFINITION 3.2. — Suppose k., is as in Definition 3.1. Then Fx , is
the unique function such that

Cx.» = 1 (x, N:xeR, 12> Feo(x) } -

THEOREM 3. — The results of Theorem 2 and Corollaries 2 and 3 remain
true if condition iii) is replaced by

KZ
iii) there exists ve R"*! with |[v| =1 and v,,, > /——— such that
K2 +1

O(x) = P(xo) + Fi J(x — x0), xe A N 0Q.

Proof. — Since, after introducing x-coordinates, the tangent plane
to éQ at xo is { x:x, = 0} we may as well assume that v, = 0. If this
were not the case we could tilt é . until v, = 0 and so obtain a better
value for K. Thus by disregarding the nth coordinate of v we obtain a
vector (still called v) in the y-coordinate system. Now construct f as in
Theorem 2 but then rotate so that the y,-axis coincides with v and so obtain
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a function f,. Calculations can be made similarly to those before (see [W2]
for the modifications) to show that there is a function v, and a neighbour-
hood % of x, such that Mz, <0in 49 nQ, T, =uon 8% Q) and v,
has the right growth. The only difficulty is to check that v, really has graph
which can be written as the graph of v,. That is we must check that D, f, > 0,
or since f, is obtained by rotation of f, that D,f > 0 in D. Using the

2
condition v, > \/

KT 1 and |v] < 1 it is seen to be sufficient to show

that (Z(Di f )2> / D, f £ K. Or rather since we have a strict inequality
i=1

in the condition on v it will be sufficient to prove this inequality under

the assumption that J] = K = K, () and b = 0. Hence we may assume
n—1

that f(y) = r*f,.,(0) and so Af = 0. We set o(y) =< (Dif)2> /D,,f

and an easy calculation shows that =

B jitan@f, ; + fual

() Afps —tan@f);

and so is independent of r. Furthermore v = 0if 6 = Oand v = K if 6 = 6.

n

On the other hand it is not hard to show that Av + Zb,-D,-u 2 0 for some

i=1
functions b; so that v cannot have an interior maximum point. Hence
0<v=Kin Dandso D,f, >0in D. O

COROLLARY 4. — The results of Theorem 2 and Corollaries 2 and 3
remain true if condition iii) is replaced by

)" d(x) = P1(x) + Pax) for xeéQ n A" where ¢, is differentiable
at xo and ¢,(x) = @alxe) + Kix — xo| for xedQ n 4.

COROLLARY 5. — Suppose Q is a bounded open subset of R” with locally
Lipschitz boundary 0Q which is C? near x, € 3Q. Suppose that ¢ € L®(Q)
is differentiable at xo and u is the generalized solution of the Dirichlet
problem. Then for every « e(0, 1) there is a constant C such that

lu(x) = Pplxo) | < Clx — xo /7, xe€Q.

Remark. — This result appears in [L3] where it is shown to be best
possible. That is, in general the Corollary is not true with « = 1.
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4. GROWTH WITH LIPSCHITZ DATA

In this section we show that the bound K,(x) on the Lipschitz constant
of the boundary data (given in the last section) cannot be increased if
we wish to ensure Holder continuity of the solution u with exponent a.
We also show that without restricting the Lipschitz contant in any way

1
then the best Holder exponent is that given by Theorem 1 (namely —+—2>
7

The method is to take boundary data which has a particular form near a
fixed point x, € 0Q and then introduce the y-coordinate system of section 1.
In this situation a result of Simon [S3] allows us to write the graph of
the solution u as a C! graph in the y-coordinates, at least near x,. We then
use techniques like those in the last section to construct a lower barrier
having the required growth at x,.

THEOREM 4. — Suppose Q is a bounded open subset of R” with locally
Lipschitz boundary 6Q. Suppose ¢ €L'(0Q) and u is the generalized
solution of the Dirichlet problem. Suppose x, € ¢Q and there is a neigh-

1
> 1> and K > K, ()

bourhood .4 of x, and numbersy = 0,a = 0,x €
such that 7

i) 8Q is C? in A" and, if H(x) is the mean curvature of ¢Q at x, then
Hx)<a|x — x,|" for xedQ n A,

i) ¢(x) — ¢(xo) =2 K|x — x0|, xe /" " 0Q,

i) ¢(x) = P(xo), x € 0Q.

Then there are constants C > 0 and t, > 0 such that, if v is the inward
unit normal to &Q at x,, then

u(ty + x0) = Plxo) +1t°, 0=t1=1¢0.

Proof. — We may assume ¢(x,) = 0 and introduce x- and y-coordinate
systems at x,. Furthermore we may assume, perhaps after decreasing A~
and K slightly (but so that we still have K > K, («)) that ¢(x) = K |x"|
for xe 4" N dQ. Now by a result of Simon [S3], close to (x,, ¢(x,)) the
graph of u can be represented as the graph of a function ©(y) in the y-coor-
dinates. Thus for some 6,0 < d < 1, we have Mv = 01in D and v(y) = w(y")
if y,=K]|y'|, where D ={yeR":Ké >y, > K|y |}. The function w
is the one which describes éQ near x, as in section 1, and so w(0) = 0,
Iw(y) ] = L1y 13 |Dw(y)| <Ly | and | D?>w(y) | < L for some cons-
tant L. Furthermore the results of {S3] give that v is C! in D and so

(4.1) fei=iyldlyD

where gt) — Oast — 0.
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1
(so that l<iZy+2), J= E(K,,(oc) + K) and

KR | =

Now let A=

#, = arcotangent (J) (so that 8, < ¥,(4)). We consider
S = r'(£.:6) — b)

where r = {y|, 8 = arcos (y,;+~ "), f.. is defined in Definition 3.1 and
b= f,,0,) > 0. Then there are constants o > 0 and C such that on D,

f() 2 Bor* = Bor’ ™2,
4.2) Af(y) = — biA +n— 2r* "2,
IDf(M»|£Cr*™t and [D*f(y)| = Cr72.
Now we set '

hy) = w(y) + Bf(Y)

where S is yet to be chosen. Provided §|Df | =1 or in other words,
provided

4.3 BCs*~t <1
we have by Lemma 1 of [S2],
Moh = Mew + BAf + BE

<ar’ — BbAA +n—2r*"2+ B|E]

where IE|SCD*f|+ |IDf[ID*W|)B|Df |+ |Dw])
SCr3Bri-t + ).

Thus on D,

Moh € ar*™2 — Br* " 2(Ab(A + n — 2) — C(B6*~* + §)).
Consequently if

) 1
4.4 Cps* ' +9) < 5).b(,l +n-—2),
4.5) BAb(Z +n —2) 2 2a,
we will have that Myh < 0 on D.
Now by (4.1)

[o(y) = wON IS TylalliyD)
where n(t) = &t) + Lt - Oast — O,andso if 5f(») = !yin(lyl|) when
y. = Kb and ye D we will have that h = v on éD. Hence we require,
(using (4.2) and the definition of D), that
(4.6) BBo6* = Con(Cd)

where C depends on K.
It is easily seen that by the correct choice of § and 6, (4.3)-(4.6) may be
satisfied. For example assume § = Bmax { 1,8 *(C9) } for some B > 0,
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Then (4.5) and (4.6) are satisfied for any choice of é by taking B large
enough. Fixing this B (4.3) and (4.4) can be satisfied if ¢ is sufficiently
small. Thus we have that Myh < 0 on D, and h = v on ¢D and so by the
comparison principle.

4.7) o) — w(r) < h(y) — w(y) = Bf(») £ Cr* < Cy,*.

Now recall that the graph of v over D is the same as the graph of u over
% n Q for some neighbourhood ¥ of x,. Consequently if xe 4 n Q,

(X, X u(x)) = (X', (X', u(x)), (x)) .

Then with the special choice x” = 0 and so x = x,¢, and w(x’) = 0 we have
by (4.7) .
X, < Cut(x,en)

and the result is proved. 0O

COROLLARY 6. — Suppose Q is a bounded open subset of R* with
boundary éQ having zero mean curvature in a neighbourhood of x, € 6Q.
Then for any a (0, 1) there are functions in C%*2Q), arbitrarily small
in norm, such that the corresponding solutions of the Dirichlet problem
are not Holder continuous at x, for any exponent.

5. GROWTH WITH CONTINUOUS DATA

In this final section we aim to show that the modulus of continuity
in Theorem 1 cannot, in general, be improved. We note, however, that
for the case of Lipschitz data the results of section 3 showed that it could
be improved. Thus we cannot expect to construct examples showing that
we have obtained the best modulus of continuity for all functions f satis-
fying the hypotheses of Theorem 1. The extra conditions we impose will
still allow most examples of interest such as Holder and logarithmic
growth.

THEOREM 5. — Suppose Q is a bounded open subset of R” and
ue CHQ) n CQ) satisfies Mu = 0 in Q. Suppose there is a neighbour-
hood .1 of xq€¢Q, a function f: [0, ) — [0, 2c) and a number ¢ > 0
such that

iy ¢QisC¥in .17,

i) w(x) = u(xe) + flx — xp1) xecQn .+’

w(x) = u(xey) + &, xecQ) ~ .47

iii) f 1s an increasing subadditive function with IIL% pt) =0 and

lim )it = .
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Then there is a constant C > 0 such that if v is the normal to 0Q at x,,
u(x) Z u(xo) + BCl(x — xo)-v[?), xeQ.

Proof. — Since 6 is C? near x,, there exists Rg > O such that if R £ R,
there is a ball By of radius R such that Bg n Q = { x, }. We may assume
u(xy) = 0, the centre of Bg is 0 and x, = Re,. Now consider the function

ox)=[x]-R, |[x[zR

which gives the distance from x to ¢Bg if x is outside Bg. As in Theorem 1
we can assume e C?(0, o) n C°[0, co) and is concave. The additional

. B ,
assumption, s — o0, means that §’(t) » oo ast —» 0. We set n(t):ﬁ(\/;)
and .
t(x) = p(xRa(x))
where o 1s a constant chosen so that
(5.1) v(x) = n(aRed(x)) = nleRod) < ¢

where d is the diameter of Q. If x, = R we have

= X |x]?
(5.2) 60 = IXP+ R -R< o<

o
and so v(x) < ;1(5 | x’ Iz) when x, = R. But the plane {x, =R} is the

tangent plane to 0Q at x, and dQ is C? near x, and so by possibly decreasing «
and the neighbourhood .4" we have

(5.3) v¥) = a1 x?) = BIx]) Sulx), xedQn .

Then by (5.1) and (5.3) we have that v(x) < u(x) if x e Q and so, if we
can show that Mv > 0 in Q we will have that u = v in Q. But

‘ Y2+ ox? - R?

3x) = (" X )
o(x) + 2R

for some constant C depending on R, R, and d. Consequently we will

have 1(x) = 7(C|x, — R|) in Q and the theorem 1s proved.

It only remains to check that given x we can choose R< Ry such that Me=<0
in Q Now D= R | x| 1x; D;jp=0?R?| x| 2x;x " + (84 | x| 72x:x )R | x[ 71y,
Av = 2?R?%p” + aR | x| " Yn — 1. 1 + | Dr|? = 1 + x*R?*(7’)? and (using
the summation convention) DaD Dy = x*R*(#')*n”. Thus
(14 |Dr)Mor=aR|x|" " {aR|x|p" +(n—1n'(1 +2*R*(n)*)}

=aR x| {m"(O)+(n— D' (0) ) + R x| 7 {n"(t) +n—1)(n'(1)* }.
where we have put t = 2R(x) £ xRd. Now by hypothesis iii) of the theorem

both these terms are positive for ¢ sufficiently small and so by taking R
sufficiently small we can ensure Mz = 0 in Q. O

gclxn_RL iIlQ,
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Examples. — i) f(1) = Kt*, 0 < a2 < 1.
. K
i) pt)= — —, k>0,a>0.

log at

Remark. — The theorem shows that, in the mentioned examples, the
strongest regularity given by Theorem 1 (that is when y = 0 or we have
strictly positive mean curvature) cannot be improved. In particular we
have:

COROLLARY 5. — Suppose Q is a bounded open subset of R" with C?
boundary ¢Q. Then for any a, 0 < a« < 1, there exist functions ¢ such
that ¢ € C®%3Q) but if u satisfies Mu = 0 in Q and u = ¢ on 9Q then

_ o

ue¢ C%7(Q) for any y > > If 6Q has strictly positive mean curvature then
0,2 _

ueC Q).

1 1
Remark. — We note that by taking y = 0 and K > K,,<§> =

n—1
in Theorem 4 this Corollary also holds for the case « = 1. However the
examples in Corollary 4 can be arbitrarily small in C®*%8Q) norm whereas

. . . 1
in the Lipschitz case we need the Lipschitz constant at least ————. In

NCES

fact this last result about Lipschitz data can also be proved using the
same technique as in Theorem 5. Indeed if we take v(x) = ./aRd(x) where
a 1s to be chosen (that is we take 5(t) = \/;) then the same calculation shows
that

1 e 1\  o®R3|x|7 1732
(1+]Dv[2)Mov=5aR|x[ 1y 2 n—li +—8——(—2+a(n—1)).

Hence if & = we have My = 0. Also as in (5.3) we have that when
x, =R n-

« 2 1 ’
vx) =l SIX 7 ) = ——=1x"]
2
so that if éQ is C? near x, we may ensure v(x) < u(x) for xedQ N A

prOVIded K > ﬁ.
4
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