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ResuMmE. — On considére une solution réguliére 4 du systéme elliptique
non linéaire associé 4a la fonctionnelle d’énergie

|D%[*

W (W)= f (T +H(detD071)>dX

Q
en dimension 2, la fonction H étant positive, convexe, et H(f) » + 0
quand ¢ - 0. On démontre deux principes du maximum et une estimation
de D% a l'intérieur de Q.

1. INTRODUCTION

In this paper we derive several a priori estimates for classical solutions
of certain problems in two-dimensional compressible nonlinear elasticity.

We consider a two-dimensional elastic body occupying a reference
configuration Q in R* where Q is an open bounded set with smooth
boundary. We define a smooth deformation of the body as a diffeo-
morphism,

Ux,p)=@xy),o(xy) for (x,y)eQ
which satisfies # € C*(Q; R*) N\ C! (D, R?) with detD% =u,v,—u,v,>0
in Q. We assume that the body is composed of a compressible neo-

Hookean material. Its mechanical properties are then described by a stored
energy function of the form

[FP?

(1.1) o (F)= +H (detF)

for FeM2*?={2x2 real matrices with detF>0 }. The function H is
assumed to satisfy the following hypotheses:

1. HeC3((0, o0))
2. H=0and H' >0
3. For some positive constants s, ¢, ¢,, and d,,

k
QTSROSO for 0<i<d,

and £=0,1,2,3.
4. For some constant t© and positive constants c,, ¢,, and d,,
2

d
C3IT§PH(1)§C4IT for t=d,.
t

(1.2)
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NONLINEAR ELASTICITY 121

Assumption 3 implies that H () is proportional to t™* as t > 0*. Thus o
satisfies the growth condition

(1.3) 6(F)> o as detF-0"%.

This condition expresses the notion that it takes an infinite amount of
energy to extend or compress a finite volume of material into zero volume.
(See [1] for a detailed discussion of this condition.)

Under a smooth deformation, a point X in Q is displaced to a point
% (X). The total stored energy (neglecting body forces) is given by

W (%)=J o (D%)dX
Q
where D% denotes the gradient of %. By our assumptions on %, it follows
that %+ ® is also a smooth deformation for any ®eC? (Q; R?) and ¢

sufficiently small. Thus one can compute the first variation of # at %:

f-{“l{f(%+a<b)
ds

= f a—o(D%)cbg;jdx.
£=0 QaFij

A classical equilibrium solution is defined to be a smooth deformation %
whose first variation is zero. This gives the Euler-Lagrange equations
2

¥ i(a_"(Doy (X)))=0 for i=1,2.
j=1 axj aFij

For o as in (1.1) we obtain the system
(1.4) { Au+v,.H'(d),—v,.H'(d),=0
) Av—u, . H' (d),+u,. H' (d),=0

where d=detD% =u,v,—u,v,. This system is elliptic since the strict
Legendre-Hadamard condition

2
o
(1.5) ¥
ijt=1 OF;0F,

holds for all &, teR? and all FeM2*2. The ellipticity is not uniform,

however, since D? o becomes singular at the boundary of M2*2, j. e.,

( i 0% (F)
ik I=1 aFijaFkl

} for (x, »)eQ

FE) M xmm 2 | AP e )?

sup
[A],Inl=1

F 2
kikknjn,)gl+ |—2l— .H” (detF)

and the corresponding infimum is equal to 1 for all F in M2*2,
Significant progress has been made in finding deformations that solve
elliptic boundary value problems for stored energy functions y whose
structure is compatible with compressible nonlinear elasticity theory. Here
Y has two important properties: first, it has the singular behavior described
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122 P. BAUMAN, N. C. OWEN AND D. PHILLIPS

in (1.3) and second, it is frame-indifferent ; that is, a rotation following a
deformation leaves vy unchanged, so that

(1.6) y(QF)=y(F) for all QeSO(2).

A class of functions which permits these properties is that of polyconvex
functions defined by Ball [1]. Ball and Murat have shown (see [1] and [3])
that if v is polyconvex and satisfies certain growth conditions, there exists

a minimizer ofj v (D) dX among all functions % in W12(Q; R?) satis-
Q

fying det D% >0 almost everywhere and taking on prescribed boundary
values. (See Giaquinta, Modica and Souéek [7] for an alternative approach
to such problems.) The function o of (1.1) is polyconvex and satisfies
(1.6). Moreover, Ball and Murat’s existence theorems apply to

W (%)=j o (D%) dX. However, there are no regularity results to show
Q

that the minimizer lies in a smoother class of functions or that it is in
fact a weak solution to the Euler-Lagrange equations.

The regularity theory for elliptic variational problems in two space
dimensions is developed mainly in the case where v is defined and finite-
valued at all FeM?*?={2x2 real matrices } and v is convex. For
instance if vy is C2, D?y is uniformly positive definite and [D?y| is
bounded, then it is known that any minimizer has Holder continuous first
derivatives in Q. (See [6].) From this point, linear elliptic theory implies
that % is as smooth as y allows; e. g., if v is C** then the minimizer is
Ck* for k=2 and 0<a<1. For the same problem in n space dimensions
where n=3 there are partial regularity results, i. e., any minimizer is
smooth on an open subset Q, of Q with #7” (Q\ Q,)=0 for some p<n—2.
The condition that y be convex is too restrictive for elasticity since it is
not compatible with the principle of frame indifference (1.6). In fact, for
o asin (1.1), Do is not positive definite on M?%*2.

In recent work of Evans [4] (see also Evans and Gariepy [5]), the
convexity of v is replaced by a weaker condition related to polyconvexity
and a partial regularity result is obtained. However, it is required that y
be continuous and finite-valued on M?2*? which rules out the singular
behavior of ¢ in (1.3).

In all the works cited above where y is locally bounded the main idea
is to estimate the gradient of the solution, namely D%. On the other hand
for solutions related to ¢ as in (1.1) one must simultaneously estimate
D% and (D%)~'. Our investigation shows that the special structure of
allows one to deduce such bounds. As a result, we are able to get a priori
estimates on classical equilibrium solutions of (1.4). In particular, we
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NONLINEAR ELASTICITY 123

show that if Q" =< Q then
1
det D% L® «Q)

where ¢ and « depend only on Q, Q', H, #” (%), and || D% ||.» i, for some
p=p(H) with 2<p<oo. (See Theorems 4.2 and 5.2) Moreover, we show

2
z= ID;”' +f (detD%), where

A

¢ and  ||D%||e@ySc

that the functions, d=detD% and

f(d)=dH' (d)—H (d), are super and sub-solutions, respectively, for certain
elliptic equations. As a result, they satisfy classical maximum principles
in Q.

It is our hope that the estimates presented here will help to produce a
regularity theory for minimizers of # (%) or aid in establishing the
existence of classical equilibrium solutions by a different approach.

Our paper is organized as follows. Assume % is a classical equilibrium
solution in Q and let d=detD#. In Section 2 we show that higher
integrability of d7* can be obtained from higher integrability of |D% |*.
Recall that H(d)~d * for d near zero and hence

ld= ||t @Sc.(1+# (X)).
For any p with 1 <p< o0 and Q' << Q, we prove that
A7) [d™* for @ Sy Q). (14| £ @) ||or @)
S, (H,p, Q.Q). (1+# (U)+||| DY || @)-

(See Corollary 2.3.)

In section 3 we prove maximum principles which give global bounds
on |D%| and [(D%)~']|. Let v, (X) and v, (X) be the singular values of
D% at X, i. e., the eigenvalues of [D% (D%)"]'/* with 0<v, <v, <. We
have

1 1 1/2
(1.8) |DZ|=(2+v)'?  and l(w)-1|=( n _) .

2 2
Vi V3

. 1
Thus it suffices to bound ( X) +v, (X)). We show that the functions
Vi
|Du | , .
d(X) and z(X)= — +f (d), where f (d)=dH’ (d) — H (d), satisfy super
and subelliptic inequalities, respectively. (See Theorems 3.2 and 3.6.)
Thus
infd=infd

Q [0

and

sup z=<sup z.
Q Q
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124 P. BAUMAN, N. C. OWEN AND D. PHILLIPS

From our hypotheses on H it follows that
1 .
sup{ — +v, | Zc(infd, supz).
o \V; 0 0
In section 4 we prove interior estimates. Let Q' cc Q” cc Q and let

p=max{ 16,12+ 1—6} Then
s

1
sup— <c(Q', Q",
o d

l f @ HL‘”2 @y H Du “LP @)

and

supz=<c (@, Q" || £ (@) ||er2 @y | D |lir @)-
o

(See Theorems 4.2 and 4.4.) It follows from (1.7) that

1
(1.9) sup<— +v2> <c(@Q, Q" H, % @),| DU ||r -
o

Vi
(See Theorem 4.5.)

Finally in section 5 we prove a Holder estimate of D# depending only
on B, =infv, and B, =supv,. Since the system (1.4) is elliptic this is the
Q Q

estimate needed to get higher order (C*®) interior estimates. We prove
the following Caccioppoli inequality on D%:

There exists a constant ¢, (B,, B,) so that for any ball B,,(X,) = Q we
have

J |D2%|2dxg°—;j \Du-D%,, ,,|* dX
B, (Xq) ™ JByr Xo)

where D%y, Z,Ef D% dX. (See Lemma 5.1.) It then follows from
B2r (Xo)
(1.9) and elliptic theory that
| DU ||ex @y S 2

for some a>0 where o and c, depend only on Q, Q', H, # (%), and
|| D% ||L» () (See Theorem 5.2.) From this and elliptic theory we obtain

[| % ||ct 8 @y S

for any k=2 and 0<P<1 such that He Ci; P (R*) where ¢; depends only

loc

onk,B, Q Q, H, ¥ (), ||%||.2 @ and || D% ||.» - (See Theorem 5.4.)
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NONLINEAR ELASTICITY 125

2. L*-ESTIMATES OF 2

In this section we show that if % is a classical equilibrium solution, the
Lf,. norm of d™*=detD%)™* is bounded a priori by the energy % (%)
and the L?-norm of |D# |*. (See Corollary 2.3.) To prove this we use
the following system of partial differential equations which is equivalent
to (1.4):
2.1 u Aut+v, Av+d.H' (d) =0,

' u, Au+v,Av+d.H' (d),=
The first equation above is the sum of the equations obtained by multiply-
ing (1.4), by u, and (1.4), by v,. The second equation is the sum of the
equations obtained by multiplying (1.4), by u, and (1.4), by u,.

Define f(d)=d.H'(d)—H(d) and note that f’(d)=d.H"(d). Let

z=z(X)= %]D%]Z-%f (d). From (2.1) we deduce:

LemMMA 2.1. — Assume U is a classical equilibrium solution. Then
Az=2(ud,—u,,.u,)+2 @3, ~v,,.1,,
Proof. — Differentiating (2.1), with respect to x, (2.1), with respect
to y, and adding, we obtain
2.2) 0={ (u,Au), + (v, Av),+ (u, Au),+ (v, Av), }
+[d.-H (d),], +[d. H' (d),],= (u, Au, +v,Av, +u, Au,+ v, Av)
+ (ug Aut v, Av+u,, Au+tv,, Av)+ Af (d).
Now
Az= %A(ui+v§+uf+vf+Af(d)
=(uy Au, + v, Ao, +u, Au,+ 0, Avy)
+(]Vu 12+|Vv [2+]Vu 24|V, [ +Af ).
Combining this with (2.2) we have

Az= — (U Aut+v,, Av+u,, Autv,, Av)
+(|Vu |2+|Vv [2+|Vu,|2+|Vv %)
=2(ud,— . 4,) +2(03,—v55.0,). O

We are now in a position to prove:

THEOREM 2.2. — Assume % is a classical equilibrium solution and
B;,=B;, (X,) < Q. For any p in (1, ),

| f@lr@y=ei-(JI1+|DZP+H@) ||t s,,+|| [ D 2 e @30
S .(1+ % @)+ ||| DU ||r 85,
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126 P. BAUMAN, N. C. OWEN AND D. PHILLIPS

where ¢, and ¢, are constants depending only on r, p, and H.
Proof. — By direct calculation,
2l — Uy 1)) T2 (02— 0,0y, ) = 2+ 00),, = 2, 0, 0,) 0 F () T 0])
for any C3-functions, u and ». Combining this with Lemma 2. 1, we obtain:
2
(2 3) Af (d)= Z (eij)xixi
i,j=1
where X=(x, y)=(x,, x,) and |¢;|<| D% |* for 1 <i, j<2.

Now choose neC>? (B;,) with 0=n=1, n=1 on B,,,

Vn|§c, and
r

ID?n|< % where ¢ is independent of r. Let ge C® (B,) and set
r

w(X)= 1 ) J log|X—Z|.g(Z)dz.
2n Js,
Then

2.4 Jf(d)-ng=J

i3

f(d).n.AwdX

=—j f(d)~W-AndX—2J f(d).{Vw,Vn)dX

+J ( Z eij~(nW)xixj>dX
=j {—f(d).w.An—2f(d).<Vw,Vn>

i, j=1

2
+ Z eij' (W . nxixj+ wxi nxj+ wxj nxi) } dX

2
+J N. Y, e Wy, dX=I+IL
B3, i j=

i,j=1
By Holder’s inequality and the definition of w,
|wl+[Vwl<e, (r p)-[lglla@,y in By~ By,

where l + l =1. Hence
P g

11Ze00p). {u @it 3 neunmw} Nelsmy

i,j=
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NONLINEAR ELASTICITY 127

From our hypotheses on H [See (1.2)], we have

| f (@) |<|H(@)|+]|d.H d)
<M, +M,.d+M;. [H(d)|

for d>0. Since d<|D%|* and |e;;|<|D% |, it follows that
(2.5) II,§C3. H 1 +[D%’2+H(d)“L1(B3,)- Hg”Lq(Br)

where ¢ depends on r, p, and H.
To estimate II, we note that by the Calderon-Zygmund inequality,

D w[e @ <o || 8 e w2,
=cs-| g llam,

and hence
2

(2.6) lnlélln”L“"(Bsrr > ”eij”L”(Bsr)'“DzW|IL’1<R2)

i, j=1
§‘35~IHD%]2”L"(B3»~

| g HL‘I B,

where ¢, and ¢ depend only on p.
By (2.4), (2.5), and (2.6), we have

J fd).gdX |<c (r,p,H)
B,
*{|1+|D% P+ H () |1 5,y + | | D |1 830 } - 1 € lleos,)
26 (rp, ). (1+ % (U) + || |DU [* |[1r 8, -1 € || 8,

and the theorem follows. [

Our hypothesis (1.2) implies that
2.7 d>*=Zc|f(d)] for 0<d=<d,.
Indeed on this interval H' (d) <0 so by (1.2),

d‘s§cH(d)§c]dH’(d)—H(d)]=c|f(d)].

From this and Theorem 2.2 we have:

CoROLLARY 2.3. — Assume U is a classical equilibrium solution and

QccQ Ifl<p<oo, then

ld™* e @y e - (4] £ @ ||er @)
Sep.(1+W @)+ | DU ||ee @)

where ¢, and c, depend on Q, Q', H, and p.

Our proof of Theorem 2.2 used duality and hence it requires only that
% satisfy (2.3) in the sense of distributions. As a result, Theorem 2.2 can
be extended to a weaker class of equilibrium solutions. We conclude this
section by defining the notion of weak equilibrium solutions (due to Ball)
and showing that Theorem 2.2 holds for such solutions.

Vol. 8, n® 2-1991.



128 P. BAUMAN, N. C. OWEN AND D. PHILLIPS

Our definition is based on the following two results:

THEOREM 2.4 (See Ball and Murat [3].) — Let
A={UeW"(Q; R*):detDU>0a. e. inQ and W (U)<+ w0 }.
Suppose U, € o/ and set
AU)={Uesd U~ UyeW* (Q; R?)}.
Then W () attains its minimum in of (U).
The minimizer of #" in & (U,) satisfies a system of partial differential

equations which reduces to (1.4) for sufficiently smooth solutions. This
follows from:

THEOREM 2.5 (Ball). — Assume U=(u', u*)e /. Then for each ® in
CP (Q; R?) there is an €,>0 such that U, (x; ®)=U (X+e® (X)) e A for

|e|Le,, 5—"”/(07/:) exists and
3

e=0

Ay @) o= J <—0'.6{;+uik. 95} o ax
de Q Ouy; !
| D% |* . .
where c=c (D)= 5 +H (det D%) and X=(x,, x,). In particular if

U minimizes W in o4 (U,), then

(—0.8{+uik. 6—?) =0 inQ
xj/ xj
in the sense of distributions for k=1,2.
The proof of this result is described briefly in [2]. We prove it an detail
in Appendix A, and we also show that the above system of partial
differential equations simplifies to:

@)= 202+ =12 =), — (uyu, + 1,0,

2 y ¥y X/Xx ¥y y’y
(2.8) 1
f (d),= E(u§+v§—uf—vf)y—(ux u,+v,0),

in Q in the sense of distributions where #=(u!, u*)=(u, v) and
Xz(xl’ XZ)E(X’ y)’
Based on these results, we make the following definition.

DeriNiTION 2.6. — Suppose #e€.s/. Then % is said to be a weak
equilibrium solution in Q if 0=;"IV(%E(X;(D)) for all ® in
e

e=0
C2 (Q; R?), or equivalently, if (2.8) holds in the sense of distributions.
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By Theorems 2.4 and 2.5, weak equilibrium solutions in .of (%,) always
exist. Differentiating the first equation in (2.8) with respect to x, the
second with respect to y, and adding, we get (2.3) in 2'(Q). From the
proofs of Theorem 2.2 and Corollary 2.3 we conclude:

THEOREM 2.7. — Let % be a weak equilibrium solution in Q with
|D%|*€LL (Q) for some pe(l, ©). Then d*ell (Q) and if
Ql CC QII C Q,

47 lr @) Ser-(L+ || £ (@) llr@)
Sep . (1+# (W) +|||DU? ||re @)

where ¢, and c, depend on Q', Q" H and p.

3. MAXIMUM PRINCIPLES FOR z AND 4

In this section we prove via maximum principles that if % is a classical

e . . 1 1 | D |?
equilibrium solution, the functions == and z= +f(d)
det D% 2

attain their maxima on the boundary of Q. As a result, we obtain global
bounds on |D#% | and | D% ~*| in terms of their boundary values in Q.

Our proof is based on showing that z and d are sub and super solutions,
respectively, for certain elliptic equations. We use the fact that o (F) is
invariant under rotations in the reference and current configurations.

Assume that P and Q are in SO (2), i. e. P and Q are real, orthogonal
matrices with detP=detQ=1. Assume VeC?(B,(X,); R?) with
det DV >0. Define V(X’) on B, =B, (X,) by

VX)=P.V(X,+ QX' —X,))

=P.V(X)
where X=X ,+ Q(X'—X,). It follows easily that
]DX,V~(X’) =|Dx V(X)|,
3.1 det Dy. V(X')=det Dy V (X),

and D% V(X")|=|DiVX)|.

Hence
f oDy VXN dX' = J o (Dx V(X)) dX.

From this we obtain:

ProposiTiON 3.1. — Assume U is a classical equilibrium solution in
B,=B,(Xo) = Q. Then U (X")=(u(x',y"), 5(x",y)) satisfies equations (1.4)
in the variables X'=(x', y') in B,.

Vol. 8, n® 2-1991.



130 P. BAUMAN, N. C. OWEN AND D. PHILLIPS
Proof. — From our calculations on o, we have:

ozif o (Dy (% +£ D)) dX
£

e=0
for all ® in C} (B, ; R?) and hence

=dj c(DX,(@ﬁs&')))dX' O

de

e=0

For % as above and B,=B,(X,) = Q, we may choose P and Q so
that D% (X,) is diagonal. Indeed, since det D% (X,)>0, it has a polar
decomposition: D% (X,)=CR, where C is symmetric and positive definite
and R eSO (2). Hence D% (X,)=PTAPR where PeSO(2) and A is diag-
onal and positive definite. Setting Q=RTPT we have D,. % (X,) = A where
X'=X,+Q"(X—X,) in B,. We use this to prove:

THEOREM 3.2. — Let % be a classical equilibrium solution and set
1
zX)=z(X,; %)= E|D@l(X){2+f(detD@l(X)).

Then Az2 —H" (d).|Vz|* in Q.
Proof. — Fix B,=B,(X,) = Q. By 3.1),

r-

z(X)= %[D@?(X')\%f(detm? XN=z(X"; %)=0(X) inB

Since the Laplacian is invariant under translations and rotations,
Ay z(Xy)=Ax ©(X;). From this, (3.1), and Proposition 3.1 we may
assume without loss of generality that

° 0 ,(X)
with 1, (X,)>0 and v,(X,) >0.

Consider the partial differential equation for z found in Lemma 2.1,
namely

Az=2(2 — Uy uy) +2(ul,— v, 0,).
At X,
(3.2) i ~ug.u,=vltu,(u, +H (d),.v,)
=02, +ul, +H" (d). (v} Ul + v, U Uy, v,)
where we used (1.4) for the first equality and
d (Xo) =ty v, F 1. 0,,] (Xo)
for the second. Now

Ze=ug U to, v, u o H (d). (v 0, tu o) at X,

x vxy
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Solving for v, in this equation we obtain
—u,. 1+22.H"(d
(3.3) by, = Dt e G0, T
v, (1+u . H" (d))

By (3.2) and (3.3), we have

2 _
Uy ~Uyy U

0

yy
=, +uZ,.(1+22. H" () +H" (d)..v,.u, . u,, . v,,

=02, +u,.(1+2. H" (d))
[2,— ty thyy - (1 + 02 H” (d))]
v, (1+u2 . H" (d))

2H"(d
=v2,+(1+22. H" (d)). 12, [1— R _‘:*uz Hf,()d)}
u,.H" (d)

e . Z Uy,
(1+u2.H" (d))
[(1+v2. H" (d)). w2 +u, . H" (d).u,,.z,]

(1+42.H" (d))

to,.u, H"(d).u,,.

=vfy+ at X,.

Hence
2 173
(3.4) 3 —u,.u,=0v2+ (e F 1, H"(d) . u, . 2,)
Y = (1+42.H" (d))
—2 4 (e (u, . H" (d)[2).2,)* = (2. H" (d)/4).u2 . H" (d))]
® (1+42.H" (d))

_zZZ.H"(d)
4

1\

at X,.

A similar argument gives

2 4y H"(d).v,,.
quc}’ - Uxx . v}’y g ui)’ + (vyy vy 2 ( Il) vyy Zy)
(1+v2.H” (d))
_ZZ.H"(d)

(3.5

v

at X,.

Thus Az=z —H"(d).|Vz[|*. O

By definition of classical equilibrium solutions, we have f(d), H" (d),
|V f(d)], and |V z| locally bounded in Q. From this and Theorem 3.2 we
obtain:

THEOREM 3.3. — Assume % is a classical equilibrium solution. Then
z (X) satisfies the strong maximum principle, i.e.

z (X)<sup z
aQ

Jor each X in Q with equality holding if and only if z= constant. Moreover
if z=constant then U is affine,i.e. U (X)=AX+b.
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Proof. — The strong maximum principle follows from the fact that z is
a subsolution for the elliptic equation, Az+H"(d).|Vz|*=0. To prove
the second assertion, it suffices to show that if z=constant then D?% =0
in Q. Fix X, in Q. From (3.1) it follows without loss of generality that
we may assume D% (X,) is diagonal. If z=constant, then z,=z,=0. By
(3.4) and (3.5), we have

2 2
0= 1.Az§v§y+ S S R E—T &
2 (1+42.H"(d) (1 +v§.H" (d))

Hence v, ,=u,,=u,,=v,=0 at X,. It follows that

dx (X0)= [uxx vy+ L ](X0)=0

x Yyx

and

d,(Xp)=[u,,v,+u,v,](X,)=0.

xy "y
From this and (1.4) we have D?u (X,)=D?v (X,)=0. O
We now proceed to obtain an elliptic equation for which

d (X)=det D% (X) is a supersolution. Let F, and F, be linear operators
defined by

Fl (W) = (vy w)x - (vx w)y’

F, W)= (u, w),— (u, w),,
where % = (u, v) is a given chassical equilibrium solution. Applying F, to
(1.4),, F, to (1.4),, and adding we get:
v, Au,+u, Av,— v, Au,—u Ao,

+[(o; +13) . H' (d) ], — [(u,u,+0,0,) . H' (d),],

— [, u,+v,0,) . H (d),],+ (03 +43) . H' (d),],=0.
Adding 2.{{(Vu, Vo,>—(Vu, Vo, )} to both sides and using the
identity,
Ad=v, Au,+u, . Av,— v, Au,—u, Ao, +2 . {(Vu, Vo,)—(Vu, Vo )},
we obtain
(3.6) Ly(d)=Ad+[u;+2).H"(d).d,),

=, u,+v,0). H' (d).d],— [(u,u,+v,0). H'(d).d)],
+{@2+22).H"(d).d]),=2.{(Vu, Vo, >—{(Vu, Vo ) }.

Note that L, (d) is an elliptic operator. In fact, we have:

ProrosITION 3.4. — Assume U is a classical equilibrium solution. Define
2

la;;] by Li(d)= Z (aij(X)~dx,-)xj where X=(x, y)=(xy, X,). Let A, =},
i, j=1

be the eigenvalues of [a;;). Then hy=1+vi. H"(d) and A,=1+v3. H" (d)
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where 0 <v, <v, are the singular values of D%. In particular,

OI+viH'@).[E’< ¥ 4.8

i j=1

<[1+v;.H"(d).[¢]?
Sor all £e R? and L, is an elliptic operator.

3.7

Proof. — By direct calculation,
trla =2+ (@} + o2 +uZ+02).H" (d)
=2+|D%|*.H" (d)
and
det [a;]=1+ (u+v2i+ul+02) . H" (d)
+[(w] +07) (uz + 03) — (w4, +v,v,)°]. H” (d)?

=1+|D%|*.H" (d)+d*.H" (d)>.

Since g;; is a symmetric 2 X 2 matrix, its eigenvalues are uniquely determi-

ned by these quantities. Hence

A =1+vZ.H" (d) and L=1+vi.H"(d). O

Our maximum principle for d follows from an equation derived
from (3.6). We shall need:

LemMA 3.5. — Assume P and Q are in SO (2) and VeC? (B, (X,)).
Define V on B,(X,) by V (X)=P.V (X) where X=X,+Q (X'—X,). Let
VX)=((x, ), v(x,y) and V (X)= (@ (X', y'), T (x', ). Then

(Vu, Vo, > —(Vu, Vo y=(Vi,, Vi, y—(Vi,, Vi.).

Proof. — Since DV=PT . DV .QT, we have

o2 o3
6—%—&12:117“- 6‘;;-511'1
and
2
V'Uij=k IZ=1Pki~V5§1"QT'qﬂ’
where

(vl’ vz)z(u, ‘U), (xla x2)=(xs y); (519 V2)2(17, 5),
and (x{, x3)=(x’, ). Hence
[Vux Vuy]___PT. Vi, Q" Vi, QT QT
Vo, Vo, V7,..Q" Vi,.QT
where the matrices in brackets are 2x 2 “block matrices” whose entries
are in R?, and the multiplication on the right is defined as in matrix
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multiplication of three 2 X 2 matrices. Let the product of two vectors in
R? be their inner product. Then

'Vu, Vu
Vu,, Vv, >—{(Vu, Vo, y=det x y
< 22~ (Vi ’ | Vo, Vvy]

=det{PT.[Vﬁ""QT Wy"QT].QT}
V#,.Q" V4,.Q7
Vi,.Q" Vﬁy,.QT]

| V3,..Q" V3,.Q7
=(Vig, Vi, >—{(Vi,, Vi.). O

=det

We can now prove:

THEOREM 3.6. — Assume U is a classical equilibrium solution and define
la;;] as in Proposition 3.4. Then
2
(3.8) Li@@= ) (a;d,),,
i, j=1
1 v,

2 2 1 4 1” 2 2
é_Z'Vj'ID U +d.[2+M1.§D%| H" (d)?].|Vd]|

and

2
(3.9) L= Y ay.dy,
i, j=1
1

<-
d

[2+M,.|DZ[* . H" (d)*+M,.d.|H" (d)|.| D% |].|V d|?

in Q where M|, M,, and M, are universal constants (independent of H, %,
and Q).

Proof. — First we prove (3.8). By (3.6) above,
L, (d)=2.{{Vu, Vv,)={(Vu, Vo )}=L

We wish to estimate I from above and we do this in terms of |V d/|*. Fix
an arbitrary X, in Q and choose r>0 so that B,(X,)<Q. Recall that
there exists P and Q in SO (2) (depending on X,) so that if #
(X)=P.% (X) with X=X,+Q (X'—X,) then D% (X,) is diagonal and
positive define. Note that d (X')=det (D% (X'))=det (D% (X))=d (X)
and |Vd (X')|=|Vd (X)|. From this, Proposition 3.1, and Lemma 3.5,
we may assume without loss of generality that w,=v»,=0 and
{u,, v,}={vy, v, } at X,. By direct calculation,

1=4{(Vu,Vo,>=2{{(Vu, Vo, +{Vu, Vo, )}
=4 (Vu, Vo, )=2.(v,,. Autu,,.Av).
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Combining with (1.4) we obtain
1=4(Vu,Vo,>+20v,,.0, H (@), +2 u,.u,.H @), atX,.

Now
Vd=v,.Vu,+u, . Vo,—u, Vo,—v,.Vu,

Evaluating at X, we have:
Vd=vy.Vux+ux.Vvy,
|[Vd|?=2v}.|Vu, |*+2d.{Vu, Vv, )+ul.|Vo,

2
s

and hence
2
3.10) I=5.{[Vd]z—vf.[Vuxlz—ui.[Vvylz}
+2v,.v,, H' (d).d,+2 u,.u,, . H' (d).d, atX,.
From (1.4), we have u,=-u,—v,,H"(d).d, at X, Thus
ul, <2.u2, +2.02 H" (d)*.d% and we get

yy =

2 2
Vu rz LVl
2
1Vl @ 2 HrErd
= 2 4 2
2 2 2 1 2 2
> ]D4u[ v, H (dz) .IVdf at X,
In the same manner we find
2,12 2 1707 (2 2
]Vvylzz ]D v[ _ux.H (d) .IVd[ at X,

4 2
By (3.10) we obtain
4 4 2 2
Igg{ 1+ @) e | vap- 2 pup- % Do
d 2 4 4
+2 (v, +u,).|D*%|.H"(d).|Vd] at X,
Since {u, v,}={v,,v,} at X, we have v,=min {u,v,} and
v,=max {u, v,}. Thus
2 4 ” 2 2 V%
1<~ J0+viH (@) [Vaf - 2L D]
+4.v,.|D*%|. H"(d).|V d]|
—1.ﬁ1DZJL/;2+3.(1+v§.H"(d)2)]Vd|2
2 v, d
+4.v,.|D*%|.H"(d).|Vd| atX,.
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The last term on the right is dominated by

1
D24 Y2 4 0T @) | VAP
Vv

4 v, 1
Hence
1
-2 Y peaps Ll v st @) vae ax,
4 v, d

This proves (3.8).
To prove (3.9) we note that
2

lLl(d)_Lz(d)iz Z_ (aij)xj-dx,-
<c,.|D*%|.|D%|.H"(d).|Vd|+c,. [ DU |H" (d)|.|Vd]
<& U D2 pag. Y2 o DU HY (AP Vd]?
8 v, vy
e, | DR |H (d)].|Vd]?
<Iw

<-.—=.D*%|P+8.c1. ! D * . H" (d)*.|Vd}
8 v, d
+cy | DU H" (d)].| V|
Combining this with (3.8) we obtain (3.9). O
The above theorem implies that 4 is a supersolution for an elliptic
equation in Q. As a consequence we have:

THROREM 3.7. — If % is a classical equilibrium solution, then

d (X)=inf d
0!

Q

for each X in Q with equality holding if and only if d is constant. Moreover,
in the latter case U is affine.

Proof. — Since d satisfies (3.8), the first assertion follows from the
stong maximum principle. If 4 is constant, it follows from (3.8) that
D?% =0 in Q and hence % is affine. [

We note that by (1.8), upper bounds on |D#%| and |D% '] exist if
and only if (1 +v, | is bounded from above. The latter bound follows
Vi
from Theorems 3.3 and 3.7. More precisely, we have:

THEOREM 3.8. — If % is a classical equilibrium solution, then

sup (i +v2>§9
Q V1
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where 0 is a positive number depending only on f, inf v,, and sup v,.
o0 o0

Proof. — Assume d=d>0in Q and z<7< o0 in Q, where d=det (D%)
2
and z= u

+f(d). Let v=inf vl and v=sup v,. Since
[7¢] o
f(d)=d. H"(d)>0,f(d)zf(d inQ
Hence

gg S DSi-f@ inQ

It follows that
2 =
1M _2E@
vi o g? &
By Theorems 3.3 and 3.7 we may assume without loss of generality that
d=v? and <V + £ (v?). Thus

(1 +v2)§9 v, v) inQ. 0O
Vi

4. INTERIOR ESTIMATES OF z AND 2

. . . 1
In this section we prove L*® estimates of z and d(and hence of
Vi

and v, | in subdomains Q'=<=Q in terms of L? estimates of [D%| in Q.

Our approach is based on an application of the Aleksandrov maximum
principle to local estimates for nonliear elliptic equations due to Trudinger.
(See [9].)

We being by recalling the estimate of Aleksandrov in the two-dimen-
sional case. Let 2 be a bounded domain in R2, Let [5;;(X)] be a symmetric,
positive definite, 2 X 2 matrix defined for X in 2. Set 2 (X)=det [6;; (X)].
If ceC (2) define T (o) to be the upper contact set of o (X):

F(@={YeZ:0 X)<o (Y)+{(P,X-Y)
for all X in 2 and some P=P (Y)eR?}.
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The Aleksandrov Maximum Principle asserts the following: Let
2

9eC*(2) N Cy (D) and assume that Y. b ¢, 2V in 2. Then

i, j=1
2 1/2
v dx)

where ¢, is a universal constant. (See Section 9.1 in [8].)

We are interested in interior estimates of C? solutions satisfying an
inequality of the form

sup @ < ¢, . (diam 9).(
9

I (o)

4.1

™

bij Wy 28 (X).|Vw|?

i, 1

.
I

in Q. To this end, let 2=B,,=B,,(X,)cQ and define

X=X, |22 _
n(X)=<4~ - 0 ) for Xin B,,. f weC2(Q)NC () and p=mw,

then o e C*(B,,) N C,(B,,) and

2

4.2) Y by zn.g.|Vw/|

i, j=1
2 2
two Y by M t20 Y by Wy
i, j=1 i, j=1

in B,,. Now

|Vn!§@.n”2 and |D2n]S@.
r

=
Moreover, Trudinger observed that

]Vw\§@.n‘”2.w on T ().
r

[See inequality (10) of [9].] Now let 4 (X) be the largest eigenvalue of
[6;; (X)]. By (4.1) and the above inequalities, we have
2

Y bij_QPXixjg—%.(|g|.w2+b.w) onT (¢)

i, j=1

where ¢, is a universal constant. Since the Aleksandrov maximum principle
requires such an estimate only on I' (¢), we obtain:

wi+b.w)? 1/2
sup(péfz,d ﬂglwbw)dx)_
Bz, r T (9) Y4
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Thus

(4.3) sup w§9.(J de>l/2.
I (9)

B, r B
2 4 2 2 1/2
é&(j (g%.w +b.w)dx> ’
r T (9) ]

. . . . 1 1
We use this inequality in two instances: first with w=— ~ where d,

where ¢, is a universal constant.

0
D% |?
is the constant defined in (1.2) and second with w=z= l ) l + f(d).

As we have seen in Section 3, supremum bounds on these two functions

. I L
provide such bounds on — and v,. In both applications we show that the
Vi

1
integrand in (4.3) can be estimated in terms of y and | D% |.

LemMA 4.1. — Let % be a classical equilibrium solution in Q and assume
that B, , =B, ,(X,)<Q. Then

11 ¢ 6 J-3s-8 2

sup — < — + . |Du|°.d=3578 dx
B, d do r By,

where c is determined by the constants in (1.2).

Proof. — We use ¢ for all constants determined by (1.2). Observe that

2
1 1
L, - a;.| —
2<d> i,Jzil ! (d>xixj

1 2 2 2
y aij.dxixj+ﬁ. Z__ .y, d, .

-,
d® i =1 i, i=1

By (3.7) and (3.9), we have

(et

X[2+M,.|D%|* . H" (d)*+M,.d.|H" (d)|. | DU |?]

()
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+2. ,Vd—dl.[1+vf.H”(d)]

3

Z.d.[MZ.]Dﬂll|“.H”(d)2+M3.d.[H’”(d)l.ID%IZ].

v
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From (1.2) we obtain
1 1\ /}?
L2<>g—c. \% ~>
d d
Now d<|D%|* and so
4.4 ID%}Z.d”_ng—s‘lgc on{d§d0}.

D% P.d " d 2 DU +1] on {d=d,}.

Thus if w= 1 - i, we have
0

4.5) L, W) —c.|D|*.d"2*%.|Vw|> on{w20}.

Let 9=B,,, 0=nw, and [b;]=[a;;]. By definition of I" (¢) and since ¢p=0
on 02 =0B,,, it follows that I' (p)c{w20}. Hence I' (9)={d<d, } and

4.6) w2<d=? onT (¢).
By Proposition 3.4,
B (X)=[1+vi H" (d)].[1+Vvi.H" (d)]
=1+|D%|*.H" (d)+d*.H" (d)*.
Hence on I (o),
#BX)zc.(|DUPP.d*"2+d 272
=c.d*72 . (|DUP+d 7).
Also by Proposition 3.4,
bX)=1+v3.H"(d)
Sl+c.|DUP.d*72
Zc.|D%P*.d*"? onT(¢).
From this (4.3), (4.5), and (4.6) we have

8 j—4s-6 . 4 4 g-2s-4 .2 172
ap éEU (Dwp.d"* o +]DZ%| d 'W)dx]
e A2 (|DUP+d )
éf [J (lD%l8.d_3s_8+lD%{4.d_s_4.W2) dX]l/Z
r Lir ([D%|2+d‘s)
1/2
<< (|D%]6.d‘3s‘8+ID%[Z.d‘S“‘)dx:| .
'LJr @
By (4.4),
|DU|F.d " *<c.|Du.d 3% onT (¢).
Thus

1 1 ¢ 1z
sup—§—+—.[J [D%[(’.d‘“_st] . 0O
Br d dO r r(q,)
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The above lemma and Theorem 2.2 can be combined to prove:

THEOREM 4.2. — Assume U is a classical equilibrium solution in Q and
Q' ccQ. Then

1/2
sup é §C.|:1 +W(%)6+(8/s)+J' ID% |12+(16/s) dX:|
Q Q

where ¢ is a constant depending on ', Q, and the constants in (1.2).

Proof. — Suppose B,,=B,,(X,)=Q. By Lemma 4.1 it follows that

<sup1)2§£.U (1+|D%|6.d‘35‘8)dx}
B, d I‘2 By,

where ¢ depends on the constants in (1.2). Applying Young’s inequality,

+ +
namely [ab|< > [aP+ L [5]5 with p= 278 and g= 05F8
P q 3s

2
(an s [ froLpupenens Loyl ],
B, d r2 B>, D q

Combining this with Corollary 2.3 gives the desired conclusion. [
We do a similar analysis to obtain local supremum estimates of z (and
hence of | D% |) in terms of L{, estimates of | D% |:

, we obtain

LemMma 4.3. — Suppose % is a classical equilibrium solution. If

B,,=B,,(X,)=Q, the function z (X)= % | D% |*+f () satisfies

1/2
sup z< & U (z* . H" (d)*+ 2 dX]
r By,

B,
where c is a universal constant.
Proof. — By Theorem 3.2, z satisfies
Azz —-H"(d).|Vz[* inQ
Applying (4.3) with [b,]=[3,] gives the desired inequality. [

THEOREM 4.4. — Assume U is a classical equilibrium solution and
Q' ccQ’"ccQ. Then

1/2
sup Zécl.[l +J | D% '+ f (d)5+®1) de
, o

Q

§cz.[1+"ﬂ/ (%)6+<8/s>+J

Q

1/2
D P dx:|
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16
where p=max (16, 12+ —) and the constants ¢, and ¢, depend on Q, Q,

K
Q" and H.
Proof. — Since f' (d)=d.H" (d) we have

d
f(d)"f(a)=f §.H" Q) &.

Now H"(d)~d™*"* for d<d, and H" (d)~d" for d=d,. It follows that
|f(@d)|zc,.d* . H"(d)~c, for d<d, or d=d,, where ¢, and c, are positive
constants depending on H. Since H” >0 and f’ >0, we obtain:

d*H" (d)<c (|f (@] +1)
for all d>0.

Now assume that By,=B¢, (X)) <=Q. By Lemma 4.3 and the above
estimate on H" d),

.7 (upz*Ps J (z*.H"(d)*+2%) dX
By r By,
g%f (D +f (@*.[1+f (@d)2].d~*+| DU |*+£ (d)*} dX
r By,
where z*=max {z, 0}. In B,, N {d=d,}, d7* is bounded above by a
constant. Hence

=, ([| D% [*+f (@)*]
By, n{dzde)

X [1+£ (d)?].d~*+| D% |* +f (d)?) dX
g%J (1+|D%|'$ +£ (d)°) dX
-

By,

<
=
In B,,N{d<d,}, we have c;<d *<c,.|f(d)]. [See (2.7)]. Hence
d 8<c.|f(d)|** and

< J(1+|D%|16+|f(d)]6+‘8/5’dX.

4

3 j ([| D% |*+f (d)*]
By n{d=do}
{ X[+ (d)?].d™*+| DU |* +£ (d)*) dX
g%f (| D% 'S +[1+f d)f].d~®) dX
p

By,

~

<Z | (IDZ|S+1+]f(@)[5®) dX
p

Bz,
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where ¢ depends on H. By (4.7) and the above estimates,
(4.8) (sup z*)*< = j (14| D 15+ £ (d) [+ ®9) dX.
B, r By,
Now by Theorem 2.2, the term on the right is bounded by

< .|:1+“/I/ (%)H(S/MJ
.

Be r

(1+| D% |16+ | Da |12+ 16 dXJ.

The conclusion of the theorem follows from this and (4.8). O

1 1 1
Recall that z= ) (Vi+v)+f(v;v,) and = . It follows from
ViV

1

Theorems 4.2 and 4.4 that = +v, (and hence |D%| and |D# ') are
Vi

bounded on compact subdomains of Q by constants depending on H,

16 .
W (U), and || D% ||,» , Where p=max {16, 12+ _} More precisely, we
s

have:

THEOREM 4.5. — If U is a classical equilibrium solution and Q' ccQ,
then

1
sup (- + v2) <0
Q Vl

where 0 is a constant depending only on W (%),
Proof. — Let

D% |ir ) H, @', and Q.

1/2
cl=l:1+“llf (%)6+(8/S)+J ID%I” dX:l
Q

where

p=max {16, 12+ E}
s

By Theorems 4.2 and 4.4 there exists a constant ¢, >0 depending only
on Q, Q' and H such that

1
sup z<c,.c, and sup - <¢,.c,.
o o d

Let c=2 ¢, ¢, and &= . Then

1€y

Vvitvi+2.f(viv))=2z<c¢ and v,v,=d2¢ inQ.
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Since fis increasing it follows that

VIZe=2.f(v,v)<c—2.f()  and L=Vj§c.\/c—2f(5).

Vi
The theorem follows if we set 6= (1 +c).\/c—2f(5). O

5. C* * ESTIMATES OF CLASSICAL EQUILIBRIUM SOLUTIONS

In this section we prove a Caccioppoli inequality on D% (Lemma 5.1).
As a consequence, we obtain a priori Holder estimates of D% on sub-

. . 1 1
domains Q' ccQ”"ccQ in terms of = =sup and B,=sup v, [and
1 9V o
hence in terms of # (%) and | D% || » ). Classical elliptic theory then
provides estimates of ||#|[jc«(Q) for k=2 in terms of
By, By, H'C{‘GC“(R”)a ” u “L2 «), and lD%HC"(Q”)'

We denote by Fxo, . the average of F over B,, namely <J:B' xoy FdX.

LemmA 5.1 (CACCIOPPOLI INEQUALITY ON D%). — Let % be a classical
equilibrium solution and assume that B, , =B, (X,)<Q". Then

j D2afaxs J \D% - Dy, ,,[*dX
B, r Bz,
where c=c (B,, B).

Proof. — We use M for universal constants and ¢; for constants
depending only on f, and B,. Let d=det D%y ,, and set

¢=n*.(e"H—e),
where k is a positive constant to be determined and ne C}(B,,) with n=1

on B, and anléM. By (3.6), L, (d)=2.{{(Vu,. Vv,)—{(Vu, Vo, )}
r

in B,,. Multiplying by ¢ and integrating by parts, we obtain

J Ll(d).cde=kf (aydyd,).e™ n2dX
B3, B2,

—j 2a;.dy. MM (e M= e ) dX.
By,
The second term on the right is bounded in absolute value by

j Vd]?.n?.e ax+ J ek —e M2 e aX.
By, r

Bar
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Hence
j L,(d).9dX
B2,

gk.J {|IVd?+H"(d).[(Z+2).d2—2 . (u,u,+v,0)
Bz’ xd,d,+ (@2 +u2).d?]} . e n?dX
_ Ileznze—kddX‘%-J le—kd_e—kﬁ'lz'ekddX.
Bar r Bar
Setting
E=[(uy2+vf).di—Z(uxuy+vxvy).dxdy+(u§+vi).d§],
we obtain

(5.1 k.f ]Vd]z.e"“’.nde+k.J H"(d).E.e ™. .n2dX
By,

B2,
gf Ll(a').cde+J |Vd|2.e™™ n?adX
B2, B2,

€ le—kd_e—k{ilz & IX
5 . .
r Bar

+
Now
f Ll(d).cde=J Ll(d).e"“‘.nde—J L,(d).e ™ n2dX=1+1L
B2, Ba, B2,
By Theorem 3.6,
(5.2) Igcz.J |Vd|?.e . n?dX.
B3,

To estimate II, we use the fact that

L,(@)=2.{{Vu, Vo, )—(Vu, Vo, )}
=2<(Vu_vuxo,2r)’ Vvy>x_2<(vu—wxo,2r)’ va >y’

Hence

|11 |=4e*.

J\ {<(Vu_ﬁxo,2r)’ Vvy>'nx'n
Bar
_<(Vu_wxo,2r)9 va>nyn}dx‘

[?dX

Xo, 2r

ga.J ]DZ%IZ.nZdX+£2.e‘2’“7.f | DU —Du
By, er B2,

for any £>0.

Vol. 8, n° 2-1991.



146 P. BAUMAN, N. C. OWEN AND D. PHILLIPS

From this estimate and (5.2) we get
f L, (@).9dX
Bar

gcz.j ]lez.e"“’.nde+a.J |D2#|? .2 dX
By, By,

M . _
+—2.e_2kd.J | D% — DUy, ,, |2 dX.
er By,

Combining this inequality and (5.1) we have
(5.3) k.J |Vd|*.e7™.n2dX
Bay
+k.j H"(d).E.e ™. n2dX
By,

§(1+c2).J |Vd?.e n?dX+
.

B2,
Xf e"".]e"‘"—e"‘glde+8.Jv |D2%|*.n?*dX
By, B2,

M ~ N

+ .e‘z"d.J |D% — Dy, ,, |*dX.
2 [}

Er By,

Now set k=1+c,. Then k=k (B,, B,) which implies that
e ?M<e and le™k—e M| <, |D% ~ D%y, ,,| in By,

Our estimate (5. 3) simplifies to

(5.4) k.J H"(d).E.e ™ n2dX

1 _
s( —> = J | DU~ Dy, ,, P dX
+8.J D2 |*.n?dX.
B2,

Observe that if we solve (1.4); for Au and (1.4), for Av, square each
equation, and add the results, we obtain

H" (d)2. E=(Au)? + (Av)2.
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k —kd
Choose 6=0(B,, B;)= inf ———>0. By (5.4) we have
p22a2p? H' ()

e.J [(Aw)? + (Av)?]. 12 dX

1 _
<[es+ S8 j | D% — DUy, ,,|* dX
e) r* Jp,

+8.J |D2 % |*.n*dX.
B,
It is shown in Appendix B that

j [(Au)* + (Av)*].n*dX

zlf Ilez.nzdx—I\f'J D% =D, 5[ dX.
2 B2, ! Bar

Hence

0 2 2 2
~—.| |D*%|*.n?*dx
2 Bar

1 _
§<c7+c_6>.r_2.f | D% — DUy, ,,|* dX
By

+8.J ID2% |? .7 dX.
Bar

. 0 .
Setting €= 2 we have our assertion. [

The above lemma and the Sobolev-Poincaré inequality imply the follow-
ing:

THEOREM 5.2. — Assume U is a classical equilibrium solution and
Q' ccQ. Then

|| D%

@) =¢
where a and c¢ are positive constants depending only on Q, ', H, % (%),

and || DU ||.» oy with p=max<16,12+ E)
s

Proof. — Without loss of generality assume that Q' is a Lipschitz
domain. (If not, we can replace Q' with a Lipschitz domain, Q,, satisfying
Q' cQ,ccQ.) Choose Q7 and Q' so that Q'ccQ”"=<=Q and assume
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B, =B, (X,)=Q". By the Sobolev-Poincaré inequality,

- 2
J \D%—D%xo,hlzdxgco.(j 1D2%}dX)
By, Bar

where ¢, is independent of r. Combining this with Lemma 5.1, we obtain
the following “‘reverse-Holder” type of inequality:

1/2
(j [D2%|2dx) gcl.f D4 |dx
B, Ba,

where c¢,=c, (B, B,), B,;=infv; and B,=supv,. It follows (by
ol Qv

Proposition 1.1 of Chapter V in [6] and Lemma 5.1) that there exist cons-
tants ¢>2 and ¢, and ¢;>0 depending only on Q', Q”, @, B, and 8,
such that

ID* % [lia @y S ;- D* % 12 @ S5
By the Sobolev imbedding theorem and the above inequality,
(5.5) |D %

@S| D%|wtae)Sc

2

where a=1— - and ¢, depends only on Q', Q”, Q, B, and B,. By
q

Theorem 4.5,

(5.6) cascs

where c¢s depends only on Q, Q', Q”, Q", H, ¥ (%) and ||\ D% ||.» - The
theorem now follows from (5.5) and (5.6). [

We conclude this section with the following results concerning higher
order a priori estimates.

LeMMA 5.3. — Assume U is a classical equilibrium solution, Q' ccQ,
and o is the exponent defined in Theorem 5.2. Then
[|%]|c2.e @y Zc

where ¢ depends on Q, ', H, W (U),||% |2 q» and ||D%|;rq with

p=max{16,12+ 16}.
s

Proof. — We observe that # satisfies (1.4) which can be written as

2 9 [ dc
Y (—(D%>=O for i=1,2
j=1 5xj 5Fij
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ou, . o
where (x;, x,)=(x, ), (uy, u))=(u, v)=% and F;= au'. Differentiating
Xj

_ this system with respect to x,, we have

2 5 2
CRONEEDY i( 7O (pay )=0 for i=1,2.
jym,n=1 8x_, 8anaFij 8xqax"

o ouy, .
If we set A" (X)= D% X)) and v,= , equation (5.7)
OF,, 0F; 0x,
becomes
L0
(5.8) Y (A"‘ (X) ) 0 for i=1,2.
jomn=1 8 xn
Choose Q" so that Q' cc Q" =<=Q. Then
| A% lcvan = ey
where ¢, depends on Q”, Q, H, # (%), and D% || » - Indeed we have
2
o(F)= l l +H(detF). Now HeC3}R*"), #eC»*(Q"), and

Theorems 4.2 and 5.2 imply that
0<d=<detD% (X)<d<ow onQ"

where 4, d, and || D% |
Hence

@ depend on Q, @', H, # (%), and || D% ||+ o)

<c,.

c* @)

” AL ”c“ @~

2
L(D%)
OF,,, OF;;

Moroeover the strict-Legendre Hadamard condition holds:
2
Y AR M, A n)?

i,j,mn=1

for all A, neR? [See (1.5)] Thus we can apply the regularity theory
for linear elliptic systems with Holder continuous coefficients (see
Proposition 2.1 and Theorem 3.2 of Chapter III in [6]) to conclude that
| om |lct e @y =S¢5 ||v||L2 @ and hence

(% |22 @y s [| % w2 @y

Since | D% |[f2 S 2. W (%), the theorem follows. (]

THEOREM 5.4. — Let % be a classical equilibrium solution and assume
[in addition to (1.2)] that He C52(R*) where k=2 and 0<P<1. Then

loc
UeCEP(Q) and for any Q' ccQ

1 lexs @ =
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where ¢ depends on k, B, Q, Q', H, ¥ (%),

p=max{16,l2+ E}
s

U\|\2 @ and || D% ||.» @ for

Proof. — Let [ be such that 1</<k—1 with Q" as in the previous
lemma. Note that if # e C>P(Q", R?) then A" e C'~ 1 F(Q"™).
By (5.8) and Theorem 3.3 of Chapter III in [6] it follows that
d
v, = e CLB Q) for g=1, 2 and
ox,
5.9 ”%Hc’“'ﬂ(n')écl
where ¢; depends on Q', Q”, B, H, / and ||% ||c.s o From Lemma 5.3
(for I=0) we have
(% ]jct.0 @y =co
where ¢, depends on Q, Q" H, # (%), || % ||.2 ), and || D% ||,» o) The asser-
tion follows by iterating (5.9) on nested subdomains. [

APPENDIX

A Let #/={UecW"?(Q; R?):det D%>0 a.e. in Q and ¥ (¥)< o}
where

‘///(011)=j v (D) dX
Q

and Q is a bounded domain in R2, Assume % € .« and v (F) is a differenti-
able function defined on M2%2, In general it is impossible to take a first
variation of ¥ at % with respect to a linear perturbation, that is, to

obtain di‘//f (U +&®)|, ., where ®eC}(Q; R?). In fact it may happen that
3

for each £ #£0 the set { X e Q: D (% +&®) (X)¢ M3 ? } has positive measure.
Hence % (% + ¢ @) is undefined for & #0. On the other hand, Ball observed
that if one considers nonlinear perturbations which amount to deforma-
tions of the interior of Q, then under certain conditions on y the first
variation is well defined. (See [2].)

We prove Ball’s result in Theorem A.1 below. In Lemma A.2 we check
that the hypotheses of Ball’s theorem hold for

y(F)=c(F)= %|F|2+H(detF).

Finally in Theorem A.3, we show that equations (2.8) hold for weak
equilibrium solutions when y=o.
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Let vy satisfy the following hypotheses:

6)) ¥y=0 onM?2*2
(2 yeCl(M{™%).
A1) (3) Forsome 6> 0 there exists a constant N such that
) |FT.Dy(FC)|SN.[1+7(F)]
for all F, Ce M2*2 with
|C-1|<6.
THEOREM A.l. — Assume Uesf and vy satisfies (A.1). For each

©inCy(Q; R?) there exists £,>0 so that U (X)=U (X +¢.0 (X)) e for

lslgeo,di‘//f(ﬁlla) .o exists, and
e

.0
(A.2) i‘/f”(%e)L:fJ —y.8+ul, . L) 0k ax
de Q ou,; !
where y=y (D), (u', u*)=%U and (x,, x,)=X. Moreover for each j and k
with 1 <j, k<2 the term in parentheses is summable.

Proof. — Let Z,=Z (X)=X+¢.®(X). For ¢ sufficiently small Z.(.)is
a C! diffeomorphism from Q onto itself. We begin by showing that
U.=U(Z)e A for € small. Now % e W' 2(Q; R?) and

det D%, (X)=det [D% (Z, (X))]. det DZ, (X).

Since % € o/ and det DZ_>0 in Q for ¢ sufficiently small we conclude that
detD%,.>0 a.e. in Q. Thus %, e/ if # (%)<oo and ¢ is sufficiently
small, say |e|<e,.
Now
-
W (U)=| y(DU)dX
Q

Y
~

=| v(D%(Z).DZ (X))dX
Q

o
= | y(D%(2).DZ,(X)).det DZ ' dZ

vQ

for |e|<e, where X,=X,(Z)=Z!(Z) since Z=Z,(X) is invertible and
hence X=Z_'(Z). Now chose g,<g, so that |DZ, (X)—1|<0 for all
|e|<g, and all X in Q, where 0 is the constant defined in (A.1). Without
loss of generality assume 0 is so small that |C|+]|C~*|<4 whenever

|C—1|<0. Thus 1—16§detDZ;1§ 16 for || <¢, and

(A.3) W (U)<16. f y (D% (Z).DZ,(X,)) dZ.

Q
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We bound this by estimating v (FC) assuming | C—1|<6. Note that

1

Y(FC)_Y(F):j %[Y(F.C(z))]dz

0
where C(9)=(1—¢)I+¢C and
2

d - o o [C—1T],,
lE[Y(F.C(z»J Y o (FCW@)Fu [C Ty

i, j, k=1 ij
2
=| ¥ [FT.Dy(F.C(t);-[C— 1,
K, j=1

<|FT.Dy(F.C(1)].]C~1|.
Since |C()—1|<0 for 0<¢<1 we have from (A.1); that
|FT. Dy (F.C(0)|<N.[1+7(F)].
Hence
wo OO
From this and (A.3) we have
W UM W (W) +] Q)] <0
for || <&, where M, is a fixed constant. Thus # € &/ when |&|<g,.

Next consider

é[“ﬂf W)W ()

f [y (D% (Z).DZ (X,)).det DZ ' —v (D% (Z)))dZ

—

_1
£
J [y (D% (Z).DZ,(X,)—v (D% (Z))].det DZ; ' dZ
£

+J v (DU (Z)). é .[detDZ_ - 1]dZ.

We apply the dominated convergence theorem to let € » 0 in each of the
above integrals. For the first integral recall that 0<detDZ '<16 and
|DZ,~1|<6 when |¢|<g,. From (A.4) we have

,IS[Y (D% (Z).DZ, (X))~ v (D% (Z)))|.det DZ; ' (Z)

<16 N.[1+7(D%(Z))). l]DZE(XE)—I(
&

<16 N.[1+y (D% (Z))].}| DP || = @
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where the rightland side is integrable by hypothesis. Thus we can pass to
the limit under the integral. To evaluate the limit we use (A.1), and the
fact that DZ£=I+8.D(D. For any F in M%*? and X in Q, we have

lim — [Y (F.DZ,(X))~v(F)]= *(F) Fy @5, (X)
e>0¢& F,J

where the convergence is uniform for all X in Q. Since X, =Z;'(Z) > Z
as ¢ —» 0 for each Z in Q, we conclude that

11m—[Y (F.DZ (X))—v(F)]= E(F) Fy. @3, (2)

e->0¢8

for all Z in Q. Hence

1)

(A.5) lim J l[y(D%(Z).DZE(XE))—y(D%(Z))].detDZ;ldZ
af

e~ 0

ou

*j

= f i}: (D% (2)) .4, (2). CD’;j (Z)dZ.
Q
For the second integral we note that
é[detDZe(X)— 1]->®0) (X)+®%,(X) asc—0
where the convergence is uniform for all X in Q. Thus
é[det DZ ' (2)—1] - —[D, (2)+®2,(2)] ase—0
for all Z in Q and

lim J v (D%).

e—+ 0

Moo=

[detDZ; ' —1]dZ= —f Y (D%).[@;, + ®2,] dZ.
Q

From this and (A.5) we conclude that the first variation ;W(%E) l=o
€

exists and it is given by (A .2).
Finally we point out that

oy
61+u
< T o

xj

) eL'(Q)
for each j and k. Indeed, this is just [—y.1+D#%T. Dy (D%))j; from (A . 1),
with C=1 it follows that this is 1ntegrable it U<, O

Next we consider

o (F)= lzl +H (det F)
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with H as described in (1.2).

LemMma A2. — Let y(F)=o(F) for all F in M2*2. Then vy satisfies
A1)

Proof. — By (1.2) properties (A.1); and (A.1), hold. Thus we need
only to establish (A.1),.

1
Choose 6>0 so that |C|+|C™'|<4 and 4§detC§4 whenever

CeM?Z*? and |C~1|<6. We have
Dc(F)=F+H'(detF).|: Fa _F“]
— T2 Fyy
for all F in M2*2. Hence
F'. Do (F)=FTF+(det F). H' (det F). T
and
FT. Do (FC)=(C")~!.(FC)". Do (FC)

=(C")~!.[(FO)T.FC+ (det FC). H’ (det FC). ]
=FTFC+detC. det F.H' (det C.det F).(C~1)T

for all C and F in M3*? with |[C~1|<80. It follows that
FT.Do (FC)| <M, .(|F|?+det C.det F.|H' (det C. det F)|)

where M, is a fixed constant. Since det F<|F|?, (A.1), follows if we
prove: There exists M, >0 depending on H so that

(A.6) rd.[H’(rd)|§M2.[1+d+H(d)]
whenever i <r=<4and d>0.

We prove this inequality in two cases, 1# —1 and 1= —1 where 7 is
defined in (1.2). Fix r and d as above and assume t# — 1. By (1.2) and
elementary calculus it follows that

(A.7) rd |H'(rd)|Sc,.(d"+d""*+d)

where ¢, depends on H. For d sufficiently small or d sufficiently large,
d*+d*?<c,.[1+d+H(d)].

Hence

(A.8) d+d" 2 <Zcy . [1+d+H(d)]

for all d>0 where ¢, depends on H. By (A.7) and (A.8) we have (A.6)
in the case 1# — 1.

If t=—1 we note that by (1.2) and elementary calculus,
rd.|H' (rd)|Zc,.[d*+d. (Ind)* +d]

Annales de I'Institut Henri Poincaré - Analyse non linéaire



NONLINEAR ELASTICITY 155

and
d5+d.(Ind)* <es. [1+d+H ()]

for all 4>0 and % <r<4 where ¢, depends on H. Hence (A.6) holds in

the case t=—1. O
Finally we point out the specific form of our equations when

vy(F)=0 (F)= | 2]2 +H (det F).

THEOREM A.3. — Assume Uesf, y=0, and : W (U));=0=0. Then U
(3

satisfies (2.8).
Proof. — By (A.2) of Theorem A.l we have
[—G(Da//).sg;+u;k ;—‘.’(D%)} =0
u .
xj X j

for k=1, 2. This can be expressed as
div[— o (D%).1+D%".Dc (D%)])=

Since
o(F)= l 2| +H (det F)
and
FT.Do(F)=F"F+detF.H’ (detF).I,
we have

div[(—%.I+D%T.D0ll>+(—H(d)+d.H’(d)).IJ=
where d=det D%. Setting f (d)= —H(d)+d.H' (d) and (u, v)=% we get

[24—_1);1:& +f(d):] +[uxuy+vxv}]y=0

and
2+ 2__,2_ 2
[uxuy+vxv,1x+[“y—”’—2”x—”—’f+f(d)] =0. O
y

B. In this section we prove the following result which was used in the
proof of Lemma 5.1.
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TueorEM B.l. —  Assume ueW>2(Q), B, Xy)=B,,cQ, and
neCy(B,,) with |Vn|< €0 on B,. Then
r

1 _
f (Au)z.ndegf.J‘ 1D2u42.n2dx—c;f |V u—Vuy, 52 dX
Bar 2 Bar r

B2
where ¢, depends only on c,.

Proof. — By approximation we may assume that ueC3(B,,). Consider
(Aw?*=Y Ui x; Uy x Integrating by parts twice, we have
ij

\[ ux,-xl X_} _} n dX
Bay
=j _uxl‘(uXinXj'nz xjxj 2n nx)dX
Ba,
=j (g (g M 2 2T M) 0 - 2T M ] X
Bor
gJ Wy, M dX 4[ ID2ul.n.|Vul. 2ax
Bar Ba, r

for any i and j. Hence for any £>0.

J\ uxix, xjx;* n dX>J‘ x,x] -M dX
Bar Bay

_28'Lz,| uft o ax- 2. (%)2.Lzrwu\2dx.

Summing on i and j we have

J (Au)z.ndeg(l—Ss).J‘ ID2ul?.n?dX- > <C—O>Z.J |V ul?dX
Bar Bar € r B2,

1 .
Setting e = 6 we obtain

128 c2
(B.1) j (Au)Z.ndegl.j ID?ul? n?dX - ZSZ‘OJ |V ul?dX.
Bay 2 Ba, By,
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Now let  wX)=u(X)—(X, Vuy, ,,». Then D?*w=D?x and
Vw=Vu—Vuy, ,. Applying (B.1) to w we get

J (Au)? .12 dX
B3

2
lj {Dzuyz'nzdx_&z’co,j [Vu—WXO‘Z,IZdX
2 B3, r By,

v

which proves our assertion. [
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